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TEMPERED, INVARIANT, POSITIVE-DEFINITE
DISTRIBUTIONS ON SU(1,1)/{+1}

BY
WiLLiaM H. BARKER

1. Introduction

Let G denote the group of conformal mappings of the interior of the unit
circle, a Lie group which is naturally isomorphic to both SU(1, 1)/{+ 1} and
SL(2,R)/{=+1}. In this paper we establish, via the Fourier transform, a bi-
jective correspondence between the collection of tempered, invariant, positive-
definite distributions on G and the easily defined class of tempered Bochner
measure pairs. Viewed in another way, the result shows that tempered, in-
variant, positive-definite distributions are merely integrals, in the distribu-
tional sense, of characters of the principal and discrete series representations
of G.

The major tools used in this work are the various isomorphisms which are
obtained via the operator Fourier transform on G. For each 1 <= p = 2 let
#°(G) be Harish-Cchandra’s Lr-Schwartz space, with €(G) = ¢*G). In his
Ph.D. dissertation [1] Arthur characterized the image of ¢(G) under the
Fourier transform for G any semi-simple Lie group of real rank one. However,
an invariant, positive-definite distribution is not, in general, tempered; i.e., it
does not extend to a continuous linear functional on #(G). Such distributions
extend, instead, onto ¥¢*(G) [4, §4]. Unfortunately, for 1 < p < 2, the
Fourier transform image of ¢?(G) has yet to be determined, even for
SU(1,1)/{+ 1}. Given the importance of such results for our work, in this
paper we will confine ourselves to the tempered distributional case.

In §§4-6 of this paper we state Arthur’s Theorem for SU(1, 1)/{+ 1}, and
develop certain important results concerning spherical function spaces and
their images under the Fourier transform. In §7 tempered invariant distribu-
tions are examined. It is shown that such a distribution 7T'is determined, via the
spherical decomposition of the Fourier transform, by the zonal spherical
transform 7 and a unique complex counting measure p, (Theorem 7.4). In §8 it
is shown that if T'is also positive-definite, then T'is given by a measure y.on R,
and both p. and u, are non-negative and of polynomial growth. In fact, there is
a bijection between the collection of tempered, invariant, positive-definite dis-
tributions and the collection of pairs (u.,ps) (Theorem 8.2). In §9 this last re-
sult is reformulated to show that a tempered, invariant, positive-definite distri-
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bution is, in the distributional sense, merely an integral of principal and
discrete series characters of G (Theorem 9.3).

Extensions of this work will depend upon the Fourier transform isomor-
phism theorems which become available. Arthur has extended his real rank
one #(G) isomorphism theorem to the general case [2],[3]. There are, at pres-
ent, no isomorphism theorems for #7/(G), 1 = p < 2, even for particular
semi-simple groups. Results for K-finite subspaces of #7(G), G of real rank
one, have been found by Trombi [11],[12]; these may serve the same role in a
general real rank one study of invariant positive-definite distributions that the
spherical function isomorphisms from §5 do in this work.

The author wishes to express his appreciation to Professor Sigurdur
Helgason of M.I.T. for the initial suggestion of this problem and for helpful
discussions during the course of its solution.

Partial support for this work was given by the Bowdoin College Faculty
Research Fund.

2. Preliminaries

(a) General notation. The standard symbols N, Z, R and C shall be used
for the sets of non-negative integers, integers, real numbers and complex
numbers respectively; Z’ will be the set of nonzero integers. If z € C, then T
denotes the complex conjugate of z. If T c S, and fis a function on S, then
f| = denotes the restriction of f to T.

If S is a topological space, then Cy(S) denotes the space of compactly sup-
ported, continuous complex valued functions on S. If S is a topological vector
space, then S’ denotes its continuous dual.

For M a C® manifold countable at infinity we write 2(M) for the space of
compactly supported, C*® complex valued functions on M. When 2(M) is
given the Schwartz topology, then 2’(M) is the set of distributions on M.

For a Hilbert space o let B(+#) denote the collection of bounded linear op-
erators on . Fix an orthonormal basis {v,.} for o#. Then for each A € B(#) let
A... denote the matrix element (Av,,, v.).

(b) The group G. Let G denote the group of conformal mappings of the in-
terior D of the unit circle. Then G is naturally isomorphic to the group SU(1,
1)/{x 1}, where SU(1, 1) is the collection of all matrices of the form

o= (5 2] ter-tor-n

and the action of G on D is given by

g -t =—8*+8 ¢ reD.

F&" +a
Important elements in g, the Lie algebra of G, are
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X, = IRK 0 X, = 1 0 1-‘ ,
2o -i 211 0

Xz:L’_’,y=_1_0’i,
2 i - 2L o

Corresponding elements in the group are u, = exp(6X,), a. = exp(¢X,), and
n, = exp(¢(X;). Matrix forms for elements in G shall be understood as modulo
sign throughout the paper.

Particular subgroups of G are defined by

K=1{u:0€R,A =1(a,:t€R} and N = {n,: £ER}.

