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DEFINING FRACTALS IN A PROBABILITY SPACE

CHaosHoU Dar! anp S. JaMmEs TAYLOR?

1. Introduction

In [1] Billingsley defined Hausdorff dimension for subsets of a probability
space, and developed relations with entropy and information theory. In [2] he
explored the effect of varying the probability measure in the definition. In
revisiting his work we will sharpen his density theorems so that they give
results for measures as well as dimension (Lemmas 5.1 and 5.2).

In Euclidean space R“ there is no generally accepted definition of a
fractal, even though fractal sets are widely used as models for many physical
phenomena. The idea behind these models is that of self-similarity or
affineness which is based on the linear structure of R%. These and other
geometrical notions have no obvious meaning in an abstract probability
space. One of us [11] proposed a measure-theoretic definition for subsets
E c R% E should be called a fractal if

dim(E) = Dim(E), (1.1)

where dim(E) is the familiar Hausdorff dimension and Dim(E) denotes
packing dimension as defined in [10], using efficient packing by disjoint balls
with center in E.

The first objective of this paper is to define packing measure and dimen-
sion in a probability space (Q, %, u). This is done in two stages: In Section 3
we produce a premeasure and obtain the analogue A(E) of the upper
Minkowski index in ), while Section 4 completes the definition of packing
measure and dimension. We can then use (1.1) as the definition of a fractal
set in (Q, &, u) with respect to . In Section 5 we complete the development
of density arguments relevant to both Hausdorff and packing measures and
use these in Section 6 to provide (Corollary 6.4) a useful criterion for A C )
to be a fractal of dimension c. In Section 7 we use ideas of Cutler [4] to
analyse a measure v on ({), &) with respect to w. This leads to the analogue
for probability spaces of the results obtained in [12] for R
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The Billingsley formulation (which we use) depends critically on a fixed
stochastic process {X;, X,,...} taking values in a finite or countable state
space S. No information about a subset E C () has any relevance unless it
depends on the values {X,(w)}. This means that we would lose nothing by
assuming that ) is an infinite product of a sequence of copies of S, which
would make a typical point @ = (x, x,,...,X,,...), where each x, € S.
This idea is developed and used extensively by Cajar [3]. We keep it in mind
and note that it is the reason why so many of our arguments are simpler than
in the Euclidean case. However, we find it more intuitive to build on the
original formulation and notation of Billingsley.

In the final Section 8, we specialise ) to the unit interval [0, 1] with
Lebesgue measure for u. Whenever S is a finite set of s elements
0,1,2,...,5 — 1 and the process {X,} consists of independent random vari-
ables taking each of these values with probability s~!, the obvious mapping
using expansions to base s provides a connection between the theories of this
paper and the usual definitions in R!. We exploit this connection to show that
certain exceptional sets of paths from the Polya random walk are fractals,
and we can determine their dimension.

We start by collecting useful preliminary ideas and results in Section 2. As
usual, we denote finite positive constants by c, c¢,,.... The values of these
constants may change in different contexts.

2. Preliminaries

We start with a fixed stochastic process {X,,, # € N} on a probability space
(Q, &, p) taking values in a finite or countable state space S. A cylinder set
C (of rank n) is of the form C = {0: X)(w) = k;,i = 1,2,...,n}, with k; € §.
For each w, € Q there is a unique cylinder set of rank », denoted by u,(w,),
which contains w,. Thus

u,(wo) = {0: X;(0) = X;(wg),i =1,2,...,n}. (2.1)

We assume the process is Fmeasurable, that is, that € C &, where ¢ is the
class of all cylinder sets. We use sets in € for both covering and packing.
Many details of classical proofs are greatly simplified because ¢ is nested;
that is, given C,,C, € €, either C;,N C, =@ or C, cC, or C, C C,.

