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A SPECTRAL MULTIPLIER THEOREM FOR H! SPACES
ASSOCIATED WITH SCHRODINGER OPERATORS WITH
POTENTIALS SATISFYING A REVERSE HOLDER
INEQUALITY

JACEK DZIUBANSKI

ABSTRACT. Let {Tt}+>0 be the semigroup of linear operators generated
by a Schrédinger operator —A = A — V on R?, where V is a nonneg-
ative nonzero potential satisfying a reverse Holder inequality, and let
JoZ XdE 4(X) be the spectral resolution of A. We say that a function f
is an element of HY if the maximal function M f(z) = sup,sq |[T¢.f ()]
belongs to L. We prove that if a function F satisfies a Mihlin condition
with exponent o > d/2 then the operator F(A) = [° F(A)dEA(})) is
bounded on HY.

1. Introduction

Let A = —A 4+ V be a Schrodinger operator on R, d > 3, where V is a
nonnegative nonzero potential that satisfies the reverse Holder inequality with

exponent g > d/2; that is, there exists a constant Cy such that for every ball
B(x,r)

1 Va c
1.1 S Viy)idy| < -2 V(y) dy.
(-0 <|B<x,r>| — ) Bl o

Let {T;}+>0 be the semigroup of linear operators generated by —A, and let
T:(x,y) denote the integral kernels of these operators. Since V(z) > 0 and
Ve LL _(RY),

loc

(1.2) 0 < Tile,y) < (dmt) ™% exp (~|z — [ /(41))
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We say that a function f is in the space H} if the maximal function

M (x) = sup |Tof (z)| = sup / Ty(z,y) f(y) dy
t>0 R4

t>0

belongs to L'(R?), and we set
(1.3) [y, = IMF Nl @y

Let [;° AdE()) be the spectral resolution for the operator A. For a bounded
function F' on R} we define the operator F'(A) by setting

A = [ FO) B
0
For s > 0 let C(s) denote the space of functions F' on R for which

[val _ > k0 SUPAcR ’F(k)(/\)’ if seZ,
O UFCED e ooy + ShLosupaca [FRO] it s ¢ 2,

is finite.
Our goal is to prove the following theorem.

THEOREM 1.4. Let F be a bounded continuous function on Ry. If for
some « > d/2 and some nonzero function ¢ € C°(0,00) there exists a con-
stant C' > 0 such that

(15) [Pl < C for every t 0,
then F(A) is a bounded operator on HY.

We recall that the classical Hormander multiplier theorem [13] applied to
the Laplace operator —A on R? implies that if for some o > d/2 a bounded
continuous function F' defined on R* satisfies

sup [ () F (¢) || gy < 00,
t>0

where || || z7(a) is the Sobolev norm, then the operator F(—A) is of weak type
(1,1) and bounded on LP(R%), 1 < p < co. Moreover, F(—A) is bounded on
the classical Hardy space H'(R?).

The spaces H} we consider in the present paper are substantially larger
than the classical Hardy spaces. It was proved in [7] that every element f of
HY, can be decomposed into a sum of special atoms, defined as follows. Let
m(z, V) be given by

_ 1
(1.6) m(x,V) 1sup{r>0:7M/13( )V(y)dy§1}.
Then R? = |, _, By, where

B, = {:r "2 <z, V) < 2("+1)/2}.

neZ
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We say that a function a is an H atom associated to a ball B(yg,r) of center
yo € R? and radius r > 0, if

(1.7) supp a C B(yo, 1),

(1.8) lal|z= < [B(yo. )|,

(1.9) if yo € By, then r < 2177/2

(1.10) if yo € B, and r < 27172 then /a(x) dx = 0.

The atomic norm in the space H} is defined by

(1.11) 1z atom = inf {3 les

where the infimum is taken over all decompositions f = > 5 €, where the
aj are H} atoms and the c; are scalars. It was proved in [7] that the norm
I ||Z;I}4atom is equivalent to the norm || |[z1; that is, there exists a constant
C > 0 such that

1
(1.12) ey < 1F iy atom < Cllf -

Our H} atoms are scaled (1,00) atoms from the local Hardy space h!, where
the scale and localization is adapted to the behavior of the potential V. The
atoms are supported on balls, satisfy the size condition (1.8), but for some
of them the mean zero condition is not needed. Therefore, in order to show
the boundedness of the operator F'(A) on such atoms, we derive appropriate
estimates for kernels associated with the multiplier F' (see Theorem 3.8). In
the case where V is a nonnegative polynomial, similar results were obtained
in [5] by using nilpotent Lie group methods. We recall that every nonnegative
polynomial V satisfies (1.1) for all ¢, 1 < ¢ < o0.

The function m(z, V) was introduced by Shen [16]. In the next section we
state some properties of the function which we will use in this paper.

