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BETTI NUMBERS AND SHIFTS IN MINIMAL GRADED
FREE RESOLUTIONS

TIM ROMER

ABSTRACT. Let S = K|[z1,...,z,] be a polynomial ring and R =
S/I where I C S is a graded ideal. The Multiplicity Conjecture of
Herzog, Huneke, and Srinivasan which was recently proved using
the Boij—Séderberg theory states that the multiplicity of R is
bounded above by a function of the maximal shifts in the minimal
graded free resolution of R over S as well as bounded below by
a function of the minimal shifts if R is Cohen—Macaulay. In this
paper, we study the related problem to show that the total Betti-
numbers of R are also bounded above by a function of the shifts
in the minimal graded free resolution of R as well as bounded
below by another function of the shifts if R is Cohen—Macaulay.
We also discuss the cases when these bounds are sharp.

1. Introduction

Let S = K[z1,...,2,] be a polynomial ring over a field K equipped with
the standard grading by setting deg(z;) = 1. We consider a standard graded
K-algebra R=5/I where I C S is a graded ideal and the minimal graded free
resolution of R:

0— @ S(—j)Ps B . @S(fj)ﬁij(m — S0,
J€z JEZ
where (7;(R) = dimg Tor? (R, K); are the graded Betti numbers and p =
projdim(R) is the projective dimension of R. Let 57 (R) = diez @SJ (R) be
the ith total Betti number of R. Recall that R has a pure resolution if the
resolution has the following shape:

0= 8(=dy)% B .o 5 §(—dy)T B 50
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for some numbers dy,...,d,. Let e(R) denote the multiplicity of R. If R
is Cohen—Macaulay with a pure resolution, then Herzog and Kiihl [11], and
Huneke and Miller [14] observed that the following formulas hold:

'IId and (7 (R) Z+1E]d — fori=1,...,p.
JF

Consider for 1 <7 < p, the numbers
M;=max{j€Z: ( )#0} and mi:min{jEZ:ij(R);«éO}.

In the last years, many people studied the Multiplicity Conjecture of Herzog,
Huneke and Srinivasan (see [12] and [14]) which states in its original form
that if R=.S5/I is Cohen—-Macaulay, then

1 b b
o LI ms <e(®) H
P i=1

Migliore, Nagel and the author [15] extended this conjecture by the questions
that we have equality below or above if and only if R has a pure resolu-
tion. This conjecture is proved as a corollary of the Boij—Sdderberg theory
which was conjectured and developed partly by Boij—Soderberg [3] and then
completely proved by Eisenbud—-Schreyer [8] (see also [3] and [7]). A natural
question is whether under the Cohen—Macaulay assumption the ith total Betti
number (37 (R) can also be bounded by using the shifts in the minimal graded
free resolution of R. A natural guess for bounds is

m; m;
1 J . J
(1) H_im_fm_ I ——

1<j<i J z‘<j<p J !

M;
< S
2 H z—M M M;
1<j<1i i<j<p

1
P

fort=1,...,p. We show that these bounds hold if R is a complete intersection
and if I is componentwise linear. Moreover, in these cases we have equality
above or below for all 7 if and only if R has a pure resolution. In general,
these bounds are not valid. Indeed, we give a counterexample in Example 3.1.
For Cohen—Macaulay algebras with strictly quasi-pure resolutions, that is,
m; > M;_1 for all i, we show the bounds

(2) H]%?ﬁIIM%E

1< T My o
<j<e 1<J<p

M.
=rw= 1 225 1 2=
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fori=1,...,p. Again we have equality below or above for all i if and only if
R has a pure resolution. Observe that
my my m; m;
S R S A g
H.Mi*m' H My —m; — H,mifm‘ H mj —m;’
1<j<i Toici<p T 1<<i T oi<i<p
because M; —m; >m; —m; >0 for 1 <j <iand M; —m; >m; —m; >0
for i < j < p respectively. Thus, the weaker lower bounds in (2) hold also
for all cases where the lower bounds in (1) are valid. But the numbers
[Ticj<i #JMJ Tlicj<p % may be negative and thus are not candidates
for upper bounds in general. Note that the Cohen—Macaulay assumption for

the lower bound (2) is essential. We construct a non-Cohen-Macaulay ideal
as a counterexample in Example 4.2. We have that