The Iwasawa decomposition for G gives G = KAN; i.e., each g € G can be
uniquely decomposed into the form g = u,a.n. We also obtain an action of G
on K, us—u,., defined by

8Us = Uyg-0Qc(50)N(50)-

Define A+ = {a,:t > 0}. The Cartan decomposition for G then gives
G = K¢I(A+)K; i.e., each g€ G can be decomposed into the form
g = usau,. For g @ K this decomposition is unique; for all g the a, term is
unique. We write

t = H(g). 2.1

() Normalizations of measures. For a € G let L, denote the left transla-
tion map g -ag and R, the right translation map g —ga™'. The groups K, A, N
and G have biinvariant Haar measures which we normalize as follows:

dk = du, = do/2x (0 < 0 < 2m),

da = da, = dt,
dn = dn, = df,
dx = e'dusda.dn,.

Given two C-valued functions f and g on G, define their convolution by
(f+)(») = Scﬂx)g(x‘ y)dx forally€G
whenever the integral exists. Further define the adjoint of f by
fHx) = fr) forallx € G.

(d) Differential operators. The complexified Lie algebra of G, g., can be
identified withsl(2,C), the set of all 2 x 2 complex matrices of trace zero. The
conjugation Z —Z in g, is defined by

(X+iY) = X-iY forallX,YEqg.



86 WILLIAM H. BARKER

Let U. denote the universal enveloping algebra of g.. There is an isomor-
phism A — L, of U, with the algebra of all left invariant analytic differential
operators on G. This isomorphism is determined by

LahE) = S0 = L fx expltX)) | o

for all X € g, f € C*(G), and x € G. Similarly, an anti-isomorphism with the
right invariant operators is determined by

Ref)X) = f(Xix) = g; S(EXDUX)A) | mo -

Four specific elements in U, will be important in subsequent sections:
Zy = iXo,Zs = - X,—iY,Z. = X,-iY,0 = Xo—-Xi-Y%

3. Irreducible unitary representations

Let K denote the collection of equivalence classes of irreducible representa-
tions of the compact group K. Then K is naturally isomorphic to {x. : n € Z},
where x.(us) = e™.

Suppose = is an irreducible unitary representation of G on a Hilbert space
. For each n € Z define the n-th weight space of = to be

Hn) = (veEHX: m(u)yv = x(u)v for all u € K]}.
The subspace of K-finite vectors of « is #x = XZ,cz#(n), and the infinitesimal
representation dr of U, on »#, is defined by

dr(X)v = g? w(exp tX)v| o for all X €g and v € #.

Define the w-classification operations on 5 by

H, = dn(—-Z,), H, = dn(—-Z2,), H_ =d=(-Z2), Q=dnr(w). (3.1)
There is a real number §, the Casimir scalar of =, such that

Qv = gv for all v € #y. 3.2)
Define the set of weights of 7 to be
M = [m €Z : #(m) is non-trivial}.

The following classification theorem can be found in [10, §§V. 5-6].

THEOREM 3.1. Suppose = is an irreducible unitary representation of G on a
Hilbert space # with weight set M and Casimir scalar §. Then there exists an

orthonormal basis {v,,: m €M} for # and a set of complex numbers
{a., : m € M} of modulus one such that for each m € M,
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Hovm = mvm’
Hy, = ap(§ + m(@m+ 1))"*v,.,, 3.3)
Hy, = &, (§+ m(m—1))"*V,y,

where v, = 0if m& M.

A basis for # as specified in Theorem 3.1 will be called a canonical basis for
s
For any irreducible unitary representation 7 with Casimir scalar § it will be
convenient to define certain scalar constants. For each pair of integers (m, n)
define

m G+kk-1)) ifm=n,
k=n+1

g‘mn = (3 '4)

T  (@+kk=1) ifm < n

k=m+1

Let G denote the collection of unitary equivalence classes of irreducible
unitary representations of G. There are two subcollections of G which will be
important for our work.

The principal series. Let #. = L*K). For each A € R we can define an ir-
reducible unitary representation m, of G on J#, by

[m\(&)el(ue) = (1,1 Jexp(— % (I —=iNKe™,0)) 3.5)

for all g € G, u, € K and ¢ € #.. The representation , has weight set Z and
Casimir scalar

g = (1 +N)/4. (3.6)

A canonical basis for m, is given by {¢,. : m € Z}, where ¢,.(4;) = e, The
collection {m, : X\ € R} is called the principal series for G.

= and =, are unitarily equivalent if and only if A = =+ 4. A unitary inter-
twining operator N, : #,—. can be defined by M, = w.(\)e, for all
m € Z where

T k-2 a-/k-Lavy itm=o,
wn(\) = ™
T w—%u+myw—%a—m)ﬁm<m
Then

Nym(x) = m(x)N, for all \€R and x € G. 3.7

The matrix coefficients for , are defined by
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umn()"x) = (Wx(x)‘Pn,ﬂom)
forall m,n€Z and x € G.

The discrete series. For each fE€Z’ there is an irreducible unitary
representation w, on a Hilbert space #, with Casimir scalar § = |£]|(1 — |£])
and weight set

—¢{—-N forf{ >0,
M® = {—L’+N for ¢ < 0.