The problem of finding sufficient conditions on a function F' that guarantee
the boundedness of the operator F'(L) on LP(9M), where L is a positive self-
adjoint operator (on L?(9M)), has been investigated by many authors (cf. [1],
[2], [3], [10], [12], [14], [15], [17], [18]). E. Stein [17] showed that if —L is
the infinitesimal generator of a symmetric diffusion semigroup and F is of
Laplace transform type, then F(L) is bounded on L, 1 < p < oco. In the
case where L is a sublaplacian on a stratified nilpotent Lie group, spectral
multiplier theorems where proved, for example, by A. Hulanicki and E. Stein
(see [8, p. 208]), M. Christ [1], G. Mauceri and S. Meda [14], D. Miiller and
E. Stein [15], and W. Hebisch [11]. We also refer the reader to the papers [10]
and [18], where multipliers on LP spaces in the case when L is a Schrédinger
operator were considered.
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2. Auxiliary lemmas

For t > 0 and V > 0 satisfying (1.1) we define the Schrodinger operator
At} by setting

(2.1) A = A+ VO V) =y (87%).

Obviously, for every ¢t > 0,

|B($7T)‘ B(z,r

with a constant Cj independent of ¢ > 0. Moreover,

(2.3) m (t_l/Qx, V{t}) = tY2m(z, V).

1/q
1 C
2.2 S - vidgady| < —O/ Vi (y) dy,
22) < ) B o'

The following lemma is a simple consequence of (2.3) and a result of Shen [16,
Lemma 1.4].

LEMMA 2.4. There exist constants C, ko > 0 such that for everyt >0

(2.5) C™'m (l‘, V{t}) <m (y’ V{t}) <Cm (x, V{t})

if|x—y|§m,

(2.6) m (y, V{t}) <C (1 + |z —ylm (:c, V{t}))ko m (:c, V{t}> ,

m (a:,V{t})
( ) C (1 + |z — y|m(z, V{t}))’fﬂ/%oﬂ)

We shall denote by I'{t} (z,y,7) the fundamental solution of the operator
“A+V pir reR.

Applying (2.2) and two results of Shen ([16, Theorem 2.7] and [16, p. 535]),
we obtain the following result.

PROPOSITION 2.8. For every k > 0 there exists a constant C}, such that
for every t >0

(29) [P (a,y,7)]
—k
< Crp(1+ |T|1/2|£L' — y|)_k (1 +m (x, V{t}) |z — y\) |x — y|2_d.
Moreover, there exist constants C,d > 0 such that for every t > 0

h &
(210) ‘F{t}(x7y =+ h7T) - F{t}(xa y77-)’ < O| ‘ 3
(L4 7Y%z = y|)" & — y|d=2+

for |h| < |z —yl/4.
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THEOREM 2.11. For every l € N there exists a constant C; such that for
every t > 0

(2.12) ]m (2 )" (ca+ V) o] < et

where M is the classical Hardy—Littlewood maximal operator.
Proof. The proof is by induction on I (cf. [19]). Let
I (z,y) =T (2, y,0).
Fix z € R?, and set r = m(z, V13)~1. Applying (2.9) with k& = 3, we obtain

'/F{t}my y) dy

<C lz —y* | f ()| dy
B(z,r)

) -3
v [ oy (1) i)y
B(z,r)c

‘( A+V{t}

< COm (:v,V{t}>_2Mf(x),

which proves (2.12) for [ = 1.
Assume now that m (y, V{t})m (-A+ V{t})_l fly) < ;M f(y). We have

= ] / M (z,y) (-A+ v{t})*l () dy‘

< [t m (5v) " M)y

= / +/ =1 + Is.
B(z,r) B(z,r)c

Using (2.5) and (2.9), we get

—21
L<C [ oy m (2 V) T MU (y) dy
B(z,r)

‘ (~a+vi) @)

—21-2
<COm <$ V{t}) M f(2).

Applying (2.7) and (2.9) (with k = 3 + 2lko/(ko + 1)), we obtain
—k —21
I < C/ —~ yIQ’d”“m@,V{t}) m(y, V{t}) M f(y) dy
(z 7‘)”

—k—21+2lko / (ko+1)

< C/ lz — y|2—d—k+2lk0/(ko+1)m(m7 V{t}) le(y) dy
x,r)°

—21-2
< Cm(a:,V{t}> M f ().
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3. Estimates of kernels

Let fooo AdE 4 (M) be the spectral resolution for A}, Obviously, if for a
bounded continuous function G on R, the operator

G(A{t}) :/ GO dE 40y (V)
0
has an integral kernel G(A})(x,y), that is, if

G (A7) 5@) = [ 6 (4) s dy,
R4
then the integral kernel G(tA)(x,y) of the operator G(tA) is given by

(3.1) GtA)(z,y) = =G (A{t}) (t‘l/2x,t_1/2y) .

