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TRACE IDEAL CRITERIA FOR OPERATORS
OF HANKEL TYPE

FRANK BEATROUS AND SONG-YING LI

In this paper we obtain trace ideal criteria for commutators of multiplica-
tion operators with integral operators having kernels of a critical homogene-
ity. The prototype for the class of operators considered is the Hankel
operator associated with the Bergman projection. Specifically, let D be a
domain in C", and let P be the orthogonal projection of L*(D) onto its
holomorphic subspace A%(D). When f is a function on D, the Hankel
operator with symbol f is defined formally by

H;= (I - P)M,P = [M;, P]P,
where [Mf, P} is the commutator defined by
[M;, P| = M;P — PM,

and M, is the multiplication operator defined by M,g = fg.

Trace ideal criteria for Hankel operators with conjugate holomorphic
symbols have been obtained in various settings by several authors [2], [8], [12],
[14], [19]. For general symbols, trace ideal criteria for the commutators
[M,, P], and hence also for H;, were first obtained in the unit ball by K. Zhu
[211, and later in bounded symmetric domains by D. Zheng [20]. More
recently, D. Luecking [15] has given a direct characterization of the symbol
classes for trace ideals of Hankel operators in the unit disk, without the
mediation of the commutator operators that was used in earlier work. (Of
course, the distinction between H, and [M;, P] evaporates when the symbol
f is conjugate holomorphic, as in the case of classical Hankel operators.)

The purpose of this paper is to extend the results of [21] and [20] to a
general class of operators which are loosely modeled on the operators H;. As
special cases, we will obtain trace ideal criteria for Hankel operators on
strictly pseudoconvex domains in C" and on finite type domains in C? (see
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Corollaries 4.3 and 4.8). In our work here, we view the commutator operator
[Mf,P], rather than H;, as the fundamental object of interest. In fact,
sufficient trace ideal criteria will be obtained for commutators of M, with a
more general class of integral operators, requiring only that the kernel have
the same homogeneity as the Bergman kernel. We do not require the integral
operator to be a projection, nor do we impose any analyticity condition on
the kernel. In fact, our sufficiency results use only real variable techniques,
and we have found it convenient to give an axiomatic treatment, using the
same general framework we have used previously in [4] (see also [1], [10], [17D
to establish boundedness and compactness criteria. Specifically, we work with
kernels defined on sets which are bounded by a space of homogeneous type,
and homogeneity of the kernel is expressed in terms of the homogeneous
structure on the boundary. A detailed description of this setup is given in
Section 1, along with a formulation of a sufficient condition for the commuta-
tor to be in the trace ideal .#,(L?) when p > 2 (Theorem 1.5). Sections 2 and
3 are devoted to the proof of this result. In Section 4, using an idea of J.
Burbea [7], we show that, under mild regularity assumptions, our sufficient
conditions are also necessary when the integral operator is the Bergman
projection.

1. Preliminaries

We begin by defining a homogeneous structure. Let X be a locally
compact Hausdorff space. A homogeneous structure on X consists of a
positive, regular Borel measure w on X, and a family {B(x,r): x € X, r > 0}
of basic open subsets of X such that for some constants ¢ > 1 and K > 1 we
have:

(1) x € B(x, r) for every x € X and every r > 0;

(@ If x€ X and 0 <r, <r,, then B(x,r)) C B(x,r,);

(3) If B(xy,r) N B(x,,r,) # D and r| > r,, then B(x,cr;) 2 B(x,, r,);
4) X = U, (B(x,r) for some (and hence every) x € X;

(5) 0 <inf, o y w(B(x,1) < sup, . y m(B(x,1)) < o,

6) w(B(x,cr)) < Ku(B(x,r)) for all x € X and all r > 0.

The constants ¢ and K are called the homogeneous structure constants. For
the remainder of this section, we work with some fixed homogeneous
structure on the space X. B

Let X = X X (0,), and for any z = (x, s) € X, write z* = x and 8(z) = s.
The Carleson region C(z) is defined by

C(z) =C(x,s) =B(x,s) X (0,s).
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Let w, be the measure on X defined by

dpg(x,s) =du(x)ds

and for any real number B, define

dpg(2) = mo(C(2)) P dug(2).!
For any x,y € X, let
p(x,y) =inf{s > 0:y € B(x,s) and x € B(y, s)}.

Then p is a quasimetric on X. For any two points z = (x, s) and w = (y,t)
in X, let

r(z,w) =r((x,s),(y,t)) =s +t+ p(x,y).

From the defining properties of homogeneous structures, one easily checks
that r(z,w) is comparable with

r(z,w) =r((x,s),(y,t)) =inflo>s:C(x,0) 2C(w)}.

C(z,w) =C(z*,r(z,w)).

The kernel of a homogeneous structure is the function on X x X defined by

1
Azw) = )

From the defining properties of a homogeneous structure, one checks that

1 1
mo(C(2*, r(z,w))) - mo(C(w*, r(z,w)))

The following estimate for the growth of the measure of Carleson regions
is a special case of Lemma 1.2 of [4].

H(z,w) = =Z(w, z).

LEMMA 1.1.  Let c and K be the constants of the homogeneous structure, and
let a = 1 + log K/log c. Then for any (x,t) € X and any 0 < s < 1, we have

po(C(x, 1)) = K 25%ua(C(x,1)).

'When B < 0, this is at odds with the notation of [4].
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The following integrability result for Z(z, - ) is a slight variation on Lemma
1.4 of [4].

LEMMA 1.2. Let ab < 1 with a > 1 as in Lemma 1.1, and let a + b > 1.
Then

J£7(zw)" duy(w) < Cpua(C(2)) 7"

Proof. The case b < 0 is a straightforward consequence of the case b = 0,
so we may assume that b > 0. Let ¢ and K be the homogeneous structure
constants, and for each non-negative integer j let Q; = C(x,c’s) where
z = (x, s). Letting I denote the integral we wish to estimate, we have

1=Y1,

where

E
Il
—

0

and

5=

0NO;-1

For (y,t) € Q,, Lemma 1.1 gives the estimate

1o €0 1)) 2 (4] m(C(x9))

Io < w(Qy) ™" fQo(g)“” "

= Cuo(Qy) “su(B(x, )

= Cue(Qy) ™.
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Similarly, since wy(C(x,s + ¢ + p(x, y))) = u(Q;) for (y,t) € O;\ Q,_,, we
have

h=cmio) [ ()

1-a-b

= Cmo(Q))

—amby) (-a—b)
< G ug(Qo) T,

and summing over j gives the lemma.