The collection {w, : £ € Z’} is called the discrete series for G. For each f € Z’
fix a canonical basis {y!, : m € M(f)} for w,. If (-,-), denotes the inner product
of »#,, then the matrix coefficients for w, are defined by

vmn(e’ X) = (O)‘; (x)‘l’fn¢fn)?
for all m,n € M(¢) and x € G.

4. The Fourier transform

Suppose f€ Co(G) and 7 is a representation of G on a Hilbert space .
Define the Fourier transform of f at 7 as the operator Jf(w) € B(s) given by

If(x) = ; _ SOy,

LetJ* and 2 denote the restriction of 7to the representations m, and w, respec-
tively, where, for each A\€E R and { € Z’, we write

TIN = If(m),  TSE) = Tf(w). @.1

The matrix coefficients of 7<f(\) and 4f(¢) with respect to the canonical bases
chosen in §3 will be denoted by 7%, f(\) and 72 f(f) respectively.
For a fixed pair of integers (m, n) define

—min{m, n} ifn >0andm > 0,
{(m,n) = min{—-m, —n} ifn< O0Oand m <0, 4.2)
0 if mn <0,
fe€Z:f(mn << -1} ifn>0andm > 0,
L(m,n) = HEZ:1 < ( < {(mn)} ifn<O0and m < 0, 4.3)
¢ if mn < 0.

Then 72 f(¢) is defined if and only if ¢ € L(m, n). For convenience we will
define all the other symbols 7.2, f(£) to exist and equal zero.
Harish-Chandra’s Schwartz space on G is defined by

€(G) = (fEC®(G) : |fl.poe < o forallrEN, D,EEU.]

where
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/105 = sup.ea|(l + )e"*f(E;x; D)] 4.4

and t = H(x) as in 2.1. When topologized by these seminorms %(G) becomes
a Fréchet space with continuous inclusions 2(G) € ¢(G) & L¥G). 2(G)is
dense in #(G). Under convolution #(G) becomes a topological algebra.

Let #.(G) be the collection of all C>® operator valued functions
Z : R—B(+#,) such that:

() NFO) = F(~\N, for each N ER;
(i) | F),prprsr < oo forall ri, ra, rs,r €N, where
|1 irprsr = _sUp_ | (E%\ )rgmn()\”(l + N+ [m|™A + [n]7).
ANER,m,nEZL (4.5)

When topologized with these semi-norms, %.(G) becomes a Fréchet space.
Define ¢ (G) to be the collection of all F : Z’ — L, ,B(#,) such that:

(i) F¢)eB(X)foreach({EZ’;
@) |F|
IF|

< oo forall r,, r,, r; €N, where

sup [Fon@)] (1 + 2]+ |m|™D(A + |n|").
(EZ',m,nEM() (4'6)

TEr2r3

rurary T

When topologized by these semi-norms, 44(G) becomes a Fréchet space.
Let 2(G) = ¢(G) ® %«G). Given the obvious topology, ¢(G) is a Fréchet
space. For f € 9(G) let If denote (F°f, 7%f). Then Imaps 2(G) into ¢(G).

THEOREM 4.1 (Arthur). The Fourier transform f -Jf from 9(G) into ¢(G)
extends uniquely to a topological isomorphism from %(G) onto ¢(G).
Moreover, the inversion formula, for any f € 4(G), is given by

_ 1 g
fx) = 8wm§:ez &Z,,f()\)um,.()\,x))\ tanh (\/2)d\ @

1 d 1
+ Py g’mnf(e)vmn(e) x)( | e I - _)' D
27["',"62 (EL(m,n) 2
Arthur [1] dealt with the Fourier transform of ¢%G) for G any semi-simple Lie
group of real rank one; Theorem 4.1 is his major result when applied to
G = SU(Q,1)/{x1].
Define

C(G) = (fE¥(G) T =0}, CuAG) = [fELG):Tf = 0),
where each space is given the relative topology from C(G).
COROLLARY 4.2. ¥(G) is the direct sum of ¢(G) and ¥ G). Moreover, the

induced decomposition f = f.+ f, yields two continuous mappings from ¢(G)
to €(G) and ¢«AG).
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5. The spherical transforms
For m, n € Z define ¢..,, the space of spherical Schwartz functions of type
(m, n), to be the collection of all f€ ¢(G) such that
S@uxv) = x. @) fxX)x.(v) forallx€e G, u,v€eEK,
where x..(#s) = e"®. Further, define
gc,mn = gmn n gc(G)a ?d,mn = ?mn n ?J(G)-

PRrROPOSITION 5.1. For each f € ¢(G) there is a unique expansion

f‘: E fc,mn+ E fd.mn

mnelZ mneZ

where f.mn € €cmn and f; n € €.,... The series converges absolutely to f in
%(G), and the mappings f —f. ., and f ~f, .. are continuous.
Proof. Define an operator P,,, on ¢€(G) by

P,.f(x) = 5 jmxm(u)xn<v)f(u*'xv-*)du dv.

