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THE GENERALIZED MCSHANE INTEGRAL

D.H. FREMLIN

Introduction

An interesting definition of the Lebesgue integral on [0, 1], as a limit of
suitable Riemann sums, was developed by E.J. McShane in a series of
papers; see [16] for a full account of this, including extensions to such spaces
as R” and RY, as indicated in 1G below. It is characteristic of such definitions
of the integral that they are readily adaptable to provide a theory of
integration for vector-valued functions, and this was done for the McShane
integral on [0, 1] by R.A. Gordon [13]. McShane was primarily concerned to
provide an intuitively and technically straightforward construction of the
Lebesgue interval, and made no attempt to push his method to the most
general case. My aim in this paper is to show that, with a little effort, a
successful generalization can be found, which can deal with functions from
any of a wide variety of topological measure spaces to a Banach space, is
related in interesting ways to other known integrals, and has a satisfying
number of properties of its own.

The context in which I work is that of ‘o-finite outer regular quasi-Radon
measure spaces’ (see 1Ba—c below); this covers most of the important
topological measure spaces which have been described. The paper has four
sections.

1. I begin by defining the integral (1A-1B) and showing that it does
indeed agree with Gordon’s version when the domain space is [0, 1], and with
McShane’s versions when the range space is R and the domain space is one
of those he considers (1C-1G). I continue by showing that the McShane
integral lies between the Bochner and Pettis integrals (1K, 1Q), and in
particular always agrees with the ordinary integral when the range space is R
(10).

2. In the second section I give some results of a technical type, showing
that ‘limsup’ in the definition of the integral may be replaced by a simple
limit (2D) and that the two natural definitions of [p¢ agree for measurable
sets EQQE-2F).

3. I then describe the relationship between the McShane and Talagrand
integrals; this follows the lines established in [10] for the case in which the
domain space is [0,1]. If the unit ball of X* is w*-separable, then an
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X-valued McShane integrable function is properly measurable, so is Tala-
grand integrable if its norm has finite upper integral (3D). (However, a
Talagrand integrable function need not be McShane integrable, as shown
already by an example in [10].)

4. In the last section I give two theorems concerning the integral of a weak
limit of a sequence of McShane integrable functions (4A, 4E), with corollar-
ies. I conclude with three open questions (4G).

Some of the results here have been circulated in University of Essex
Mathematics Department Research Report 92-4.

1. The McShane integral

I propose to use this name for a method of integrating vector-valued
functions which is adapted from the integration process described in [16]. As
I wish to make rather a large step (from real-valued functions defined on R”
or RN to vector-valued functions defined on o-finite outer regular quasi-
Radon measure spaces), I give a full list of the definitions and theorems in
the elementary theory as I develop it, even though most of the proofs will not
involve any new ideas.

1A DermniTions. Let (S, E, 3, u) be a non-empty o-finite quasi-Radon
measure space which is outer regular, that is, such that pwE = inf{uG:
E c G e %} for every E € 3. A generalized McShane partition of S is a
sequence {(E;, t,));en such that {(E;);en is a disjoint family of measurable
sets of finite measure, u(S\ U;cnE;) = 0and ¢; € S for each i. A gauge on
S is a function A: § — T such that s € A(s) for every s € S. A generalized
McShane partition {(E;, t,)); e n is subordinate to a gauge A if E; C A(¢,) for
every i € N.

Now let X be a Banach space. I will say that a function ¢: § = X is
McShane integrable, with McShane integral w, if for every £ > 0 there is a
gauge A: S — T such that

lim sup

n—w

w— ) /"'Ei°¢(ti)“ <€

i<n
for every generalized McShane partition {(E,, t;));<n of S subordinate to A.

1B Remarks. (a) For the elementary theory of quasi-Radon measure
spaces see [4], [6] and [7]; the same idea, expressed in a more general context,
underlies the ‘Radon spaces of type (#°) of B. Rodriguez-Salinas [18], [17].
The principal examples of o-finite outer regular quasi-Radon measure spaces
are

((i) all totally finite Radon and quasi-Radon measure spaces;

(i) all Lindelof Radon measure spaces (e.g., Lebesgue measure on R"”);
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(iii) all subspaces of such spaces (1L below);

(iv) finite products of such spaces ([6], 4C, or [7], A7Ea);

(v) all products of probability spaces of these types ([6], 4F, or [7],
AT7ED).

(b) The essential facts I shall need here are that a quasi-Radon measure u
is inner regular for the closed sets (that is, uE = sup{uF: FCE, F is
closed} for every measurable E) and 7-smooth (that is, u(U &) = supg  4uG
for every non-empty upwards-directed family « of open sets).

(c) In addition, we shall need to know that an outer regular quasi-Radon
measure is locally finite (that is, every point belongs to an open set of finite
measure). If it is o-finite, it has the following property, stronger than what is
declared by the definition of ‘outer regular’ given in 1A: if E is any
measurable set, and £ > 0, there is an open set G 2 E such that u(G \ E) <
e. Another elementary fact about outer regular measures is that if w is an
outer regular measure on S, and f: § — [0, [ is an integrable function, then
for any £ > 0 there is a lower semi-continuous function h: S — [0, ®] such
that f(¢t) < h(z) for every t € S and [h < ¢ + [f.

(d) I had better remark straight away that my version of the McShane
integral is well-defined, in the sense that any given function has at most one
value of the integral. Of course this is just because there are enough
generalized McShane partitions: if § # § and A: § —» £ is any gauge, there
is a generalized McShane partition subordinate to it. To see this, observe that

Z={G:GeZ,uG <»,Is € S,G c A(s)}
is an open cover of S, so that (because u is T-smooth) we have
pH = sup{p(H N UF): &, C £ is finite}

for every open H C S; now, because u is o-finite, there is a sequence
(Gien in & such that u(S\ U;cnG;) = 0. If we choose for each i a
t; € S such that G; € A()), and write E; = G;\ UG, for i € N, we shall
have a generalized McShane partition {(E,, ¢;)); < n subordinate to A.

Now because the family of gauges on S is directed downwards (if A, and
A, are gauges, so is s = Ay(s) N A(s)) this shows that for any particular ¢
there will be at most one w satisfying the definition above.

(e) It will be convenient later to say that if (S, <, 3, u) is a o-finite outer
regular quasi-Radon measure space, then a partial McShane partition of S is
a countable family ((E;, t,));c ; where (E;);< is a disjoint family of sets of
finite measure, and ¢, € S for each i; and that it is subordinate to a gauge A
if E; c A(t,) for every i.

(f) There is a technical fault in the definition of the McShane integral
above. It ignores the case S = @§. On the other hand, I certainly wish to count
the empty set as a quasi-Radon measure space, and to accept the empty
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function as McShane integrable, with integral zero. Of course this is a
triviality, and in the proofs below I shall systematically pass the case S = @
by, though I do wish it to be included in the statements of the results.

