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Introduction

In this paper, we deal with the inverse spectral problem of the Hessian (the
so called Jacobi operator) of the energy of a harmonic map.

The spectral geometry of the Laplace-Beltrami operator has developed
greatly during the last twenty years [3]. It is well-known [2], [20], [24] that if
the spectrum Spec(A) of the Laplace-Beltrami operator A of a compact
Riemannian manifold (M, g) coincides with the one of the standard sphere
(S",can), n <7, then (M, g) is isometric to (S",can). Since the Laplace-
Beltrami operator of (M, g) can be regarded as the Jacobi operator of a
constant map of (M, g) into a circle, it is reasonable to investigate the spectral
geometry for the Jacobi operator of a harmonic map.

In fact, since the Jacobi operator J, of a harmonic map ¢ is a second order
elliptic differential operator acting on the space of sections of the induced
bundle of the tangent bundle of the target manifold, the spectrum Spec(J,) of
J, becomes a discrete set of the eigenvalues with finite multiplicities. Directly
applying Gilkey’s results [11], [12] about the asymptotic expansion of the trace
of the heat kernel of a certain differential operator of a vector bundle to our
case, we can determine some geometric spectral invariants of the Jacobi
operator (§§2, 3). Using these results, we obtain a series of geometric results
distinguishing typical harmonic maps, i.e., (0) constant maps, (1) geodesics, (2)
isometric minimal immersions, (3) holomorphic maps between Kaehler mani-
folds, and (4) Riemannian submersions all of whose fibers are minimal.

The analogue of spectral geometry for minimal submanifolds has been
studied by H. Donnelly [7], and T. Hasegawa [15].
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1. Preliminaries

In this section we summarize briefly some of Gilkey’s results in [11], [12]
concerning the asymptotic expansion of the trace of the heat kernel for a
certain elliptic differential operator acting on the space of sections of a vector
bundle (see also the paper [7] [15] by Donnelly and Hasegawa).

Let E - M be a real smooth vector bundle of fiber dimension r over a
compact connected Riemannian manifold M of dimension m. Assume that E
has a connection

~

v; T(E)>T(E® T*M)
which is compatible with the inner product ( , ) on each fiber of E, i.e.,
X(s,8") = (Vyxs, 5') + (5, Vxs')

for s, s’ € T'(E) and a vector field X on M. We consider the following second
order elliptic differential operator D; I'(E) — I'(E) of the form

D=v* - L,

where L is an endomorphism of E and v*V is the rough Laplacian acting on
T'(E) which is given by
G5 = = ¥ (Fo9, ~ To,0)s s € I(E).
=1 J € €€
Here {e; j=1,...,m} is a local orthonormal frame field on (M, g) and v
is the Levi-Civita connection of (M, g). Since D is self-adjoint and elliptic and

M is compact, D has a discrete spectrum of eigenvalues with finite multiplici-
ties, denoted by

Spec(D) = {Xléxzé §Xj§ "'TOO}-

Then the trace Z(¢) = X7, exp(—tA ;) of the heat kernel for the operator D
has the asymptotic expansion

(1.1) Z(1) ~ (4nt)"™*(ay(D) + ay(D)t + ay(D)i> + - - )

ast — oo.
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Moreover we have:
THEOREM 1.1 [11], [12], [7), [15]). Under the above situation, we have

ay(D) =rVol(M, g),
r
a(D) = % jfoug + fMTr(L)vg,
r
ax(D) = 35 [ {57 = 2logl* + 2R, 01} v,
+ ij {=30||R¥ || + 607, Tr(L) + 180 Tr(L?)} v
360 J,, s g

where R g Pg> Tgy are the curvature tensor, the Ricci tensor and the scalar
curvature of (M, g), respectively, and v, is the volume element of (M, g). The
operator RY is the curvature tensor of the connection V on E,

R?(,Y(S) = - [6)(’6}']5 + 6[)(,Y]s

for s € T'(E) and vector fields X, Y on M. The norm || || is that induced from
(,)andg.

2. The spectral invariants of the Jacobi operator

In this section, we apply Gilkey’s results to the Jacobi operator J, of a
harmonic map ¢. First let us recall the second variation formula of the energy
for a harmonic map.