This operator is a continuous projection of ¢(G) onto #,,.. Moreover, for any
f € €(G), the series
E Pmnf

mneZ

converges absolutely to fin €(G) [13, p. 161], and is easily seen to be a unique
expansion of f into spherical functions. Our result follows by applying the ex-
pansion to each term f, and f, in the decomposition f = f. + f, of Corollary
4.2. 0

Let |- | us denote the Hilbert-Schmidt norm.

PROPOSITION 5.2. () trZ5(f*f*(\) = |Ff(\)|2s for all fE€ €(G),\ER.
(i) trT(fM0) = |TSQ)|ss forall f€ €G),LEL.

Proof. Using 3.7 it is easy to show that
T(f+2)N) = TgNFfN),  F(HN = (FfON)*

for all f€E92(G) and \ € R. The density of 2(G) in ¢(G), the joint continuity
of convolution in 4(G), and the continuity of % : ¢(G)— %.(G) prove these
relations valid for all f, g € €(G). It is then easy to show that

Tl fr0)N) = ): SO g0, 6.1

Tl FHN) = (5. SO) (5.2
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for all m, n € Z and \ € R. Relation (i) is an easy consequence of 5.1 and 5.2.
The discrete case is handled similarly. [J

Ehrenpreis and Mautner [5] have characterized the image of ., under the
spherical transform 7,,, = (7;,,7.2). We need this result for the case m = n.
Let Z be the collection of all C* functions ¢ : R—C such that

i) &(—N = &) for all \ER, and
(i) |®|.. < oo forall r,s €N, where

- AYZAY
121 = sup | (1+17) (%) 2001,

When topologized by the semi-norms |- |,,, Zbecomes a Fréchet space.

For each me€ Z, let Z,,,, be the collection of all functions ¢ : Z’ —C such
that ¢(¢) = O for all ¢ € L(m,m). Z,, is a Fréchet space when topologized
by the supremum norm

leln = sup [e(f)].
teL(m,m)

The following result is derived from [5, Theorem 3.1]; it is also a consequence
of Arthur’s Theorem (Theorem 4.1).

TueoreM 5.3 (Ehrenpreis and Mautner). Suppose m € Z.

(i) 9., gives a topological isomorphism from €., onto Z.

(i) 72 gives a topological isomorphism from €, onto %,,,.. O

6. Differential operators and spherical functions

ProrosITION 6.1. Suppose f,g € ¢(G), \ER, and m,n € Z. Then:
() TuiiLz, YN = —o(@+n(n—1)"F, _ fON.
(i) 7, LN = —a G+ nn—-1)"T fN.
(i) I Rz NN = —an(@+ mm—1)"2T; fN).
V) ToRz NN = —e /(@ +mim=1)"T,_, fOV.
The same equations are valid for 72 f(£), L € Z’, with \ replaced by !.
Proof. Take f€ 92(G). Since 75f(\) maps #, into ,#_, the space of C~ vec-
tors for m, [10, Prop. 5.10], then the equations
T(LHNY = dm(Z)Ff Ny,
TR NV = Tf Nd(Z)v,
are easily verified for all Z € g. and v € &#,. Moreover,
dm(2)u,v) = (u, — dm(Z)v)

1l
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foral \€ R,Z€E€g. and u, v € &#,. Equations (i) thru (iv) for f € 92(G) now
follow from 3.1 and 3.3. The density of 2(G) in ¢(G), along with Theorem
4.1, prove the equations true for f € ¢(G). The proof for the discrete case
follows in a similar manner. [J

For any integer r define the differential operator ¢, by

R;L;, ifr=0
€ =
RyL;, ifr<O.
These operators were first introduced by Ehrenpreis and Mautner in [5, p.
439]. Throughout this section let m, n be fixed integers, with r = m — n.

THEOREM 6.2. The mapping f —e¢.f restricts to a topological isomorphism
of €..n ONLO €. .

Proof. Given hE€¥%.,,,, define #,,, = J: h. Then K#,,, € ¥ by Theorem
5.3. Further, define Z,, = #,.,/ {am. From 3.4 and 3.6 we see that {,..(\) is a
polynomial in A2 which is uniformly bounded away from zero. It is straightfor-
ward to show that Z,, € Z. Hence by Theorem 5.3 there exists f € €., such
that ¢ f = #,.. By Proposition 6.1 we have

fn‘:m(e"jv) = g‘nmg:cmf = Xmm = g::mh.

However, since 4 is in 4., by assumption, and ¢, f is in €.,,, by Proposition
6.1, we have ¢, f = h by Theorem 5.3. This proves surjectivity. For injectivity
assume ¢, f = 0 for some f€ €.,,. Then ¢,,.7..f = 0 by Proposition 6.1.
Since {.. # 0, then ¢ f = 0. Theorem 5.3 then gives f = 0. Clearly, e, is
continuous between the two Fréchet spaces #..,and €.,.; thus ¢ is a
topological isomorphism by the Open Mapping Theorem. [J

THEOREM 6.3. The mapping f —e¢.f restricts to a continuous map of € .n
into €4mm This mapping is (i) surjective if and only if 0 < m < n or
n < m =< 0, and (ii) injective if and only if 0 = n <= morm = n < 0.