(g) It is in fact possible to define a McShane integral on outer regular
quasi-Radon measure spaces which are not o-finite. As however such a space
must consist of a o-finite part together with a family of closed sets, of strictly
positive measure, on each of which the topology is indiscrete (see [12], §13),
the McShane integral outside the o-finite part corresponds just to uncondi-
tional summability of appropriate families in X; and the extra technical
complications (we have to use uncountable families {(E;, ¢;)); <, instead of
sequences) seem more trouble than they’re worth. It might however be right
to consider such an elaboration if one wished to extend these ideas to the
context of linear topological spaces.

(h) A slightly simpler alternative definition of the McShane integral, which
some readers may prefer, may be found in 2D below.

1C We are now ready for some elementary facts about the McShane
integral. I give no proofs as the arguments are of a type familiar from [16].

ProposiTION. Let (S,%,3,u) be a o-finite outer regular quasi-Radon
space and X a Banach space.

(@) If ¢,¢¥: S = X are McShane integrable functions with McShane integrals
w, z respectively then ¢ +  is McShane integrable, with integral w + z.

(b) Let Y be another Banach space and T: X — Y a bounded linear
operator. If ¢: S — X is McShane integrable, with McShane integral w, then
T¢: S — Y is McShane integrable, with McShane integral Tw.

() If Cc X is a closed cone and ¢: S — C is a McShane integrable
function, then its McShane integral belongs to C.

Remark. Of course the principal use of (b) is with Y =R, and the
principal use of (c) is with X = R, C = [0, od[.

1D Readers familiar with [16] will already have observed that my defini-
tion of the McShane integral is significantly different from (and more
complex than) the most natural generalisations of the work in [16]; a much
simpler expression is used in [10] and [8]. The extra elaboration of my
definition here is necessary to deal with the wider context in which I operate.
However I must of course justify my terminology by showing that in the
limited contexts considered in [16] and [13] my formulations agree with the
simpler ones. The first point is that for compact spaces S there is no need to
take infinite McShane partitions. Let us say that a finite strict generalized
McShane partition of S is a family {(E; t,));<» such that E,,...,E, is a
finite disjoint cover of § by measurable sets of finite measure (I find it
convenient still to allow E; = #§ for some i) and ¢; € S for each i < n. Now
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we have the following:

1E ProrosiTioN. Let (S, <, 3, u) be a compact Radon measure space and
X a Banach space; let ¢: S — X be a function. Then ¢ is McShane integrable,
with McShane integral w, if and only if for every € > 0 there is a gauge A:
S — T such that whenever {(E,, t,));<n is a finite strict generalized McShane
partition of S subordinate to A then llw — T, _ ,nE;¢(t)| < e.

Remark. 1 follow [4] in taking a Radon measure space to be a Hausdorff
locally finite quasi-Radon measure space in which the measure is inner
regular for the compact sets.

Proof. Evidently any McShane integrable function ¢: § — X must satisfy
the condition offered, as this merely restricts the class of partitions consid-
ered (of course a finite McShane partition can be extended to an infinite one
by adding empty E,.) For the reverse implication, suppose that ¢,w satisfy
the condition. Let &€ > 0 and let A: § — < be a gauge such that

<e

v~ T uEb)

i<n

for every finite strict generalized McShane partition {(E;, ,)); <, subordinate
to A. Now let {(E,t,));en be an infinite generalized McShane partition
subordinate to A. Because S is compact, we can find a finite cover of it by
sets of the form A(#); accordingly, adding finitely many negligible sets E; to
the beginning of the sequence if necessary, we may take it that S = U, nE-
For each i € N choose an open set G; such that

E,CcG,cA(t;) and wu(G\E)|¢()] <27%.

There is a k € N such that § = U,_,G,. Now if n > k, we have S =
U, .G, so there is a disjoint family (E}); <, of measurable sets such that
E,CE;cG,;foreveryi <nand S = U,_,E]. Butin this case {(E}, #,))i<n
is a finite strict generalized McShane partition of S subordinate to A, so we
must have

|w - £ uEroe)] <.

isn

On the other hand, we also have

L uEis(t) ~ TuEd()|

i<n i<n

< T (B, - wE)|(t)] < T 27 < 2.

i<n i<n
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So

”W - X /"'Eid)(ti)” <3e

isn
for all n > k; as ¢ is arbitrary, ¢ is McShane integrable with integral w.

1F The definitions of [16] do not as a rule refer to partitions into
arbitrary measurable sets; instead they use various types of ‘interval’ for the
E,—e.g., half-open intervals in R. I can give a general criterion for the
applicability of such methods, as follows.

ProrosiTion. Let (S, %, 2, u) be a compact Radon measure space and X
a Banach space. Let &/C 3 be a subalgebra of 3 such that whenever
Fc GcCS, Fis closed and G is open there is an A € & such that F C A C G,
let € C o be such that every member of £/ is a finite disjoint union of
members of €. Then a function ¢: S — X is McShane integrable, with
McShane integral w, iff for every € > 0 there is a gauge A: S — & such that

v - T uco] <e

i<n

for every finite strict generalized McShane partition {(C;,t,)); <, of S, subordi-
nate to A, such that C; € € for every i < n.

Proof. (a) Of course a McShane integrable function (as I have defined it)
must satisfy the condition.

(b) For the converse, I use the following facts.

@D If E€X and ECG X and 0 > 0 there is an 4 € & such that
A c G and w(EAA) < 7. For take any closed set F C E, open set H D E
such that u(H \ F) < n, and take A4 such that Fc A c G N H.

(ii) Suppose that A: § —» ¥ is a gauge and that {(E,, t;,));<, is a strict
finite generalized McShane partition of S subordinate to A. Then for
any ¢ > 0 there are Ag,..., A, € & such that {(4,,¢))i<, is a strict
finite generalized McShane partition of S, subordinate to A, and
T < n(A,AED () < e. To see this, take n > 0 so small that 2(n +
1)%n max, _,|l¢(¢)]l < e. Now for each i < n take A; € & such that 4 C
A(t;) and u(E;AA;) < 7. Set

A=8\ U4 e

i<n
Because S is compact and Hausdorff and S = U, _,A(%,), the set

{G:GeT,3i<n,GcA(t))
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is an open cover of S and has a finite subcover, and there are closed sets
F,,...,F, such that F, c A(¢,) for each i and U,_,F; = S; consequently
there are Aj,..., A}, € & such that 4]  A(¢;) foreach iand U;_,A4} =S
(take A7 such that F; C A} C A(z,) for each i). Now set

A;= (4,0 (AnA4))\ U4,

Jj<i

for each i < n. Evidently A4,,..., 4, are disjoint, belong to &7 and cover S,
and A4, c A(¢,) for each i. Also

H(EAA;) < p(EAA) +pA+ Y p(E N4

j<i
<nm+(n+Dn+in<(2n+2)n

for each i. So

L w(EAA)|$(1) ]| < 2(n + 1) nmax|6(1) | < e,

i<n

as required.

