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THE JOIN OF ALGEBRAIC CURVES

TADEUSZ KRASINSKI

ABSTRACT. An effective description of the join of algebraic curves in
the complex projective space P" is given.

1. Introduction

Let P™ be the n-dimensional projective space over C. Denote by G(1,P™)
the Grassmannian of all projective lines in P". By the Pliicker embedding
G(1,P") — P("s)~! the Grassmannian is an algebraic subset of p("s)-1,
For any projective line L C P™ we will denote by [L] the corresponding point
of G(1,P"), and for any P,Q € P", P # @, we will denote by PQ the unique
projective line in P™ spanned by P and Q. Likewise, for any projective
subspaces L, K C P" we will denote by Span(L, K) the unique projective
subspace in P" spanned by L and K.

If X is an algebraic subset of P™ then Sing(X) is the set of singular points
of X. For P € X — Sing(X) we denote by TpX C P" the embedded tangent
space to X at P.

Let X,Y C P" be two varieties in P", i.e., irreducible algebraic subsets
of P™. The definition of the join of X and Y is as follows (see [H, p. 88], [Z,
p. 15], [FOV, Def. 1.3.5]). Define the subsets of the Grassmannian

JUX,Y):={[PQl € G(LLP"): P X, Q €Y, P#Q},
J(X,Y):=J9X,Y) - the closure of 7°(X,Y) in G(1,P"™),

and the corresponding subsets of the projective space

XY= |J L
[LI€TO(X,Y)
Jxv)= J L
[L]IeT(X,Y)
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J(X,Y) and J(X,Y) are algebraic subsets of G(1,P") and P", respectively.
J(X,Y) is called the variety of lines joining X and Y, and J(X,Y) is called
the join of X and Y. In the case X =Y the set J(X,Y) is called the secant
variety of X and is denoted by Sec(X) or X?2.

If XNY =0 then we have J(X,Y) = J°(X,Y). In the case X NY # 0,
the inclusion J°(X,Y) C J(X,Y) is, in general, strict. Thus there arises the
following question: Which additional projective lines besides those containing
points P € X, Q € Y, P # @, are in J(X,Y)? In this paper we give a
complete solution of this problem in the case when X and Y are arbitrary
projective curves (in particular for X =Y).

The key notion in the solution is the relative tangent cone Cp(X,Y) to
a pair of algebraic or analytic sets X,Y in a given common point P € X N
Y. (In [FOV, Section 2.5] this cone is denoted by LJoinp(X,Y).) It is a
generalization of one of the Whitney cones, namely C5(V, P) (W1, p. 212],
[W3, p. 211]), to the case of a pair of sets. The cone Cp(X,Y’) was introduced
by Achilles, Tworzewski and Winiarski [ATW] in the analytic case when X
and Y meet at a point. This notion was used in the new improper intersection
theory in algebraic and analytic geometry ([FOV], [T], [CKT], [Cy]). It is easy
to show (see Proposition 4.1) that for varieties X,Y C P"

JX,Y)=JX,v)u |J CpxY).
PeXnY

Thus the question is reduced to the problem of describing Cp(X,Y). If P is
an isolated intersection point of two analytic curves X and Y, Ciesielska [C]
proved that the cone Cp(X,Y) is a finite sum of two-dimensional hyperplanes.
(In the case X =Y this was proved by Briangon, Galligo and Granger [BGG].)
In Theorem 3.4 we give an effective formula for the relative tangent cone
Cp(X,Y) in the general case when X,Y are arbitrary analytic curves and
P € XNY (and even in the case X =Y'). This formula is expressed in terms
of local parametrizations of X and Y at P.

In the last section we summarize all results in Theorem 4.2, which gives a
detailed description of the join of algebraic curves.

2. Relative tangent cones to analytic sets

Since the relative tangent cone is a local notion, we will work in C™ and
in the case when X,Y are analytic sets. First we consider the case when the
point P is the origin, i.e., P = 0. We start with the notion of the ordinary
tangent cone to an analytic set.