Proof. Proposition 6.1 shows that ¢, maps €., into €,,..; it is clearly con-
tinuous. Suppose the mapping is surjective. Then from Theorem 5.3 and Prop-
osition 6.1, for each H,,, € Z,.. there exists F,, € Z,, such that

Enm(OFn(8) = Hon(f) 6.1)

for all ¢ € Z’. In particular, take H,,,(f) = 1 when ¢ € L(m, m) (cf. 4.3) and
zero otherwise. Then 6.1 shows that F,.(f) must be non-zero for € L(m, m);
however, F,(f) can be non-zero only when ¢ € L(n,n). Thus L(m,m)
C L(n, n) when ¢, is surjective.

Suppose the mapping is injective. Then from Theorem 5.3 and Proposition
6.1 this injectivity is equivalent to: if F,, € Z,, is such that ¢,.(f)F,.(f) = 0 for
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all ¢€ L(m,m), then F,(f) = 0 for all {€ L(n,n). This easily shows
L(n,n) C L(m,m) if ¢, is injective.

Suppose L(m,m) € L(n,n). This is equivalent to having 0 < m < n or
n = m = 0. In both of these situations {..({) is non-zero for ¢ € L(m, m).
This follows from 3.4 with § = |¢|(1 — |£]). Take any 4 € €,,... and define

F.(0) = J2.(0)/ ¢um(f) for all ¢ € L(m, m),

and zero otherwise. Then F,, € Z,,, and hence there exists f € %,,. such that
J°F = F,, by Theorem 5.3. Thus, as in the proof of Theorem 6.2,
T2 (e.f) = J2 honZ’', and ¢.f = h, proving e, surjective.

Suppose L(n,n) € L(m,m). Assume ¢.f = 0 for some f € ¥,,,. Then

Com)TES(0) = 0 forall(EZ’.
But, as shown above, {,.(f) # 0 when ¢ € L(n, n), and hence 72 f({) = 0 for

n

all¢ € L(n,n). Thus 72 f(£) = 0 for all ¢, proving f = 0. This shows that e, is
injective. [J

For any integer r define the differential operator o, = L'3!L'3}. The follow-
ing result is an easy consequence of Proposition 6.1,

ProposITION 6.4. Suppose f€ C(G), N\ER, and m,n € Z. Then

Tel0 NN = EanTerf N = TE(eSIN.

The same equations are valid for ﬂ:‘,‘n(a, ) with £ €Z’ replacing \. [

From the Ehrenpreis-Mautner theorem we know that all the spaces ... are
isomorphic via the Fourier transform with the space Z. This gives natural
isomorphisms between the €. .., spaces which can be concretely realized via the
e and ¢ operators as in the next result.

PROPOSITION 6.5. There is a topological isomorphism B, : € cmm— €enn
given by

ef—o.f forall fE¥...
such that
Bon = (T2 T e 6.2)

Proof. From Proposition 6.1 we see that ¢, maps ¥.... into itself; Theorem
6.2 shows 4, is a well-defined mapping of ¢.,.. into %.... Equation 6.2
follows directly from Proposition 6.4, and in turn verifies the remainder of the
proposition. [J

For the discrete series analogue of the preceding result, suppose m and n are
suchthat 0 < m < norn < m < 0. Then Z,,, € Z,,, and, via the inverse
Fourier transform, this sets up a natural injection of €, into €,.. as con-
cretely realized in the next result.
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PROPOSITION 6.6. There is a continuous linear injection B, : €smm— €ann
given by
&f—a.f foral f€ €,,.n
such that
an = (‘73")-1 ° imn og::m (6'3)
where i, is the natural inclusion map of Z,,,, into Z.,,.
Proof. From Proposition 6.1 we see that ¢, maps %, into itself; B,,, will
then be a well-defined map of %, .. into €, .. once we show o, f = 0 for any
S € €4..such that e, f = 0. This is, however, easily seen from Proposition 6.4

and Theorem 5.3(ii). Equation 6.3 follows from Proposition 6.4, and yields
the rest of our result from Theorem 5.3(ii). [

7. Tempered, invariant distributions

A distribution T on G is called tempered, if it extends to a continuous linear
functional on the Schwartz space ¢(G), i.e., T € ¢’(G). Given such a T, for
each pair of integers m, n define

Tc,nm[f] = T[fc,mn]’ Td,mn[f] = T[.fd.mn]
for all f€ ¢(G), where f.,.. and f, ... are as defined in Proposition 5.1. The
following result is immediate from Proposition 5.1.

ProposiTION 7.1. Suppose T € €’(G). Then

T = E Tc,mn + E Td,mn’ (7'1)

mneZ mnel’

where the series converges absolutely to T in the weak topology of ¢’(G).OJ

A tempered distribution T is said to be invariant (or central) if
T[f*] = T[f] for all f€ ¢(G) and a € G, where f*(x) = fla'xa).