(c) Now suppose that ¢ satisfies the condition. Let € > 0 and let A:
S — ¥ be a gauge such that lw — T, _,uC;¢(t)|l < e whenever {(C;, t,)):i<n
is a strict finite generalized McShane cover of § by members of € subordi-
nate to A. Let {(E,, t,)); < » be any strict finite generalized McShane cover of
S subordinate to A. By (b), there are disjoint A,,..., A, € & such that
U;<.4; =S, A; C A(t,) for each i and T, _,u(E;AA)$(t)Il < e. By the
hypothesis on €, we can express each A; as a disjoint union C;y U *++ U
Ci 1y of members of €. Now write t;; =1t for j <k(i); we see that
(C;j, ;)i <n, j <k 18 a strict finite generalized McShane cover of S subordi-
nate to A, so

|~ Suko)] <|w- Tudo)]|+ Tink - watlol

i<n i<n i<n

= NW - X wrCyé(t)

i<n, j<k@)

+ €

< 2s.

As ¢ is arbitrary, the criterion of 1E shows that ¢ is McShane integrable.

1G Examples. Examples relevant to the work of [16] are

() S =1[a,bl, €={lc,dl: a <c <d < b} {{b},}

Gi) S =1TI1,_,la;,b], €=(I1,_,C:: C; € €, Vi < n} where &, consists of
intervals, as in (i).
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For infinite products, if each S; is a compact Radon probability space with
an associated family ¢, then the corresponding cylinder sets in S = II.S;, of
the form I'T,C; where each C; belongs to ¢, U {S;} and {i: C; # S;} is finite,
do the same for S.

Of course [16] uses gauge functions of the form &: S — ]0, o[ rather than of
the form A: S — Z; but the translation from one to the other, in a metric
space (S, p), is trivial, if we match 8(s) to the open set A(s) = {¢: p(t,s) <
3(s)}.

In [13], [10] and [8], ‘partitions’ into non-overlapping closed intervals are
used systematically; but of course these could be read throughout as half-open
intervals without it making any difference.

1H The next step is to show that my version of the McShane integral
agrees with the ordinary integral in the case X = R. For the case S = [0, 1],
this is already covered by 1F and the results of [13]; for other S we still have
some work to do. In fact I show a more general result in one direction: for
any Banach space X, if ¢: § — X is Bochner integrable, with Bochner
integral w, then it is McShane integrable, with McShane integral w. (For the
definition and elementary properties of the Bochner integral, see [2].)

We need two fairly straightforward lemmas.

1I LemMma. Let (S,2Z, 3, u) be a o-finite outer regular quasi-Radon mea-
sure space and X a Banach space. Let E C X be a set of finite measure and
x € X; let ¢: S — X be the function which takes the value x on E, 0 elsewhere.
Then ¢ is McShane integrable, with integral w = wE.x.

Proof. Let ¢ > 0. Let F be a closed set and G an open set such that
FCECG and u(G\F) <e.Set A(s)=G if s€ F, G\F if s € G\ F,
S\F if s€S\G. Then an easy calculation shows that lim,_llw —
L o Ed()ll < ellxll whenever ((E;t;))ien is a generalized McShane
partition of S subordinate to A.

1J LemMA. Let (S, %, 3, u) be a o-finite outer regular quasi-Radon mea-
sure space and X a Banach space. Let ¢: S — X be a function and € > 0. Then
there is a gauge A: S — < such that

X uElo(t)] < [16(2) lu() +

whenever {(E,,t,));en is a generalized McShane partition of S subordinate

to ¢.

Proof. If Jll¢(8)|lu(dt) = o, this is trivial. Otherwise, let g: S - R be a
function such that g(¢) > |l¢(¢)|| for every ¢ and [g = [ll¢|l. Now let & be a
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lower semi-continuous function such that g(¢) < h(¢) for every ¢t and [h <
g + € (see 1Bc). Set A(t) = {s: h(s) > [l¢(2)||} for each t; this works.

1K THeoreMm. Let (S,%,3, ) be a o-finite outer regular quasi-Radon
measure space and X a Banach space. Let ¢: S — X be a Bochner integrable
function with Bochner integral w. Then ¢ is McShane integrable with McShane
integral w.

Proof. Let & > 0. Then there is a ‘simple’ function ¢: § — X, of the form

Y(s) =x; whens € F,0ifs¢& JF,

i<n

where F,,..., F, are disjoint sets of finite measure and each x; € X, such
that

f”‘f’(s) = ¢(s)llu(ds) <e.

Set wy = L, _,uF;.x; then |lw — wyll < e. Now Lemma 1I tells us that ¢ is
McShane integrable, with McShane integral w,; let A, be a gauge such that

lim sup

n-—o

wo = 2 MEi'/’(ti)“ =€

isn

whenever {(E;, t;));<n is a generalized McShane partition of S subordinate
to A,. Also Lemma 17 tells us that there is a gauge A, on S such that

Y wE|é(t) — w(t)| < 2¢

ieN
whenever {(E,, t,));en is a generalized McShane partition of S subordinate
to A;.

If we now take A(s) = Ay(s) N A(s) for each s € S, we see that A is a
gauge on S and that

lim sup

n-—o

w— T uEd(t)] <4

i<n

for every generalized McShane partition {(E,, ¢;));en of S subordinate to A.
As ¢ is arbitrary, ¢ is McShane integrable with McShane integral w.

1L. My next objective is to prove a result in the opposite direction: if ¢:
S — R is McShane integrable, it is integrable in the usual sense. This will
lead directly to a more general result: if ¢: S — X is McShane integrable, it
is Pettis integrable. My route to this takes us past some further useful facts.
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Recall that if (S, T, 3, u) is any quasi-Radon space, and 4 C S is any set
(not necessarily measurable), then (A4, T ,, 3 ,, u,) is a quasi-Radon measure
space, where T, is the induced topology on 4,3, = {E N A: E € 3}, and

wy (B) =min{uE: B=ANE} forBE3,.

(See [6], 5B and [7], A7D.) It is easy to see that if (S, <, 3, u) is o-finite or
outer regular, so is (A, T 4, 3 4, u4). Accordingly, if X is a Banach space and
¢: S — X is a function, we may discuss the McShane integrability of ¢ | A4:
A — X. Now we have the following results. The first is an elementary lemma.

1M Lemma. Let (S, 3,3, u) be a non-empty o-finite outer regular quasi-
Radon measure space and X a Banach space. Suppose that ¢: S — X has the
property that for every € > 0 there is a gauge A: S — & such that

lim sup

n—o

Y RE (L) — X puFd(u;)

i<n i<n

<e

whenever {(E;, t,))ien and {(F,u;));en are generalized McShane partitions
of X subordinate to A. Then ¢ is McShane integrable.

Proof. Take e, A as above. The point is that if {(F,u;))en is a
generalized McShane partition of § subordinate to A, and w: N — N is any
bijection, than {(F,, 4 )i n is also a generalized McShane partition of §
subordinate to A, so that

lim sup

n— o

Y uFd(u) - ¥ J79 JNN .1 Qe “ <e.

i<n i<n

It follows at once that there is some k € N such that

sup
nxzk

w= TuFdu)| =2,

i<n

where w = ¥, _  uF;¢(¢;). Now

lim sup

n— oo

v~ T uEs()

i<n

’S_3£

whenever {((E,, t;,));en is a generalized McShane partition of S subordinate
to A.