Any function ¢:[0, 8] — [0, 1] which is continuous, monotone increasing,
with ¢(0) = 0, is called a measure function. The Billingsley [1] definition of
Hausdorff ¢-measure follows. For 6 > 0, 4 c (), define

L(A,,8) = inf{Zgb(p,(C,.)): A CUC,C; e € u(C) < a}, (22)

L”(A,(ﬁ) = ?i% Lu(A’¢’ 8)' (2‘3)
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For fixed ¢, u, L,(, $) is an outer measure in ). When ¢(s) = s* we write
L‘;(A) = Lu(A,s"‘), (24)

and think of L as an a-dimensional measure in (). The Hausdorff dimen-
sion of a subset 4 C () is then given by

dim,(A) = inf{a: L% (A4) = 0}. (2.5)
Whenever dim (A4) > 0, it is easy to see that
dim(A) = sup{a: L%(A) > 0}.

Billingsley [1] proved that the index dim () satisfies:
G 0< dim”(A) <lLu(Ad)>0= dim”(A) =1,

(i) 4 € B = dim (4) < dim(B);

(iii) dim (U%_,A,) = sup,{dim ().
Thus dim,(-) is a o-stable index (see [13)]) which compares the size of
subsets of ) of probability zero.

It is worth observing that we can use € to introduce a pseudo metric in ().
Given w,, w, € Q, let uy(w) = Q for all w, and

n =n(w;, ;) = sup{k € Niu(@,) = ui(@,)},
p(wy, @) =277

(We allow n = + in the definition, so that p(w,, w,) = 0 if w;, w, are not
distinguished by the sets of £.) The closure of A c Q is then

A= {w:p(w, A) =0},
where
p(w, A) = inf{p(w, »'): o' € A};

then it is easy to check that 4 € #'= o(¥), the sigma field generated by the
cylinder sets. &#° plays the role of Borel sets in the topology generated by the
metric p. The sets of € are both open and closed in this topology, and each
C = u,(w) can be thought of as a closed ball of radius 27" centered at w.
The condition that s# has no u-atoms is equivalent to

p(up(w)) - 0as k — o (2.6)

for all w € Q. Since any point w, for which (2.6) is false has positive L
measure for every «, the set of such atoms, if it is not empty, has to be
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treated separately. We say that u is #continuous if (2.6) holds for every w,
and we will assume this condition holds throughout the remainder of the
paper.

We are now ready to introduce new set functions and indices.

3. Packing premeasure and the index A u

We use a definition analogous to that of ¢ — P* in Euclidean space, as
given in [10]. Our cylinder sets of rank #n correspond to dyadic cubes of side

27", We have already observed that, in the metric p,C = C. For 6 >0,
define

P(A,$,8) = sup{ Y. &(u(C;)):C; disjoint,
w(C,) <8 and C, = u,(w) with » eA}.

We can think if P,(A, ¢, 8) as the most efficient packing of A by cylinder sets
of measure less than 6 which touch A. Since we clearly have monontonicity
in 8, we can define

BA,¢) = limP,(4,9,9), (3.2)

and we call the set function P”(- , ®) packing @-premeasure with respect to
w. In general this set function fails to be countably subadditive, so it is not an
outer measure. We collect the properties of P,(A, ¢) in a lemma.

LemMA 3.1.  The set function P(-, ¢) defined for all subsets of Q by (3.2)
satisfies:

(i) A, cA,=P(A4,8) <P(A,,¢);

() P(A; VA, ¢) <P(A),d)+ P(A,,P), with equality if S is finite
and p(A,, A,) > 0;

(i) If p is Hcontinuous, P,({wg}, ) = 0;

Gv) L(A4,¢) <P(A,4);

() ForanyAcQ,Ce ¢,P(A,¢)=P(ANC,¢)+P(A\C, )

i) P(A4,¢) =P(A,$).

Proof. All these properties follow easily from the definitions. We give
details only for (iv) and (v).

(iv) If L,(A, ¢) = 0 there is nothing to prove, so assume L (4, ¢) > 0, so
that L, (A4,¢,8) =7 > 0. Since the definition of L, (a,¢,8) is a lower
bound for all coverings by cylinder sets of measure less than 8 we may clearly
omit any covering set which does not intersect 4, and for each pair of
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cylinder sets which intersect 4 we may remove the smaller one (since ¢ is
nested). This produces a more efficient covering of A by disjoint cylinder sets
each of which intersects A. Thus the covering is also a packing, and

L(A4,4,5) = inf{zi‘,¢(u(c,.)):,4 c UG, u(C,) < a}
- inf{Zq&(/.L(C,.)): A c uC,,C, disjoint,
ANCGC;#B,u(C) < 8}
< sup{ L 9(1(C,)): C disoint, 4 01 C, # §,(C)) < a}

=P(A4,6,5).