ProprosITION 7.2. Suppose T is an invariant, tempered distribution.

i T...=0andT,,, = Ounlessm = n.
(i) TI[L.f] = T[R.f] forall Z€ g, and fE€ 4(G).
Gii) Tl[e.f] = Tlo.f]l forall f€E 4(G)and r € Z.

Proof. (i) It is easily seen that

Temal f1 = Xt )Xnl) T, mal 1

for all f€ €. ... and u € K. Part (i) then follows for T.,., and similarly for
Td, mne
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(ii) Suppose ¢ € 2(G) and X € g. Define o#) = exp ¢X for all ¢, and
Yi(x) = (pxa(?)) — ¢(x))/t fort # 0, (7.2)

and
Wx) = —d-pxa)| . (7.3)

Then Lye = ¢, and from Lemma 7.3, proven below, we know y, converges to
Y in 2(G) as t—0. Thus

T[Lxe] = 1}17(} (Tiale(x exp tX)] — Tle))/ 2. (7.49)
However, the invariance of T shows
Tiyle(x exp tX)] = Tileexp tX-x)],

and the analogue of Lemma 7.3 for ¢ (a(f)x), along with 7.4, then yields
T[Lxe] = T[Rxe]. The density of 2(G) in ¢(G), and the linearity of Z—L,
and Z —~R; on g. prove (ii). Part (iii) is a consequence of (ii). O

Suppose ¢ € 2(G), at) a C* curve in G with o(0) = e, and ., ¥ defined as
in 7.2 and 7.3.

LemMmA 7.3. ., converges to Y in 9(G)as t—0.

Proof. There exists a compact set C which contains the supports of y and
¥, for all |¢| < 1. A Taylor expansion on ¢ ¢(xa(?)) will show

sup | DE( - ¥)(x)| = |t/2| sup | DE (—.,f’;rw(xa(t»| )I .5

x€C x€C

for some |#,| < |¢| and D (resp. E) any left (resp. right) invariant differential
operator on G. The lemma is an easy consequence of 7.5.(]

Suppose T € #’(G). Then for each pair m, n €Z define the (m, n)-spherical
transforms of 7, 4, T and 72 T, by

I TS = T, Ta T 1 = Tumlf]

for all f€ ¢(G). To show 7, T well-defined we need only show f,,, = 0
whenever 7 f = 0. This, however, follows easily from inversion formula 4.7.
In a similar fashion, . T is shown well-defined.

Consider f € . Then 7¢f = 0, and, as a consequence of [10, §V.9], for
each A\ € R we have

. _ ™o ifk =0
TfNew = { 0  otherwise.

Here {¢, : k € Z} is the canonical basis of #,, and fis the zonal spherical trans-
form of[ as defined in [10, §V.9]. Thus 75, f = f for all f€ #(G) and
J&T = T, where T is the zonal spherical transform of T, defined by
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TIf]1 = T[f] forall fE€ %qo.

TueoreM 7.4. For each invariant, tempered distribution T there is a unique
complex counting measure p, defined on Z' such that, with f€ ¢(G),
Fom = I fand F,,, = T2 f, T[f] can be expanded by

Tif1= Y TiZ.d+ X < ) F,,m(e)u.,(e)). (7.6)

mezé mez’ (€ L(m, m)
Proof. From Proposition 7.1 and Proposition 7.2(i) we obtain

Ti1= ¥ 75T+ ¥ T5TIFul, 1.7

mezZ mez’

for all f € ¢(G), where #,.,, = 9, .fandF,,, = J2 f. Moreover, Theorem 5.3
shows 7 T€ %' and 7! TE Z,,,, for each m € Z.

LEmMMA 7.5. () 7T = J: . Tforallm,n € Z.
() 92T =9.T|, forallo<ms=nornsmso0.

Proof. For f€ €.,.and r = m — n, we have ¢,f€ €.,.. and 0,f € €, ...
Hence from Proposition 7.2,

Tc,mm[erf] = T[Grf] = T[O',f] = c,nn[arf]‘

In the notation of Proposition 6.5 this shows
TG, mm = TC, nnogmn’

and Proposition 6.5 then yields 7.5, T = J: T, proving (i).
The discrete case follows in a similar way using Theorem 6.3 and Proposi-
tion 6.6. [

Returning to the proof of Theorem 7.4, we see, from Lemma 7.5(i), that
J:. T = T for all m € Z. For the discrete half of 7.6, observe that Z,,, is
isomorphic to C'!, and 7% T € Z,,.. Hence there exists a unique set
{ar€ C : £ € L(m, m)} such that

T4 TFuml = Y Fun(b)ay for al F,, € Z,,.
[

From Lemma 7.5(ii) we then have, for0 = m < norn = m < 0,

E F,.(0)ar = E F,.(0)a;
LEL(m m) CEL(n n)
for all F,,.. € Z,.... This proves a;' = a;for all m, n € M({), and allows us to de-
fine a complex counting measure p, on Z' by p.f) = a7 for any m € M(¥).
Combined with 7.7, this finishes the verification of 7.6. [J
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8. Tempered, invariant, positive-definite distributions

DEFINITION.  (u.,ua) is a tempered Bochner measure pair if:

(i) p. is a non-negative Baire measure on R which is symmetric and of
polynomial growth; i.e.,

dp(—N) = dp.(\) forall \ER,

and

< oo forsomer = 0.

