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1. Introduction

The study of the cardinality of the set of invariant means on a (discrete)
group essentially goes back to Banach ([1], [2]) who showed that there exist at
least two invariant means on the circle group. In his famous paper [5] of 1957,
Day continued the study, showing that many infinite amenable groups admit
more than one left invariant mean. Following progress made by Granirer, C.
Chou ([4]) obtained in 1976 the following definitive result: the cardinality of the
set X(G) of left invariant means on an infinite amenable group G is

22%(=11,,(G)1)

where | E| is the cardinality of a set E. The method used by Chou has become
canonical. The idea (expressed precisely in (3.1)) is to construct a “large”
disjoint family .27 of subsets of G, each of which supports a left invariant mean,
then to close up these subsets and their complements in the Stone-Céch
compactification BG, and then to find an even larger family of left invariant
means supported on intersections of translates of these sets. This procedure is
also followed in the present paper which deals with the result corresponding to
Chou’s for a left amenable semigroup S.

The semigroup case is substantially more difficult than the group case owing
to former’s more complicated multiplication structure.

Luthar [16] obtained the first positive result for the semigroup case: if S is
abelian, then S has more than one invariant mean if and only if it does not
contain a finite ideal. Granier [8]-[10] showed, along with other results, that
|Q(S)] is infinite if S is infinite, left amenable and left cancellative. Chou [3]
showed that if S is infinite and cancellative, then |2(S)| = 2%¢|S|. The work
of Granirer [8], [9] and Klawe [14] led to the following definitive result dealing
with the case where the span 3,(S) of the set of left invariant means on S is
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finite dimensional: the space X,(S) is n-dimensional (n < o) if and only if S
contains exactly n finite, left ideal groups.

This leaves the case where dim <,(.S) is infinite dimensional to be dealt with.
It is convenient, for this case, to deal with the cardinal |2(S)|. In her paper
[15], Maria Klawe introduced the cardinal k/(S), where

k/(S) = min{|B|: BC S,m(B) =1forallm € (S)}.

Theorem 2.6 of [15] asserts that dim ,(.S) is infinite if and only if «/(S) is
infinite, and that if x/(S) is infinite, then |2(S)| = 22" (= dim J,(S)).
However, there is a set theoretic difficulty in the proof (on p. 238), and this
seems to be irredeemable. (We will show in (3.9) that the above Theorem 2.6 is
true in many cases.)

An intrinsic difficulty with the cardinal «/(.S) is that in order to calculate it
in general, we need to have detailed information about every (!) left invariant
mean m in order to know which B’s will give m(B) = 1. (As Klawe shows,
however, the situation is much better when S is amenable.) It is thus natural to
look for another cardinal, defined in terms of the algebraic structure of the
semigroup, to replace k/(S).

Such a cardinal m is introduced in §2: we define

n
U ;S
i=1

m= min{ :n>1,{S,,...,S,} isapartition of S, s,...s, € S}.

In many cases ((2.6)), m equals the simpler cardinal p, where p = min{|sS|:
s € S}. Our main theorem ((3.6)) asserts that if m is finite, then dim J,(S) <
00, while if m is infinite, then |(S)| = 22" (= dim J,(S)).

The problem of determining |2(S)| is a special case of the following more
general, naturally occurring problem. Suppose that the left amenable semi-
group S has a left action on a set X. A simple application of Day’s fixed-point
theorem shows that the set {(X) of S-invariant means on X is not empty.
What is the cardinality of 2(X)? We obtain partial progress with this problem,
introducing the cardinal m(S, X) which is defined along the same lines as m
above, the partition {S,,...,S,} of S being replaced by a partition
{X},..., X,} of X. We show in (3.3) that if m(S, X) is infinite and |S| <
m(S, X), then |(X)| = 22" We have been unable to remove the require-
ment |S| < m(S, X) from the result. (However, as (3.6) shows, when X = S,
then this requirement is unnecessary.)

The main technical proof of the paper is that of (3.2). We claim that this
argument is paradigmatic for constructing large sets of invariant means, and
justify this claim by showing how other known cardinality results for sets of
invariant means can be derived using such a proof.
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2. Left invariant means and the a.l.c. condition

Let S be a semigroup and X be a left S-set, i.e. there is a left action
(s,x) > sx of S on X. A mean on X is an element m € /_(X) with
m(1) = 1 = ||m]|. There is a right action (¢, s) = ¢s of S on /_(X) given by
¢s(x) = ¢(sx) (x € X). The dual left action of S on /_(X) preserves the set
of means on X, and such a mean is called (left) invariant if sm = m (s € S).
Thus a mean m on X is invariant if and only if m(¢s) = m(¢) for all
o€l (X), s€S. The set of left invariant means on X is denoted by
(S, X), or simply, by {(X). The space {p€ [ (X): sp=pforall s€ S}
of left invariant functionals in /(X)) is denoted by (S, X).