The result follows by letting § — 0.

(v) Now suppose {C;} and {D,} are any packings of A N C and (A4 \ C) by
cylinder sets of measure at most 8. Because ¢ is nested at most one C; D C
and the remainder are subsets of C. Similarly, at most one D; O C and the
rest are disjoint from C. Hence, if we leave out at most two sets, each of u-
measure less than §, the combination of {C;} and {D,} is a packing of 4. Thus

P/.L(A7¢’ 6) = P/.L(A NnC,d, 8) + P/.L(A \C, ¢, 6) - 2¢(8)
The result now follows by letting & | 0 and applying (ii).

Remark 3.2. The conditions obtained in Lemma 3.1 include those re-
quired for PM(-, ) to be pre-measure. However, P, is not an outer measure
because (ii) does not extend to a countable union of sets. To see this consider
the rationals {r,,r,,...} as a subset E of [0,1] with u equal to Lebesgue
measure. If {X,} are independent random variables taking each of two values
with probability 1, then it is easy to check that, for 0 < & < 1, Px({r,) =0,
but PY(E) = +,

In this remark we have already used the notation when a > 0, ¢(s) = 5%,

P(A) =P(A4,s%).
The usual arguments now show that, when () is Z#continuous and 0 < @ < 3,

P(A) < +w® = P(A) = 0; (33)
PE(A) > 0 = P2(A) = +o. (3.4)
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It follows that, for any A C (), there is a unique index a, = A M(A), given by
ay = inf{a: P2(A) = 0}. (3.5)
By (3.30, if &, > 0, we also have
ag = sup{a P2(A) = +}.

Remark 3.3. We use the notation A u for this index because it is analo-

gous to the upper Minkowski index in Euclidean space for which Tricot [13]
uses A.

LeEmMA 3.4, The index A, () has the following properties:
@ AcB=A(A4)<AB)

() 0<dim,(4) <A (4) <1=A,Q)

(iii) A,(4 U'B) = max(A (4), A (BY).

Proof. (i) and (iii) follow from (3.4) and (i), (ii) of Lemma 3.1. Clearly,
Pi(Q) =1, so (i) and (3.3) now give A, (A4) <1, and (iv) of Lemma 3.1
ensures dim (A4) < A (A).

Note. The example in Remark 3.2 shows that the index A () is stable but
not o-stable.

4. Packing measure and packing dimension

We can apply the method of Munroe (see [7], Theorem 11.3 or [9],
Theorem 4) to the pre-measure P,(+, ¢) to obtain packing measure P,(-, $):

B(A,¢) = inf{ )of, P(A,¢):AcC uA,.}. (4.1)

i=1

TueoreM 4.1. The set function 15“(',¢) given by (4.1) has the following
properties:

() B(A,¢) <P(A, ).
() P(UT A4, ) < T7_1P(A4,,¢).
(iii) Whenever p(A, B) > 0, and S is finite,

P(AUVUB,¢)=P(A,¢) +F,(B,9).
Gv) If #= o(<£) is the o-field generated by the cylinder sets, then ﬁ#(-, b)
is Hregular.

(v) For any sequence of sets A, 1 A, I;,L(A,,, $) - B(A, ).
i) P(A,¢) = infllim, ,, P(A,,$)A,1 A}
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Proof. (i) and (ii) are true whenever the Munroe construction is applied
to a premeasure. (iii) follows from (4.1) and Lemma 3.1(ii). We have been
unable to decide whether P,(:, ) is a metric outer measure whenever the

state space S is countably infinite, so we obtain our measurability conditions
without this assumption. If C € ¢, (4.1) gives

B(A,6) = inf{ .ZIP#(A,.,cb):A c UA,-},
iz
and applying (v) of Lemma (4.1) gives

inf{ iPM(A,- NC,¢) +P(AN\C,$): 4 C uA,.}

i=1
> inf{ Y P(B,¢):ANCC uB,.} + inf{EP,(B;, ¢): A\ C C UB}}
i=1
=P(ANC,¢) +P(A\C,9).
IAJsing (ii) now shows that C is measurable with respect to the outer measure
P(-, ¢). Hence each set in #'= (<€) is also measurable. Applying Lemma

3.1 (vi) to the definition (4.1), we see that each set 4 has a cover H € #
with the same P, -measure.