If for each ¢ > 0 we use the method above to find a gauge A, and a vector
w,, we see that [lw, — w, |l < 3(e + n) for all &,7 > 0; so that w = lim_ oW,
is defined in X (this is one of the few points where we need X to be
complete), and of course w will be the McShane integral of ¢.
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IN TueoreM. Let (S,%,3,u) be a o-finite outer regular quasi-Radon
measure space and X a Banach space. If ¢: S — X is McShane integrable, then
¢ | A is McShane integrable for every A C S.

Proof. Let w be the McShane integral of ¢, and ¢ > 0. Let A: § - I
be a gauge such that limsup,_,llw — L, ,nE;¢(t)|l < e whenever
((E;,t;))ien is a generalized McShane partition of S subordinate to A.

Let A (s) = A N A(s) for s € 4; then A, isa gaugeon A. Let {(E,, t;))ien
and ((F;,u;));en be generalized McShane partitions of A4 subordinate to
A . For each i € N choose E, F, € ¥ such that E, = E; N A, uE, = nE,,

F,=F N A and u,F, = uF, Set
H= U (E;nA)) N U (FnA(w)).
ieN ieN
For i € N set
Ef =HNE nA(t)\ UE},
j<i
Fr*=HnFnAu)\ UF*
j<i

Then U;cnE* = U;enF* = H; moreover, uE* = p E; and uF* = p F,
for each i.

Fix any generalized McShane partition {(H;, v;));en of S subordinate to
A. Define H/, v}, H!,v! by writing

Hy =Ef, v =t;, Hyoy = H\H, V5,1 =,
Hy, = F*, vy =uw;, Hy; .y = H\H, 05,1 =
for each i € N. Then ((H/,v}));e~ and {(H/,v!));en are both generalized
McShane partitions of S subordinate to A. So
limsup || Y wH/d(v)) — Y nH/o(v})| < 2e.
n—x i<n i<n

But on translating this through the definitions above, we see that

limsup | 3 p Eid(t;) — 2 maFrd(u)| < 2e.

now llicy i<n
So the criterion of Lemma 1M is satisfied, and ¢ | 4 is McShane integrable.
Remark. If A is such that u,(S\A) =0, then [¢ A = [¢; this is

because, in the construction above, {(Ef,t));en Will be a generalized
McShane partition of S subordinate to A.
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See also 2E below.

10 Tueorem. Let (S,<,3, u) be a o-finite outer regular quasi-Radon
measure space and h: S — R a function. Then h is McShane integrable iff it is
integrable in the ordinary sense, and the two integrals are equal.

Proof. (a) If h is integrable in the ordinary sense, it is Bochner integrable,
and therefore McShane integrable, by 1K.

(b) If &k is McShane integrable, it is measurable; this is a special case of 3C
below, but to avoid suspicion of circularity I sketch a proof here. Suppose, if
possible, otherwise. Then there are @« < B8 in R and E € 3 such that
0 < uE < o and u*4 = u*B = pE, where

A={t:t€E,h(t) <a} and B={t:tE€E,h(t)=p}.

As remarked at the end of 1IN, the McShane integrals (McS) (A | E, (McS)
fh 1 A and (McS) [k | B must all be equal. But applying 1Cc to (h | A) — «
we see that (McS) (A1 A <ap A =apE, and similarly (McS) [k | B >
Bu E; which is impossible, because au E < BuE.

If we now set F = {s: h(s) > 0}, then we have a McShane integral (McS)
Jht F. Now if g: F — [0, is any function which is integrable in the
ordinary sense, and dominated by 4, we must have

ng= (McS)[gs (McS)fhrF;

because h is measurable, it follows that [ph is defined. Similarly, [s\ ph is
defined, so that h is integrable.

1P The Pettis integral. Let (8,3, u) be a measurable space and X a
Banach space. Recall that a function ¢: S — X is Pettis integrable if for every
E €3 there is a wy € X such that [;f(é#(x))u(dx) exists and is equal to
f(wg) for every f € X*; in this case wg is the Pettis integral of ¢, and the
map E — wg: 3 — X is the indefinite Pettis integral of ¢.

1Q Tueorem. Let (S,%,3, u) be a o-finite outer regular quasi-Radon
measure space and X a Banach space. If ¢: S — X is McShane integrable, with
McShane integral w, then it is Pettis integrable, with Pettis integral w.

Proof. For every E € 3, we have a McShane integral wy of ¢ | E, by IN.
If g € X* then g¢ | E: E — R is McShane integrable, with integral g(wp),
by Proposition 1C. But we have seen in 10 that this means that the ordinary
integral [pg¢ exists and is equal to g(wg). As g is arbitrary, ¢ is Pettis
integrable, with indefinite Pettis integral E — wy; and the Pettis integral of
b is wg = w.
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Remark. This generalises Theorem 2C of [10].

2. Further basic properties of the generalized McShane integral

I give some technical results which will enable us to move more freely in
the later parts of this paper.

2A  We need to recall some well-known facts concerning vector measures.
Suppose that 3, is a o-algebra of sets and X a Banach space.

(i) Let us say that a function »: 3 — X is ‘weakly countably additive’ if
f(U,;enED) = L, cnf(WE)) for every disjoint sequence {E;);en in 3 and
every f € X*, The first fact is that in this case v is countably additive, that is,
L, <nvE; is unconditionally summable to v(U ;. nE,;) for the norm topology
whenever (E;);en is a disjoint sequence of measurable sets with union E
([19], 2-6-1; [3], p. 22, Corollary 4).

In particular, an indefinite Pettis integral is always countably additive.

(i) If now p is a measure with domain 3 such that vE = 0 whenever
wE =0, then for every £ > 0 and there is a & > 0 such that ||vE| <&
whenever uE < 6.

In particular, if » is an indefinite Pettis integral, it is absolutely continuous
in this sense with respect to the original measure.

(iii) Thirdly, suppose that {v,),en is a sequence of countably additive
functions from 3, to X such that vE = lim,, _, ., E exists in X, for the weak
topology of X, for every E € 3: then v is countably additive. (Use Nikodym’s
theorem ([1], p. 90) to see that v is weakly countably additive.)

2B Lemma. Let (S,Z,3, u) be a o-finite outer regular quasi-Radon mea-
sure space, X a Banach space and ¢: S — X a McShane integrable function.
Then for any € > 0 there is a gauge A: S — X such that

2 rEd(t;) — fE¢

i<n

<e¢€

whenever {(E;, t,));<n is a partial McShane partition of S subordinate to A,
and E = U,;_,E,.