Of particular interest is the case where X = S and S acts by left multiplica-
tion. The semigroup S is said to be left amenable if (S)+ @. Right
amenability and (two-sided) amenability for S are defined in the obvious ways.

Now let X be as in the first paragraph above. The well-known fixed-point
theorem of Day yields that if S is left amenable, then Q(X) # &.

Every mean m on X can be realised as a finitely additive, positive measure of

total mass 1 on X: simply write m(E) = m(x ;) (E € X). The mean m is left
invariant if and only if

m(E)=m(s 'E)foral EC X,s € S,

where s7'E = {x € X: sx € E}.
The subsets of X which support a left invariant mean admit a well-known,

elegant, algebraic characterisation which we now state. A proof can be given
along the lines of [6, Theorem 7.4].

(2.1) PROPOSITION. Let S be left amenable and E C X. Then there exists
m € &(X) with m(E) =1 if and only if E is left thick, i.e. given F € #(S),
the family of finite subsets of S, there exists x € X such that Fx C E.

(2.2) DeFINITION. The set X is said to be almost left cancellative (a.l.c.) (for

S) if, whenever n > 1, { X;,..., X,,} is a partition of X and s,,...,s, € S,
then
Us,-x,.\= X1, 1)
i=1

(Here, |E| is the cardinal of a set E.)

To justify this nomenclature, suppose that X is alc. and let s € S.
Applying (1) with { X,,..., X,,} = { X}, we have |sX| = | X|. So the action of
S on X is “close” to the left cancellative case in the sense that multiplication
of X by s does not “collapse” X too much.

Note that if the action of S on X is left cancellative (in the sense that s = ¢
if sx = tx for some x € X) and X is infinite, then, obviously, X is a.l.c..
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The semigroup S is said to be a.l.c. if it is a.l.c. with respect to the left
multiplication action of S on itself. We will return to the a.l.c. condition in this
case later in the section. For the present, we introduce an important cardinal
associated with the condition.

(2.3) DeEFINITION. The cardinal m(S, X), or simply m, is defined by

m(s,X)=min{ n>1,{X,..., X,}

n
USiXi
i=1

X is a partition of X, s,...,s, € S}.

The significance of the cardinal m is that if m is infinite, then, in certain
circumstances, |2(X)| = 22" (See (3.3).) If X is a.l.c,, then m = | X].

If YCX, let S,={s€S: sYC Y} Obviously, Sy (if non-empty) is a
subsemigroup of S, and Y is a left Sy-set. If S, = &, then we take Q(Sy,Y)
to be the set of means on Y.

The next result enables us to reduce to the a.l.c. case.

(2.4) PROPOSITION. Let n>1, {X;,...,X,} be a partition of X and
51,...5, € S be such that |A| = m, where A =U]_.s,X,. Let Y be such that
ACcYcC XandY| =m.

(i) IfSy+ @, then Yisa.l.c. for Sy, and m(Sy,Y) = m.

(i) m(Y) > 0 for all m € R(X), and the map m — (m,y)/m(Y) is one-to-
one from 2 (X) into X(Sy,Y); further, the map p — py is a one-to-one, linear
map from 3 (S, X) into 3 ,(Sy,Y).

(i) |12(X)] < |2(Sy, V).

Proof. (i) Let{Y,,...,Y,} be a partition of Y, and ¢,,...,¢, € Sy. For
1<i<n 1<j<m, let 4,=X,Ns'Y,. Suppose that 4,, N A, # &.
Since {X,..., X,} is disjoint, we have i = k, and since s;'Y, N s;'Y, =
s;/}(Y, 0 Y)) and (Y),...,Y,,} is disjoint, we have j = L Further, if x € X,
then x € X, for some i/, and s;x € Y}, for some j" (since 5, X;; C A C Y), so
that s € 4, .. It follows that

{4, 1<i<n1<j<m}

is a partition of X, and so

m < < < |Y].