S dp(\)
R1+ |A]”

(ii) p. is a non-negative counting measure on Z’ = Z — {0} which is of
polynomial growth; i.e.,

pa(f)
ez 1+ |£]"

< o for somer = 0.

DEerINITION. A distribution T on G is said to be positive-definite if
T[f+f* = 0 for all f€ 2(G).

THEOREM 8.1. Suppose (u., ps) is a tempered Bochner measure pair. Define
T:4(G)—Cby T = T.+ T, where

T.Lf] = § tr TfNde N and TAfl = Y tr T @Opdl)
) ®.1)

ez’

Sfor all f€ €(G). Then T., T, and T are tempered invariant, positive-definite
distributions.

Proof. Each #(\), for € ¢(G) and \ €R, is an operator of trace class.
Moreover, using 4.5, there exists M < oo such that, with r as in the definition
of .,

S TN [dpN) < M|F,200 forall FE ¢.(6),
proving the map
F— S LT Ndp)

continuous from ¢ (G) into C. Theorem 4.1 then shows T. to be a tempered
distribution. Arguing in a similar manner proves 7, to be a tempered distribu-
tion.

To prove T, invariant it suffices to show

tr T°(f)\) = tr 7<f(\) (8.2)

for all f€ 4(G), NER and a € G; this is easily verified since each , is
unitary. T, is handled similarly.
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The positive-definiteness of T, and T, is a direct consequence of Proposition
5.2. 0

THEOREM 8.2. Every tempered, invariant, positive-definite distribution
arises from a unique tempered Bochner measure pair as in Theorem 8.1.

Proof. Suppose T is a tempered invariant, positive-definite distribution.
From Theorem 7.4, there exists a unique complex counting measure p, defined
on Z’ such that T = T, + T, where, for each f€ ¢(G),

TAf1 = ), T19:./] (8.3)
mel
and
TIf1= % < r f:mf(e)m(e)>. 8.4)
meZ’ \(EL(m, m)

Since T, and T, represent the first and second terms in 7.1 respectively, then
Proposition 7.1 shows both to be tempered distributions.

From the spherical Bochner theorem ([4], Theorems 4.5 and 5.5; also see
[9], Theorem 2 and [8], Theorem 2) there exists a unique non-negative Baire
measure y. of polynomial growth on R which is symmetric and generates 7" ac-
cording to the formula

T[®] = SR4>(x)duc(x) forall ¢ € 2.
Thus 8.3 becomes

Tl = X | Ton N 8.5)

meZ

for all f € ¢(G). By using the semi-norms 4.5 of ¢.(G), and the polynomial
growth of y., it is easy to see that the function

A= Y 175 S0, AER,
meZ

is in L'(u.). Dominated convergence then changes 8.5 into
TAf] = | tr TS0 8.6)

We now show that y, is non-negative and of polynomial growth.
For each m € Z’ consider f € €, ,.... Then T[f*f*] = 0, so by the discrete
series analogues of 5.1 and 5.2 we obtain

0 ¥ |TLAD 0.

teL(m, m)

However, from Theorem 5.3(ii) we can choose f,, € €, ... such that
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1 ife= —m

0 otherwise.

TE full) = {

Thus p— m) = 0 foreachm€Z’.
For any f € ¢(G), m, { €EZ’, we know J.2 (f+*)(f) = 0 from the discrete

m

series analogues of 5.1 and 5.2. Thus, using f*f* in 8.4 yields
T, lfy* = Y T (Ouab). 8.7

(€EZ”
where the switch in order of summation is legal since this is a sum of non-
negative terms with a finite limit. We use this equation to prove that y, is of
polynomial growth,
Define 7T : C(G)—C by

TTIT] = TAf] forall fE €AG).

Since T, is a tempered distribution, Theorem 4.1 shows JT to be a well-
defined, continuous linear operator on ¢G). Thus there exist 7y, 75,7 € N
and M < oo such that

|7°T[H]| = M|H|
for all H € ¢4G) (cf., 4.6). Hence
|Th]| = M|T*h|

forall h€ €(G). Letr = ri+r,+rs.

For each 8 > 0 define F* € ¢4G) by Fi (=0 = (1+ |¢|7™* for all
1 < |f] =B, and F? (f) = 0 otherwise. Let ks = fs*f%, where f; € €«(G)
and 7% = F°. Then 8.7, combined with 8.8, yields

Y O <pr sup [+ 0]+ ]+ 6]+ (€]

1210158 1+ Il’l' 1s|¢|=8
Since the right side of this inequality is bounded above as a function of g8, we
have shown pu, to be of polynomial growth on Z’.

Return to 8.4. As in the proof of Theorem 8.1 we can now show, since g, is
of polynomial growth, that the function £ —Z,,cpmp | 7.2, £(€)| is in L*(u,) by
appealing to the defining semi-norms 4.6 of ¢(G). Hence the summations in
8.4 can be reversed and we obtain 8.1. The proof of Theorem 8.2 is thus com-
plete. [

L2 "3

(8.8)

rLr2’3

9. The tempered invariant Bochner theorem

The distributional character of an irreducible unitary representation = is
that invariant, positive-definite distribution @ defined by

@L1=tr S JS)m(x)dx for all £ € 9(G).