Proof. Recall that by IN-1Q we can identify E — vE = [p¢ as the
indefinite Pettis integral of ¢. Let A: § — £ be a gauge such that

lim sup

n-— oo

1
< 3¢

fd’ - Z RE;o(1)

isn

whenever {(E,, t;,));en is a generalized McShane partition of S subordinate
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to A. Now let {(E,, t,)); <» be a partial McShane partition of S subordinate
to A, and E = U, _,E;. Let {(F,,u;)); e~ be a generalized McShane parti-
tion of S \ E, subordinate to A, such that

lim sup

m-— oo

v(S\E) — ¥ uFd(u,)

ism

‘ < %s.
(Readers will have no difficulty in dealing separately with the case E = S.)
If we set

En+1+i =F,ty14i = U

for i € N, then {(E,, t,));en is a generalized McShane partition of S subor-
dinate to A. So

vE — ignﬂEid’(ti)“
< limsup( vS— Y p,E,-qS(ti)u +{[v(S\E) — X uF¢(u,) \)
m-—>® i<n+m i<m
<eg,

as required.

2C ProrosiTiON. Let (S, <, 3, u) be a o-finite outer regular quasi-Radon
measure space, X a Banach space and ¢: S — X a McShane integrable
function. Then there is a gauge A: S — X such that ¥, . yuwE;¢(t) exists, as
an unconditional sum for the norm topology of X, whenever {(E;,t,))icn is a
generalized McShane partition of S subordinate to A.

Proof. Let w be the McShane integral of ¢. Let (S, )« <n be an increas-

ing sequence of open sets of finite measure with union S. For each k € N let
Ag: S — T be a gauge such that

<27k

Y wE (1) - [E ¢

i<n

whenever {(E;, t,)); <, is a partial McShane partition of S subordinate to A,
and E = U, _,E, (see 2B). For ¢ € S set k(t) = min{k: t € S, ¢ <k},

A(t) =Sk 0 N As(2);
j<k(@)

then A is a gauge on S.
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Suppose that {(E,, t;));<n is a generalized McShane partition of S subor-
dinate to A, and € > 0. Let p € N be such that 277 < ¢. Set

I={i:ieN,k(t;) <p},J =N\L

By the remarks in 2A, ¥, ¢ /g ¢ exists in X and there is an r, € N such that

<e

r [é

iel,m<i<n’E;

whenever ry <m < n. Next, E; C S, for every i €1, so ¥, ,nE; is finite
and there is an r; > ry such that pX, ./ ;. , rE; <e.
Now suppose that r; < m < n. We have

<eg,

r [

iel,m<izn’E;

Y wEs()- L [

ieJ,m<i<n iel,m<i<n’E;

<27?7<e¢

(because E; € A(t;) € A (¢,) for i €J),

T uEst)|<p T wuEs<e

iel,m<i<n iel,m<i<n

As ¢ is arbitrary, (X, _ ,uE;¢(¢,)),en is a Cauchy sequence and has a limit
in X.

Of course the same argument applies to any rearrangement of {(E;, #,)); e n,
so the series ¥; . yu E;¢(¢;) sums unconditionally.

Adding,

L wEb(1)| s 3.

m<i<n

2D Cororiary. Let (S,%,3, u) be a o-finite outer regular quasi-Radon
measure space and X a Banach space. Then a function ¢: S — X is McShane
integrable, with McShane integral w, iff for every € > 0 there is a gauge A:
S — X such that L, . yuwE;¢(t,) exists and ||, oy E;9(t) — wll < & when-
ever {(E; t;))ien is a generalized McShane partition of S subordinate
to A.

2E ProrosiTioN. Let (S, %, 3, u) be a o-finite outer regular quasi-Radon
measure space and X a Banach space. Let E €3 and let ¢: S - X be a
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function which is zero on S\ E. Then ¢ is McShane integrable iff ¢ ' E is
McShane integrable, and in this case the integrals are equal.

Proof. The case E = { is trivial and as usual I will ignore it. We have
already seen in Theorem 1N that if ¢ is McShane integrable then ¢ | E is
McShane integrable. Now suppose that ¢ | E is McShane integrable with
integral w. Let ¢ > 0. By 2B, there is a gauge A,: E — ¥ such that

<e&

Z rH;o(t;) — [Hd’

i<n

whenever {(H,, t,)); < » is a partial McShane partition of E subordinate to A,
and H= U,_,H, Let v be the indefinite integral of ¢ | E, so that v is
countably additive (1P, 2A(i)). By 2A(ii) we can find a & > 0 such that
lvH|| < &€ whenever H C E and uH < §; now there is a closed set F C E
such that u(E \ F) < & (see the second sentence of 1Bc).

For each n € N choose an open set G, 2 E such that u(G,\E) <
27"¢/(n + 1). Now define A: § - £ by setting

R A()yNG, ifteE,n<|¢p(ll <n+1,
(1) = S\ F if e S\E.

Let {(E;, t,));en be a generalized McShane partition of S subordinate to
A.For i € Nset E. =E,NE if t; € E, § otherwise; now set U, = U, _,E}
for n € N, and U = U, o nU,. By the choice of A,

’Z rE¢(t;) —vU, || <eVn eN.
Next,
T uEb() = TuEs(0)|
- iSEEEu(E,-\E)¢(t,~>||
<X r r(EN\E)| (1)

keN i<n,t;,eE, k<ll¢@)ll <k+1

< 2 (k+Du(G\E)
keN
< Y 27k = 2¢,

keN
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SO

< 3¢

Z “Ei(i’(ti) - VUn

i<n

for every n. Now vU = lim, , »U,, and u(F\U) = up(F\ U,;cnE) =0
because F N E; = @ whenever t; € E;so u(E\U) <8 and [lw—vU| <e.
Accordingly

lim sup

n—o

T uEd(t) - w| < te.

i<n
As ¢ is arbitrary, ¢ is McShane integrable, with integral w.

2F CororLLARY. If (S,%,3,u) is a o-finite outer regular quasi-Radon
measure space, X is a Banach space and ¢: S — X is a McShane integrable
function, then ¢ X x(E) is McShane integrable for every E € 3.

Proof. For ¢ 1 E =(p X x(E))} E.

2G CororLrLarY. If (S,%,3,u) is a o-finite outer regular quasi-Radon
measure space, X is a Banach space and ¢: S — X is zero almost everywhere,
then it is McShane integrable, with integral 0.

Proof. Forif E={t: ¢(¢t) #0}, [¢ } E = 0.

3. The Talagrand integral

I come now to a discussion of the relationship between the McShane
integral, as I have defined it, and the Talagrand integral.

3A DeriniTioNs.  Let (S, 3, ) be a probability space and X a Banach
space, with dual X*.

(a) A function ¢: S — X is Talagrand integrable, with Talagrand integral w,
if

w=lm = ¥ ¢(s)

n=® T i<n

for almost all sequences (s;);en € SN, where SN is given its product proba-
bility. (See [20], Theorem 8.)