Let X be an analytic set in a neighbourhood U of 0 € C™ such that 0 € X.
The tangent cone Co(X) of X at 0 is defined to be the set of v € C™ with the
following property: There exist sequences (x,),en of points of X and (A, ),en
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of complex numbers such that
x, —» 0 and A x, — Vv when v — oo.

One can find properties of the tangent cones to analytic sets in [W2], [W3],
and [Ch]. The tangent cone is an algebraic cone in C" of dimension dimg X.

Let X,Y be analytic subsets of a neighbourhood U of 0 € C™ such that 0 €
X NY. The relative tangent cone Co(X,Y) of X and Y at 0 is defined to be
the set of v .€ C" with the following property: There exist sequences (X, ),en
of points of X, (y,)ven of points of Y and (A, ),en of complex numbers such
that

x, —0, y,—0, \(y,—x,)— Vv when v — cc.
Immediately from the definition we obtain:

(1) Co(X,Y) is a cone with vertex at 0.

2) 'Y = {0}, then Cyp(X,Y) = Cp(X),.

3) Co(X,Y) =Co(Y, X).

4) Cy(X,Y) depends only on the germs of X and Y at 0.

5) Co(X1U X2,Y) = Co(X1,Y)UC(X2,Y) if Xy, X5 are analytic sets

containing 0.

The following two propositions are known. Since we will use facts from
the proofs, we give simple and elementary proofs of these propositions in the
analytic case. We will assume in the remainder of this section that X,Y are
analytic subsets of a neighbourhood U of 0 € C™ such that 0 € X NY.

PROPOSITION 2.1 ([ATW, Property 2.9] in the case X N Y = {0}). The
cone Co(X,Y) is an algebraic cone in C™".

Proof. By the Chow theorem it suffices to prove that Co(X,Y) is an an-
alytic subset of C". We will apply the elementary Whitney method ( [W1,
Th. 5.1], used there in the case X = Y'), although one can also use the method
of blowing-ups. Define the holomorphic functions

a;p:C"xC"xC"—C, jk=1,...,n,

Yji —Tj Yk — Tk
k(X V)=
jk( 'Y ) v Vg )

where x = (21,...,2n), Yy = (Y1, ---,Yn) and v = (v1,...,0p).
The functions a;, all vanish if and only if x = y or v is a multiple of y —x.
Set
B:={(x,y,v):x,y €U, ajp(x,y,v) =0, jk=1,...,n}.
This is an analytic subset of U x U x C", and hence so is
B ':=BN(X xY xC").
The set A :={(x,x) :x € XNY} C U x U is also analytic. Thus

B":=(B'—(AxC"))N({UxUxC")
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is an analytic set in U x U x C". Therefore
Cy(X,Y):=B"n({(0,0)} xC")

is analytic in U x U x C". Since v € Co(X,Y) if and only if (0,0,v) €
C{(X,Y), it follows that Cy(X,Y) is an analytic subset of C". O

PROPOSITION 2.2 (cf. [FOV, Prop. 2.5.5]). dimCy(X,Y) < dimg X +
dlmQY

Proof. Since Cy(X,Y") depends only on the germs of X and Y at 0, we may
assume that dim X = dimg X and dimY = dimgY. Consider the analytic
set B” C U x U x C", defined in the proof of the previous proposition. If we
denote by 7 the projection UxU xC"™ — U x U, then m(B”) C X xY and over
each point (x,y) € (X x Y)—A we have (7|B") "1 (x,y) = {(x,y, \(y —x)) :
A € C} and hence dim(7|B”)~!(x,y) = 1. Since

(1) B =B (X XY - &),
we have
dimB” =dim X +dimY + 1.

By the same equality (1) no irreducible component of B is contained in
A x C", and in particular in (0,0) x C". Hence

dim C)(X,Y) = dim(B” N ({(0,0)} x C")) < dim X + dimY. O

REMARK 2.3. Under some additional assumptions on X and Y the above
inequality becomes an equality. Namely, in [ATW] it was proved that if X N
Y = {0} then dim Cy(X,Y) = dimg X + dimg Y. Of course, this is no longer
true in the general case.