A homogeneous structure is called smooth if each of the functions s —
w(B(x, s)) is differentiable on (0, ), and

ais“(B(x,S)) < C'“(_B(sxﬂ'

The most immediate example of a smooth homogeneous structure is R” with
the Lebesgue measure and Euclidean balls. Additional examples include
boundaries of bounded strictly pseudoconvex domains in C" with the Eu-
clidean surface measure and the Koranyi-Stein pseudo-balls, and boundaries
of bounded finite type domains in C* with the Euclidean surface measure
and the balls defined in [3]. It is immediate from the definition that the
kernel of a smooth homogeneous structure satisfies

(1) max{D,%(z,w), D, %#(z,w)} < Cef/((zz,,::}))

where D denotesﬁifferentiation in the half-line direc‘gion in X.
For each z € X, define a positive function k, on X by

k(W) = ( [y duo) lﬁ/(z,w)z-

The following lemma summarizes some elementary properties of the func-
tions k.

LEMMA 1.3. (1) «, = p(C(2Du(C(z,w) % =z, z2)" #(z, w)%;
(2) ID,k,(W)l < Ck,(w)/8(2);
@) fx.dpy = 1.

Proof. (1) and (2) are immediate from Lemma 1.2, and (3) is trivial.
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For any measurable function f on X, we define

f(2) = [ fr. duq
e
for any z € X such that the integral converges absolutely.
LEMMA 1.4. Iff € LP(X, du,) with 1 < p < =, then f is defined on X, and

| f(2)] < Cliflrpo(C(2)) """

Proof. By Jensen’s Inequality,

A < [1f17%. du,

< Cpy(C(2)) I NEs.

We now turn to the formulation of our main theorem. For 1 < p < o, we
define Y? to be the space of all functions f € L?(X, dpu,) such that

Nfllyr = N l2apgy + 1S, fllran,
where
1/p

@) ($,0)(2) = [ [17 = F) . g

When f is a function on X, the multiplication operator M is defined formally
by

Mg =fg.

When G is a function on X X X, the integral operator .%; is defined formally
by

Tef(2) = [ F0)G(z,w) dio(w).
The commutator operator with symbol f and kernel G is defined formally by
(M, S6] = My g5 =T M;.

For 1 <p <=, we let %, denote the usual trace ideal of operators on
LA(X, duy). (Recall that an operator T on a Hilbert space /7 is in the trace
ideal %, if and only if |T|, = (tr(T*T)?/>)/? < =)
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THEOREM 1.5. Let G be a measurable function on X X X such that
|G(z,w)| <#(z,w) for all (z,w) € X X X, and let fEYP with 2 <p < o,
Then the commutator operator [Mf,JG] is in the trace ideal ,, and
(M, 751, < Clifllyr.

2. Estimates for the smooth part

Trace ideal criteria for commutators will be obtained by splitting the
symbol into a smooth part and a non-smooth remainder, and estimating the
corresponding commutator operators separately. In this section, we will
obtain estimates for the commutators associated with the smooth part of the
symbol. We will prove:

THEOREM 2.1. Let G(z,w) be a measurable function on X X X satisfying
|G(z,w)l <F#(z,w), and let f € Y? with 2 < p < . Then the commutator
(M, 55 is in %, and [ My, 71, < Cllfly.

We shall use a result of B. Russo [18] which provides a sufficient condition

for a general integral operator to be in a trace ideal. Russo’s condition may
be formulated as follows.

THEOREM 2.2. Let (X, ., u) be a o-finite measure space, and let k(x, y) be
a measurable function on X X X satisfying

, p/p' 1/p
Wty = ({16l au0)” auen) <

and

1/p

= [ 1k du)] auin)] <

for some 2 < p < . Then the associated integral operator .%,, defined on a
dense subspace of L*( ) by

FF(x) = [F(9)k(x,) du(y),
is in the trace ideal S and moreover

3 ily < (Kl 1k )
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In our case, the operator of interest, namely [Mf,fG], is an integral
operator with kernel

Gi(z,w) = (f(2) —f(w))G(z,w).
Since G, is dominated pointwise by
Z(z,w) = (f(2) = f(w))7(z,w),

it is clear that [Mf,fG] 65”1] whenever Z; satisfies the conditions of Theo-
rem 2.2. Moreover, since % (w, z) =%, (z,w), when k =%, the righthand
side of (3) is comparable with II%II »,p- Thus, we have:

COROLLARY 2.3. Let G be a measurable function on X X X satisfying
|G(z,w)| <#(z,w), and let f be a measurable function on X such that
Iljffllpgp < o for some p <2 < o, Then [Mf,fG] €.%, with &,-norm at most
a constant multiple of IIﬁZfII o pe

We will need the following variant of Hardy’s Inequality.

LEMMA 2.4. Let g be a non-negative, measurable function on (0,%) such

that g(st) < bs~“g(¢t) for everyt > 0 and 0 <s < 1, with a < 1. Then for any
1 < p < «© and any non-negative, measurable function f on (0,®) we have

[l sers) < g5 s

Proof. Letting I denote the left hand side of the above inequality,
changing variables in the inner integral and applying Minkowski’s Inequality

gives
! w p 1/p
I= (fo (fl f(st)%) g(1) dt)

wof .o 1/p
< [ [re e a) 4.

Changing variables in the inner integral once again and using the estimate
g(t/s) < bs“g(t) when s > 1 gives

1/p dS

I< flw(fowf(t)ps_lg(t/s) dt) e

d ds « P p
<b/r s("_”/”T(f 7(t) g(t)dt)
1 0

and the proof is complete.
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We will apply Lemma 2.4 with g(¢) a negative power of u(C(x,¢)) with
x € X.