The proof of (v) and (vi) is now the same as that of Lemma 5.1(v) and (vii)
in [10], so we omit it. .
It is clear that we can use the family of outer measures P a>0to define
Dim,(A) = inf{a: B2(4) = 0}. (4.2)
If Dim M(A) = ay > 0, then

0<a<a0=>}”;f‘(A)= + o,

so that
Dim,(A4) = sup{a: BF(A4) = +}.

Tricot [13] used ~ to denote the operation on a dimension index defined as
follows:

A (A4) = inf{ sup {A,(A,)}: 4 = uA,,}. (4.3)

We can prove analogous relations to those holding in the Euclidean case.
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TueoREM 4.2. For each A € ),
0 < dim,(A) < Dim,(A) =A (4) <A, (4) <1

Proof. Lemma 3.4(ii) already gives us 0 < dim (4) < A (4) <1.If 4 =
UA,, then

dim,(A) = sup{dim,(4,)} < sup{A,(4,)},
so that
dim,(A) < A, (4) < A, (A4).

Now suppose Dim, (A4) = a, and B > a. Then PB(A) = 0 and Theorem
4.1(vi) ensures there is a sequence of sets 4,1 4 such that P”(A ) <1 for

all n which implies A (A4,) < B for all n, and (4.3) now gives A (A) <B.
This gives

A, (A4) < Dim,(4). (4.4)

In the other direction, suppose A (A4) = a and B > a. There is a sequence
{4,} such that 4 = UA, and A (A4,) < 3(a + B) so that P2(A4) = 0 for all
n. For this sequence PB(A )— 0 so that P"(A) =0, and Dim {A4) <B.
Together with (4.4) we have

A,(A) = Dim,(A4).

5. Density theorems

Billingsley [2] uses a density result for comparing two probability measures
and for computing dim ”(A) We prefer to obtain more exact theorems for
L ( , ¢) from which the Billingsley theorems can be deduced as corollaries.
We also obtain the corresponding results for P( , d); these are analogous to
those in [10], but the nested structure of ¢ smphﬁes many arguments. Each
of our density theorems require two preliminary lemmas.

We do not wish to restrict ourselves by the assumption that u(u,(w)) > 0
for all n,w. To avoid ambiguity let us assume that

()
w2 B @)))

if  is such that u(u,(w)) = 0 for n > n,,.

= 4o
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LemmAa 5.1. Suppose v is a finite measure on (Q, F), ¢ is a measure
function, and A > 0, and A € F. Let

o et e ()
A, { EA.llTj:p d)(/.l,(u,,(w)))s)‘}’ (5.1

Then
1
LM(A,\,¢>) > X‘V(AA). (5.2)

Note. The case A = 0 is important if v(A,) > 0; (5.2) is then interpreted
to mean

L/.L(AO’ ¢') = to.

Proof. Since u is Hcontinuous,

@)
i Sup (@) — oo (2 )

where

H(é,w) = SUD{%W(“”(G’)) < 6}.

For fixed € > 0, put
By, s={w€A, H(5,0) <A +¢}

Clearly B,,, ;1 A, as 6|0, and we can cover B, ., ; by sets C;, = u,(w)
such that u(C;) < 6 and w € B, ,, ;. For any such covering,

T (u(C)) = 145 LH(C) = 1o v(Bysv.s).

i

Now any covering of A4, by sets C; with u(C,) < § is also a covering of
B, ... s, so after letting 6 |0,

1
L(A4yd) =2 y55v(4),

and (5.2) follows since ¢ is arbitrary.
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LemMmA 5.2. Suppose v is a finite measure on (Q, &), ¢ is a measure
function, and 0 < A < +o. Let

i s ()
A, = {w.lu’fljwp S(1(,())) > } (5.3)