Utjs,.A,.j
i,j

m
Uy,
j=1

It follows that m(Sy,Y) = |Y| = m as required.
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(i) Let m € (X). For each i,
m(Y) = m(4) = m(s,X;) = m(s;'(s,X,)) = m(X,).

Since ¥7_ym( X;) = m(X) = 1, we must have m(Y) > 0. Let my, = m|,,/m(Y).
As in the semigroup case [5, pp. 518-519], m, € Q(Sy, Y). We now show that
the map m — m, is one-to-one.

Suppose that m,n € L(X) are such that m, = n,. Now ,(S, X) is an
abstract L-space (cf. [6, p. 9]) under the canonical ordering. Let p = n(Y )m —
m(Y)n. Then p € J,(S, X) and p vanishes on /_(Y). So for ¢ > 0in /_(Y),

IpI(¢) = sup{|p(¥)I: ¥ € [,(¥),0 < |¢| <} =0. )

If |p| # O, then |p| = kr for some r € L(X), k > 0, and since r(Y) > 0, we
would have |p|(Y) > 0, contradicting (2). So |p| = 0, and hence p = 0. Thus
n(Y)m = m(Y)n, and evaluating at X gives m = n as required. The proof of
the second assertion of (ii) is similar.

(iii) This is an immediate consequence of (ii). O

The next result shows that when m is infinite, the set Y above can be taken
to be left thick. This result, for X = S, follows from [14].

(2.5) PROPOSITION. Let m be infinite and S be left amenable. Then there
exists a left thick subset Y of X such that A C Y and |Y| = m.

Proof. Letm € (X), and
k = sup{m(RA): R is a countable subset of S }.

For each n > 1, we can find a countable subset R, of S such that m(R,4) > k
— n~ L Let R =U®_,R,. Then R is countable, and since, for each n,

k—n'<m(R,4) <m(RA) <k,

we have m(RA) = k. Let Y = A U RA. Since m is infinite, we have |Y| = m.
It remains to show that Y is left thick in X. By (2.1), it is sufficient to show
that m(Y) = 1.

Suppose, on the contrary, that m(Y) < 1, and let Z = X ~ Y. Then m(Z)
> 0. Define n € /_(X) by n(E)=m(E N Z). It is sufficient to show that
n € J,(S, X); for then n/m(Z) € {(X) and vanishes on Y, contradicting (2.4
(>ii)).
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To thisend, let EC X, s € S. Then

n(s E)=m(s'ENZ)=m(s"'E)—m(sT'ENY)
=m(E)-m(s"'ENY)
n(E)+[m(EnY)-m(sEnY)].

We therefore have to show that
mENY)=m(s"'ENY) (3)
Now
sTIEENs Y (sTIENY)U(sTlY ~ Y),
STEENYcC(sTEENsTY)u(Y ~s71Y),
and applying m to both of the preceding inclusions and noting that
m(s ENsY)=m(s (ENY))=m(ENY),
we see that (3) will follow once we have shown
m(s"'YAaY)=0. 4)
To prove (4), observe first that m(Y) = k = m(sY), since
k=m(RA) <m(Y) <m(sY)=m(({s} UsR)A4) < k.
Similarly, m(sY U Y) = m(Y'), and it follows that m(Y A sY) = 0. Thus
0=m(sYaY)=m(s }(s¥)as'¥)<m(s ' (sY)aY) +m(Y as"'Y)
=m(s (sY))-m(Y) +m(s"'YaY) =m(s"Y oY),

and (4) is established. 0O

We now turn to the case in which X = S. In many cases, the cardinal m
(= m(S, S)) is equal to a more easily calculated cardinal p(.S) (or simply, p).
The cardinal p is defined by:

p = min{|sS|: s € S}.

Thus p is the smallest possible cardinality of a right ideal of S. Since {S} is a
partition of S, we always have m < p. In general m < p. For example, if S is
a finite group {x,...,x,} and we take S;= {x;'} and s,= x, in the
definition of m (see (2.3)), then we obtain m = 1, while, clearly, p = |S].
Our next result shows that for many left amenable semigroups S, m = p.
(Characterise the class of left amenable semigroups S for which m = p?)
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Recall that a semigroup S is left [right] reversible if the family of right [left]
ideals of S has the finite intersection property. Every left [right] amenable
semigroup is right [left] reversible.