M; H M; 1
H . < HM
M M.~ (i=1D)!-(p=3) J
= M; — M; e M;—M; = -1 (p—1) by
because in the Cohen-Macaulay case we have M; — M; > i —j for 1 <j <1
and M; — M; > j —i for i < j <p respectively. Hence, one might still ask if
the upper bound

g 1
(3) By (R) < (EDIECED] HMJ
J#i

isvalid for i =1,...,p. In addition to the cases that the bounds in (1) hold if R
is a complete intersection and if I is componentwise linear, the bounds in (2)
hold if R has a strictly quasi-pure resolution, using the Boij—Soderberg theory
we show that the lower bounds in (2) and the upper bounds in (3) hold if S/I
is Cohen—Macaulay. Moreover, we discuss the case where we have equality
everywhere. See also [16] for related results. Some remarks on possible upper
bounds for non Cohen—Macaulay algebras are included in this paper.

We are grateful to Prof. J. Herzog for inspiring discussions on the subject
of this paper.

2. Complete intersections

One of the first examples of Cohen—Macaulay algebras are complete in-
tersection. For this, we consider a complete intersection R = S/I where
I=(f1,...,fp) is a graded ideal generated by a regular sequence f1,..., fp.
Let deg(f;) =d; for i =1,...,p. Without loss of generality, we assume that
dy > --- >d,. The Koszul complex gives rise to a minimal graded free resolu-
tion of R and thus we get that

p
Mi=di+-+di,
mi:dp*'“""i’dpfﬁ»l
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fori=1,...,p. Note that R has a pure resolution if and only if d; =--- =d,.
The ideal I has a linear resolution if and only if d; =--- =d, = 1. Using these
facts we prove the following theorem.

THEOREM 2.1. Let R=S/I be a complete intersection as described above.
Then:

(i) We have fori=1,...,p that
M, M;
S < ) . J <
s 1 =50 11 M;— M, = (i—1)! fz'HM

1<j<i = " 7 i<i<p
The first upper bound is reached for all i if and only if R has a pure

resolution. FEvery upper bound is reached for all i if and only if I has a

linear resolution.
(ii) We have for i=1,...,p that

S®) = ] ,Tfj Sl mjnijmi

—.mi;—my
1<5<4 1<j<p

= H Z-—mj H M—mz

1<5<4 i<j<p

FEvery lower bound is reached for all i if and only if R has a pure resolu-
tion.

Proof. (i): To prove the upper bound, we compute for p > j > i that

M; _ dy+---+d; _ di+---+d; 11
M;—M; digr+---+d;  diga+---+d;
i-d; i j
SRV R PR T A
and for 1 <j < that
M; _ dy+---+d; S j-d; < j
M;—M;  djp1+-+di ~ (i—§)djyr — (i—3)
Observe that we have equality for all integers 4, j if and only if dy =--- =d,,.

Thus,

55 = (7)
i—1 i—2 1 p  p—1  i+1
1 2 icip—ip_1-i 1

< AL,1 AL72 Aﬁ A@
T M —-M;y M;—M; 2 M;— M M,—M;
Mp—l e M1+1

"My —M; M — M,
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11 M; M;
Y MZ- — M; M M;
1<j5<i 1<j<p
< - -
“ (@@=l (p—1i)! H
J#i

where the last inequality was observed in Section 1. Moreover, we have that
BY(R) = H1<]<Z MMM Hl<j<p M —r for all 1 < <p if and only if R has
a pure resolution. It is also easy to see that 37 (R) = m 1, M; for
all 1 <4 <p if and only if I has a linear resolution.

(ii): Similarly, it follows from

my _ dptetdp i dpt A dpin L1
mj—m;  dp it tdp gy dpit A dpjin
i dp—it1 { J
<—/— 0t —F+1=—+—
(J—1)-dp—i (J—1) (j—1)
for p>j > and
m; dp+ -+ dp—j1 Jdp—js1 J

= < <
mi—m;  dpjt+tdpit1 ~ (i—F)dp—j T (i—17)

for 1 <j < that

s = (%)
II Tj L

L om;—m; *
1<j5<1i 1<j<p

ZH j HM—ml'

1<j<i M; i<j<p

Y

The last inequality was observed in Section 1. Again we have equations ev-
erywhere for all 1 <7 <p if and only if R has a pure resolution.
This concludes the proof. O

REMARK 2.2. Instead of this direct approach one can also use the Boij—
Soderberg theory (see [3], [4], [7] and [8]). See Section 5 for details where
we obtain beside other things again the lower bounds in (2) and the upper
bounds in (3) using this approach.

3. Ideals with strictly quasi-pure resolutions

Motivated by the results of Section 2 one could hope that the bounds in
(1) are always valid. This is not the case as the following example shows.