Let (M, g) be an m-dimensional compact Riemannian manifold without
boundary and (N, h) an n-dimensional Riemannian manifold. A smooth map
¢; (M, g) = (N, h) is said to be harmonic if it is a critical point of the energy
E(-) defined by

(1) E(9) = [ e(9)u,
1 m
(2-2) e(¢) =7 Z h(¢*e,-, ¢*ei),
i=1
where ¢, is the differential of ¢. Namely, for every vector field V" along ¢,

d
@ z-oE(¢t) = 0.
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Here ¢; M — N is a one parameter family of smooth maps with ¢, = ¢ and

d
@ z-0¢'(x) =V, € T,,N

for every point x in M.
The second variation formula of the energy E for a harmonic map ¢ is
given by

d2
(2.3) o

E(é,) = th(V, TV )v,.

t=0
Here J, is a differential operator (called the Jacobi operator) acting on the

space F(E) of sections of the induced bundle E = ¢ ~'TN. The operator J, is
of the form

m
(24) JV = VAV - Z R, (¢ue;, V)ue;, V ET(E).
i=1

Here ¥ is the connection of E = ¢~'TN (cf. [10, p. 4]) which is induced by
6 XV = V,,’," XV’

for vV e I‘(E ), X a tangent vector of M, and the Levi-Civita connection v * of

(N, h). R, is the curvature tensor of (N, h) whose sign is the same as RY.

Note that ¥ is compatible with the metric 4. Define the endomorphism L for
our E by

(29) L) = L R(bue V)t V< T(E)

Then we have by definition,
(26) Tr(L) = Tr,(¢%,).

We denote also the spectrum of the Jacobi operator J, of the harmonic map ¢
by

IIA

Spec(J¢)={7\l§7\2§ 7\ Too}.

Then the trace Z(¢) = exp(—tA ;) of the heat kernel for the Jacobi operator J,,
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has the asymptotic expansion
2.7) 2(2) ~ (Ame) " ag(J,) + ar(J,)t + ay(J,) 12 + -+ }
ast — oo.
Moreover we have by Theorem 1.1:
THEOREM 2.1.  For a harmonic map ¢; (M™, g) = (N", h),

aO(J¢) = HVOI(M, g),
a1(1¢) = —g—fMTgvg + fMTrx(¢*ph)vg,
n ) ) ,
az(J4>) = W[M{&rg - 2”pg” + 2”Rg” }Ug
1
* §-6—0_‘[M{ =30[|¢*R,|I* + 607, Tr,(¢*p,) + 180|IL|* }v,,

where, for tangent vectors X,Y € T.M, (¢$*R,)x y is the endomorphism of
Ty(x)N given by ($*R}) x v = Ryg, x, ¢.v-

Then we immediately have the following corollaries.

COROLLARY 2.2. Let (M, g) be a compact Riemannian manifold and (N, h),
an Einstein manifold with non-zero Einstein constant, i.e., whose Ricci curvature
p, satisfies p, = kh for some non-zero constant k. Let ¢, ¢’ be two harmonic
maps from (M, g) into (N, h). Assume that

Spec(J,) = Spec(J,,).
Then we have E(¢) = E(@’). In particular, if ¢ is a constant map, then so is ¢’.

COROLLARY 2.3. (i). Let ¢,¢’ be two harmonic maps of compact Rie-
mannian manifolds (M, g),(M’, g’) into Riemannian manifolds (N, h),(N’, h’),
respectively. Assume that Spec(J,) = Spec(J,). Then we have dim(M) =
dim(M").

(i) Moreover let us consider two periodic geodesics

$,¢’s (S, can) > (N, h)
in an Einstein manifold (N, h) with the non-zero Einstein constant. Assume that

Spec(J,) = Spec(Jy). Then both geodesics ¢, ¢’ have the same length, index,
and nullity.
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Proof. The asymptotic expansion of the trace Z(t) has of the form (2.7), so
we get the first statement. The second follows from Corollary 2.2.

3. The precise spectral invariants

In this section, we assume that the target space (N, h) is either a space form
N"(c), i.e.,, a Riemannian manifold of constant curvature ¢, or a complex
n-dimensional Kaehler manifold of constant holomorphic sectional curvature
c. In these cases, we will calculate the terms a,(J,) and a,(J,) of the
asymptotic expansion (1.1) for the Jacobi operator J,.