A semigroup S is extremely left amenable or ELA if it admits a left invariant
mean which is multiplicative on /_(S). A remarkable result of Granirer [10]
asserts that S is ELA if and only if wherever F € #(S), there exists s € S
such that Fs = {s}.

(2.6) PROPOSITION. Let S be left amenable. Consider the following:
(i) S is right reversible;

(i1) S is amenable;

(iii) S is left cancellative;

(iv) S is right cancellative and left amenable;

(v) SisELA.
If S satisfies (V) or if b is infinite and S satisfies either of the conditions (i), (ii),
then m = p. If s is infinite and satisfies either of the conditions (iii), (iv), then S
is a.l.c. (so that m = p = |S|).

Proof. Suppose that (i) holds and that p is infinite. Let {S;,...,S,} be a
partition of S and s,...,s5, € S. Since S is right reversible, we can find
u € N'_,Ss;. Let t; € S be such that ¢,5, = u. Then |uS;| = |t;5,S;| < |5,S],
and using the infinitude of p,

p < |uS| < max |55 =
1<i<n

n
U S,S,.‘.

i=1

It follows that p < m, and since the reverse inequality is always true, we have
p=m.

If (ii) holds, then so does (i), and so m = p if p is infinite.

Now suppose that (v) holds. Let S;, s; be as above, and let

Z={seS:ss=sforl<i<n}.
Then Z # @, and is clearly a right ideal of S. Now for each i,
55, 20s5(8nZ)=8n2,

so that for z € Z,

p<|z8| < |Z| = <

Usnz)

n
U 5;S;
i=1

Thus m > p, and so m = p.
This proves the first assertion of the proposition, and we turn to the second.
Suppose that S is infinite. If (iii) holds, then ((2.2)) S is a.l.c..
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Suppose, then, that (iv) holds. Let S,, s; be as above and B = Ul_;s,S;. We
need to show that |B|=|S|. If |B| <|S|, then an argument of Klawe [14]
shows that there exists a sequence {y,} in S such that the family { y,B:
n > 1} is disjoint: but then m(B) =0 for any m € {(S), and we have
contradicted (2.4. (ii)) (which obviously applies with B = Y).

This completes the proof of the second assertion of the proposition. 0

In connection with (iv) above, Klawe has shown that there exists a right
cancellative, left amenable semigroup S which is not left cancellative. (In fact,
an example is provided by a semidirect product F X, P where F is the free
commutative semigroup on an infinite countable set.) Such a semigroup
belongs to the class &/ of a.l.c. but not left cancellative semigroups. Here are
some more examples of semigroups in the latter class.

Let S be a left amenable, left cancellative, infinite semigroup and F be a
left amenable semigroup which is not left cancellative and is such that
|F| < |S|. Then S X Fe/. Now let {S,} be a sequence of finite, left
amenable semigroups, not all left cancellative, such that S, is a subsemigroup
of S,., and |K,| — oo where K, is the kernel of S,. Then T = U_;S, is a.l.c.
but not left cancellative. Finally, if V, W are semigroups with V' left amenable
and a.l.c. and such that there exists an epimorphism Q: V' — W and a cardinal
m such that |Q 7 }({w})| < m < |V] for all w € W, then W is also al.c..

3. Cardinalities of sets of invariant means

The following result, relating left thick subsets to sets of left invariant
means, is well known in one form or another, e.g., Chou [3], [4], Rosenblatt
[19], [20], Paterson [17], and Klawe [15]. For completeness, we briefly sketch
the proof. Let X be a left S-set as in §2.

(3.1) PROPOSITION. Let S be left amenable, A be an infinite set and {0,
€ € A} be a disjoint family of left thick subsets of X. Then there exists a subset ¥
of (X)) such that:

(i) V¥ is contained in the set Ext (X)) of extreme points of 2(X);

() |¥| =22
In particular, |{(X)| = 22

Proof. A result from set theory (cf. [12], (16.8)) yields a family {N,:
y € T') of subsets of A such that |T'| = 2 and, whenever v,,...,Y,, are
distinct elements of I' and ¢, € {1, ¢}, where, for B C 4, B'=Band B€= A4
~ B, then

m
NN+ 3.
i=1
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Let P = {1,c}T, so that |P| = 2*". For y € T, let E, = U{6: e N} Let

p EP,v,...,v, be distinct elements of I' and s,,...,s, € S. Then we can
find

n
148D
me irjl N

For E C X, set E! = X, E° = X ~ E. Using the disjointness of the family {6,:
¢ € A], we have

iD-

Sfl(Eu{,)-(Yi)) 5 ,Olsi_lan’ (5)

1

and the latter intersection is non-empty since the left thickness of 8, entails
((2.1)) the existence of x € X such that {s,,...,s,}x € 0,.