EXAMPLE 3.1. We consider the following situation. Let S = K|[zy,...,xq]
be a polynomial ring in 6 variables and consider the graded ideal I = (x4,
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XT1X3,TaTy — Tpxe, T324). Using for example CoCoA [5], one checks that S/T is
Cohen—Macaulay of dimension 3 and it has the minimal graded free resolution:
0— S?(=5) — S?(=3) @ S*(—4) — §*(~2) - S —0
which is not pure. We have
My =my =2, My =4, meo = 3, M3 =m3=5.

But
Moy Ms 4

5 20
- _A 02 SR
M, M, M, 23 ¢ =A@

and hence the upper bound of (1) is not valid. Moreover,

3
2 s = 2=5>4=F5(R).

W Ut

mg —my . m3—mi

Thus also the lower bound of (1) is false in general. But the resolution is

strictly quasi-pure since m; > M;_; for all 1 <i < 3. Note that the bounds in
(2) hold. Indeed, for example, for 37 (R) we have
My Ms 4 5 20

. = .S =25 4=83%R
e M ma_ 13" 3 A=A

and 3 5 15
ma ms3 S
. =—.—=_<4= R).
Mg—ml Mg—ml 2 3 6< ﬁl( )
We recall the following well-known result which is due to Peskine and Szpiro
[17].

LEMMA 3.2. Let I C S be a graded ideal such that R = S/I is Cohen—
Macaulay and let p=projdim(R). Then:

(1) 20 (1) 32, B (R) = X0, (-1)'B7 (R) = —1.
(it) Yo7y (=)' 3,57 - B(R) =0 for 1<k <p-—1.

Proof. We have 377 (=1)'3"; Z(R) =3P (-1D)BP(R) = —B5(R) =
—1. For a proof of the other equalities, see, for example, [12, Lemma 1.1]. O

We see that the graded Betti numbers satisfy a certain system of equations
which sometimes is nowadays also called the Herzog—Kiuhl equations. Note
that if R has a pure resolution, then using this system, Cramer’s rule and
the Vandermonde determinant it is not difficult to prove the formulas of the
multiplicity and the total Betti-numbers in [11] and [14]. Recall from [12]
that R has a quasi-pure resolution if m; > M;_1 for all i. Unfortunately, we
cannot prove in general the bounds in (2) for the total Betti-numbers in this
case. We say that R has a strictly quasi-pure resolution if m; > M;_; for all 4.
In this case, we show that the bounds in (2) are valid. The idea of the proof
is similar to the one of [12, Theorem 1.2].
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THEOREM 3.3. Let I C S be a graded ideal such that R = S/I is Cohen—
Macaulay which has a strictly quasi-pure resolution and let p = projdim(R).
Then:

(i) We have fori=1,...,p that

Mj Mj 1
KA | vy vl U G vt romy oy et § 08

1<j<i Ti<j<p i
The first upper bound is reached for all i if and only if R has a pure
resolution. Every upper bound is reached for all i if and only if I has a

linear resolution.
(ii) We have for i=1,...,p that

sz 11 50 a2

1<5<i i<j<p 7

Every lower bound is reached for all i if and only if R has a pure resolu-
tion.

Proof. We consider the (p X p)-square matrix

Zj ﬁiq](R) ZJ ﬁﬁgj(R) Zg SJ(R)

ijpfl.gfj(R) ijpfl.ggj(R) ijpfl. %(R)
We compute the determinant of A as
det(A):Z"'ZV(j1>~~vjp)' H Blgl(R)
J1 Jp 1<i<p

with the Vandermonde determinants

1 1 1
' , J1 J2 Jp
V(ji,-- Jp) =det | . :
A R

Since R has a strictly quasi-pure resolution we have that j; > ji for all integers
i,k such that 7 > k, ﬂ% (R) # 0 and ﬁ’,fjk (R) #0. Thus, all the involved
Vandermonde determinants are always positive.