Before stating the next proposition we make precise some notions concern-
ing analytic curves. By an analytic curve we mean an analytic set I' of pure
dimension 1 in an open set U C C". For P € T' we denote by (I')p the
germ of T" at P and by multp I’ the multiplicity of T at P. A parametriza-
tion of T' at P is a holomorphic homeomorphism & : K(r) — U (where
K(r) == {# € C : |z| < r} is an open disc) such that ®(0) = P and
O(K(r)) =T'NU’ (where U’ C U is an open neighbourhood of P). Then any
superposition ®(t*), k € N, is called a description of X at P. It is known
that any analytic curve I" such that (T') p is irreducible has a parametrization.
If0#® = (p1,...,9n), and ®(0) = 0, then we define

ord ® := min(ord ¢1, . ..,ord ¢,,).
If ® is a parametrization of I' at 0 then we have

multg I' = ord .
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It is well known that if " is an analytic curve in a neighbourhood U of 0 eC™
and @ is its parametrization at 0 then Cy(T') is a line Cv, where

o(t)
V= tlgl(l) tord @’

We will shortly denote this property by
(1) oV

or in the more condensed form ®(¢) ~» v. Note that for any vector w € Cv
there exists a change of parameter t — «ot, a € C, such that ®(at) ~ w.
Thus @ gives the whole line Cv instead of just the vector v. Therefore we
will also use the notation ®(t) ~» w for any w €Cv.

PROPOSITION 2.4. Assume that dimg(X UY) > 0. For any vector 0 #
v €Cy(X,Y) there exists an analytic curve T C X XY having a parametriza-
tion ® = (Px,Py) : K(r) —» X xY at (0,0) such that

q)y(t) — (I)X(t) ~ V.

Proof. Consider the analytic set B” C U x U x C" defined in the proof
of Proposition 2.1. We have P := (0,0,v) € B”. Since this point lies in the
closure of B’ — (A x C"), there exists an analytic curve I C B” passing
through P such that IV — {P} € B’ — (A x C"). Take a parametrization
(Px(t), Py (t),v(t)), t € K(r), at P of one irreducible component of (I')p.
We have (®x(0), Py (0),v(0)) = (0,0,v). Since for any t € K(r), ®y(t) —
®x(t) and v(t) are linearly dependent and v(¢) — v when ¢ — 0 we have
@y(t)—tbx(t)wv. O

PROPOSITION 2.5 ([ATW, Prop. 2.10] in the case X NY = {0}). Co(X)+
Co(Y) C CQ(X, Y)

Proof. Let 0 # v €Cy(X), 0 # w €Cy(Y). Since Cy(X) is a cone, we have
—v €Cy(X). Take analytic curves ' C X and IV C Y having parametrizations
®(t) and U(t) at 0, t € K(r), such that ®(¢t) ~» —v and ¥(¢) ~ w. Since
®(t°rd¥) € X and ¥ (t°*4®) € Y for sufficiently small ¢ and

\I/(tordé) _ ‘I)(tord ‘1/) ~ V4 W,
we conclude v+ w €Cy(X,Y). O

We will need in the sequel the following proposition which was proved in
[ATW, Prop. 2.10]. For completeness we shall give another proof of it using
Proposition 2.4.

PROPOSITION 2.6. If Co(X) N Co(Y) = {0} then

C()(X, Y) - C(](X) + C()(Y)
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Proof. 1t suffices to prove

C()(X, Y) C Co(X) + C()(Y)
Take 0 # w €Cy(X,Y). We may assume that w ¢Co(X)UCy(Y). By Propo-
sition 2.4 there exists an analytic curve I' C X x Y having a parametrization
b= (Dx,Py): K(r) — X xY at (0,0) such that

be(t) — (I)X(t) ~ WL

Since w ¢Cy(X) and w ¢Cy(Y"), we have
(2) ord®y = ord ®x < +o0.
Let

(Dx(t) ~vy, 0 7£ V1€CQ(X),

@Y(t) ~ v, 0 7& VQGCO(Y).
Since Cy(X)NCo(Y) = {0}, viand vo are linearly independent. Hence, using
(2), we have

(by(t) - ‘bx(t) ~r Vg — V7.