Then

1
L,(A,,9) < X"(Q)‘ (5.4)
Note. The case A = +» in (5.4) is taken to mean that
L#(A,,w,d)) =0.

Proof. If A = 0 there is noting to prove. Assume 0 < A < +oo, since the
A = +o case will follow if we can show (5.4) for each finite A. Let 6 > 0,
0 < & < 1. Then, for each w € A4,, there are arbitrarily large integers n =
n(w) such that, for C = u,(w),

W(€) <8, B(K(O)) S 3 =gy *(O)- (5:5)

The collection of such C covers A4,, so we can find (since ¢ is nested) a
countable disjoint subcollection {C;}, each of which satisfies (5.5), which
covers A,. For this covering,

L,(A4),4,8) < Zd)(y,(C,.)) < A—(Tl—_e) Z.V(C") < A_(ll—_

2 v(Q).

First let 6 |0 and then £ |0 to give (5.4).

THEOREM 5.3. Suppose v is a probability measure on (Q, F), ¢ is any
measure function, and A € . Then

v(A)wirElg{li’Ilriigf ?%S;;))} <L,/(A,¢)

imi ¢(u(un(w)))}
< sup{l:rggf (@) | (5.6)

w€EA
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Proof. Note that condition (5.1) is equivalent to

= o timing 2@ 0(0))) }
A, { .llzrilgf v (uy(@)) z 50

If we replace 1/A by

inf { lim inf M—"—(—Ql—} ,

wEA |\ now» V( (w))

the left inequality in (5.6) follows from (5.2). A similar argument using (5.4)
establishes the right inequality of (5.6).
We now look for corresponding results for packing measure.

LemMA 5.4. Suppose v is a finite measure on (Q, &), ¢ is a measure
function, and 0 < A < +oand A € F. Let

- o et 2N )
= o cctmint S < e

Then
5 1
P(A), ) =z yv(4))- (5.8)

Proof. If A = +o there is nothing to prove. Suppose 0 < A < +x and
€ > 0,8 > 0. For each w € 4,, we can find arbitrarily large integers n = n(w)
such that

B @)) <8, $(w(u,(@)) = T4 (@).  (59)

If & denotes the collection of all cylinder sets satisfying (5.9) with v € 4,,
then we can find a countable disjoint sequence {C;} of sets from & which
covers A,. Since this collection is also a packing, we deduce that

1 1
P(A),4,8) 2 Lo(u(C)) = 7375 Lv(C) 2 y55v(4).
This is true for all € > 0, so that

P(A8) 2 xv(4,). (5.10)
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We can apply (5.10) to any sequence {B,} of sets in % such that B, 1 A4,, and
use Theorem 4.1(vi) to obtain (5.8).

LemMA 5.5.  Suppose v is a finite Borel measure on (Q, &), ¢ is a measure
function, and 0 < A < +o. Define

) L. U C)) B
A, { .ll;ILlwf S(1(1,())) _A}. (5.11)

Then
A 1
P(A4,,¢) < xv(ﬂ). (5.12)
Proof. If A = 0 there is nothing to prove; the case A = + o will follow if
we can prove (5.12) for finite A. Suppose 0 < A < +0,8 > 0,0 <& < 1. Put
XN = A1 — &) and define
By s = {0 €A4,: K(5,0) > X},

where

o) = ing] (@) }
K(8,w) nf{(b(u(un(w)))'ﬂ(u"( ) <6}.

Then, if {C;} is any packing of B, ; by cylinder sets with u(C;) < 8, we have

Té(u(C)) < 5 H(C) < 7(Q) (5.13)

If we note that By ;1 A, as & | 0 and apply Theorem 4.1(vi) to this sequence,
we get

A . 1
P[L(A/\’ d’) = ;lil‘(l) P;L(BX,S’ ‘b) = YV(Q)
by (5.13). (5.12) now follows by letting & | 0.

THEOREM 5.6. Suppose v is a probability measure on (0, F), ¢ is any
measure function, and A € F. Then

. . ¢(I‘L(un(w)) 5
"(A),,,“e‘ﬂ{“i“f}ip v un()) }SP"(A’“”)

< sup {limsup M}

w€EA n—o V(un(w))
(5.14)
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Proof. This theorem can be deduced from Lemmas 5.4, 5.5 in the same
way that (5.6) was deduced from Lemmas 5.1, 5.2.