We may compute det(A) also in a different way. Fix i € {1,...,p}. By
replacing the ith column of A by the alternating sum of all columns of A, we
obtain a matrix A’ such that det(A) =det(A’). It follows from Lemma 3.2,
that the ith column of A’ is the transpose of the vector ((—1)**1,0,...,0).
Hence, by expanding the determinant of A’ with respect to the ith column,
we get

det(A) = det(A’) = det(B),
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where B is the (p — 1 x p — 1)-matrix

ZJ]ﬁig](R) Z ]51 13( ) ijﬂis.t,_u(R) ijﬁfj(R)
S S Y ) XS
Thus,

det(A) = det(B)

=y ZU]h dictdivneade) - [ e B (R)

J1 Ji—1Ji+1 1<i<p,l#13

with the corresponding Vandermonde determinants

U(j17' .- aji—lmji-‘rla s a.]p)

1 1 1 1
Jioo Ji-1 Jivr o Jp

=det . . . .
p—2 p—2 2 e
Vit .77%]71 sz+1 Jg 2

Observe that
V(j17"'ajp): H (Jl_.]Z) H (ji_jl)'U(jlv'"7ji—17j7l+17"-’jp)‘
i<I<p 1<i<i

All in all we obtain from the discussion so far that

(4) Z SO Gi=d0)

Jp i<I<p
: H (ji_jl)'U(jla"'7ji717ji+17"'7‘7p H ﬂl]l
1<i<i 1<i<p
:Z'“ZZ"'ZU(jlw"uji717j7§+17"‘7jp)
J1 Ji—1Ji+1 Jp

H Ji- H B (R).

1<I<pl#i  1<I<pl#i

It follows from the fact that R has a strict quasi-pure resolution that for all
integers [

5)  IT mi—21) TT (e — i)

1<i<i i<I<p
< II Gi—d) I Gi—dn) < [] @i—mi) T (M0 —ma).
1<l i<I<p 1<l i<I<p

We always have for those j; with ﬁlsjl (R) #0 that

(6) I m< I a< [ ™

1<I<p,l#i 1<I<p,l#i 1<I<p,l#i
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Using (4), the lower bound of (5) and the upper bound of (6) we obtain

B (R) - H (my — M;) H (mi — M)

i<l<p 1<I<i
Z ZZ ZU (J1s s Jimts Jit 1y -5 p) - H G, (R
J1 Ji—1Ji+1 1<i<p,l#i
< H Mlz ZZ ZU Jisees Jim1s it s+ Jp)
1<I<p,l#1 J1 Ji—1Ji+1 Jp
I s.@®w
1<I<p,l#i

and thus

M;
m< ] — 11 R
m. — M

15G<i M; i<j<p 7 !

Analogously using (4), the upper bound of (5) and the lower bound of (6) we

get
S m; m;
C(R) > . .

1<j<i i<j<p

(These lower bounds will also be proved in Section 5 where we show that
they hold in general for all Cohen—Macaulay rings.) Checking the inequalities
we see that we have equality above or below for all 1 <7 < p if and only if
R has a pure resolution. We already observed that we have the inequalities

M7 M] . . (.
H1§j<i v Hi<j§p v < (i_l)ﬁ(p_i)! Hﬁéi M;. A straightforward dis-
cussion shows that 87(R) = m [1;4 M; for all i if and only if I has

a linear resolution. This concludes the proof. O

4. Componentwise linear ideals

Let ICS= K[xl, ...,Zy] be a graded ideal. Recall that I has a k-linear
resolution if 3 ’i+5(I) =0 for j # k. For a nonnegative integer k, we denote
by Iy CS the ideal which is generated by all elements in I;. Herzog and
Hibi [10] called I componentwise linear if Iy has a k-linear resolution for all
k>0.

It is well known that a lot of important classes of ideals in combinatorial
commutative algebra are componentwise linear. Recall that an ideal I C S is
called a monomial ideal if it is generated by monomials of S. Then we denote
by G(I) the unique minimal system of generators of I. A monomial ideal
I C S is called strongly stable, if for all monomials z* = [[}_, z;* € G(I)
and ¢ with z;|z" we have for all 1 <j << that (2*/z;)z; € I. It is well
known that strongly stable ideals are componentwise linear. But also stable
ideals, squarefree (strongly) stable ideals and more generally a-stable ideal are
componentwise linear. (See [18, Theorem 3.11] for definitions and a proof.) In
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particular, this implies that all generic initial ideals are componentwise linear
provided char(K)=0. (E.g., see [1] or [13, Lemma 3.3].)

In the proof of the next theorem, we will need the Eliahou—Kervaire formula
[9] for the graded Betti-numbers of a strongly stable ideal I: we have for all
i>1and j >0 that 87 ;(S/I)= D eG(D), deg i —j+1 (mgqi)l_l) where we set
m(u) =max{i: 1<i<n, u; >0} for a monomial z* with u € N". Here we
make the convention that (‘bl) =0 for a,b € Z unless 0 < b < a. (Note that these
formulas above are already true for stable ideals.) Observe the following facts.
If ; H_](S/I) # 0 for some 7, then ﬂ,‘zkﬂ(S/I) # 0 for 1 <k <i. Moreover,
only those z* € G(I) with m(u) > ¢ are relevant for the total ith Betti number
B7(S/1)# 0 and then dega™ >m; —i+ 1.