Thus w = vy — vy € Co(X) 4+ Co(Y). O

Let now X,Y be analytic subsets of a neighbourhood U of a point P € C"
such that P € X NY. We define the relative tangent cone Cp(X,Y) of X
and Y at P by

Cp(X,Y)=P+Cy(X -PY -P).

3. Relative tangent cones to analytic curves

In the case X, Y are analytic curves we can give a more detailed description
of Cy(X,Y). The aim of this section is to give an effective formula for Cy(X,Y)
in terms of local parametrizations of X and Y.

First, we formulate a useful lemma which is a simple generalization of
Proposition 2.4.

LEMMA 3.1. Let X, Y be analytic curves in a neighbourhood of 0 €C"™ such
that 0 € X NY and the germs (X)o, (Y)o are irreducible. Let ®(t) and ¥ (1),
t,7 € K(r), be parametrizations of X andY at 0. Then for any v €Cy(X,Y)
there exists an analytic curve I' C K(r) x K(r) having a parametrization
O(s) = (t(s),7(s)) : K(r') — K(r) x K(r) at (0,0) such that

D(t(s)) — W(7(s)) ~ v.
Moreover, we have the same result if ® and U are only descriptions of X and

Y atO.

Proof. The result follows from Proposition 2.4 and the fact that the map-
ping (®,¥) is an analytic cover. O
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Now we prove a key proposition for a description of relative tangent cones.
This proposition was proved by Ciesielska [C] in the case X N Y = {0}, but
the idea of her proof can be used in the more general case 0 € X NY.

PRrROPOSITION 3.2. Let X,Y be analytic curves in a neighbourhood of
0 €C" such that 0 € X NY. Then

Co(X,Y) + Co(X) = Co(X,Y).

Proof. We may assume that the germs (X)o, (Y)o are irreducible. It suf-
fices to prove that

(3) Co(X,Y) + Co(X) C Co(X,Y).

Since X,Y are analytic curves and (X)o, (Y)o are irreducible at 0, we have
two possible cases:

Case 1. Co(X) N Cy(Y) = {0}. Then, by Proposition 2.6, Co(X,Y) =
Co(X) + Co(Y). Hence we get (3).

Case 2. Co(X) = Co(Y). After a linear change of coordinates in C™ we
may assume that Cy(X) = Cey, where e; := (1,0,...,0). Put k := multg X,
[ :=multy Y. Let ® and ¥ be parametrizations of X and Y at 0, respectively.
Since Cy(X) = Cy(Y) = Ceq, we may assume that

(4)  ®(t) = (tF,02(t),..., (1)), t € K(r), ordgy >k, i=2,...,n,
(5)  U(r) = (71, a(7), ..., 0n(7)), T € K(r), ordep; > 1, i=2,...,n.
Consider the descriptions of X and Y

b(t) := b(t') = (", go(t'), ..., ¢u(t!)), t € K(7),

(1) := U(rF) = (7% o (7%), ..., 0n(7F), 7€ K(7),

where 7 is a sufficiently small positive number.

Take now 0 # v = (vy,...,0,)€CH(X,Y) and w = (w,0,...,0)eCy(X).
From Lemma 3.1 there is an analytic curve I' C K(7) x K(7) having a
parametrization ©(s) = (t(s),7(s)) : K(r') — K(¥) x K(r) at (0,0) such
that

Define
N := ord(®(t(s)) — U(7(s)))
Then
e i)~ E(r(s))
50 sN

Since © is a parametrization of a curve we have that ¢(s) or 7(s) is not
identically zero. Without loss of generality, we may assume that ¢(s) #Z 0
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and ordt(s) < ord7(s). Put p := ordt(s). Hence N > pkl. Without loss of
generality, we may assume that t(s) = s?. We define