(b) Recall that a set A4 of real-valued functions on S is stable (in
Talagrand’s terminology) if for every E € 3, with uE > 0, and all real
numbers « < B, there are m,n > 1 such that u* ., Z(A, E,m,n,a,p) <
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(wE)™ ™", where throughout the rest of this paper I write Z(A4, E, I, J, a, B)
for

{(t,u):t e E,u e E’,Af € A, f(t(i)) <aViel, f(u(j)) =B Vjel}

and u*, ., is the ordinary product outer measure on §™ X S”.

(c) Now if X is a Banach space, a function ¢: S — X is properly
measurable if {h¢: h € X*, ||h]| <1} is stable. Talagrand proved ([20],
Theorem 8) that ¢ is Talagrand integrable iff it is properly measurable and
the upper integral [|l¢(¢)l|lu(dt) is finite.

(d) We shall need to know that if 4 < RS is stable, then A, the closure of
A in R® for the usual product topology of RY, is stable; this is because

Z(A,E,1,],a,B) CZ(A,E,I,],a,B') whenever & < o/ < ' < B.

The next proposition requires a lemma about gauges in quasi-Radon
spaces.

3B LemMma. Let (S,%,3, u) be a quasi-Radon probability space and A:
S = £ a gauge. Then

@ {x: x € SN, u(U,; cnAx() = 1} has outer measure 1 in SN;

(b) writing w,, for the quasi-Radon product measure on S", we have

tim [l U AQu(i) un(du) = 1.

i<n

Remark. The definition and properties of product quasi-Radon measures
are sketched in [7], A7E and discussed in detail in [6]. For the purposes of
this paper it would be enough to prove the lemma with u, the ordinary
product measure of S”. The crucial fact is that both product measures satisfy
Fubini’s theorem in the sense that if I, J are disjoint sets and w;, u;, puyy 5
the measures of S/, etc., then for any u,  measurable set W < S’/ we
have almost every section W, = {v: u~v € W} measurable, and
W n(du) = g ,W.

Proof. (a) Suppose, if possible, otherwise.

() Set A(x) = uw(U;cnA(x(:))) for each x € SN. For any set I let u,; be
the product quasi-Radon measure on S’.

There is supposed to be a closed set W < SN such that uyW > 0 and
h(x) < 1 for every x € W. Set

T= U {u:u €8, pyfv:v e SN, w e w} >0}

neN
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For u € T set g(u) = uw(U ;¢ gomauAu(@))). Note that every member of T
has a proper extension which is still in 7. Choose a sequence {u,),en in
T as follows. u, is to be the empty sequence. Given u, € T, choose
U,., €T such that u,,, properly extends u, and g(u,,,) > sup{g(w):

u, Cu € T} — 27". Now we see that if u, € S¥™ for each n, (k(n)), e is
strictly increasing, so x = U ,onU, € SN, also, for each n € N,

{v:ive SN (xtk(n)) " vew)+6,
s0 x € W because W is closed. Consequently A(x) < 1.
Let FC S\ U,;cnA(x(i) be a non-empty self-supporting closed set, so
that u(F N G) > 0 for every open set G meeting F. Then, in particular,

w(F N A(2)) > 0 for every t € F, so there is a 8 > 0 such that u*D > 0,
where

D= {t:teF,u(FnNA(t)) =8}.

(ii) Because {g(u,)).~n is a bounded sequence, there is an n € N such
that g(u,,,) —g(u,) + 27" < 8. We have

BNk V2 U0 € W) >0,

while

Kkt v: 3i = k(n),v(i) € D} =1,
so there is some i > k(n) such that

W kmlv: uy v € W, v(i) € D} > 0.
Set m=1i+1,

E= {w: we SO yo dyiuswoy e wh > O};

then E iS p,,\ x(»-measurable and

Bnkelb: U v € W, vt m\k(n) € E} = 0.

Consequently there is a v € SN\ guch that v | m \ k(n) € E and v(i) €
D. But now consider

u=u; (vtm\k(n)).
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We see that u € T and u, Cu, so
g(u) <g(upyq) +27"
On the other hand, u(i) € D, so

#(0) — 8(u,) = w{A@O\ U Au(i)

j<k(n)
> p(A(u(i)) NF) = 8.
Thus
g(un+1) = g(u) —-27" > g(un) —27" 4§,

contrary to the choice of n.

This contradiction proves the first part of the lemma.

(b) The second part follows. For each n € N define h,: SN — [a, b] by
setting

h,(x) = u(iyn A(x(i))) Vx € SN,
Then lim,, _, .,(x) = h(x) for every x, so
= Jho)un(de) = lim Jh,(e)un(de) = lim il U AGu)) ),
as required.

3C ProrosiTiON. Let (S, <, 3, u) be a quasi-Radon probability space and
X a Banach space. Let ¢: S — X be a McShane integrable function, and write

C={f¢: fex* Ifll <1}.

Then any countable subset of C is stable.

Proof. (a) Let A be a countable subset of C. Take E € 3, with uE > 0,
and @ < B inR. For m,n > 1set H,,, = Z(A, E, m, n, a, B); note that as A
is countable, H,,,, is u,,,,-measurable. I seek an m with u,,,H,,,, < (wE)*™.

Set ¢ = (B — a)uE > 0. By Lemma 2B above, there is a gauge A: S > T
such that

L uHd(t) = [ ¢

isn

<E€
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whenever {(E,, t;)); <, is a partial McShane partition of S subordinate to A
and U,_,E; = H. The set E, with its induced topology and measure, is a
quasi-Radon measure space. So we may apply 3B to E, with an appropriate
normalization of its measure, to see that there is an m € N such that
w* D > 0, where

D= {t: t€E™, u( UENn A(t(i))) > %[LE}.

i<m

Suppose, if possible, that w,, H,,, = (wE)*™. Then H,,, must meet D?;
take ¢,u € D such that (¢+,u) € H,,,,,. Set

H= U A(x()) n U Au();

then uH > iuE.
Choose disjoint covers {E;); <m, {F;)i<m of H by measurable sets such
that E; C A(¢(i)) and F, € A(u(i)) for each i < m. Then we must have

¥ wE(1() — wEb(u(i) | < 26.

i<m
Now (¢t,u) € H,,,,, so there is an f € A such that f(¢(i)) < a and f(u(i))

> B for every i < m. f is of the form h¢ for some # of norm at most 1, so

Y RE; f(2(i)) — nF.f(u(i))| < 2e.

i<m

However, f(#(i)) < a for each i and &, _ ,uE; = uH, so

Y wE;.f(t(i)) < apH;

i<m
similarly ¥, _,, uF,. f(u(i)) > BuH, and we get
2e > (B—a)pH = (B — a)suE = 3¢,

which is absurd.
This shows that A4 is indeed stable.

3D CororrAry. Let (S,,3, u) be a quasi-Radon probability space and
X a Banach space such that the unit ball of X* is w*-separable; let ¢: S - X
be a McShane integrable function. Then ¢ is properly measurable, and if
Tll¢()|Iu(ds) < , then ¢ is Talagrand integrable.
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Proof. Let B, be a countable w*-dense subset of the unit ball B of X*.
Then 4 = {f¢: f € By} is stable, by 3C. But because f— fé: X* - RS is
continuous for the w*-topology on X* and the pointwise topology of RS,
C ={f¢: f € B} is the pointwise closure of A4, and is therefore stable, by
3Ad. Accordingly ¢ is properly measurable. Now the second clause follows
by Talagrand’s theorem.