3.1. First, let (N, h) be the space form N"(c). The curvature tensor R, of
N"(c) is given (cf. [17])) by R, Z = —c{h(Z,Y)X — h(Z, X)Y }, for tan-
gent vectors X, Y, Z on N"(c¢). *Therefore we obtain by a direct computation,
that for a harmonic map ¢; (M, g) = N"(c),

(3.1) Tr(L) = 2(n — 1)ce(9),
(32) IRY |2 = 2¢2{4e ()’ — [|*A2},
(3.3) Tr(L?) = ||L||> = c*{4(n — 2)e(s)* + lI¢*A|1%},

where ||¢*h||> = L. 6*h(e,, e;)*. Therefore we have:

THEOREM 3.1. Let ¢; (M™, g) = N"(c) be a harmonic map of a compact
Riemannian manifold (M, g) into a space form N"(c). Then the coefficients

ay(Jy), a,(J,), and a,(J,) of the asymptotic expansion for the Jacobi operator
J,, are given as follows:

(3.4) ao(J,) =nVol(M, g),
(3.5) a(J,) = % fogug —2(n — 1)cE($),
(6 ax(h) = 555 [ (5% + 2l + 2R, ) g,

+2c23‘1f {(3n —Te(d)* + ||q>*h||2} v,
M
+(n—=1)c37! .
(n—1)c fMTge(¢)ug
As an application, we obtain:

COROLLARY 3.2. Let ¢,¢’ be two harmonic maps from a compact Rie-
mannian manifold (M, g) with constant scalar curvature into the n-dimensional
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space form N™(c) of non-zero constant sectional curvature c. Suppose that

Spec(J,) = Spec(Jy,).

Then we have

(3.7) E(¢) = E(¢)
and
(3.8) [ (Gn = T)e(s)" + 19*hi1* v,

= [ {Gn = De(@)* + 1em1P

3.2. In this subsection, we assume that (N2", h) is the complex n-dimen-
sional Kaehler manifold P"(c) of constant holomorphic sectional curvature c.
The curvature tensor R, of P"(c) is given [17, p. 167] by

R

hzw

Y = - 7{n(Y,W)Z - h(Y, Z)W + h(Y, IW)JZ
—h(Y,JZ)JW + 2h(Z,JW)JY },
where J is the complex structure of P"(c). Then for a harmonic map
¢; (M™, g) » P"(c),
we obtain
(3.9) Tr(L) = (n + 1)ce(9),

since p, = 27 Y(n + 1)ch. Moreover let {e],...,e., Je{,..., Je,} be a local
orthonormal frame field on P”"(c). Then since

. m
”Rv "2 = E Z {l'Rh¢,ei,¢.ej(eI’c) "2 + "Rh*i’te.'»'ﬁoej("e’:’) ”2}’
i, j=1k=1
TT(L2) = Z Z {h(Rh¢.e,,e,;(¢*ei)a Rh¢.ej,e,;(¢*ej))

1k

i, 1

<.
I

+h(Rh¢.e,«,Je,’<(¢*ei)’ Rige,, Je,;(‘i’*ej))}’
by a straightforward computation we obtain

(3.10)  [RY||2 = 4 {4e(9)” — llo*h)> + (2n + 5)o*@)},
(3.11)  Tr(L?) = 287 H4(n + 2)e(e)” + 5l|¢*h||* — 3]l6*@1?},
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where ® is the Kaehler form of P"(¢), i.e., ®(X,Y) = h(X, JY), for vector
fields X, Y on P"(c). Hence we have:

THEOREM 3.3. Let ¢ be a harmonic map of a compact Riemannian manifold
(M™, g) into the complex n-dimensional Kaehler manifold of constant holomor-

phic sectional curvature c. Then the coefficients ay(J,), ai(J,), and a,(J,) of the
asymptotic expansion for the Jacobi operator J, are

(3.12) ay(J,) =2nVol(M, g),
(13  a(J,) = 3—1nf 10, + (n + 1)cE(4),
M
n
(314)  ay(J,) = me{ST; = 2/lp,lI% + 2lIR,II?} v,
+24-1c2f {(6n + 10)e(s) + 8[|¢*A||
M
=(n+ Dlig*@||*} v,
+6 Y n+ 1| re(e)v,,
(n+ 1) ne(9)o,
where @ is the Kaehler form of P"(c).
COROLLARY 3.4. Let ¢, ¢’ be two harmonic maps of a compact Riemannian
manifold (M™, g) with constant scalar curvature into the complex n-dimensional

Kaehler manifold P"(c) of non-zero constant holomorphic sectional curvature c.
Assume that

Spec(J,) = Spec(J,).
Then we have

(3.16) E(¢) = E(¢)

and
(316) [ {(6n+10)e(9)’ + 8ll9*hII> = (n + T)io* @) } v,
= [ {(6n+10)e(#)" + 8ll9h" = (n + T)16*@|1 .