The left action of S on X extends, in the natural way, to give a left action of
S on the Stone-Cech compactification SX of X. Each map £ — s¢ is continu-
ous on BX. The Gelfand transform enables us to identify /_(X) with C(B8X)
and, dually, /_(X) with the space M(BX) of complex, regular Borel measures
on BX. For B C X, let B~ be the closure of B in BX.

Let p be as above. Then by (5), the family {(s"(EZ™")): s € S, y €T}
of compact subsets of 8X has the finite intersection property, and hence

¢, =n{(s"(Er™)) :ses,yer)

is non-empty and compact. If ¢ € P ~ { p}, then, for some y, € T, q(v,) #
p(Y), and for any s € S,

C,c (s—l(ny:)(Yo)))-, C, = (S—I(Eyqo(v())))‘,

and since s 'EZ0 N s"EJ™) = @, we have C, N C,= &. Further, if
s,t € S and y € T, then

tC, < tf[(st) ' (Ez™)] ") e [s7H(E20)]

so that 1C, C C,. Thus C, is S-invariant, and by applying Day’s fixed-point
theorem to the natural action of S on the set of probability measures in
M(BX) vanishing outside C,, we obtain a mean m, € Ext ¥(X) such thatm ,
regarded as a probability measure on BX, vanishes outside C,. Now take
¥ ={m, peP}

We now come to the fundamental proposition required to establish our
theorems. The use of transfinite induction to establish the existence of in-
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variant means goes back to Banach [1]. More recently, Chou, Rosenblatt and
Klawe have used such arguments to calculate or estimate the cardinalities of
sets of invariant means.

The following proof is of this kind, but is rather more involved since it uses a
“transfinite recursion within a transfinite recursion” argument. The author
wishes to claim that this argument is paradigmatic: we will show later that,
with minor modifications, the same argument applies to give the cardinalities
of other sets of invariant means.

The family of finite subsets of a set Y is denoted by #(Y).

(3.2) PROPOSITION. Let X be infinite and be a.l.c. for S. Let |S| < | X|. Let
a be the smallest ordinal of cardinality | X|. Then there exists a disjoint family
{6.: € € a} of left thick subsets of X.

Proof. Clearly, |#(S)| < |#(X)| = |X] since X is infinite. Thus |[#(S)
X X| = |X| = |a], and we can find a bijection Q: a - F(§) X X. Let F; be
the first coordinate of Q(B) (B € a) and note that #(S) = { Fz: B € a} and
that if F € #(S), then |{B € a: F; = F}| = |a|. Using transfinite recursion,
we will construct a family {A?: ¢, B € a, ¢ < B} of subsets of X having the
following properties:

(i) AfﬂAﬁ= 3 if e # 7

(i) |AP| < |B| if B is infinite and AP is finite if B is finite;

(iii) AP c A# whenever ¢ < B < B;;

(iv) N {s7(A#): s € F;} #+ @ whenever ¢ < B.

Suppose that y € a and that sets A? have been constructed so that (i)—(iv)
are satisfied for B, 8, < y. Let

K=U{Af:esﬁ<y}.

If v is finite, then K is finite by (ii), so that | K| < |X|. If y is infinite, then,
again using (ii), |K| < |Y|®> = |y| < |X]. So in both cases, |K| < |X|. Let
Fsg={sy,....8,}

We now construct, again by transfinite recursion, a family {I'Y: ¢ < y} of
subsets of X ~ K such that:

@ TY={x)y....xI.}

(b) IYNTy= & if e #n;

(c) for each e, there exists x} € X such that s;xY = x?, for1 <i <n.

To this end, suppose that § <y and that sets {I'Y: ¢ <48} have been
constructed so that (a), (b) and (c) are valid for ¢, 1 <. Let E = U{I):
e¢<d6}and L = KU E. Then |L| < |X| since X is infinite and both | K], | E|
< |X].

Now define recursively a disjoint family { X;,..., X, } of subsets of X as
follows: X, = s{'L and, for i>1, X,=(s;'L)~ (UZ1X,). Note that
Ur_,s;7 'L = U™, X,. Suppose that U?_, X; = X. Then | U s, X;| < |L| < |X],
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and we contradict the fact that X is al.c.. So U_, X; # X. Choose x} € X ~
U7, X)), and let x} ; = 5,x{. Clearly, x} ; ¢ L, and (a), (b) and (c) are true for
g, < 6. This completes the construction of the sets I',Y.