THEOREM 4.1. Let I C S be a componentwise linear ideal such that R=S/I
is Cohen—Macaulay and let p=projdim(R). Then:

(i) We have fori=1,...,p that

<H HM M; — (z—l —Z'HM

1<j5<1 7’ i<j<p Ve

Every upper bound is reached for all i if and only if I has a linear reso-
lution.
(ii) We have fori=1,...,p that

B (R) > H mi—]mj. H mj_ﬂmiz H Mi—ij‘ H Mj—Jmi'

1<j<1 i<j<p 1<j<i 1<j<p

Every lower bound is reached for all i if and only if I has a linear reso-
lution.

Proof. Without loss of generality, we may assume that the field K is in-
finite. We denote by gin(I) the generic initial ideal of I with respect to the
reverse lexicographical order. The proof of the main result in [1] and [13
Lemma 3.3] shows that gin(I) has the same graded Betti numbers as I and is
a stable ideal in all characteristics. If we replace I by gin(I), then the Betti
numbers of I do not depend on the characteristic of K and we may assume
that char(K) = 0. Replacing another time I by gin(I) does not change the
Betti numbers and thus we may now assume that I is a strongly stable ideal.

Since R is Cohen—Macaulay and it is known that x,,...,Zn _deptn(r)+1 18
a regular sequence for R, we may assume that dim(R) =0 and thus a pure
power of each variable belongs to I. Let a > 0 be the smallest natural number
such that 2 € I. Then deg(z*) <a for all z* € G(I) and z% € G(I), because
I is strongly stable. Note that for (i) and (ii) we have to show only the
corresponding first inequalities, since the other are trivially true as noted in
the other sections of this paper.
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(i): Tt follows from the Eliahou—Kervaire formula for the graded Betti num-
bers of R that

M;=a+i—1 fori=1,...,n.
We have that (21,...,2,)% C I and thus it follows from [6, Theorem 3.2] that

6{9(5/1)Sﬂf(S/(xl,...,xn)a): H L H ]Wg]\fjjwu

Lov—wm; 1
1<j<1 i<j<n

where the last equation follows from the fact that (z1,...,2,)* has an a-linear
resolution, the maximal shifts coincide with the ones of I and that in this case
the equation follows from [11, Theorem 1].

If I has a linear resolution, then I = (z1,...,2,)% and the upper bounds
for 37(S/I) are reached. Assume that we have equations everywhere. Then
it follows that 37(S/I) = 7 (S/(x1,...,2,)%) for i=1,...,n. In the proof of
[6, Theorem 3.2] it is shown, that this implies

=z e G((x1,...,2,)7 ) :m(u)=Fk| forjeZ, 1<k<n-—1.
(4)

This implies that I(;y =0 for j <a and thus I = (21,...,2,)%. Hence, I has
an a-linear resolution.

(ii): Fix 1 <i<n and write m; =i+ b — 1 for some natural number b.
Let J = I, be the ideal which is generated by all elements of I of degree
greater or equal to b. It follows from the Eliahou-Kervaire formula and the
observations given above that

B7(S/J) =67 (S/I) for j =i,
mJ(S/J):m](S/I) fOI‘jZi,

m;(S/J) >m;(S/I) for1<j<i,
m;(S/J) =m;(S/J)—(i—j) for1<j<i.

Note that S/J is still zero dimensional. Assume that we could prove the lower
bound for S/J, then it would follow that

B2 (S/T) = B7(S/ )

my(S/T) my(S/7)
> I Zwm—mem 1l e —wem

1<j<i

_ m;(S/J) . m;(S/1)
=11 m;(S/I) —m;(S/J) 1 m;(S/T) —mi(S/I)

1<j5<1 i<j<n

my (S/1) my (S/T)
I s U wwm—msm

1<j5<i i<j<n
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The last inequality follows because for 1 < j < i we have
my(S/0)  _ my(S/D)
m;(S/1) —m;(S/J) — mi(S/I) —m;(S/1)
& my;(S/J)mi(S/1) —m;(S/J)m;(S/T)
= m;(S/T)m;(S/I) —m;(S/T)m;(S/J)

& m;(S/J)mi(S/I) = m;(5/T)mi(S/1)

& my;(S/J) =m;(S/T).
Here the last inequality follows from the definition of J as noted above. It

remains to show the lower bound for 37(S/J). Let L = (z1,...,7,)". We
observe that J C L and we have

m;(S/L) =m;(S/L)— (i —j) for1<j<i,
my(S/L) = mi(S/L) +(j—1) fori<j<n,
m;(S/J) =m;(S/L) for j <i,

m;(S/J) 2 m;(S/L)

fori<j<n.