COROLLARY2.5. Leta > 1beasin Lemma 1.1, let 1 < p < o, and let b be

a real number with ab < 1. Then there is a constant C, depending on c, K, b,
and p, such that for any non-negative function f on (0, ) we have

OS] metm a7 w00 ar

We next establish some estimates for the functions f.

LEMMA 2.6. There is a constant C such that for every (x, s) € X,

aJ 1 .
ﬁf(x,s)' <Cs™! a‘2£ flf— alky, 5 diso.
Proof. For any complex number a we have
J » J /p J
75/ (xs) = 35 (f(x.9) —a) = [ (f = @) Fokee A

so (2) of Lemma 1.3 gives the result.

LEMMA 2.7. Let b be a real number with ab < 1, where a > 1 is as in
Lemma 1.1. If f € LY(X,du,) with 1 < q < «, then for any 1 <p < ® we
have

[if1"aw, <c, /X( [J1w) = f(2) . (w) duo(w))p duy(2)

Proof. Since, by Lemma 1.4, f(x, -) vanishes at infinity, we have

P
duy(x,s)

lefl" dw, = [Jjjg";f(x,t) dt

and so Lemma 2.6 gives

J177 au < cf [ (5050 %) dn(x.9),

where S, f is defined by (2), and the result follows from Lemma 2.4.
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COROLLARY 2.8. Let b be a positive number with ab < 1, and let f € Y?
with 2(1 — b) < p < . Then

JIF17 du, < €, 411,
X

Proof. By Lemma 2.7, it suffices to show that

J(8:0) diy < Uf 1,
X

where S, f is defined by (2). Letting I(f) denote the left side of the above
inequality, write

I(f) = L(f) + LL(f)

where I(f) is the integral over X X (0,1] and I,(f) is the integral over
X X (1,). Since u(C(x, s)7? < Cuy(Cx, s)! on X X (0, 1], the estimate

L(f) < ClIflEr

is elementary. Moreover

L2 f (7)) +1A17) di

X (1,»)

so Lemma 1.4 gives

L(f) <2Ifllf: [

dp =C, ,lIflf
X (1, ) b+p /2 p,b

and the proof is complete.

From the defining properties of a homogeneous structure and (1) of
Lemma 1.3, one easily obtains:

LEMMA 29. Let M > 1. If (x,s) € X and x' € B(x, Ms), then
K(x’,Ms)(y’ t) < CK(x,s)(y’ t)‘

LEMMA 2.10. Let a > 1 be as in Lemma 1.1, let b be a real number with
ab < 1, and let 2(1 — 1/a) < p < . Then there is a constant C = C, , such
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that forany f € Y?,

@ [ [0 = 7z w) " dpy(w) dig(2) < CIFIr.
XX

Proof. Since the left hand side of (4) increases with b, it suffices to
consider the case 1 — p/2 < b < 1/a (so that the hypothesis of Corollary 2.8

is satisfied). Letting o = (2 — b)/p, we have
1(2) = [ 1f0o0) = f@) "7z, w7 dusy(w)

14
Ro(C(y, )" dtdu(y)

= L{[:Utw%(f(y, r) —fA(Z))%(z, (y,r)*dr
and Lemma 2.4 gives
(5) I(z)

p
tPuo(C(y, )" dtdu(y)

< [ [ 15 (Fo.n = fenae. o

A P
<2t \ﬂ%—ﬁf H(z, (3, )P ug(C(y, 1) ™ dpag(y, 1)
X

p
tp d/'Lb(y’ t)

w20 [ 1.0 - ol | oz 0ao

= 1y(2) + I15(2).
Lemma 2.6 and Jensen’s Inequality give
11(2) < C[($:)(w)"#(z,w) ™ dpy(w)
< C[(S2) (W) 7 (z,w) ™ duy(w),

where §,f is defined by (2). Integrating with respect to z and applying
Lemma 1.2 gives

(6) J1n(2) dio(2) < CUf I

since pa > 1. (Recall that a > 1.)
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To complete the proof, we must estimate [I,,. The estimate (1) gives

(7) f)? I, dp,

o

< Cf [ 1wy =) arteon ™ | 22| () diso)

r(z,w)
= C'[)?'/;'(WM) * C'[)?'[)f,\C(wM)

=1'(M) + I*(M)

for any M > 0, where X, = X X (o,») and w,, = (w*, M&(w)). Combining
the estimates (5), (6), and (7) gives

(8) [X 1(2) dpo(2) < ClfIlgr + I'(M) + I*(M).

Since the kernel % is bounded on )fa, with bound depending on o, it
follows from Lemma 2.8 that I % is finite. Moreover, since 8(w)/r(z,w) <
1/M when z € X\ C(y, Mt), it follows that I*(M) is less than or equal to
half the left hand side of (8) when M is sufficiently large, independent of o.
Thus, if M is sufficiently large, the left hand side of (8) is at most a constant
multiple of [IflI§» + I'(M), where the constant does not depend on .
Letting o — 0 gives

I<c(Iflige + 1Y)

where I denotes the left hand side of (4). We will complete the proof by
showing that I' < C||f|l§». Since #(z,w) < Cu(C(w))~!, we have

A ~ p
rscf [ 1fw) =) du(z) du(w).
X C(WM)
For the inner integral, writing w = (y, t), we have

[ 1fowy = f) du(2)
C(wyp)

< 21"1f
C

w200 [ | fow) = flx, M) dpg(x, 5)
C(wyy)

= 1(w) + (w).