We denote by Ts{t}(w, y) the integral kernels of the semigroup {Ts{t}}s>0 gen-
erated by the Schrodinger operator — At}
For an integral kernel K(z,y) and b > 0 we define

1K)y = sup, [ 1K) (14 2 = o) dy
reRd
+ sup / K (2, 9)] (1+ |z — y])? de.

yER

The following theorem is a consequence of (1.2) and results of W. Hebisch |9,
Theorem 2.10].

THEOREM 3.2. Given b,s > 0 with s > b+ d/2 there exists a constant
C = C(b,s,d) such that for every function £ € C(s) with supp& C (1/4,4)
and for every t > 0 we have

(3.3) e (4®) @), < Cléllee.

(b

COROLLARY 3.4. For every M > 0 there exist constants C,s > 0 such
that for every & € C(s) with supp& C (1/4,4) and for every t > 0 we have

(3.5) € (A1) (@.)| < Cllello (1+ 12—y~

Proof. Set n(A) = e*¢(X). Obviously suppn C (1/4,4) and [nlce) <
Cull€llos)- Since £(AT) = T 0 p(A{}), we have

(14 Jo =)™ [¢ (A1) (@,0)]

< | [T ko= DY (A o) (44— o)™ .
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Applying Theorem 3.2 with b = M and using (1.2) we obtain that there exist
constants s and C’ such that

(L4 |z =y |¢ (A1) @,9)| < C'linlles < CClellery. O
We fix a real valued function ¢ € C2°(1/2, 2) such that
(3.6) Doy (27A) =1 for A>0.
NEZL

Let F be a continuous function on R, that satisfies (1.5). We set
Qui(N) = F(N)e "2 (27))
Qu,t()‘) — th (QIL)\) =F (2/L/\) e—tQMAwZ()\).

It follows from (3.1) that the integral kernels Q,:(z,y) of the operators
Qu,t(A) satisty

(3.7) Quuala.y) =27 Qu (ACY) (242,24

Our goal in this section is to prove the following two theorems.

THEOREM 3.8. Assume that F' satisfies (1.5). Then there exists a con-
stant 0 > 0 and a family of kernels K,,(z,y) > 0, p € Z, with || K, (z,y)lwo) <
1, such that for every M > 0 there exists a constant Cy; such that

-5
(39 |Quile.y)| < CurKulw,y) (14220 —y|)

(o inta) ™ (2 )

THEOREM 3.10. There exist constants C,e > 0 such that for every p € Z

(3.11) / Sup | @ (2,y) — Qs (2 0)] da < C2H/2 |y — yolF
Rd t>0

Proof of Theorem 3.8. We set, for ¢t > 0 and p € Z,
Pui(N) = e (271N) 0,(\) =1 (27#X) F(\),
Grut(N) = u (2°0) = e MPp(N),  0,(N) = 0, (")) = Y(A)F (2"N).

Since for every k& > 0 there exists a constant Cy independent of ¢t and p such
that [[@,.¢llcr 14,4y < C, Corollary 3.4 asserts that for every M > 0 there is
a constant Cps such that for every p € Z and t > 0 we have

(3.12) (G (AT @) < Cw (L 2= g7
Moreover, by Theorem 3.2 there exist constants C,d > 0 such that
(3.13) |0u (a2 @) <c.

w(d)
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Since
Qu)t (A{T“}) (x,y) = /(ﬁ”,t (A{27“}> (ac,z)éu (A{T“}) (z,9) dz,

it follows that there is a constant C' > 0 independent of u such that

Dol

Let ¢ € C2°(1/4,4) be such that {(A\) =1 for A € [1/2,2]. Fix [ (large) and
set £(\) = A¢()). Obviously, by Corollary 3.4,

(3.15) € (427 @)
with C; independent of p. Moreover,

(3.16) ¢ (A{T“}) (z,y) = ((A{T“})_lg (A{z‘“})) (z,y).

For fixed y € R? we put h(z) = £(A12 "})(z,y). Therefore, by (3.15), (3.16),
and Theorem 2.11, we obtain

(3.14) <C.

<O 14z —y)™ ",

(3.17) ’m (= V{T“})zl ¢(at) (x,y)’ < O;Mh(z) < C},

where C] does not depend on y, z, and y.
On the other hand, for every IV > 0 there exists a constant Cn such that

(4N @y < On+lr =y,
which combined with (3.17) gives
(3.18) ‘C (A{27M}> (x,y)‘ <Cin (1 +m (m, V{T”}))il (1+z—y) V.