(o) = o 4 L p+N—phl
t(s):=s"+ R .
We claim that
D(E(s)) — U(7(s)) ~ v + w.
In fact, for the first coordinate we have

o E)H = (75D

s—0 s
R CO) el GO J;V(f(S))'” (r(s)™ —wi
s—0 S
and fori=2,...,n
o @16 = 0i(7(5)"
s—0 SN
= lim ¢i(t(s)") — ¢(t(s)") + di(t(s)") — i(r(s)*) = v; O
s—0 sN "

From this proposition we obtain the first description of relative tangent
cones to analytic curves (cf. [BGG, Prop. IV.1], [C, Cor. 3.2]).

COROLLARY 3.3. Let X,Y be analytic curves in a neighbourhood of 0 eC"
such that 0 € X NY, and let (X)o, (Y )o be irreducible germs at 0. Then one
of the following two cases may occur:

1. Co(X,Y) =Cu(X) =Co(Y).
2. Co(X,Y) is a finite union of two-dimensional hyperplanes.

Proof. It Co(X) N Cy(Y) = {0}, then, by Proposition 2.6, Co(X,Y) =
Co(X) + Cp(Y) is a two-dimensional hyperplane. If Co(X) = Co(Y), then
taking an (n — 1)-dimensional hyperplane H through 0, transversal to Co(X),
we easily obtain from Proposition 3.2 that

(6) Co(X7Y):Co(X7Y)ﬂH+CQ(X)

Since, by Proposition 2.2, dim Cy(X,Y) < 2, we have by (6) dim Cy(X,Y) N
H < 1. But Cy(X,Y) N H is also an algebraic cone. Hence Co(X,Y)N H
is either {0} or a finite number of lines. Thus, by (6), Co(X,Y") is equal to
Co(X) in the first case, and is a finite sum of two-dimensional hyperplanes in
the second case. (]

Now we give a formula for the Cy(X,Y) in terms of parametrizations of
X and Y (cf. the proof of Proposition IV.1 in [BGG]). First we fix some
notations. By ey,...,e, we denote the standard basis of C". For vectors
v,w € C" we denote by Lin(v, w) the hyperplane in C" generated by v and
w. Given a power series x(s) #Z 0, we denote by in(x(s)) its initial form;
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, if x(s) = Bps? + -+ with 8, # 0, then in(x(s)) = BpsP. (We also put
i (O) =0.)

THEOREM 3.4. Let X,Y be analytic curves in a neighbourhood U of the
point 0 € C™ such that 0 € X NY, and let (X)o, (Y)o be irreducible germs.
Let
(7) (D(t) = (tk7¢2(t)7 s 7¢n(t))7 te K(r)7 Ord¢i > kv i = 2a s

(®)  W(r) = (7", 9a(7),. .., n(7)), T € K(r), ordey; > 1, i =2,...,m,
be parametrizations of X and Y at 0. Assume thatl < k. Let e1,...,&; be the
roots of unity of degree . Fori=1,...,l we define

)  ford(@(t) — W(=itt)) i D) — W(=tt) £0,
"0 if D(th) — W(eith) =0,
v, = lim (b(tl) - \Il(gitk)
Y50 tni ’
Then

Co(X,Y) = Lin(vy,e;) U--- ULin(vy, e).

Proof. Instead of the parametrizations ® and ¥, we shall use descriptions
of X and Y. Define

O(t) = (') = (t", da(t'), ..., du(t), teK(r'/h),

U(r) = U(r%) = (PH o (rF), . (7F)), T e K(rV/F).
Obviously, (®(K (r'/"))o = (X)o, (¥(K(r'/%))g = (Y)o. From the form of ®
and ¥ we see that

CO(X) = Co(Y) = (Cel.
Take the hyperplane
H:={(x1,...,2,) €C": 21 =0},
which is transversal to Cy(X) = Co(Y). From Proposition 3.2 we easily obtain
Co(X,Y) =Co(X,Y)NH + Cy(X).