P
Mt 6 A
| 5 f(x, o) da| duy(x,s)

(WM)
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For the integrand of J,, we have the estimate

P

[y = Fee )" =| [ (7= F00) e

N 2 p/2
< (fxlf_f(w)' Kex, Mt dMo) )

so it follows from Lemma 2.9 that

» . 2 p/2
[y = e m " < e [ o , dno)
X
= (8,/)(w)"
and therefore
Jo(w) < Crg(Cm))(S:£) (W) < Cg(C(W))(S2f)(w)"

Integrating both sides over X gives

[.Jz(w) duy(w) < Clifliys,
X

and it remains to estimate [J,. By Hardy’s Inequality,

Mt

Ji(w) =Ji(y,1) <C =< f(x,9)"s? dsdu(x)

B(y,Mt)'l;)

so by Lemma 2.6, we have
. P
Lw) <cf ( L1 = e 9l duo) dp(x, )
C(WM) X

<cf (8. dpy.
C(wyy)

Integrating over X and using the fact that #(z,w) = u(C(w))~! when
z € C(wy,) gives

[ dm < Cf [(S21)(2) (2, )’ dito(w) diso(2).
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Finally, applying Fubini’s Theorem and Lemma 1.2 gives

[Jdu, <IIf1G
X

and the proof is complete.
We now turn to the proof of Theorem 2.1. By Corollary 2.3, it suffices to
prove that [|Zll,, , < Cliflly». In the case 2 <p <, applying Holder’s

Inequality with the pair of conjugate exponents p/p’ and (p — 1)/(p — 2),
we obtain

A 2~ 14 , p/p’
(L1700 =f) [ tzam)” duo(w))
< [1700) =)'z dg(w)
X

p-2
X f:%(z,W)(l_a)p/(p_Z)d[LO(W) .
X

Choosing « < 2/p, the second integral on the right can be estimated by
Lemma 1.2 to obtain

v / p/p'
(f)?|fA(W) ~ )] 7z, w)" duo(w))
< Cpy(C(2)) fXJfA(W) —f(z)|p%(z’w)ap dpug(w).

On the other hand, this last inequality holds trivially if p = 2, so it is in fact
valid for 2 < p <« and «a < 2/p. Choosing « so that 2 — ap is small and
positive, integrating both sides, and applying Lemma 2.10, we obtain

”'%f“p',p < C”f”}ep,

which completes the proof of Theorem 2.1.

3. Estimates for the remainder

In this section we complete the proof of Theorem 1.5 by showing that for
p = 2 the commutator operator with symbol f — f is in the trace ideal %,
whenever f € Y?. In fact, we prove a somewhat stronger result.
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THEOREM 3.1. Let G be a measurable function on X X X satisfying
|G(z,w)l <#(z,w) forall z,w € X. Then for any f € Y? with 2 < p < =, the
operator M;_p % Is in the trace ideal #,, and |M;_s 55|, < ClIflly».

Before proceeding, let us note that, since %, is closed under the adjoint
operation, it follows that, under the conditions of the theorem, the operator
JoM;_g is also in &, with norm at most a constant multiple of [ fIly». Thus,
we have:

COROLLARY 3.2. Let G and f be as above. Then the commutator operator
(M, ) is in ,, and IM;, 71, < Clifllys.

Theorem 1.5 is an immediate consequence of Theorem 2.1 and Corollary
3.2.

The proof of Theorem 3.1 requires an interpolation result for a new scale
of function spaces, which we now introduce. For any measurable function f
on X, we define

1/2

T(HE) = ([0 Pre(w) o)

and for 1 < p < « we define L” to be the space of measurable functions on
X such that T(f) € L”(dp,), with

WA ze = 1f W 2amgy + DT CF) Nrcap-

In order to establish the basic properties of the spaces L”, we introduce
some machinery. For any z = (x,s) € X and any 0 < & < 1, let

B(z) = {(y,t) €X:yeB(x,es)and|s —t| < as}.
The following properties of the “balls” %,(z) are immediate.

LEMMA 3.3.  For any fixed 0 < & < 1 we have:

M) «,() = k,({) uniformly for z, { € X and w € B,(2).

@) ﬁ’/(w w) =%z, z) uniformly for z € X and w € B(2).

3) Fw, ¢) =z, ) uniformly for z, { € X and w € B.(2).

@) p(B(2) =H(z,2)7".

(5) There is a constant M and a sequence {z;} in X such that the family
{B.(2) covers X, and no point of X is couered more than M times.

The relevant properties of the spaces L? are summarized in the next
result.
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LEMMA 3.4.  Let a be as in Lemma 1.1.

(1) L7 is a (possibly trivial) Banach space for 1 < p < .

(2) For 2 < p < », we have L?(dw,) C L?, and the embedding is continu-
ous.

(3) L7 c LP for 1 < p, < p, < », and the embedding is continuous.
(4) For p > 2(1 — 1/a), every bounded, measurable, compactly supported
function on X is in L”.

(5) For p > 2(1 — 1/a), the simple functions with compact support on X
form a dense subspace of L”.

Proof. The proof of (1) is straightforward, and will be omitted.

The case p = « of (2) is trivial. On the other hand, for f € L?(du,) with
2 < p < «, Jensen’s Inequality gives

T(f)(2)" < [IfV, dp,

so Fubini’s Theorem and Lemmas 1.3 and 1.2 give

1712 < cf1 7o)l % dpug(w)

< Cf1On s = 1

and (2) is proved.
For (3), let f € L”'. By Lemma 3.3, for any fixed 0 < ¢ < 1 we have

T(f)"(2) - W}Tﬁ [, 70" (2) dm()

P dpe(w)
SC%( )T(f) () aa(COw)) Bo(C(w))

which establishes (3) when p, = . When p, < p, < o, we have

< Clflizh,

17175 = [T()" dpy
<N TN [T duwy = IFIEIF1IE,

and from the case p, = %, we obtain ||f|l;» < CIIfIILpl, so (3) is proved.
To prove (4), it suffices to show that every point in X has a nelghborhood
whose characteristic function is in L”. For fixed 0 < £ < 1, if f is the
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characteristic function of %Z.(z,),

Mo(c(z))l/z
o MO(C(Z’ r(z, 20)))

T(f)(2) <C,
and by Lemma 1.2,

po(C ()"
Mo C(Z r(z, 20)))

-p/2
< Ce,zo,p/"’O(C(ZO)) r

e < ¢, .. f

dp(z)

if (p/2 — Da < 1, and (4) is proved.