Now set

A= (U{AP:e<B<y))Ulr(e<y), A =T

Y Y

We now check that the conditions (i)-(iv) are satisfied for 8,8, <.
Obviously, (iii) holds. We need only check (i), (i) and (iv) when
B = v. Suppose that ¢,n <y with ¢ # 7. We can assume that & <. If
e < By <7, m< B, <vyand B’ = max{ By, B;}, then by (iii) and (i), A% N A%
C A¥ N A¥ = @. Noting that Iy U T € X ~ K, we have, using (b),

ALY = [(Ua%: e < By <y))UTY] n[(U{a%: <8, <v})uTy]
= .

Now (i) follows for 8 = y. Noting that I'? is finite and that (c) holds, it readily

follows that (ii) and (iv) hold for 8 = y. This completes the construction of the

sets A® (e < B < a).
For each € € q, let

6, =U{AB: e < B, Beal.

Since A# N AP = @ if £ + 7, it follows that the family {6,: ¢ € a} is disjoint.
It remains to show that each 8, is left thick in X. Let F € #(S) and

= {BE€a: F=F}.

By construction, |4| = |a| = | X]. Since |e¢| < |X|, there exists 8 € 4 with
e < B. Then by (iv),

ﬂ{s'leazseFB}Dﬂ{s"lAf:ser}=ﬁ . (6)
Let x € N{s7'9,: s € F}. Then Fx C 6, and so 0, is left thick in X. ]

(3.3) THEOREM. Let S be left amenable, m (= m(S, X)) be infinite and
|S| < m. Then

12(X) = 2%".
Proof. Let A be asin (2.4) and Y = SA. Since |S| < m and |4] = m is

infinite, we have |Y| = m. Clearly, in the notation of (2.3), we have S, = S.
By (24), Y is alc. for S, with m(S,Y) = m. Then (3.2) applies to give the
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existence of a disjoint family {f,: ¢ € a} of left thick subsets of Y, where
|a] = m. Each 6, is obviously left thick in X, and from (3.1), we have
|Q(X)| = 2%". For the reverse equality, it follows, using (2.4 (iii)), that

12(X) < [R(Y)] < |,(Y)] =22"=22". O

(3.4) COROLLARY. Let S be countable and left amenable and m be infinite.
Then |(X)| = 22"

(3.5) NoTes. An unsatisfactory aspect of (3.4) is the requirement that
|S| < m. What can be said if |S| > m? We will show in (3.6) that if X = S,
then the above requirement can be removed. Here is another instance in which
the conclusion of (3.3) remains valid even though |S| > m. Let X be the set of
finite sequences (xy,...,x,) (n = 1) with x, € {—1,1}. Let S be the Carte-
sian product group { —1,1}¥, where P is the set of positive integers. Then X is
a left S-set, where, for f € S, (x4,..., x,) € X, we define

f(xinx,) = (fWxg,..oL f(n)x,,).

Note that S is amenable since it is abelian. Then m = | X| = 8, while |S| = ¢
(= 2%). For each n, let X, be the set of sequences in X of length n. Then
{X,: n=1} is a disjoint family of left thick subsets of X, and it readily
follows that |2(X)| = 2%".

When S is a group and X is infinite, then m = | X| and (3.3) in this case is
noted by Rosenblatt and Talagrand [21]. They ask the question: If X is infinite,
can there ever exist exactly one G-invariant mean on X? (Of course, in such a
case, |G| > |X|.) The corresponding question for semigroups can be for-
mulated in the obvious way.

Another question arising from (3.3) is the following. What happens if m is
finite (and the condition |S| < m is no longer required)? In this case, (2.4. (ii))
yields that 3,(S, X) is finite-dimensional.

We now turn to the case where X = S. The next result is the most important
one of the paper.

(3.6) THEOREM. Let S be a left amenable semigroup and m = m(S, S).

(i) If m is infinite, then |(S)| = 22";

(i) If m is finite, then 3 ,(S, X) is n-dimensional for some n < oo, and n is
the number of finite, left ideal groups in S.