Moreover, it follows from [6, Theorem 3.2] that 37 (S/J) > 37 (S/L). We
compute

B2(S/T) 2 B (S/ (@1, .., x0)")
m;(S/L) , m;(S/L)
mi(S/L) —m;(S/L) m;(S/L) —mi(S/L)

T m, (S/7) L my(s/D)
_1l;£inn(S/J) m;(S/J) <Iln7anS/L)——nn(S/J)

m;(S/J) _ m;(S/J)
> I oo 1w e

i<j<n
The last inequality follows because for i < j <n we have
my(S/L) my(S)J)
m;(S/L) —mi(S/J) — m;(S/J) —mi(S/J)
& m(S/L)m;(S/J) —m;(S/L)mi(S/J)
>m;(S/J)m;(S/L) —m;(S/J)mi(S/J)

& —m;(S/L)mi(S/J) = —m;(S/J)mi(S/J)

& m;(S/J) = m;(S/L).
The last inequality is valid as noted above. Thus, we get the desired lower
bound for J and hence also for I.

Assume that for all i the lower bound for 37(S/I) is reached. For i =1 the
corresponding constructed J is just I. It follows then also that 87(S/I) =
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B7(S/L) and applying again [6, Theorem 3.2] we see that 37 (S/I) = 57(S/L)
for 1 <i<n. Now we deduce as in the proof of (i) that indeed I has a linear
resolution. This concludes the proof. O

The Cohen—Macaulay assumption is essential for the lower bounds in (2).
In fact, we can construct a strongly stable ideal as a counterexample. The
ideal is taken from [12].

EXAMPLE 4.2. Let S = K|z1,...,24] be a polynomial ring in 4 variables
and we consider the strongly stable ideal I = (2%, x129, 73, 2373, 2324). Then
S/I is not Cohen-Macaulay because dim(S/I) =2 and depth(S/I) =0. It
follows from the Eliahou-Kervaire formula that

BY(S/T) =5, BE(S/I) =7,  BF(S/D)=4,  BI(S/)=1
and
m1=2, m2:3, m3=5, M4=m4:6.
But now
s mg ma my 5-3-2 30
NH=1 : : - -2
ﬁ4(S/) <M4—m3 M4—m2 M4—m1 1-3-4 12

On the other hand, for strongly stable ideals we still can give an upper
bound for the ith total Betti number without the Cohen—Macaulay assump-
tion.

THEOREM 4.3. Let I C S be a componentwise linear ideal and p = codim(.S/
I). We have fori=1,...,p that
+ M, — 2 + M; —1
S <[ + My (P 1
s < (T M.
The upper bound is reached for all i if and only if S/I is Cohen—Macaulay
and I has a linear resolution.

Proof. As shown in the proof of Theorem 4.1, we may assume that
char(K) =0 and that I is a strongly stable ideal. It is known that z,,...,
Tp_depth(S/1)+1 is a regular sequence for S/I and thus we may assume that
depth(S/I) =0, i.e. projdim(S/I)=n.

Let J = Isp, (s/r) be the ideal which is generated by all elements of I of
degree greater or equal to M;(S/I). It follows from [6, Theorem 3.2] that
B2(S/I) < B7(S/J). Note that M; < M; +1i — 1 as one deduces from the
Eliahou—Kervaire formula. By construction of .J, we have M;(S/J) = M; and
J has an Mj-linear resolution. Assuming that we can show the upper bound
for S/J, we get for 1 <4 <n that

s <o < (7R ().

n-—1
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It remains to show the upper bound for S/J. Note that

sisn= ¥ (MU0

zveG(J)

> (127 € 6y s miw =)
j=i

z": =1\ [(j+M —1—1

— \i—1 My —1 ’

j=t

We prove by induction on n — ¢ that

i J=1\(j+M —2\ [(i+M -2 n+M; —1
i—1 M, -1 ) i—1 n—i ’

j=i

IN

The assertion is trivial for ¢ =n. Let ¢ <n. Using the induction hypothesis,
we compute

i <j—1> <j+M1—2>

o 1—1 7j—1

SN )