Remark. These generalise Proposition 2L and Corollary 2M of [10]. Note
that they become false if we omit the hypothesis that the unit ball of X* is
w*-separable; see [10], 3A.

3E CoroLLARY. Let (S,Z,3, u) be a o-finite outer regular quasi-Radon
measure space and X a Banach space. If ¢: S — X is McShane integrable then
its indefinite Pettis integral has totally bounded range.

Proof. (a) Consider first the case uS = 1. By 4-1-5 of [19], it is enough to
show that C = {f¢: f € X*, |Ifll < 1} is totally bounded for || |I;. This will
be so iff every countable subset of C is totally bounded. But 3C shows that
any countable subset of C is stable, and therefore totally bounded by [19],
9-5-2.

(b) It follows at once that the result is true whenever uS < . For the
general case, let £ > 0. The indefinite integral v of ¢ is countably additive,
so there must be a set E C S, of finite measure, such that ||[vH]| <e
whenever H C S\ E is measurable. Now {vH: H € 3, H C E} is totally
bounded, being the range of the indefinite integral of ¢ | E, so is covered by
finitely many e-balls; and therefore the range of v itself is covered by finitely
many 2e-balls.

4. Convergence theorems

I generalize and refine some results from [10].

4A THeorReM. Let (S,%,3,u) be a o-finite outer regular quasi-Radon
measure space and X a Banach space. Let {¢,),<n be a sequence of McShane
integrable functions from S to X, and suppose that ¢(t) = lim,, _, , ¢,(t) exists
in X, for the weak topology of X, for almost every t € S. If moreover the limit

vE = lim [¢,,

n—>o E

exists in X, for the weak topology, for every E € 3., then ¢ is McShane
integrable and (¢ = vS.
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Proof. Fix € > 0.
(a) Let h: S — R be a strictly positive function such that [h < e. Let I' be
the set

{(r,ao,...,an):r,n €N, ag,...,0,€QnN[0,1], Y @, = 1}.

i<n
For y = (r,ay,...,a,) €I, write
r,=r, ¢,= Y a;¢;:8S—->X
i<n

and
A, = {t: tes, §u§||¢i(t)|| <r,h(t) = (r+1)7",
145

[6() = 8,0}l < ().
Note that u*4, < (r + 1)fh < oo; choose a measurable set V, 2 A4, such that

wV, = uw4A,.
(b) If y €T and H C V, is a measurable set then

vH — fH¢y < th.

For take any f in the unit ball of X*. Then

fot) = tims([ 8, = im [ 1.

But the sequence {f¢,)»en Of measurable functions is uniformly bounded
on A, N H, which has the same outer measure as H; so in fact it is
uniformly bounded almost everywhere on H, and by Lebesgue’s theorem

lim [ 6, = [ [ lim f9,) = [ 19.

Now

'f(VH - [H¢’)

because [f¢(t) — fo, ()| < llgp(t) — ¢ (Il < h(¢) for every t €A, NH,
and therefore for almost every t € H. As f is arbitrary, l[vH — [yé, |l < [yh.

[ (r8=18,)| < 176 =18, < [ n
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(c) Because ¢(¢) is in the norm-closed convex hull of {¢,(t): n € N} for
every ¢, and this is always a bounded set, $ = U, .r4,, and we can find
a disjoint family (A4 ) cr of sets, covering S, such that A/, c A, for
every v. Let {(¢,),<r be a family of strictly positive real numbers such that
Lyer(r,+ De, <e.

For each v, let 8, > 0 be such that |[vE|| < e, whenever uE < §, (see
2A(ii)-(iii) above); let G, 2V, be an open set such that w(G,\V,) <
min(e,, 8,). Let A : § > & be a gauge such that

vy

<eg,

H [E ¢, — L nEd (1)

i<n

whenever {(E;, t;)); < » is a partial McShane partition of S subordinate to A,
and E = U, _,E; such exists by 2B (using 1Ca-b to see that ¢,, is McShane
integrable). Applying 2B again (or 1J), this time to A, there is a gauge A*:
S — T .such that ¥,_ ,uEh(t;) <2e whenever {(E;,?,))i<n is a partial
McShane partition of § subordinate to A*. Now set

A(t) = A, (t) NG, N A*(¢)

for every t €A,y € T; then A: § — T is a gauge.

(d) Let {(E;, t;));en be a generalized McShane partition of S subordinate
to A. I seek to estimate »S — x,, where x, = L, _,uE;¢(¢,). Fix n for the
moment.

Set I, = {i:i < n, t; € A} for each y; of course all but finitely many of the
I, are empty. For i € I, set E; = E; N V,. We have E, C A(t)) € G, so

L w(EN\E) <.,

iel,
and

L w(ENED|o(t)] < rye,

iel,
because ||¢(1)|l <r, for ¢t € A,. Consequently, if we write

Yo= X nE(t),

i<n

we shall have [lx, — yoll < X, crr,e, <e.
For each i < n, let y(i) be such that ¢, € 4. Then we have

#(t) — é,0(t) || < h(z) for each i.
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So

Z #Ez'" ¢(ti) - ¢y(i)(ti)|| < Z :U'Eih(ti) < 2e,
i<n i<n
because E; C A*(¢;) for each i. Accordingly, writing
= 2 ME;¢y(i)(ti)’
i<n

we have |lx, — y,ll < 3e.
Set H, = U{E[: i € I} for each y. Because E; c A (¢,) foreach i € I,
we have

L wEd(t) = [ &,

iel,

<e,.

Consequently, writing

Y, = Z lefby,

yerll

we have |ly, —y,ll <X, cre, <eand lx, — y,ll < 4e.
Next, for any v, H; c V,, so we have

vH, — [Hld,y < fH,h,

by (b) above. So writing y; = L rvH, we have lly, — y,ll < fh and [ix, -
y3” < 58.
If we set H, = U{E;: i € L}, then u(H,\ H)) < §,, so that

lvH, — vH, || <&, foreachy.

Accordingly |lx, — y,|l < 6¢, where

V4= EVH,’,=V(UH,Y)=V(

yel yel

UE).

i<n

Thus

< 6e.

W UE)- T ubos)

i<n i<n
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Because v is countably additive (2A(ii)) and vE = 0 whenever pE = 0,

lim sup

n—o

vS — Y ,u,Eiqb(t,-)” < 6e.

i<n
This shows that ¢ is McShane integrable, with integral »S.

Remark. This strengthens and generalizes Theorem 21 of [10].

4B CororLarY. Let (S,T,3, u) be a o-finite outer regular quasi-Radon
measure space and X a Banach space. Let ¢: S — X be a Pettis integrable
function and {E,);cn a cover of S by measurable sets. Suppose that ¢ | E; is
McShane integrable for each i. Then ¢ is McShane integrable.