Finally, we prove (5). Let f € L? and let ¢ > 0 be arbitrary. Fix x, € X,
and let z, = (x,, 1). Since T(f) € L?(du,), by the Monotone Convergence
Theorem, there is an M > 1 such that

(9) [ T dp, < er
XN\Qm
where
Ou =B(x0,M) X [l/M,M].

Then

[ fO0F Bl < [ (00 P (o)

= CT(f)(z)" <.

It follows that there is a simple function g with compact support in X such
that |g| < |f| pointwise and

dpo(w)

fil f(w) - g(W)|2;0"(?(’Z"W—)‘)~

<8,

where & is a small positive number to be chosen below. From the defining
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properties of homogeneous structures, for any z € Q,, we have

dpy(w)
po(C(z,w))

2 dug(w)
= Cu[ 1) —enI 05y
< Cy9,

T(f=g)(2)" < C[ [f(w) —g(w)

where C,, is a constant depending only on z, and M. Integrating over Q,,
gives

[ T(f-g) du, < (CM5)p/2 pi(CQum)>
M
so choosing & sufficiently small gives

(10) /Q T(f-g)" du, <&’

M
On the other hand, since |g| < |f], Minkowski’s Inequality gives

T(f-8) <T(f) +T(g) <27T(f),
so (9) gives
[ dmT(r-g)" < (2e)".
N\Qwu

Combining this with (10) gives

If—gllir <3e

and the lemma is proved.

We next show that the spaces L? interpolate properly by the complex
method when p > 2. For a compatible pair of Banach spaces (%, %,), and
for 0 < 6 < 1, we denote by [%,, B,], the usual complex method interpolat-
ing space.

LEMMA 3.5. Let 0<0<1and 1/p =1 — 6)/2. Then L? c [L2, [],,
with a continuous embedding.

_ Proof.  First, note that since, by Lemma 3.4, _EZ c I, we have [L2, l:“’]o c
L”. For any f € L*, we denote by |f|y the [L?, L*], norm of f (which may, of
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course, be infinite). By (5) of Lemma 3.4, it suffices to prove that for any
simple function f with compact support in X and ||fll;» = 1 we have
|flo < C, where C is a constant independent of f. We first note that, with f
as above, T(f) is a bounded, positive function on X. Thus, for any A € C,
the function

Gy(z) = T(f) ()" 07 f(2)

is a bounded function with compact support on X, and so, by (3) and (5) of
Lemma 34, G, € [?> c [, and the map A — G, is a holomorphic mapping
from C into L”. One easily checks that IG\lli- < Cyc; "¢ *, where C, and C,
are positive constants depending on f, so the map A — G, is bounded (in L”
norm) in a neighborhood of the strip = {0 < Re A < 1} Letting

_ L, A%-0?
F =e Gy,

it follows that the map A — F, is holomorphic and bounded in a neighbor-
hood of ., and that ||F|ll;= = 0 as [Im A| = « in .%. Since F, = G, = f, the
lemma will be proved by showing that ||F,ll;> and ||F,,,;|l;~ are both
bounded uniformly in t € R by a constant 1ndependent of f. (Recall that
lfllz» = 1.) Moreover, since e* ~9? is bounded on each of the lines {Re A = 0}
and {Re A = 1}, it suffices to bound ||G,|l;> and |G, ,,,|l;=. But

G\l = 1G,l = T(£)"*'If]

and

Gyl =16 = 75

so the proof will be finished by establishing the two inequalities

(11) lrcrH”* ' fle<c
and
(12) ” T(ff) ]:”SC

with constants independent of f.
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Fix £ €(0,1), and let {z;} be the sequence from item 5 of Lemma 3.3.
Appealing to Lemma 3.3, the left hand side of (12) can now be estimated as

follows:

"{xi)

so (12) is proved.
To prove (11), we first establish a pointwise estimate. Arguing as above, we

have
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)= [ ) ()

T(f)’(w)

FONE ) dae (o
< T L T 0wy <) i)

() [
C d g
< ZT(f)( )flf( w)I* dp(w)
___CZ Kz(zj)

ey Pl O (w) i)
j Zj i

< CZKZ(Zj)MO(‘@j)
J

<CY /@ k(W) dpo(w)
J j

< Cf)?"z(w) duy(w) =C

T(T(F)"* £) (2)
= [T()0) 1 F W) () dio(w)

< CLT(N()" k2 o(B) [ 1F00) Fres(w) dio(w)
J i

< CZT(f)(Zj)pKz(Zj)MO(%)
J

< [ T()(W) K (w) dig(w).
X
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Finally, integrating with respect to z and applying Fubini’s Theorem gives

[7()" £l < € [[TCH) )" o €2 w)) 7 dol(2) do(w)
< C[T(F)(w)"o(C(w)) dpo(w) = ClIflI}, = C

and the proof is complete.

The following lemma, and its proof, are modeled on an analogous result on
the Bergman kernel in bounded symmetric domains which is proved in [S].

LEMMA 3.6. Let G be a measurable function on X X X such that
|G(z,w)l <z, w) for almost every (z,w) € X X X. Then M,.%; is a bounded
operator on L? whenever f € L”, with operator norm at most a constant multiple
of Ifliz-.

Proof. Fix & € (0,1), and let {z;} be the sequence in item 5 of Lemma 3.3
and &, =%,(z)). Let ¢ € L?, and let

g(z) = f|cp(w)|%(z,w) dpe(w).
It’s clear that
(13) I(Fe)(2)]| <8(2)

for almost every z € X, and moreover, by Lemma 1.4 of [4], we have
lligll, < Clifll,. Also, it follows from (3) of Lemma 3.3 that g(w) = g(z) for
w € B,(z2), so for w €%, we have

1 1
8(w)' = Cg(2)" = Cz [ 8(2)" duy < Cz [ & duo,
J J

SO
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Thus, by (13), we obtain

l(Mp7)( o), < [1£178* disg

< X[ 111> du
i %

——Zl-‘vo(g)fg d:“’()f |f| dpy.

But by Lemma 3.3, we have w,(%,)” "=k (z) uniformly for z € %, so we
obtain

(M2 oll < CX [ % s 1Pk, dn
j % %
<cT(NHIEL [ 8* duy
J J

2
< CIT(HI [ & dug
e
= clT(H) gl < AT Il el
and the lemma is proved.