4. Spectral geometry of a harmonic map

4.1 A counterexample. In this subsection, we construct harmonic maps
with the same spectra for their Jacobi operator.
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Let ¢ be a harmonic map of a compact Riemannian manifold (M, g) into a
flat torus (N, h) = (T", h). Take n parallel vector fields { X;,..., X,,} on
(T", h) which are linearly independent at each point of T". Deﬁmng elements
X, in T(¢7'TN) by X, = X,y(x)» X € M, we have

1

I(¢~'7TN) = { Zn:f,.)?,.;fie C*(M),i= 1,...,n},

i=1

and the Jacobi operator J; is of the form

JV =Y (Af)X, forV =} fX €T(¢7'TN),

i=1 i=1

where A = 8d the (positive) Laplacian of the compact Riemannian manifold
(M, g) acting on C*(M). Then we get immediately:

PROPOSITION 4.1. For every harmonic map ¢ of a compact Riemannian
manifold (M, g) into a flat torus (T", h), the spectrum Spec(J,) of the Jacobi
operator J, is given by Spec(J,) = n X Spec(A), namely, the eigenvalues of J,
are the eigenvalues of the Laplacian A of (M, g) with multiplicity n.

In particular, let ¢, ¢’ be two harmonic maps of compact Riemannian mani-
folds (M, g),(M’, g') into flat tori (T, h),(T", "), respectively. Then Spec(J,)
= Spec(Jy ) if and only if

dim(T) = dim(7”) and Spec(A) = Spec(4’),
where A, A’ are the Laplacians for (M, g),(M’, g"), respectively.

Remark 4.2. By Proposition 4.1, we can never distinguish even a constant
map by the spectrum Spec(J,) of the Jacobi operator for a harmonic map into
a flat torus (Compare with Corollary 2.2).

4.2 The homotopy determination by the spectrum.

PROPOSITION 4.3. Let M2 N? be compact Riemann surfaces with Kaehler
metrics g, h, respectively. Let ¢, ¢,; M2 — N? be holomorphic or anti-holo-
morphic maps. Assume that Spec(J,) = Spec(J ). Then |deg(¢,)| =
|deg(¢,)|. In particular, when the genus of N? is zero the maps ¢, ¢, are
homotopic each other.

Proof. We use the notation of [9]. We get E(¢) = +K(¢) =
+Vol(N?, h)deg(¢) when ¢ is holomorphic or anti-holomorphic, because
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K(¢) = E'(¢) — E"(¢), E($) = E'($) + E"(¢), and by Corollary 8.12 in
[9]. Therefore the assumption Spec(J, ) = Spec(J,,) implies E(¢;) = E(¢,)
and then deg(¢,) = +deg(¢,). When the genus of N? is zero, ¢; and ¢, are
homotopic due to the Hopf degree theorem [13], [14].

COROLLARY 4.4. Let ¢, ¢, be two harmonic maps of the standard unit
2-sphere (S2, g) into itself. Suppose that Spec(J,,) = Spec(Jy,). Then ¢y, ¢,
are homotopic and ¢*g = g, i = 1,2, with [ppiv, = [apiv,.

The proof follows from Corollary 3.2, using the facts every harmonic map of
(S?, g) into itself is holomorphic or anti-holomorphic [19, Corollary 2.9] and
hence weakly conformal [19, Theorem 2.8].

5. Isometric minimal immersions into spheres

In this section, we give results distinguishing isometric minimal immersions
into spheres:

THEOREM 5.1. Let (M, g) be a compact Riemannian manifold whose scalar
curvature is constant. Let (N, h) be a non-flat space form, i.e., whose sectional
curvature is non-zero constant. Let ¢, ¢’ be two harmonic maps of (M, g) into
(N, h). Suppose that Spec(J,) = Spec(Jy). If ¢ is an isometric minimal
immersion, then so is ¢'. If (M, g) is isometric to (N, h), and ¢ is an isometry
of (M, g) onto itself, then so is ¢'.