Since Cp(X,Y) is an analytic cone in C" of dimension < 2, it follows from
this equality that Co(X,Y) N H is either {0} or a finite system of lines. Thus
it suffices to prove that

l
Co(X,Y)NnH = [JCv..
i=1
By the definition of v; we have obviously
!
Jcvicx,y)nH.

i=1
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Take now any vector 0 # w € Co(X,Y) N H. By Lemma 3.1 there exists
an analytic curve I' C K (r'/!) x K(r'/*) having a parametrization ©(s) =
(t(s),7(s)) : K(r') — K(r'/") x K(r'/*) at (0,0) such that

(é(t(s)) - @(T(s))) ~ w when s — 0,
i.e., such that
()™ — (), da(t(5)') — o (T()"), -, pu(t(5)') = (T (5)")) ~ W

when s — 0. Since t(s) #Z 0 or 7(s) # 0 we may assume that ¢(s) £ 0.
Changing the parameter s we may further assume that

t(s)=s", peN.
Thus
(P = 7(5)™, 9o (5”) — 2 (7(9)%), .., P (87) = hn(7(5)%)) ~ w

when s — 0. Since w = (0, wa, ..., w,) # 0, there exists j € {2,...,n} such
that
(10) ord(¢;(sP') — 1, (1(s)*) < ord(sPF! — 1(s)*).

Denote by J the set of j € {2,...,n} for which the above inequality holds.
Since ord ¢; > k and ord; > [, we obtain from this inequality that 7(s) has
the form

7(s) = aps’ + o s’ 4+, bl =1L
Hence of = ¢;, for some ig € {1,...,1}. We shall show that w = v;,. We

consider the following cases:

Case 1. The coefficients a, all vanish for r > p, i.e., 7(s) = apsP. Then
7(s)* = akfsPk = ¢, sPk. Hence we have w = v, .

Case 2. Not all the coefficients o, vanish for r > p. Let m be the smallest
positive integer such that apiy, 7# 0. Then

7(8) = aps? + Appms? T+
11) 7(s)F = g8 +asPPTM 4 a £0,
12) ord(sPF! — 7(s)*) = pkl 4+ m,
13) ord(¢;(sP) —;(1(s)*) < pkl +m  for j € J,
14) ord(¢;(sP) — 4 (1(s)*) = pkl +m  for j ¢ J.
Let us first note that for j € {2,...,n} we have from (11) and the fact that
ord; >1

(15) ord(1;(7(5)") = 1 (cis™)) = phl + m.

(
(
(
(
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From this and (13) we deduce for j € J

(16) in (¢;(s™) = v;(7(s)")
= in (¢(s”) — (i, 5™") + s (eigs™) — 15(7(5)")
= in (¢;(s") — ¥;(ei,5™))

and for j ¢ J we get from (14)

(A7) ord (d5(s") = ¥(e005™)
= ord (¢;(s™) = ¥;(7(s)*) + 13 (7(5)") = ¥;(eios™*))
> pkl +m.

Hence

(18) ord (@(spl) - \I!(T(s)k) = ord (@(spl) - \Il(siospk)) = PN,

Now, we have
Vip = lim 7" (D(t") — T(e4th))

= lim s~ P™o (<I>(spl) — \Il(aiospk))

s—0

= lim 5720 (0, $a(sP") — Y2(€ie ), ., D (7)) — Yn(Eiys7F))

s—0
= ig% Sipnio (Oa in (¢2(Spl) - 1/’2(5105pk)) PRI ain (¢n(spl) - ¢n(€iospk))) .
On the other hand, from definition of w and (18) we have
()~ W(r(9)")
W T serd (@ w(r(5)F))
= lim 5770 (B(s) — W(r(s)")
= lim 5770 (57— 7(5)", da(s™) — o (7(5)"), .., dn (™) — ¥u(r(5)"))