LEmMMA 3.7. Let G be a measurable function on X X X such that
|G(z,w)l <F(z,w) for almost every (z,w) € X X X. Then for any f € L?,
with 2 < p < o, the operator M;%; is in the trace ideal ,, and
M, 71, < C,Iflige.

Proof. For f e L* = L*(dp,), since M,.7; is the integral operator with
kernel G((z,w) = f(2)G(z,w), the Hilbert Schmidt criterion gives

M, 7513 = [[1£(2)F1G(z,w) [F dpg(w) dpo(2)
< [J11() 7 (2, w) dig(w) duse(2)
< C[If(2)I" dui(2) = ClIflIz2,

which proves the lemma when p = 2.
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To complete the proof, we use an interpolation argument. For 0 < 6 <1
we have [, Z], =%, with p =2/(1 — 6), where . is the space of all
bounded operators on L2 The proof of the inclusion [, .‘Z],, C, can be
found on pages 137-138 of [11], 2 while the reverse inclusion is an elementary
consequence of the canonical Schmidt representation of a compact operator
(see for example, [11], page 28). On the other hand, Lemma 3.5 asserts that
L? c[[? [”],. We showed in the preceding paragraph that M, 551, <
Clliflliz, and Lemma 13 gives [|M; %lle < ClIfllz=, so interpolation gives
IMffI IIfIILp for2 <p < o,

In view of the preceding lemma, Theorem 3.1 will be established as soon as
we prove:

LEMMA 3.8. Letabe asin Lemma 1.1. Iff € Y? with 2(1 — 1/a) <p < =,
thenf —fe L?, and |If — fllz» < Cliflly.

Proof. We have

lF=Ag. = [ ( Jlrow) —f(w)lzxz(vv))m dpy(2)

p/2

<207 [{ flsom) = f ) dua(2)
+ 2P-'j(/|f(z) —f(w)lzxz(w))p/ dp(z).

The first integral on the right is clearly dominated by ||fll5», and, by Lemma
2.10 with b = 0, the second integral on the right is also dominated by || fll7,,
so the proof is complete.

4. Hankel operators

We now turn our attention to Hankel operators on domains in C” in the
sense of [5]. Let D be a bounded domain in C". The Bergman space on D is
the subspace of L?*(D) consisting of all holomorphic L? functions on D. It
follows immediately from subharmonicity of |f|* that A%(D) is a closed
subspace of L*(D), and that for any z € D, the point evaluation f— f(z) is
a continuous linear functional on A*(D). By the Riesz Lemma, for each

>The theorem in [11] is stated with the space %%, of all compact operators as the right end
point, but the proof works without change for the space .# of all bounded operators.
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z € D there is a unique K, € A*(D) such that
(14) f(2) = (S Ko = [ FOn)R(w) dw

for every f € A*(D). The function K(z,w) = K, (z) is the Bergman kernel
function for D. Letting P : L*(D) — A*(D) denote the orthogonal projection,
it follows that

(1) PA(2) = (PLKD = <KD = [ f(w)K(z,w) dw

for any z € D and any f € L*(D).
When f is a function on D, the Hankel operator with symbol f is the
operator H, defined formally by

Hy= (I - P)M.P = [M,, P|P

where, as in previous sections, Mg = fg. Our purpose in this section is, for
suitable domains D, to characterize those symbols which give rise to Hankel
operators in the trace ideal .%, for 2 < p < c. When D is the unit ball, or a
more general bounded symmetric domain, this characterization has been
given by K. Zhu [21] and D. Zheng [20].

From (14) we have

IK. I3 = (K,,K.,) = K(z,2),
so the function

‘ K(z, z)l/2

is a unit vector in A%(D) for each z € D, i.e.,

JALECOIRCES

for every z € D.

We now restrict our attention to domains for which K, is bounded for
each fixed z € D. This class of domains includes any domain for which the
d-Neuman problem is globally regular, and in particular includes all finite
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type domains. For f € L'(D), the Berezin transform of f is the function

f(2) = [f) ke (w) " dw.
Alternatively, by (15),

f(z) = K(z,z) 'P(K.f)(2),

so in particular, when f is holomorphic, we have f = f.

We now further specialize to smoothly bounded domains D which are
either strictly pseudoconvex in C" or of finite type in C?, and we equip the
dD with the homogeneous structure defined by the Euclidean surface mea-
sure o and the balls determined by the Koranyi-Stein pseudo-metric in the
strictly pseudoconvex case, or by any of the metrics constructed in [3] in the
finite type case. In order to apply our general trace ideal criterion, we
identify a relative neighborhood of ¢D in D with a neighborhood of
oD X {0} in 9D = oD X (0, ). More precisely, let p denote any fixed defin-
ing function for D, and for §, > 0 sufficiently small, let = denote the normal
projection of S; on JD, where

Ss={—-86<p<0}.
Then for §, sufficiently small, the map ®:S§, — 9D defined by
(z) = (7(2), —p(2))
is a diffeomorphism onto 9D X (0, 8,). Also, letting .7 denote the kernel of

the homogeneous structure in the sense of Section 1, it follows from the
kernel estimates of [9], [6], [16] that, again for sufficiently small §,, we have

K(z,{) =2(®(2),2({))

for z € S5 and |z — {| < 8. _

For any function f on D, define a function ®, f on dD by @, f=fod!
on dD X (0, 8,) and ®,f =0 on dD X [§,,®). From the comparability of
the Bergman kernel with the homogeneous structure, one easily deduces:

LEMMA 4.1. Let D be a smooth bounded domain which is either strictly
pseudoconvex, or of finite type in C?, and let dD be equipped with the
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homogeneous structure described above. Let f € L*(D). Then for 2 < p < %, we
have

p/2

195 < Wl + [ ([ 1500 = F 100 P av] K22 e

We will let Y?(D)) denote the space of all functions in L?(D) such that
the right hand side of the above inequality is finite, and we shall denote the
pth root of the right hand side by | f|ly»(p).