Remark 5.77. The reader will notice the similarities between these density
results and those for Hausdorff and packing measures in R?. The main
difference is that we have not required a smoothness condition on ¢ and

there are no constants depending on ¢ in (5.6) and (5.14). This follows from
the fact that ¢ is nested.

6. Fractal subsets of ()

Tricot [14] introduced the notion of a regularity index for subsets of R,
and Taylor [11] suggested that only regular sets should be called fractals. We
use this idea to provide the basis for defining fractals in (Q, &, u).

DerFINITION 6.1. A subset 4 C () is said to be a fractal with respect to u
if uw(A4) =0 and

dim,(A4) = Dim,(4).

The standard method for finding Hausdorff and packing dimensions of a
subset E c R? starts with the construction of a measure » concentrated on
E but evenly spread over E. Some version of density theorem is then applied
to v. We now make that method explicit using the ideas of Billingsley [1, 2]
and techniques developed by Cutler [4].

THEOREM 6.2. Suppose A € F and there is a finite measure v on (Q, &)
with v(A) > 0 and such that

log v(u,(w))

lim inf <cforallw e A, 6.1
now logu(u,(w)) f @ (6.1)
and, for each € > 0,v(A,) > 0 where
e Jogv(u,(w)) }
A, = € A: liminf ———————~=->c¢ —¢}. 6.2
€ {w n-w logu(u,(w)) (62)

Then

dim,(4) = c.
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Proof. () If w € A,, then

lim sup V(un(w))

n—® [""’(un(w))]c_e

By Lemma 5.1, this implies that L ™°(A4,) = +o, so that

= 0.

dim,(A4) = dim,(A4,) 2 ¢ —e.
Since ¢ is arbitrary, it follows that
dim,(A) = c. (6.3)
(i) For 6 > 0, (6.1) implies that, for all w € A4,
lim sup —_v(u,,(w))c+8 =
now  [u(u(w))]
and an application of Lemma 5.2 gives L5*?(A4) = 0, so that dim (A4) < ¢ +

8. Again & is arbitrary, so dim (A4) < ¢ which, with (6.3), establishes the
theorem.

Very similar arguments give the next result.

THEOREM 6.3. Suppose A € F and there is a finite measure v on (Q, &)
with v(A) > 0 and such that

lim sup logv(u,(@)) v(u,(@))

MU Jog i (u(@)) <cforallw € A4, (6.4)

and, for each € > 0, v(A,) > 0 where

) log v(u,(w))
A = €A1 ———l > ¢ — ), 6.5
8 {“’ TSP Tog w(un(@) ¢ ° (63)
Then

Dim (A4) = c.

Combining these results gives a technique for showing A € & is a fractal
with respect to u.

COROLLARY 6.4. Suppose A € &, u(A) = 0, and there is a finite measure
v on (Q, F) with v(A) > 0 and satisfying (6.2) and (6.4). Then A is a fractal



494 CHAOSHOU DAI AND S. JAMES TAYLOR

and
dim,(A4) = Dim(A) =c.

Remark 6.5. The definition 6.1 really only examines the thickest part of
the set A, and requires dim,, to equal Dim , on that part. Stronger conditions
are needed if we want the set to look the same near each of its points. We
could call A4 a fractal with uniform dimension ¢ if u(A4) = 0 and there is
some finite measure v on (, &) such that »(A4) > 0 and

1
i —(-)iy(—u& =c¢ forallw € A4. (6.6)
n-o lOg [.L(un((l)))

7. Fractal measures in (Q, &, u)

The condition (6.6) can be relaxed by allowing the limit to depend on w.
This gives the relevant version of a definition proposed in [12].

DerFiNITION 7.1. A finite measure v on (, %) is said to be a fractal with
respect to u if

cooy o logy(u(w))
v (w) = ,,h_I,r:o Tog w(u,(@)) exists v a.s. (7.1)

DeriniTiON 7.2, If v is a fractal with respect to w and there is a constant
« such that

(@) =a,vas, (7.2)

we say that » has exact dimension «; otherwise we say that » is a multifractal
measure.