Such characters can be realized as invariant, locally summable functions on
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G, which we will denote by the same symbols as the distributions themselves.
Let D(x) be the coefficient of s — 1 in the expansion of det(s — Ad(x)) in
powers of s — 1. Then D is invariant, and

D) = — (e’ - e--:/z)2 , D(uy) = — (e*'* - e-w/z)2 9.1

for all z, # €ER [7, §IV.2]. Let dg, be any G-invariant measure on G/A. The
next result follows from [7, Theorem IV. 1.5] and the proof of Step I in [7,
§1V.2].

ProposSITION 9.1.  For f € Co(G) define

As(a) = |D(a)|" ’SG/Af (ga.g)dg. fort€ER.

Then A; is a bounded function on A which vanishes outside of a compact
subset of A. [

We will also need another technical result, this one a consequence of [6,
Lemma 12.1 and Corollary 13.1].

ProPOSITION 9.2. Let S be a locally summable invariant function on G for
which there exists numbers Co, m = 0 such that
|D(a,)|*|S(a)| = Co(1 +t™) foralmostallt = 0, (9.2a)

and
| D(uo) | *|S(us)| = Co for almost all 6. (9.2b)

Then S yields an invariant tempered distribution according to the formula
SUf] = s J)SCx)dx  for all f€ ¢(G). O

From [10, §V.7] we have the following formulas for & and ®¢, the
characters of 7, and w, respectively:
@)\(ga'g-l) = (ei)\t/Z + e-i)\t/Z)/ |et/2 — e-r/2|, t ¢ 0’ (9.3)
®((ga'g-l) = e(%—lf'l)l:l / |er/2_ e-:/zl, t +0,
®e(guag-x) = sgn(l’)e‘ sgn(f) (%-ltl e / (eIO/Z — e-w/z), 0/27r & Z.
All other values of these functions are zero. Hence, from Proposition 9.2, for
all f€ ¢(G) we have
PU1 = [fOPWd, U1 = [ /0w (9-4)

THEOREM 9.3. There is a natural one-to-one correspondence between
tempered invariant positive-definite distributions T and tempered Bochner
measure pairs (u.,ps). This correspondence is given by

T = lim < L@d,k(xn Y @’ud(f)),

n-o 1|t =n
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the limit understood in the tempered distributional sense.

Proof. Suppose T is a tempered invariant positive-definite distribution on
G corresponding to the measure pair (u., us). From Theorem 8.1 and equations
9.4 we have, for all f€ C(G),

Tif1= ¥ (ycf(x)@(x)dx) bl ),

teEZ’

and
T = |, < Scf(x)@(x)dx) dpN).
For each n = 0 define T, : ¥(G)—C by ’
TN = | (SGf(X)@(X)dX>dﬂc(>\)- 9.5)

By Theorem 8.1, T, is a tempered, invariant, positive-definite distribution.
We show that the order of integration may be reversed in 9.5.
First restrict to f € 2(G). By 9.1, 9.3, and [10, Proposition V.7.13] we have

.tn < scf(x)@(x) |dx> dp.(\)
= t»(&‘” |D(a:) | . |<I>*(a:) | SG/A If(ga'g-l) |dgAda'> du(N).

Here dg. is an appropriately normalized G-invariant measure on G/A.
However,

|D(a)|-|®Na) | = 2|cos(\t/2)|-|D(a)|*"*.
Let A = A, be as defined in Proposition 9.1. Then

S <solﬂx)¢x(x) Idx> dp(\) < 2 L <L+A(a,)da,\/, dp(V).

From Proposition 9.1 we know the last iterated integral is finite. Thus Fubini’s
Theorem applies to 9.5 when f€ 2(G).
For each n > 0 define S, : G—C by

S.(x) = Sj Px)dpN).

From above we see that S, is a locally summable invariant function which
equals the distribution T, on 2(G). Moreover, S.(4;) = 0 for all 4, and

|S«a)| = 2|D(a)|*p([~n,n]) fort > 0.

Hence Proposition 9.2 shows each S, gives a tempered distribution. This
proves that

T..lf] = S Gf x) <j:'"<l>"(x)duc()\)> dx for all f€ 4(G). (9.6)
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From 9.5 it is easy to see by dominated convergence that 7., is the tempered
distributional limit of the T ,; thus 9.6 shows

T. = li_m " ®rdp.(N) CA))

as tempered distributions.
For T, the procedure is similar. For each n > 0 define T, : ¢(G)—C by

Tifl= ¥ < [/ O@ @) o).

I<|t|sn

Since the sum is finite there is no problem in bringing it inside of the integral.
We will then obtain

T.= lim ¥ @%L) 9.8)

=% s e sna

as tempered distributions.

Equations 9.7 and 9.8, when combined with Theorem 8.2, prove our
theorem. OJ
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