Obviously,
th (A{Q—u}> _ C (A{Q—u}) th (A{Z—n}) .
Therefore, applying (3.18) we obtain

(319)  (1+[2—y)’ |Que (4% (@)

sar(iem(nve )" apla (40) o

x (1+]z—2)° (142 —y|)° de.
Setting

K, (z,y)

= [ fsup|@u (477) o fa = o s
t>0
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and using (3.14), we get
5 e
with C' independent of y. Thus
(3:21) |Que (A7) (2,p)

< CK) (2,y) (1 +m (xy{f“}))_l (14 ]z —y))~°.

Since

Qe (A7) (@) = Qo (AT (.2)

is the integral kernel of the operator Qu’t (A{T“}), we obtain

(3:22) |Que (A27) (2,p)
< CK!(x,y) (1 +m (y V{T“}))_l (1+]z—y)°.
Now (3.9) follows from (3.7), (2.3), (3.21), and (3.22). O
LEMMA 3.23. There exist constants C,e > 0 independent of i such that
(3.24) / Ty )~ 1,y de < Ol

Proof. Since the kernels Tt{T‘L} (z,y) satisfy (1.2), it suffices to prove (3.24)
for |h| < 1. By a functional calculus,

Tl{ziu}(x,y) = c/ eiTl"{T“}(x,y,T) dr.

— 00

Therefore, applying (2.10), we get

L _L C|h) |z —y|
25) |2 Y UChS ‘<— for |p| < XYL
(325) [T Yy + ) =T Ny < 2 for <
Using (1.2) and (3.25), we have
[1E s+ -1 )| o
< ™|
lo—y|<4lnl/2 Jla—y|>4|n[1/2
é
< C|h|¥? + c/ I < Clhff. O
< gl 4[R]3 |z —y|ats 7 =
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Proof of Theorem 3.10. Set
R t(N) = Qui(N)e = F(28N) e 12 erp? ().

Applying the same arguments as in the proof of Theorem 3.8, we obtain that
(3.21) holds for Ru + instead of Qu +; that is, there exists a constant C' > 0
and kernels Kg(x, y) such that

(3.26) LAC] el
(3.27) i;lpo) Ru,t (A{T“}) (x,y)‘ < Kﬁ(x,y)

Using (3.26), (3,27), Lemma 3.23 and the fact that

e (A1) 0 = f o (451) (910

we have

[0 |@ue (A27) (@0) = Qe (47 0| o

t>0
</ (p Ry (4777) <w,z>\)ITf”}<z,y>—TP”}<z,yo> dz dx
>
<Cly—yol” -

Finally (3.11) follows from (3.7). O

4. Proof of Theorem 1.4

Let F be a continuous function on Ry that satisfies (1.5). By (1.12) it
suffices to prove that there exists a constant C' > 0 such that for every H}
atom a

(4.1) IMF(A)al ;. < C.

Let a be an H) atom associated to a ball B(yg,r). Obviously the operators
F(A) and M are bounded on L?(R%). Therefore, by (1.8),

(4.2) IME(A)all 1 (5 yq.ary) < C

Let 1(\), Qu+(X) be as in Section 3. Using (3.6) we conclude

(4.3) IMF(A)a(x )I—Sup\Tt |<ZSUPIQM Aa(z)].

HGZ
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By Theorem 3.8 we have, for y > —2log, r,

/ (sup |@u,t<A>a<x>|) dn
B(yo,4r)¢ \t>0

-5
<C’/ / (z,9) (2"/2 ) la(y)| dy dx
(0,47)° J B(yo,T)

<C (2“/2 )

Therefore

(4.4) / (sup Qu,t(A)a(x)O dx < C.
B(yo,4r)e \t>0

pn>—2log,

By virtue of (4.2), (4.3), and (4.4) it remains to show that there exists a
constant C' > 0 such that

2 / Blyo,dr)e (SHPQM( Ja(z )I) dx < C.

p<—2log, r

Let n be the integer such that yg € B,,. We consider two cases.

Case 1: r < 27'7"/2_ 1In this case a satisfies (1.10). Using (1.10) and
Theorem 3.10, we get

/ (supmzm( Ja(a >|) da
u<— 210g v B(yo,dr)e \t

<> swp | [ (Qu)ew)
B(yo,4r)e \ t>0 | JB(yo,r)

p<—2log, r
- Qp,t(l“a Yo))a(y) dy

D SI B  Ee

)dx

<C / 252 |y — yo|* dy < C.
B(yo,r)

pn<—2log, r
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Case 2: 271-1/2 <y < 21="/2 Applying Theorem 3.8, we get

S (splQu ) dr

pn<—2log, r t>0

—M
<COu / / Ku(2,9) (14274 m(y,v)) " x
2 Blyoar)e JBor) | ( )

pu<—2log, r
x |a(y)| dy dz.

Since m(y, V) ~ 22 for y € B(yo,r), we obtain

/ (supcz,t,tm)a(xﬂ) r<c Y oM <o
B(yo,4r)°

pn<—2log, r £>0 pn<n+2
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