Proof. Suppose that m is infinite. Let 4 and Y be as in (2.5) and let T be
the subsemigroup of S generated by Y. Then |T| = m, and in the notation of
(2.3), T < S;. By (24. (i), T is alc.. Applying (3.2), there exists a disjoint
family {6,: € € a} of left thick subsets of T, where |a| = m. Following Klawe
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[14], we show that each 8, is left thick in S. Indeed, let F € #(S). Since T is
left thick in S, we can find s € S such that Fs C T. Since Fs € #(T) and 6,
is left thick in T, we can find ¢t € T such that (Fs)t C ,,i.e., F(st) C .. So 6,
is left thick in S as asserted. By (3.1), |2(S)| = 2%". For the reverse inequality,
using (2.4. (iii)) and (3.3) we have |Q(S)| < |Q(T)| = 2%". Thus (i) is estab-
lished.

Now suppose that m is finite. Using (2.4. (i),

dim (S, X) < dim ,(Sy,Y) < dim/_(Y) < oo.
So ¥,(S, X) has finite dimension n, and by [14], n is the number of finite, left
ideal groups in S. (Using the finiteness of 4, a straight-forward, direct proof of
the preceding assertion can be given.) This establishes (ii). O
(3.7) COROLLARY. Let S be left amenable and satisfy any of the conditions
1D)-(v) of (2.6). Let p = min{|sS|: s € S}. If p is infinite, then |X(S)| = 2%,
If p is finite, then 3,(S, X) is finite-dimensional.

Proof. Use (2.6). (A version of the result when (2.6. (ii)) holds is given by
Klawe [15].).

(3.8) COROLLARY ([15], [4]). Let S be an infinite, left amenable semigroup
which is either left or right cancellative. Then |2(S)| = 22\

Proof. From (2.6), p = |S]|. O
In [15], Maria Klawe considers the cardinal «/(S), where
k/(S) =min{|B|: Bc S,m(B) =1forall m € {(S)}.

We now show that, under the assumption of the generalised continuum
hypothesis (GCH), in many cases, «/(S) = m = p.

(3.9) PROPOSITION. Let S be left amenable and assume GCH. If p is infinite
and S satisfies any of the conditions (1)—(v) of (2.6), then kl(S) = m = p.

Proof. Since m(B) = 1 for every m € 2(S) and every right ideal B of S,
we have k/(S) < p. On the other hand, if C C S is such that |C| = «/(S) and

m(C) = 1 for all m € {(S), then {(S) can be regarded as a subset of /_(C),
so that, using (3.7),

= |2(S)| < |1 (C)] =2,

The GCH then gives b < kl(S), so that p = k/(S). O
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We conclude by justifying the earlier claim that the argument of (3.2) is
paradigmatic. We will outline proofs to show that other known cardinality
results can be readily derived using arguments along the same lines, thus
indicating that (3.2) provides a unified treatment of such results.

References for the results below are [15], [4], [7], [13], [17], [18] and [21].

(3.10) THEOREM. (i) Let S be an amenable semigroup and
n = min{|sSs|: s € S}.

Let Y(S) be the set of invariant means on S. If n is infinite, then |J(S)| = 2%".
If n is finite, then S contains a finite ideal and 3(S) has exactly one member.
(ii) Let G be an infinite, amenable group and I*(G) be the set of inversion
invariant means on G. Then |3*(G)| = 22°.
(iii) Let G be an infinite, amenable group. For each F € % (G), let

Cr= {xe G: FxF N (FxF) ' = Q}.

Then the following statements are equivalent:
@ 13(6) ~ I%(6)| =22,
(b) J(G) # IXG);
(c) for each F € #(G), we have Cp. # &.
(iv) If G is an infinite, abelian group, then J(G) # I*(G) if and only if the
set B = {x? x € G) is infinite.

Proof. (i) Suppose that n is infinite. Let s, € S be such that |s,Ss,| = n,
and let T, = 5,Ss,. If m € J(S), then the two-sided invariance of m easily
gives m(Ty) = 1 so that |J(S)| < 22"

Suppose that n is infinite, and let a be the smallest ordinal of cardinality n.
Well-order #(T;): #(T,) = { F5: B € a}. Construct subsets A of T, such
that (i), (ii) and (iii) of (3.2) are satisfied, and the following condition holds:

(iv)! N{x'A8y~1: x, y € F;} # @ whenever ¢ < B.