=
i+ M, —2 n—14+M -1 n—1\/n+M; -2
( i—1 )( n—1—i >+<zl)< n—1 >
i+ M —2\ [n+M —1
(I
i+ M —2\ (n+ M —2 n—1\/n+ M; —2
< i—1 )( n—i >+<i—1>< n—1 )
i+ M -2\ (n+DM; -1
()

because (i+%11_2) ("tﬁvfi_z) = (’:__11) ("+nhf11_2) as one verifies by a direct com-
putation. If S/TI is Cohen-Macaulay and I has a (M;-)linear resolution, then
we know by [11] that 37 (S/I) reaches the upper bound for all i. Assume now
that 37 (S/I) = (”%1172) . (p+;\{1;1) for i=1,...,p. As seen above, we may
assume that p =n. Then the corresponding bounds for S/.J are also achieved.
It follows from the inequalities above that every monomial of degree M is a
minimal generator of J. This means that J = (x1,...,z,)™. Thus, S/J is
zero dimensional and hence Cohen-Macaulay. But since J = I, , then also
S/I is zero dimensional and therefore Cohen—Macaulay. Now we can apply
Theorem 4.1(i) to conclude that I has a linear resolution. ]
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REMARK 4.4. The results of this section can also be used to prove bounds
for the Betti numbers if I is not componentwise linear, at least if char(K) = 0.
Let I C S be an arbitrary graded ideal and p = projdim(S/I). Recall that
reg(S/I) = max;<;<projdim(s/1) {1 Ms — i} is called the Castelnuovo-Mumford
regularity of S/I. Tt is well known that reg(S/I) = reg(S/ gin(I)) where gin(I)
is the generic initial ideal of I with respect to the reverse lexicographical
order (see [2]). Moreover, 3(S/I) < 37(S/gin(I)) for all i. Since gin(I)
is componentwise linear, it follows from these observations and Theorem 4.3
that

B7(S/1) < B7(S/ gin(1))
< (z +reg(S/gin(l)) — 1) . <p +reg(S/ gin(])))
i—1 p—i
i+reg(S/I)—1 p+reg(S/I)
()
where p = codim(S/T) = codim(S/gin(I)). With similar arguments, one can
use Theorem 4.1 to prove upper bounds in the Cohen—Macaulay case using

the regularity. Since we get better results for this case in the next section, we
omit the details.

5. Cohen—Macaulay rings

We saw that the lower and upper bounds in (1) do not hold in general. Also
the upper bounds in (2) are not candidates for upper bounds since the numbers
may be negative. Using the Boij—Soderberg theory which was conjectured
and developed partly by Boij-Soderberg [3] and then completely proved by
Eisenbud—Schreyer [8] (see also [3] and [7]) we show that the lower bounds in
(2) and upper bounds in (3) hold under the Cohen—-Macaulay assumption.

We recall parts of the Boij—Séderberg theory which is needed in the fol-
lowing. Fix a positive integer p. For any strictly increasing sequence of non-
negative integers d = (do,d1,...,dp) with dy =0, we define a diagram 7(d)
by

m(d)i; = {Hlék@' did*_kdk [lick<p ﬁ’ if j =di,
0, else
and call 7(d) a pure diagram. The sequence d = (do,ds,...,dp) is called the
degree sequence of the diagram. Note that there is a choice which diagrams
are called the pure ones up to multiplication with respect to a positive real
number. We choose them in such a way that 7(d)p o =1. A pure diagram is
called linear if dy =dy + (k—1) for 1 <k <p. There exists a partial order
on pure diagrams by defining m(d) < w(d’) for two increasing sequences of
nonnegative integers d = (0,dy,...,d,) and d' = (0,dy,...,d}) if and only if
d < d' coefficientwise. For two fixed increasing sequences of positive integers d
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and d, denote by 11,7 the set of pure diagrams m(d) such that 7(d) <7 (d) <
7(d). Since m(d); ; # 0, only for finitely many 4, we can consider the convex
hull of II; 3, that is the set of convex combinations D = Zn(d)eHQE Aam(d)
with real nonnegative coefficients Ay and ZW( d)ell, Ag = 1.

One of the main results of the Boij—Séderberg theory implies (see [3, Con-
jecture 2.4] and the full proof in [8]) that for a Cohen—-Macaulay algebra
R of projective dimension p the Betti-diagram 3°(R) = (ﬁfj (R)) is a con-
vex combination of the convex hull of II,, »s where m = (mq,...,m,;) and
M = (M,...,M,) and the m;, M; are the usual maximal and minimal shifts
in the minimal graded free resolution of R.