We remark that our proposed definition of a multifractal measure is not
analogous to those appearing in the physics literature. We are requiring a
local regularity condition to be satisfied by v at v a.a. points of ().

Note that, if v is a fractal with exact dimension «, then Corollary 6.4 tells
us that the set

A= {w:ﬁ#(w) = a]

is a fractal with uniform dimension a. More generally, for any fractal
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measure v we can define its upper dimension by
dim(v) = inf{B > 0: 5,(w) < B,v as.}.
The results of Section 6 lead immediately to the following:

TueoreM 7.3. Suppose v is a fractal measure with respect to u and
dim,v = B,0 < B < 1. Then

dim,(A4) = Dim,(A) = B,
where
A= {0:0 < i,(0) <8}

This means that, if 8 < 1, or at least u(A) = 0, fractal measures are
concentrated on fractal sets. In general, the converse is false; a uniformity
condition like (6.6) is needed if we are to start with a set and construct a
fractal measure concentrated on it. Otherwise, the thinner parts of the set
(that is subsets of points w where 7,(w) < 8’ < B) may cause a problem.

8. The Lebesgue case

It is clear that, just as Billingsley [1] related his definition of Hausdorff
measure and dimension in (Q, &, u) to the classical definitions on the real
line, we can compare our definition of packing measure and dimension to
those defined in [10]. We take Q = [0, 1], & to be the class of Borel subsets,
and p to be Lebesgue measure. For a fixed integer s > 2, w € (), let

w = g:lXi(w)s_i (8.1)

be the nonterminating expansion of w to base s. Then {X;, X,, ...} becomes
a stochastic process taking values in S =1{0,1,2,...,s — 1}, and u,(w),
defined by (2.1), becomes a half-open interval of length (or Lebesgue mea-
sure) s~ ". If ¢ — m denotes Hausdorff ¢-measure as defined in Rogers [9],
then a modification of the standard arguments for dyadic covers (correspond-

ing to the case s = 2), shows that there is a finite constant ¢ such that, for all
AcCQ,

¢ —m(A) <L,(A,¢) <cd —m(A), (8.2)

so that dim “(A) is identical with the usual definition of Hausdorff dimension.
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In [10] several definitions of ¢-packing are explored, and the preferred
one, denoted ¢ — p(A) uses balls with center in the set A. Because u,(w) is
a closed ball of radius 27" in the p- metric we can interpret P( ¢) as
equivalent to ¢ — p(-) in the modified metric. However, it is easy to check
that our definition of P( , ®) reduces to ¢ — p*(+) in the Euclidean metric
in the case s = 2. For all values of the integer s, its relation to ¢ — p and
¢ — g will in general by similar to that of ¢ — p*. There will be some sets 4
for which ﬁ#(A, ¢) = + but ¢ — p(A) < «, but we can show that there is
a positive constant ¢ such that

cd —p(A) <B(A4,¢) <¢ —q(A). (8.3)

It was proved in [10] that ¢ — p and ¢ — g define the same dimension index;
that is,

Dim( A) = inf{a > 0:5s* — q(A) = 0}.

Hence (8.3) implies that our index Dim(A) is identical with Dim(A4) as
defined in [14] or [10].

It follows that our definition of a fractal with respect to u, given in Sec-
tion 6, is identical with the suggested definition in [11], and the fractal
measures, defined in Section 7, correspond to those defined in [12].

Because of the above connections we can translate any known results
about subsets of [0, 1] to the probability space ([0, 1], &, u). Eggleston [5, 6]
considered sets obtained by asymptotic conditions on the expansion of a real
number of x in [0, 1] to base s. Now packing dimension had not been defined
at the time of these papers, so Eggleston only considered Hausdorff dimen-
sion. However, an examination of his argument shows that, in calculating an
upper bound for the Hausdorff dimension of

n=1

he counted the number N,(E,) of intervals of length s=" which the set E,
intersects, and showed that, for all ¢ > 0, whenever r is large,

N.(E,) < (s")*™". (8.4)

Eggleston’s definitions of E, E, are given in terms of the sequence X; of
(8.1). We will use several distinct cases which arise as translations of the
structures of this paper.