= lim s~ P™io (in (s’)kl — T(S)k) ,in (</>2(5pl) - wz(T(s)k)) )

s—0
cosin (@ (sP) = Yu(T(s)")) -
Using (12), (16), (14), (17) we finally obtain

Vi, = W.
This completes the proof. O

REMARK 3.5. From the forms (7) and (8) of the parametrizations it follows
that Co(X) = Cy(Y) = Ce;. By Proposition 2.6 we see that only this case is
interesting. Moreover, the assumption on the form of the parametrizations is
not restrictive, because it is well-known that for any analytic curve X with
irreducible germ at O there exists a linear change of coordinates in C™ such
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that in the new coordinates Co(X) = Ce; and there exists a parametrization
of X at 0 of the form (7).

From the above theorem it follows that under the same assumptions on
X and Y, the cone Cy(X,Y) is the union of at most min(multy X, multgY")
two-dimensional hyperplanes. It is easy to improve this result.

COROLLARY 3.6. Let X, Y be analytic curves in a neighbourhood U of the
point 0 € C" such that 0 € X NY and (X)o, (Y)o are irreducible germs.
Then:

1. If (X)o = (Y)o and this germ is nonsingular at 0, then
Co(X,X)=Cy(X)=TpX.

2. In the remaining cases Co(X,Y) is the union of r two-dimensional
hyperplanes, where

(19) 1 < r < ged(multg X, multy V).

Proof. Using a linear change of coordinates in C" we may assume that X
and Y satisfy all assumptions of Theorem 3.4.

The first part follows immediately from Theorem 3.4 because in this case
E=1=1,0() = U(t) = (t,¢2(t),-..,0n(t)), ordp; > 1,i=1,...,n, and
V] = 0.

We now prove the second part. From Theorem 3.4 we obtain

Co(X,Y) = Lin(vy,e;) U--- ULin(vy, e),

where l .
Vi:hmw’ i=1,...,1,
t—0 ti
®(t), U(t) are parametrizations of X and Y at 0 of the form (7) and (8), [ < &,
€i,1=1,...,1, are the roots of unity of degree [, and the numbers n; are given
by (9).

By analysing this formula in the two possible cases in this part, i.e., the
case when (X)g # (Y)o and the case when (X)o = (Y)o and O is a singular
point of X, we easily obtain that r > 1.

Now, let D := ged(multg X, multy V) = ged(k,!) and let 1,...,np be the
roots of unity of degree D. It is easy to see that for any €; there exists ¢; such
that ;% =, for some p € {1,...,D}. Then by the substitution ¢ — e;t we
obtain

D((e5t)") — Pleile;t)") O(t') — W(yt")

; = i =g, ™ lim ———+—=,
Vi = (ejt)mi & i
Thus there are at most D different lines among Cvy,...,Cv;. Hence r <

D. (]
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EXAMPLE 3.7.
1. The estimation from above in (19) is strict since for

X = {({t}#3,0):teC} c C?
Y :={(%,0,7%) : 7€ C} c C°.

we have by Theorem 3.4 k =1 = 2 and v; = [0,1,1], vo = [0,1, —1]. Hence
r =2 and

Co(X,Y) = Lin(vy,e;) ULin(vy,e;) = {(z,y,2) € C*: y* — 22 = 0}.

2. The inequality in the upper bound for r in (19) is not an equality in
general since for

X :={(?°,0):teC} cC?
Y :={(2,0,7%) : 7€ C} c C°.
4

we have by Theorem 3.4 k =1 =2 and v; = vy = [0,0, 1]. Hence r = 1.

4. The join of algebraic curves

In this section we answer the question posed in the introduction: Which
additional projective lines besides those containing points P € X,Q € Y, P #
Q, are in J(X,Y) in the case when X and Y are algebraic curves? First,
we give a relation between the join of arbitrary varieties and relative tangent
cones.