Remark 5.2. The set of all harmonic maps of constant energy into spheres
is parametrized by Toth and G’Ambra [23]. Their results say the dimension of
the parameter space of constant energy harmonic maps is larger than the one
of the parameter space of isometric minimal immersions.

Proof. By the assumption, we have ¢*h = g and n > m > 2. We can also
write

(5.1) ¢*h=pg+1t,

where p is a smooth function on M and ¢ is a trace-less symmetric 2-tensor
field on M. Then we get

(5.2) e(¢) =m/2 and |¢*h|>=m,
and
(5.3) e(¢) = 1Tr,(¢"*h) = 5E,

ll9"*hlI = p2ligll® + ell> = mp? + |22,
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Assume that Spec(J,) = Spec(J,). Then, by (3.7), (3.8), (5.2) and (5.3), we
obtain

(5.4) fMuvg = Vol(M, g)
and
(5.5) dfMyzvg + fM||t||zvg = d Vol(M, g),

where d:= (3n — 7)(m/2)* + m (which is positive since n > m > 2). We
claim that (5.4) and (5.5) imply that p = 1 and ¢ = 0. In fact, let { P, }%_,be a
complete orthonormal basis of the L%space of real valued functions on M
with respect to the inner product ( fy, f,) = [3.f1/20,, With P, = Vol(M, g)~1/%
Let

o0
p= Z ayPk
k=0

be the Fourier expansion of p relative to { P, }¥.o. Then (5.4), (5.5) imply
[o¢]
a0=P0_1’ dzal":-'-f”t"zvg:dVOl(M,g)a
k=0 M

respectively. These equalities yield a, = 0 for k = 1,2,..., and | M||t||zvg = 0.
Therefore we obtain ¢'*h = g.

COROLLARY 5.3. Assume that (M?, g) is the 2-sphere of constant curvature.
Then every full harmonic map of (M?, g) into the standard sphere (S*", h),
with the same spectrum of the Jacobi operator as a full isometric minimal
immersion ¢ of (M?, g) into (S*", h) coincides with ¢ up to an isometry of
(S?", h).

The proof follows immediately from Theorem 5.1 and Calabi’s rigidity
theorem of full isometric minimal immersions of 2-sphere into spheres (cf. [5],

[6D-

6. Isometric minimal immersions into complex projective spaces

In this section we first state some results of characterizing holomorphic
isometric immersions into complex projective spaces by the spectra of the
Jacobi operator. Secondly, we characterize both holomorphic and totally real
immersions.
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THEOREM 6.1. Let (M?™, g) be a compact Kaehler manifold whose scalar
curvature is constant, and (N, h) be a complex n-dimensional Kaehler manifold
with non-zero constant holomorphic sectional curvature. Let ¢, ¢’ be holomorphic
or anti-holomorphic weakly conformal maps of (M*™, g) into (N, h). Suppose

that Spec(J,) = Spec(J,). If ¢ is an isometric immersion or an isometry, then
so is ¢'.

Here a map ¢ of (M, g) into (N, h) is said to be weakly conformal if$*h = pg
where p is a (not necessarily positive) smooth function on M.

COROLLARY 6.2. Let ¢, ¢’ be two harmonic maps of the standard 2-sphere
(S?,can) into the complex n-dimensional projective space (P"(c), h) with the
Fubini-Study metric h. Suppose that Spec(J,) = Spec(Jy). If ¢ is a holomor-
phic isometric immersion, then ¢’ = ¢ up to an isometry of (P"(c), h).

Proof of Theorem 6.1. Since ¢, ¢’ are holomorphic or anti-holomorphic, we
have ||¢*®@|| = ||¢*h| and ||¢'*®|| = ||¢’*h]|. Therefore by Corollary 3.4, the
assumption Spec(J,) = Spec(Jy) yields

(6.1) E(¢) = E(¢)
and
(6.2) J {(6n+10)e(9)* + (1 = n)lig*hI* v,

= [ {6n + 10)e() + (1 = mig R},

Moreover since ¢'h = g and ¢'*h = pg, where p is a smooth function on M,
we have

(6.3) e(¢)=m and ||¢*h|%=2m,
(6.4) e(¢') =mp and ||¢™*h|* = 2mp’.