Now let L(z, {) be a measurable function on D X D such that |L(z, {)| <
C|K(z, lforz, { € D with |z — | < §, and | L(z, )| < C for |z — {| = §,,
let .#; denote the integral operator

Sf(z) = [ F(O)L(2,8) di.

Our immediate goal is to establish a sufficient condition on f € L?>(D) for
the commutator [M;, 7] to be in the trace ideal .7, =5”p(L2(D)) with
p = 2. Write
L=L +1L,
where
Ly=x(2)x(&)L(z,¢)
with x denoting the characteristic function of S; , so that

(M5 ] = [Mp, 2] + [Mp, 7]

Since L, is bounded on D X D, it is immediate from the Hilbert-Schmidt
criterion that the second term on the right is in %, and hence in ., for
p = 2, so it suffices to consider the operator [Mf,le]. Using the orthogonal
decomposition

L*(D) =L*(S,,) ® L (D\S,,),

it suffices to view [M,, 7 ] as an operator on L>*(S, ). Moreover, the map
g go® ! is an isometry of LZ(SBO) onto L*(9D X 20, 8,), dV'), where

dv(¢,t) = w(x,t)dtdo (),
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with 1/w the Jacobian of the map ®. Thus, [M,, # ] €%, if and only if
[Mfl,q)fu,f,‘I O(q,xq))-l] €S, Appealing to Theorem 1.5, we obtain:
THEOREM 4.2. Let D be a smooth bounded domain in C" which is either
strictly pseudoconvex or of finite type with n = 2. Let L be a measurable function
on D X D such that |L(z, {)| < |K(z, {)I, where K(z, {) is the Bergman kernel
function for D. Then for any f € YP(D) with 2 < p < «, the commutator

[M;, 7 1is in the trace ideal #(L*(D)), and [M;, % 1, < Cll fllyr(p), where C
is a constant depending on D and p.

COROLLARY 4.3.  Let D be a smooth bounded domain in C" which is either
strictly pseudoconuvex or of finite type with n = 2. For 2 < p < o, the Hankel
operator H; is in #(L*(D)) whenever f € Y?(D), and |H;|, < Clflly».

We now turn to the converse of Theorem 4.2. The basic tool is the
following identity of Burbea [7].

LEMMA 4.4. Let D be a bounded domain in C", and let K be its Bergman
kernel. Suppose that for each fixed { € D, the function 1/K(-, {) is holomor-
phic and bounded in D, and let b,({) = K({, z)/K(z, {). Then for any z € D,

(Hp(k,), bHR)) = Hy (k)L +] Hi (k) [ — 105 + |2 [
Proof. We have
(16) (Hy(k,), b,H;(k,)) = Hy(k,)H;(k,), b))
and the first factor on the right can be written

(17)
Hf(kz)Hf(kz) = (I _P)(sz)(I _P)(sz)

= |f|2kz2 _szP(sz) _szP(sz) +P(sz)P(sz)

We will calculate the inner ]Z)roduct of each term on the right with b,. For the
first term, since k2b, = |k,|°, we immediately obtain

(18) (1f1°k2,b) = lifk,I5.
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For the second term on the right of (17), we have
(19)

(fk.P(fk.).b) = (P(fk.). fk.b.) = {P(
and similarly
(20) (fk.P(fK.).b) =] P(fK.) -

For the last term on the right of (17), the reproducing property of the
Bergman kernel gives

(P(fk,)P(fk,),b) =(P(fk.)P(fk,)K;', K.)
— P(fk,)(2)P(fk.)(2)K(z,2)”"
= P(fK,)(2)P(fK.)(2)K(z,2) "

But direct calculation gives P(fK, Xz) = K(z, z)f(2), so we obtain

- ~ = ~ 2
(21) (P(fr,)P(fk.), b) = f(2)f(2) =|f(2)["
The identities (17)—(21) give
(Hy (k). bHy (k) ) = k.13 = | P(FR); =1 PO +1 A2
Finally noting that, by the Pythagorean Theorem, IIH(PthI% = II¢¢|I§ —
lP(y)ll3 completes the proof.

We next give an alternative description of Y?(D).

LEMMA 4.5. For any f € L*(D) and 0 < p < % we have

p/

o P2 1/p
1 llyrepy = I1£1l> + ( Sl =17 ) " K(z,2) dz) :

with the usual limiting interpretation when p = .

Proof. The inner integral in the definition of the Y?(D) norm is
J17(8) = f() [k 0) de
= 1A Pl dz = 2/(2) [F( Ok 0)F az +] () [
= I ? -2,

and the result follows.
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LEMMA 4.6. Let T be a positive, compact operator on L*(D) with range
contained in A*(D). Then

T = [(TK,, K,y dz = [(Tk,, k)K(z,2)dz,

and, forany 1 <p < oo,
J{Th, .k )PK (2, 2) dz < [(TPk,, k) = tr T,

Proof.  Write
T=32{",¢D0,
where {¢;} is an orthonormal basis for A*(D). Then
K. = Y o(2)g,
and
TK, = Z/\jm%’,

so by Parseval’s Identity.

f<TKz’Kz> = E"Pj(z)lej'

Integrating both sides and appealing to the Monotone Convergence Theorem
to exchange the sum and the integral gives the first assertion.
For the second assertion, Jensen’s Inequality gives

(T, k)" = (ZA, 'Ifz(z )J) )

e[
<LV K(z,z)
=(T?k,, k,),

and integrating both sides completes the proof.
Lemma 4.4 now gives:

THEOREM 4.7. Let D be a bounded domain in C" with Bergman kernel K,
and suppose that for each fixed ¢{ € D, the function 1/K(-, {) is holomorphic
and bounded in D. Let f € L*(D).
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() If 2 <p <>, and if H; ad Hj are both in #,, then f € Y?(D), and
1f 5roy < 3(1H L, + 1HG13).
(@) If 0 <p <2 andif f € YI(D), then H; and H; are both in ,, and
Proof. From Lemma 4.4 and the Schwarz Inequality,
Ik IE — 1 A(2) [ < 2(1H &, JB + 1 Hk, I3
fz2 f(Z) 52( frzliz fz2)7

from which the case p = « is immediate. For 2 < p < », Lemma 4.5 and
Minkowski’s Inequality give