To achieve this, we let K, F, be as in (3.2) and construct sets I'Y in T;, ~ K
such that (b) of (3.2) is satisfied, and the following conditions hold:

(@b T ={xl,:1<i j<n)

(c)' for each e, there exists x) € T;, such that s,xYs; = x7, ;
Jj<n.

Let 8, E be as in (3.2). Then find a disjoint family {7;;: 1 <i, j<n} of
subsets of T, such that

for 1 <i,

(Us (kv E)sy?) a7y = U,
i J

iJ

and 5,75, C K U E. Since every xT,y(x, y € §) supports every m € J(S),
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we can find s € N, (5,Tys)). IfU; T, = T, then |sTys| < n, a contradiction.
So we can find x} € T, ~ U, ,T;;). The construction of the sets [, A%, 6,
now follow as in (3.2), with x§ ; ; = s,x¥s;. Then show that if F € #(T;), then
for each ¢,

N{a b :a,beF}+ 2.

The preceding conclusion is true with T; replaced by S, since T; is both left
and right thick in S.

Now modify the proof of (3.1): take C, to be the set
n{((x_lEYP(Y))y_l)h: X,y € S}.

Each C, is compact, non-empty and is both left and right invariant for S. Use
Day’s fixed-point theorem to find m, € J(S) supported on C,. The first
assertion of (i) follows.

If n is finite, then a straight-forward semigroup argument gives the second
assertion of ().

(ii) Follow the proof of (i) with S = G = Tj,, n = |G|. We require that the
sets AP satisfy the additional condition:

W)? (A5~ = AL
The sets T have to satisfy (a)}, (c)! and the condition:

®? [LYu(TnH1n Iy v (I‘nY)‘l] = @& if ¢ # 1.
We select

i,J i, j

x} € G~ [(Us;l(K U E)sj“l) U(Us;I(K U E)_lsj_l)].
Now take

AT = (U{A% e<B<vy))UTru(rY) ',
-1
5, - 1y u(ry)

Note that 67! = ,, and so E; ! = E,.

Now form the sets C,. If m € J(S) vanishes outside C,, then m*, where
m*(B) =m(B!) (B C G), is also in (S) and vanishes outside C,. Thus
3(m + m*) is in J(S) and vanishes outside C,, and the desired result follows.

(iii) Trivially, (a) implies (b), so that it suffices to show that (b) implies (c)
and (c) implies (a).

Suppose that (c) does not hold. Then we can find F; € #(G) such that for
all x € G, FyxF, N (FyxFy)"' # @. For a,b,c,d € F, let

Agpea={x€G:axb= (cxd)_l}.
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Then G is the union of the sets 4, , . 4, andif EC 4, , ., m &€ J(G), then
m(E) = m(E~Y). Thus J(G) = I*(G), contradicting (b). So (b) implies (c).

Now suppose that (c) holds and let F € #(G). We claim first that |Cr| =
|G|. To prove this, it is sufficient (cf. the proof of (2.6. (iv))) to show that Cy. is
left thick in G. If F; € #(G), then F)x C Cp, where x is chosen so that
(HxH) N (HxH) ! = @ with H = (FF, U F) € #(G). Thus C. is left thick
as required. We now show that (a) holds.

We modify the proofs of (i) and (ii) as follows. The condition (v)? is
replaced by

v)? Aljm(Aﬁx)'l=@ whenever e < B < a, 7 < B <a.

To achieve this, we require the sets I') to be contained in G ~ (K U K1), and
to satisfy (b) of (3.2), (a)!, (c)! above and the condition:

(@ TYNn(I))'= @ whenevere<y, n<y.
Let E be as in (3.2), and B=U, ,(s; (KU KU EU E"")s;"). Then
|B| < |G, and since |Cr| = |G| where F = F,, we can find z{ € G such that

(Fz3F,)n(F,zjF) " = 2.
The construction of I'y now proceeds as in (i), and we obtain the desired sets
AR, Bach E, is such that E N EY‘1 = &. If m € J(S) vanishes outside C,
and C,CE/, then m(E) =1, m(E;‘) =0, i.e, m € J(G) ~ F*(G). The
desired result now follows.

(iv) Let G be infinite and abelian. Suppose that for some F € #(G) we
have C.= @&. Then for all x € G, FxF N (FxF)™ !+ &, sothat BC F~4is
finite. Conversely, if B is finite, then we can find F, € #(G) with B C F; *
and obviously, Cr #+ @. Thus B is finite if and only if (c) of (iii) holds, and
the desired result follows from (iii). O
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