Here m is the complex dimension of M. Therefore by (6.1)-(6.4), we obtain
f pu, = Vol(M, g) and f pv, = Vol(M, g),
M M

which yields p = 1 by the same method as in the proof of Theorem 5.1.

Proof of Corollary 6.2. Since ¢ is a holomorphic map of (S2 can) into
P"(c), Index(¢) =0 [8], [9]. The assumption Spec(J,) = Spec(J,) yields
Index(¢’) = 0. Hence ¢’ is also holomorphic or anti-holomorphic [25], [9, p.
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60]. Moreover, since every harmonic map of (S2, can) into P"(c) is weakly
conformal [19, Theorem 2.8], due to Theorem 6.1, ¢’ is either a holomorphic
(or anti-holomorphic) isometric immersion, or a holomorphic (or anti-holo-
morphic) isometry. Then there exists an isometry p of (P"(c), h) such that
po¢’ is a holomorphic isometric immersion. Then ¢ and pe¢’ can be
expressed as ¢ = jio ¢, and po ¢’ = j,°¢,, where the ¢, (i = 1,2) are full
holomorphic isometric immersions of (S, can) into P"(c), n; < n, and j,
i = 1,2, are the inclusions of P"i(c). Due to Calabi’s rigidity theorem [4, p. 18,
Theorem 9], we obtain n; = n, and ¢, = ¢, up to an isometry of P"(c). We
obtain the conclusion.

Next we show:

THEOREM 6.3. Let ¢,¢’ be isometric minimal immersions of a compact
Riemannian manifold (M, g) into the complex projective space (P"(c), h) with
the Fubini-Study metric h. Assume that Spec(J,) = Spec(J).

(i) If ¢ is totally real, then so is ¢'.

(ii) If & is holomorphic with respect to a complex structure of M making g a
Kaehler metric, then ¢’ is holomorphic with respect to a suitable complex
structure of M.

Here the immersion ¢ is totally real if h(¢,X, Jo,Y) =0 for all vector
fields X, Y on M.

To prove Theorem 6.3, we need the following lemma.

LEMMA 64. Let (N, h, J) be a hermitian manifold with the Kaehler form ®.

Let ¢ be an isometric immersion of a compact Riemannian manifold (M, g) into
(N, h). Then we have the inequality

0 < [ lI$*@||%, < dim(M)Vol(M, g).
M

Moreover:
(i) The equality

[ @17, = 0

holds if and only if the immersion ¢; (M, g) — (N, h, J) is totally real.
(ii) The equality

f M||¢*<1>||2vg = dim(M)Vol(M, g)

holds if and only if there exists a complex structure on M for which ¢ is
holomorphic.
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Proof of Theorem 6.3. Since ¢ and ¢’ are isometric immersions, we obtain
e(¢) = e(¢') = dim(M)/2 and ||$*h||* = ||¢"*h||> = dim(M).
Then, by Corollary 3.4, the condition Spec(J,) = Spec(J) yields the equality

* = ’
[ 1@, = [ g2l
Therefore by Lemma 6.4, we have Theorem 6.3.

Proof of Lemma 6.4. To prove the inequality in Lemma 6.4, we only have
to prove

0 < [|¢*®|* < dim(M),
at each point of M. We take an orthonormal basis {e;; i =1,..., m} of the
tangent space .M, x € M, dim(M) = m. Then we get

“‘1’*(1)”2 = Z h(¢*ei’ J‘i’*e,')z

i, j=1

I

Y h(Plpyse;, Joue;)

Jj=1

Y h(PJose;, Ploye;),
j=1

where P is the orthogonal projection of T,,,N onto ¢,T, M with respect to h.

Since {$4e;; j =1,..., m} is an orthonormal basis of ¢,7, M, we obtain the
inequality

m
0 < [|9*@)12 = X h(Jdse;, Joue,) = m.
Jj=1
If [o,l9*@| 1%, = 0, we get
|¢*®@||> =0 & PJoye; =0, j=1,...,m

o h(¢sX, Jp,Y) =0 for all vector fields X, Y on M
« ¢ is totally real.

If [yll$*@||%, = dim(M)Vol(M, g), we get

l$*®||> = dim(M ) < PJoye, = Joye;, j=1,...,m,
< Jo, T M C ¢, T .M, ateachpoint x in M,
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which holds if and only if there is a complex structure on M with respect to
which ¢ is holomorphic.