Let X,Y be arbitrary algebraic subsets of P* and P € XNY. Let U C P"
be a canonical affine part of P" such that P € U, and let ¢ : U — C"
the corresponding canonical map. Then we define the relative tangent cone
Cp(X,Y) to X and Y at P by

CP(Xv Y) = @71(C¢(P)(80(X N U)a @(Y N U))

One can easily check that this definition does not depend on the choice of the
canonical affine part U of P". (In [FOV, Def. 4.3.6] there is another equivalent
definition of Cp(X,Y) using the affine cones X,Y ¢ C"! generated by X
and Y.)

Since Cp(X,Y) is a union of projective lines passing through P we may
define

Cp(X,Y):={[L] € G(1,P™"): L C Cp(X,Y) and P € L}.
PROPOSITION 4.1. Let X,Y be arbitrary algebraic subsets of P™. Then

JX,Y)=7"x,Y)u |J cr(x,Y),
PeXnY

JX,Y)=J1X,v)u |J Cpx,Y).
PeXnYy
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Proof. Note that the topology in G(1,P") can be described in the following
elementary way: If [L],[L;] € G(1,P™), i = 1,2,..., then [L;] — [L] when
i — oo in G(1,P™) if and only if there exist points P;, Q; € L;, i = 1,2,...,

P, #Q;, P,Q € L, P # @, with homogeneous coordinates P; = (zf : -+ : a%),
Qi:(y(’):~~:y;),P:(x0:~~-:xn),Q:(y0:~~~:yn) such that zj — x;
and y; — y; when ¢ — oo in C for j =0,1,...,n.

Take [L] € J(X,Y) — J%X,Y). Then there exist [P,Q;] € G(1,P"), i =
1,2,..., e X,Q; €Y, P, # Q;, such that [P,Q;] — [L] when i — oco. Since
X,Y are compact sets we may assume that P, - P € X and Q; — Q €Y.
Since [L] ¢ J°(X,Y), we have P = Q. Hence P € X NY. Of course, P € L.
From the above description of the topology in G(1,P™) we easily obtain that
LcCp (X, Y)

The opposite inclusion (Jpe xqy Cp(X,Y) C J(X,Y) is obvious. O

From the above proposition and the previous results we obtain the full
description of the join of algebraic curves in P".

THEOREM 4.2. Let X,Y be irreducible curves in P". Then:
1. If X =Y then

JX,x)=7x,x)u |J crx,x)u  |J [T

PeSing(X) PeX—Sing(X)
JX.X)=JX.x)u J CpX,X)U U 1)
PeSing(X) PeX —Sing(X)
2. If X#Y and XNY ={Py,..., P} then
k
J(X,Y)=JX, Y)ulJep (X, Y),
=1
k
J(X,Y)=JX,Y)u | Cr(X,Y).
=1

Moreover, in both cases each Cp(X,Y) is a finite sum of projective two-
dimensional hyperplanes passing through P. They are effectively described as
follows: For a given point P € X NY if X # Y, or for a singular point
Pof X if X =Y, we decompose (X)p = (X1)pU---U (X )p, Y)p =
(Y1)p U---U (Ys)p into irreducible curve-germs. Then

Cp(X,Y) = JCp(X:, V).
0,J

Each Cp(X;,Y;) is described in the following way:
(i) If (Xi)p = (Y;)p and this germ is nonsingular, then
Cp(Xi,Y)) = Cp(X;) = Cp(Y;) = TpX; = TpY;.
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(ii) If (X;)p # (Y;)p or one of these germs is singular, then:

(1) If Cp(Xi) N Cp(Y;) = {P} then
CP(Xi, 59) = Span(Cp(Xi), CP(Y]))
(2) If Cp(X;) = Cp(Y;) then

Cp(X:,Y;) = | Span(Cr(X,), PQ1),
1=1
1 <m < ged(multp X;, multp Yj),

where Q; := ¢~ (p(P) +v;) (where ¢ : U — C™ is a canonical map
of P™ such that P € U) and the vectors v; are calculated from the
local parametrization of the curves o(X;) —@(P) and o(Y;) —(P) at
0, as described in Theorem 3.4 (after a linear change of coordinates
in C").
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