2/p

3 /2
(22) “f”%/P(D) < —f(f(llesz% + IIkaz”%)p K(z,2) dz)
3 ) 2/p ) 2p
<3 (fllekz||2K(Z,Z) dz) + (f||kaZ||2K(z,z) dz)
But by Lemma 4.6,

JUH KNSR (2, 2) dz + [<HfHpk,, k.)"*K(z, z) dz
< w(HpHy)" = |Hyl},
and similarly

fllekzllé’K(z, z) dz < |H;l},

so (1) follows from (22).
For (2), we again use Lemma 4.4 and the Schwarz Inequality to obtain

Il ~| £ = 21 AIE + IHkIB).
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Thus for 0 < p < 2, by Lemma 4.6,
1
1§ = 5 [(IHpNE + I H;KIB)K (2, 2) dz

= 5 [ (CHF ke k0P + CHE G YK (2, 2) do

\%

5 J({CHFH)Y ko k) + ((HPH) ke kL)) K (2, 2) do
= %(IHfI;,’ + |Hyl,)

and the proof is complete.

Combining this result with Theorem 3.1 gives the following corollary,
which extends work of K. H. Zhu [21] in the unit Ball and D. Zheng [20] in
the case of bounded symmetric domains.

COROLLARY 4.8. Let D be either a finite type domain in C" or a strictly
pseudoconvex domain in C" such that the Bergman kernel of D is non-vanishing
onD X D, and let 2 <p <. Then f € YP(D) if and only if H; and H; both
in #,, and moreover Il fllyepy = IHflp + IHf-Ip.

We note in passing that with some additional work, one can drop the
condition that K is non-vanishing in the strictly pseudoconvex case. The
argument is a refinement of the one given above and relies on the asymptotic
expansion for the Bergman kernel. We do not know whether the non-vanish-

ing of the Bergman kernel is essential in the finite type case.
We conclude by noting that, in view of the identity

[M;, P] = H, — (H;)',

Theorem 4.7 can also be formulated in terms of the commutator operator
[Mf’ P].

COROLLARY 4.9. Let D and f be as in Theorem 4.7.
() If 2 <p <, and if [M;, Plis in %, then f € Y?(D), and

1oy < 3|[ My, P] [
() If 0 <p <2 and if f € Y?(D), then [M;, P1 €.%,, and

\[M;, P]|, < 21 llys.



754

1
(2]
[3]
[4]
[51
[6]

7
(8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]

FRANK BEATROUS AND SONG-YING LI

REFERENCES

E. AMAR and A. BoNAMi, Measures de Carleson d’ordre a et solutions au bord de ’equation
3, Bull. Soc. Math. France 107 (1979), 23-48.

J. ARAZY, S. FIsHER and J. PEETRE, Hankel operators on weighted Bergman spaces, Amer. J.
Math. 111 (1988), 989-1054.

F. BEATROUS, Boundary behavior of holomorphic functions near weakly pseudoconvex bound-
ary points, Indiana U. Math. J. 40 (1991), 915-966.

F. BEATROUS and SONG-YING Li, On the boundedness and compactness of operators of
Hankel type, J. Funct. Anal. 111 (1993), 350-379.

D. BEKOLLE, C. A. BERGER, L. A. CoBURN and K. H. ZHu, BMO in the Bergman metric on
bounded symmetric domains, J. Funct. Anal. 93 (1990), 310-350.

M. BOUTET DE MONVEL and J. SIOSTRAND, Sur la singularité des noyaux de Bergman et de
Szegd, Astérisque 34-35 (1976), 123-164.

J. BURBEA, Hankel operators on domains in C", unpublished notes.

M. FELDMAN and R. ROCHBERG, “Singular value estimates for commutators and Hankel
operators on the unit ball and Heisenberg group” in Analysis and partial differential
equations, Lecture Notes in Pure and Applied Math., vol. 122, Decker, New York, 1990,
pp. 121-160.

CH. FEFFERMAN, The Bergman kernel and biholomorphic mappings of pseudoconvex domains,
Invent. Math. 26 (1974), 1-65.

S. GapBols and W. SLEDD, Carleson measures on spaces of homogeneous type, Trans.
Amer. Math. Soc., 341 (1994), 841-862.

I. C. GouBERG and M. B. KREIN, Introduction to the theory of linear nonselfadjoint
operators, American Mathematical Society, Providence, 1969.

S. JANSON, Hankel operators between weighted Bergman spaces, Ark. Math. 26 (1988),
205-219.

S. G. KrANTZ, Function theory of several complex variables, second ed., Wadsworth and
Brooks /Cole, Pacific Grove, California.

H. L1, Schatten class Hankel operators on the Bergman spaces of strongly pseudoconvex
domains, Proc. Amer. Math. Soc., 119 (1993), 1211-1221.

D. LUECKING, Characterizations of certain classes of Hankel Operators on the Bergman Spaces
of the Unit Disk, J. Funct. Anal. 110 (1992).

A. NAGEL, J. P. RosAy, E. M. STEIN and S. WAINGER, Estimates for the Bergman and Szego
kernels in C?, Ann. of Math. 129 (1989), 113-149.

F. Ruiz and J. TORREA, Vector-valued Calderon-Zygmund theory and Carleson measures on
spaces of homogeneous type, Studia Math. 88 (1988), 221-243.

B. Russo, On the Hausdorf-Young theorem for integral operators, Pacific J. Math. 68 (1977),
241-253.

R. WALLSTEN, Hankel operators between Bergman spaces in the ball, Ark. Math. 28 (1990),
183-192.

D. ZHENG, Schatten class Hankel operators on Bergman spaces, Integral equations and
operator theory 13 (1990), 442-459.

KEHE ZHU, Schatten class Hankel operators on the Bergman space of the unit ball, preprint.

UNIVERSITY OF PITTSBURGH

PITTSBURGH, PENNSYLVANIA

WASHINGTON UNIVERSITY

ST. Louis, MISSOURI