7. Harmonic morphisms and harmonic Riemannian submersions

In this section, we study spectral characterization of harmonic Riemannian
submersions among the set of all harmonic morphisms.

A smooth map ¢ of M into N is a harmonic morphism (cf. [10], [16]) if for
every harmonic function » on an open subset U in N, vo¢ is a harmonic
function on ¢~}(U). Then Fuglede [10] and Ishihara [16] showed that:

THeOREM 7.1 [10}, [16]. (i) If dim(M) < dim(N), every harmonic mor-
phism is constant.

@) If dim(M) > dim(N), a smooth map ¢; (M, g) = (N, h) is a har-
monic morphism if and only if ¢ is semi-conformal and harmonic.

Here a smooth map ¢; (M, g) = (N, h) is semi-conformal if (i) the differ-
ential

uys TM > T, N
is surjective at the point x with e(¢)(x) # 0, and (ii) there exists a smooth
function A on M such that if e(¢)(x) # 0, the pull back ¢*h satisfies

$*h(X,Y) = N(x)g(X,Y)

for all X,Y € H,, where H, is the orthogonal complement of the kernel of the
differential ¢, with respect to g,, x € M. It is known (cf. [10]) that the set
{x € M; e(¢)(x) # 0} is open and dense in M and the function A* is given
by

N = 2e(¢)dim(N) 7},

and ||¢*h||? = dim(N)A*. A smooth map ¢; (M, g) = (N, h) is a Riemann-
ian submersion if it is semi-conformal with A =1, ie., e(¢) = dim(N)/2,
everywhere M.

Now we prove the following:

THEOREM 7.2. Let (M, g) be a compact Riemannian manifold whose scalar
curvature is constant, and let (N, h) be either the standard n-sphere (S, can) or
the complex projective space (P"(c), h) with the Fubini-Study metric h. Let
¢, ¢’ be harmonic morphisms of (M, g) into (N, h) with Spec(J,) = Spec(Jy,).
If ¢ is a Riemannian submersion, then so is ¢'.
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Proof. We only have to show that the function A for ¢’ satisfies A = 1
everywhere M.

Case 1. (N, h) = (S",can). In this case, e(¢") = 27 A2, ||¢"*h||?> = n)4,
e(¢) = 271n, and ||¢*h||> = n. By Corollary 3.2, the assumption Spec(J,) =
Spec(J,,) yields

(1) E(¢') = E(¢)

and
()
J {Gr = De(@) + 19k o, = [ {Gn = T)e(8)” + lg*hl*} o,

Condition (1) is equivalent to [, A%, = [0, and condition (2) is equivalent to
[aA v, = [V, Therefore we get 2=1 everywhere M by the Cauchy-Schwarz
mequahty

Case 2. (N, h) = (P"(c), h). We first show that if ¢ is a harmonic
morphism of (M, g) into (P"(c¢), h),

llg*@|l = ll¢*kll on {x € M; e($)(x) # 0}

where @ is the Kaehler form of (P"(c), k). In fact, at each point x in M with
e(¢)(x) # 0, we can define a linear transformation J of H,_ into itself such
that Jod, = ¢peoJ and J2= —1I, where I is the 1dent1ty and J is the
complex structure of P”(c). Then g(JX, JY) = g(X,Y), and g(JX,Y) =
X,Y € H,. We can choose {e;, Je;; i =1,...,n} as an orthonormal basis of
(H,, g,)- Then we get

lo*®@|2= Y o*®(e,, ej)2 +2 ) gb*(I)(e,., fej)2 + Y ¢*<I>(J~ei, fej)2
i, j=1 i, j=1 i, j=1
Y h(dues, Joue,)’ + Y h(dude,, JpuTe;)’

i, j=1 i j=1

£2 Y h(oue, Joute,)’

i, j=1
= ||¢*hl||%.

Now let ¢, ¢’ be harmonic morphisms of (M, g) into (P"(c), h) with
Spec(J,) = Spec(Jy), and assume that ¢ is a Riemannian submersion. Then,
by Corollary 3.4, we have

(3) E(¢') = E(9)
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and
(4) fM{(6n +10)e(¢)” + (1 = n)lio™h|I*} o,
= [ {(6n +10)e(9)’ + (1 = mYi9*11) vy,

together with the above. Then by a similar argument to that in Case 1, we
obtain Theorem 7.2.