The case s = 2 of the following result is due to Tricot [13].
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Lemma 8.1. If A c R and N,(A) denotes the number of intervals of the
form [js~",(j + 1)s™") which contain a point of A, then if

N,(A) <5 forr =r,,
we have

A (A) <a.

Proof. Consider any packing of A4 by cylinder sets of rank at least r,. For
£ > 0,p(x) =x2%e,

Ta(u(C)) = T N(A)(s™)"""

r=rg

(this ignores the possible overlaps between cylinders of distinct ranks because
all candidates are counted)

2]
< Y s> 0asry—> +o.
r=rg

Thus P2*°(A) = 0, so that
A(A)<a+e

for each ¢ > 0.

Since Eggleston’s arguments use (8.4) to cover E, he is actually proving
A(E,) < a + ¢, which implies A(E) < a + ¢ for each ¢ > 0. This means that
the n}ethod by which he obtains the Hausdorff dimension includes a proof
that A (E) = dim,(E), and his subsets are fractals in the sense of [11]. In the
context of this paper, his subsets of [0,1] are fractals with respect to
Lebesgue measure.

The reader can easily translate many of the results in [5, 6]; we illustrate by
considering some sample path properties of simple random walk on the
integer lattice. Define independent random variables

+1 with probability 1;

Y, -
(@) —1 with probability 3,

and put S, = 0,

n
S (0) =Y Y(w), n=12,....
i=1
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Then {S,} is called a simple random walk on the integer lattice. The strong
law of large numbers implies that

25.(@) > 0as, (8.5)

so that any subset of
1
A= {w: -;S,,(w) » O}

has measure zero and can be analysed using the methods of this paper. For
all w, it is clear that

-1< %S,,(w) <1,

and, if —1 < ¢ < 0, each of the following has probability zero since it is a
subset of A4:

B, = {w: %S,,(w) —>casn— 00},
. 1

D, = {w: limsup —S§,(w) < c},
n—o

e 1
E, = {w:liminf =S, (w) <c;.
now N
Each of these sets has an easy geometrical interpretation in terms of the

long-term behaviour of the graph {n, S,(w)} relative to the lines y = (¢ + &)x.

THEOREM 8.2. Each of the subsets B,, D, E_ of ) is a fractal of dimen-
sion a = f(c), where

f(c) =1—=3(1 + c)log,(1 + ¢) — 3(1 — ¢)log,(1 — ¢).
Proof. Clearly

B.cD.cE,cA, (8.6)
so it is sufficient to show that

dim,(B,) = f(c),Dim,(E,) < f(c).
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If i is the probability measure of the random walk, the mapping

1 1
X, =3+3Y,

gives a stochastic process {X;} taking values 0, 1, so that the dyadic expansion
(s=2)

W o i X (w)27"

i=1

is a measure preserving isomorphism between (Q, &, u) and ([0,1], &, 1)
with A for Lebesgue measure. Now let N(r, x) be the number of times 1
occurs in the first r places of the dyadic expansion of x € [0,1]. B, D Q
translates to

B, = {xe [0,1]: lim N('r’s) = % + %c}
r—o

The main theorem of [5] asserts that the Hausdorff dimension « = dim(B.)
satisfies

1,1 11
s SRR
or
—a = (3 + 30)log,y(3 + 3¢) + (3 — 3¢)log,(5 — 3¢),
or
a=1-1(1+c)log,(1+c) —3(1 —c)log,(1 —c).
Hence

dim(B,) = dim(B,) = f(c). (8.7)

Theorem 14 of [6] asserts that dim(E.) = f(c). However, as explained
above this is done by counting the number of dyadic intervals of length 27"
which meet subsets E, with E. = U, E,. That is, the proof on pages 78, 79
of [6] actually yields

A(E.) = Dim(E.) < f(c).
By translation we get

Dim (E,) < f(c).
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Putting this together with (8.6) and (8.7) we have shown that each of the sets

B,

W=

11.

12.

13.

D, E, is a fractal with dimension index f(c).
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