Note that the Boij—Séderberg theory treads more generally modules in-
stead of rings. Then one of the results is that the Betti diagram of a Cohen—
Macaulay module may be written (uniquely) as a positive rational linear com-
bination of pure diagrams whose degree sequences form a totally ordered se-
quence. Since (5 ,(R) =1 and 35 ;(R) =0 for j # 0, the Betti diagram of R
is already a convex combination of pure diagrams as considered above and we
restrict ourself to this situation.

Now we consider the convex hull of I, 7, and a convex combination D as
described above. We define formally for 0 <7 <p and j € Z the numbers

Bij(D)=" > Aawl(d)ij,  Bi(D)=)_Bi;(D)
w(d)ell, 4 ez
We also set for 1 <i<p
M;(D)=max{j €Z: 5, ;(D)#0} and m;(D)=min{jeZ: g, ;(D)#0}.
Observe that
M;(D)=max{d; : \gq 20} and m;(D)=min{d; : Ay # 0}.

Note also that it follows from the definition of the diagrams 7 (d) that M;(D) <
M;+1(D) and m;(D) < m;11(D) hold for 1 <i<p. At first, we prove the
following purely numerical result.

THEOREM 5.1. Let d= (dy,...,d,) and d=(do,...,dy) be two strictly in-
creasing sequences of non-negative integers with dy = doy =0 such that d < d.
Assume that D = Eﬂ(d)GHiE Aam(d) is a convex combination of elements of
U, g Then:

(i) We have fori=1,...,p that
(D)<— 1
ﬁ( )_(Z—l _Z|]171

The upper bound is reached for all i if and only if D is a linear diagram.
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(ii) We have fori=1,...,p that

pi(D) = 1<1:[-<1- M;(D) —my(D) ‘iqllp M;(D) —mi(D)’

FEvery lower bound is reached for all i if and only if D is a pure diagram.

Proof. (i) We compute

BiD)= > Agm(d)

Tr(d)GHif
= Z Ad H d; —d H d d
m(d)€ll, 4 1<j5<i 1<j<p

M;(D)
S
n(d)€lly g:Aa#0  1<5<i i<j<p

:mHM

Note that if D is not a pure diagram, then the inequality is strict. But even
for a pure diagram which is not linear the inequality is strict. Hence, we have
equality if and only if D is a linear diagram.

(ii) Observe that M;(D) —m;(D) > m;(D) —m;(D) >0 for j < i and sim-
ilar M;(D) —m;(D) > 0 for i < j. Then we get

Bi(D)= > lar(d

m(d)€lly 5

d; d;
Z Ad H d,jd,' H dljdi
d

2 1<g<i t I i<j<p

. m;(D)
> Iy mJ<D> I 3200 =y

w(d)eng,gxd;eo 1<ja M. i<j<p

= 11 Mi(D) 11 M ( j mZ(D)

1<5<i i<j<p

v

Note that if D is not a pure diagram, then the inequalities are strict in general.
Hence, we have equalities for all ¢ if and only if D is a pure diagram. O

As always K is a field and S = K|[zy,...,z,] a standard graded polynomial
ring. As a corollary of Theorem 5.1 and the Boij—Séderberg theory, we get
the following corollary.

COROLLARY 5.2. Let I C S be a graded ideal such that R=S/I is Cohen—
Macaulay and let p=projdim(R). Then:



466 T. ROMER
(i) We have fori=1,...,p that

1
ﬂf(mémg%'

The upper bound is reached for all i if and only if I has a linear resolution.
(ii) We have for i=1,...,p that

RN | | et

1<j<i i<j<p 7

Every lower bound is reached for all i if and only if R has a pure resolu-
tion.

REMARK 5.3. Note that it is also known that the Betti diagram of a graded
ring S/I which is not necessarily Cohen—Macaulay may be written (uniquely)
as a positive rational linear combination of pure diagrams (see [4]). But here
the appearing degree sequences maybe of different lengths and this causes
problems. Indeed the Cohen-Macaulay assumption is essential for the lower
bound (2) as we saw in Example (4.2). Similar upper bounds as the ones
in (3) can be proved in the case where S/I is not Cohen—Macaulay. Since
the formulas in this case are not as nice and compact as the ones in the
Cohen-Macaulay case, we do not present them here and leave the details to
the interested reader.
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