Proof. Apply 4A with ¢,(t) = ¢(¢) for t € U, _,E;, 0 elsewhere.

4C CoroLLARY. Let (S,T,3, u) be a o-finite outer regular quasi-Radon
measure space and X a separable Banach space. Then a function ¢: S = X is
McShane integrable iff it is Pettis integrable.

Proof. If ¢ is McShane integrable then it is Pettis integrable, by 1Q.
Conversely, if it is Pettis integrable, then for each k € N, set

Se={t:te8,|¢(0)| <k}

Because X is separable, every S, is measurable; moreover, ¢ | S, is Bochner
integrable, therefore McShane integrable, by 1K. Now ¢ itself is McShane
integrable by 4B.

4D Cororrary. Let (S,T,3, u) be a o-finite outer regular quasi-Radon
measure space and X a Banach space. Let ¢: S — X be a Pettis integrable
function which is measurable in the sense that ¢ ~'[G] € 3. for every norm-open
set G C X. If either (S,%,3,n) is a Radon measure space or there is no
real-valued-measurable cardinal, then ¢ is McShane integrable.

Proof. The point is that there is a separable closed linear subspace Y of
X such that u(S\ E) =0, where E = ¢ [Y]; see [5], §2. Now ¢ | E is
McShane integrable by 4C and ¢ | S \ E is McShane integrable by 2G.

Remark. For S = [0, 1] this is Theorem 17 of [13].
4E TueOREM. Let (S,%,3,u) be a o-finite outer regular quasi-Radon

measure space and X a Banach space. Let {¢$,)»en be a sequence of McShane
integrable functions from S to X such that $(t) = lim,, _,, ¢,(t) exists in X, for
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the weak (resp. norm) topology of X, for almost every t € S. If
C={fd,: feXx* lfl <1,n €N}

is uniformly integrable, then ¢ is McShane integrable, and (¢ = lim, _,, [¢,
for the weak (resp. norm) topology of X.

Proof. (a) Let fe X*. Then {f¢,)nen is a uniformly integrable se-
quence of real-valued functions which is convergent at almost every point of
S to f¢. Consequently lim,, ,,, [pf®, is defined for every E € 3, and has
modulus at most M||fll, where M = sup, o [|h| < ». We therefore have an
indefinite Dunford integral »: 3, - X** of ¢, and WEXf) = lim, _,, [gf®,
for every f € X*, E € 3; evidently v is additive. In fact it is countably
additive. For if {(E,),<n is an increasing sequence in 3, with union E, then
lim, ,, M, =0, where M, = sup,cc [p\g k|, and |VvE — vE, |l <M, for
each n.

Now following the argument for Theorem 4A line by line we find that it
proves that ¢ is McShane integrable as a function from S to X**, with
McShane integral »S. But of course »S is now approximated, in norm, by
sums of the form X, _,uE,;¢(t;), which belong to X, and therefore vS & X
and ¢ is McShane integrable as a function from S to X.

(b) This deals with the case in which {¢,(#)),<n is weakly convergent for
almost all ¢. Observe that we must have [r¢ = vF, the weak limit of
{[rbponen, for every F € 3, (applying the result to {¢, | F)nen)

Now suppose that in fact {¢,()),en is norm-convergent for almost all ¢,
and let € > 0. Because C is uniformly integrable, there are a set E € 3, of
finite measure, and a 8 > 0 such that [z|h| <& whenever F €3 and
w(F N E) < 8;so that || [z¢,|l <& and ||[z¢ll <& whenever n €N, F € 3,
and w(E N F) < 6.

For each n € N, set

A,={t:t€E,|¢,.(t) —d(t)| <e/(1 +pnE) forevery m > n}.

Then pw(E\ U,<nA4,) = 0 so there is an n € N such that u*4, > uE — 8.
Let G € 3 be such that 4, € G C F and uG = p*4,. Then

[¢= [ n =\|[4n¢—[4"¢m

< Ln¢ ~ ¢l

<ew*d,/(1 + pE)

<&
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for every m = n. But also || [s\g¢ll <& and |[[s\gPnll <& for every m,
because u(E\ G) <39, so llf¢ — [¢,ll <3¢ for every m > n. As ¢ is
arbitrary, this shows that [¢ is the norm limit of ¢ [¢, ) eN, as claimed.

4F CoroLLARY. Let (S,%,3, u) be a o-finite outer regular quasi-Radon
measure space and X a Banach space. Let {¢,)n<n be a sequence of McShane
integrable functions from S to X such that ¢(t) = lim,, _, , ¢,(t) exists in X, for
the weak (resp. norm) topology of X, for almost every t € S. If

S sup 19 (1) () <=,

then ¢ is McShane integrable, and [¢ = lim, _,, [}, for the weak (resp.
norm) topology of X.

4G Problems. 1 conclude with some questions left open by the work
above.

(a) Suppose that (S,3,u) is a o-finite measure space, X is a Banach
space, and ¢: § — X is a function. Suppose that &, and &, are two
topologies on S making it an outer regular quasi-Radon measure space. If ¢
is McShane integrable for ¥,, must it be McShane integrable for ¥,?

The point here is that a given measure space can have a wide variety of
different quasi-Radon topologies on it. Consider, for instance, the case in
which § = [0, 1] and u is Lebesgue measure. In this case we have the usual
topology; the right-facing Sorgenfrey (or ‘half-open interval’) topology, gener-
ated by sets of the form [s, f[; the left-facing Sorgenfrey topology; and, for
any strong lifting, the associated lifting topology ([14], p. 58, or [6], 3G). All of
these make u quasi-Radon. I believe that I can prove that the usual topology
and the two Sorgenfrey topologies give the same McShane integrable func-
tions; for lifting topologies there seem to be difficulties.

I should remark that if the unit ball of X* is w*-separable, then all
quasi-Radon topologies on S give the same McShane integrable functions;
see [9].

(b) Suppose that (S, <, 3, u) is a quasi-Radon probability space, X is a
Banach space, and ¢: S — X a Pettis integrable function. Does it follow that
the indefinite integral of ¢ has totally bounded range?

This problem arises in the context of 3E. I showed there that the indefinite
integral of a McShane integrable function has totally bounded range. But the
question is, whether this is due to the special properties of the McShane
integral, or to the special properties of the underlying measure space (S, 2, w).
(Indefinite Pettis integrals in general do not always have totally bounded
ranges; see [11], 2D, or [19], 13-3-3.)

(c) Suppose that (S, <, 3, u) is a o-finite outer regular quasi-Radon mea-
sure space, that X is a Banach space and that v: 3 — X is a function. Under
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what conditions will » be the indefinite integral of a McShane integrable
function from $ to X ? This can only be so if u is countably additive (2A(i))
and has totally bounded range (3E). These conditions are certainly not
sufficient ([10], 3C); I do not know of any useful general sufficient condition,
discounting such as ‘X has the Radon-Nikodym property’, which makes v
the indefinite integral of a Bochner integrable function.
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