Remark 7.3. A non-trivial harmonic morphism is a holomorphic map from
a compact Kaehler manifold into a compact Riemann surface (N, h) with
Hermitian metric A [9, Corollary 8.17].

REFERENCES

1. M. BERGER, Le spectre des variétés riemanniennes, Rev. Roumaine, Math. Pures Appl., vol. 13
(1968), pp. 915-931.
2. M. BERGER, P. GAUDUCHON and E. MAZET, Le spectre d’une variété riemannienne, Lecture
Notes in Math., no. 194, Springer, New York, 1971.
3. P.H. BERARD and M. BERGER, “Le spectre d’une variété riemannienne en 1982” in Spectra of
Riemannian manifolds, Kaigai Publ., Tokyo, 1983, 139-194.
4. E. CALABI, Isometric imbedding of complex manifolds, Ann. of Math., vol. 58 (1953), pp. 1-23.
S , Minimal immersions of surfaces in Euclidean spheres, J. Differential Geom., vol. 1
(1967), pp. 111-125.
6. M. po CARMO and N.R. WALLACH, Minimal immersions of spheres into spheres, Ann. of
Math., vol. 93 (1971), pp. 43-62.
7. H. DONNELLY, Spectral invariants of the second variation operator, Illinois J. Math., vol. 21
(1977), pp. 185-189.
8. J. EELLS and L LEMAIRE, A4 report on harmonic maps, Bull. London Math. Soc., vol. 10 (1978),
pp. 1-68.
9. , Selected topics in harmonic maps, Regional Conference Series Math., Amer. Math.
Soc., no. 50, 1980.
10. B. FUGLEDE, Harmonic morphisms between Riemannian manifolds, Ann. Inst. Fourier (Greno-
ble), vol. 28 (1978), pp. 107-144. '
11. P. GILKEY, The spectral geometry of real and complex manifolds, Proc. Sympos. Pure Math.,
vol. 27 (1975), pp. 265-280.
12. , The spectral g try of a ri ian manifold, J. Differential Geom., vol. 10 (1975),
pp. 601-618.
13. V. GUILLEMIN and A. POLLACK, Differential topology, Prentice-Hall, Englewood Cliffs, New
Jersey, 1974.
14. V.L. HANSEN, On the space of maps of a closed surface into the 2-sphere, Math. Scand., vol. 35
(1974), pp. 149-158.
15. T. HASEGAWA, Spectral geometry of closed minimal submanifolds in a space form, real and
complex, Kodai Math. ., vol. 3 (1980), pp. 224-252.
16. T. ISHIHARA, 4 mapping of Riemannian manifolds which preserves harmonic functions, J. Math.
Kyoto Univ., vol. 19 (1979), pp. 215-229.
17. S. KoBayasHI and K. NoMizu, Foundations of differential geometry, I, II, Interscience, New
York, 1963, 1969.




18

19

20.

21

22

23

24

25

SPECTRAL GEOMETRY 267

. H.B. LAWSON, JR. and J. SIMON, On stables currents and their applications in real and complex
geometry, Ann. of Math., vol. 98 (1973), pp. 427-450.

. L. LEMAIRE, Applications harmoniques de surfaces riemanniennes, J. Differential Geom., vol. 13
(1978), pp. 51-78.

. T. SAKAL, On eigenvalues of Laplacian and curvature of Riemannian manifold, Tohoku Math. J.,
vol. 23 (1971), pp. 589-603.

. J. SIMONS, Minimal varieties in Riemannian manifolds, Ann. of Math., vol. 88 (1968), pp.
62-105.

. R. T. SMiTH, The second variation formula for harmonic mappings, Proc. Amer. Math. Soc., vol.
47 (1975), pp. 229-236.

. G. TotH and G. D’AMBRA, Parameter space for harmonic maps of constant energy density into
spheres, Geometriae Dedicata, vol. 17 (1984), pp. 61-67.

. S. TANNO, Eigenvalues of the Laplacian of Riemannian manifolds, Tohoku Math. J., vol. 25
(1973), pp. 391-403.

. Y.L. XIN, On stable harmonic maps and their application, Proc. Beijing Sympos. Diff. Geom.
Diff. Eq., vol. 3 (1980), pp. 1611-1619.

TOHOKU UNIVERSITY
KAWAUCHI, SENDAI, JAPAN



