Endpoint compactness of singular integrals
and perturbations of the Cauchy integral

Karl-Mikael Perfekt, Sandra Pott, and Paco Villarroya

Abstract We prove sufficient and necessary conditions for the compactness of
Calderén—Zygmund operators on the endpoint from L (R) into CMO(R). We use this
result to prove the compactness on LP(R) with 1 < p < oo of a certain perturbation of
the Cauchy integral on curves with normal derivatives satisfying a CMO-condition.

1. Introduction

In [13], we started a general theory to characterize the compactness of singular
integral operators. More precisely, we showed that a Calderon-Zygmund opera-
tor T is compact on LP(R) with 1 < p < oo if and only three conditions hold: the
operator kernel satisfies the definition of a compact Calderén-Zygmund kernel,
a strengthening of the smoothness condition of a standard Calderén-Zygmund
kernel; T satisfies a new property of weak compactness, analogous to the clas-
sical weak boundedness; and the functions T'(1) and T7%(1) belong to the space
CMO(R), the appropriate substitute of BMO(R).

Now, the purpose of the current article is to continue this study in two
different but related ways. First, we extend the results appearing in [13] to one
of the endpoint cases, namely, from L*°(R) into CMO(R) (see Theorem 2.18).
For this purpose, we follow a new approach, based on the study of boundedness of
a modified martingale transform, Proposition 3.6, which substitutes the classical
square function and, to the authors’ knowledge, has not been studied before.
Second, we use the latter result to provide an application of the general theory
by showing how the methods devised in [13] allow one to prove the compactness
on LP(R) of a certain perturbation of the Cauchy integral operator defined over
Lipschitz curves with CMO-smooth normal derivatives (see Proposition 4.2).

The article is structured as follows. In Section 2, we give the necessary def-
initions, state the main results of [13] that will be needed, and also state our
main result in this article (see Theorem 2.19). In Section 3 we characterize the
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compactness of Calderén—Zygmund operators for the endpoint case L> — CMO.
Finally, in Section 4 we provide an application of the theory by proving the com-
pactness of the previously described perturbation of the Cauchy integral.

2. Definitions and statement of the main result

2.1. Definitions and notation

DEFINITION 2.1

We say that three bounded functions L, S, D : [0,00) — [0,00) constitute a set of
admissible functions if the following limits hold:

(1) ZILH;O L(z)= ig% S(x) = ml;rrgo D(z)=0.

REMARK 2.2

Since any fixed dilation of an admissible function Ly(z) = L(A~'x) is again
admissible, we will often omit all universal constants appearing in the argument
of these functions.

DEFINITION 2.3
Let A be the diagonal of R%. Let L, S, D be admissible functions.

A function K : (R?\ A) — C is called a compact Calderén—Zygmund kernel
if it is bounded on compact sets of R? \ A and, for some 0 < § <1 and C > 0, we
have

oyl _ 1]\0
K(t2) — K(#a)| < oW =)

< It —z[1+0 L(‘t_x‘)s(“_$|)D(|t+$|)’

whenever 2(|t —t/| + |z — 2'|) < |t — z|.

As shown in [13], it can be assumed without loss of generality that in Defini-
tion 2.3 the functions L and D are monotone nonincreasing while the function
S is monotone nondecreasing.

We also remark that there is an equivalent definition of compact Calderén—
Zygmund kernels which is more convenient to use in applications of the theory
(see Section 4). In [13], we show that Definition 2.3 is equivalent to the existence
of a bounded function B :R? — [0,00) such that

lim B(t,x)= lim B(t,x)= lim B(t,x)=0
t—xz|—0

[t—x|—o00 | [t+x|— 00
and, for some 0 <§ <1 and C >0,

(It =t +]z—2')°
|t — 21+

|K(t,z) - K(',2")| <C B(t,z),
whenever 2(|t —t'| + |z — 2'|) < |t — z|.

DEFINITION 2.4
For every N € N, N > 1, we define Sy (R) to be the set of all functions f € C™V (R)
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such that
£ llmm = sup |2 £ (2)| < 00
z€R

for all m,n € N with m,n < N. Clearly, Sy(R) equipped with the family of
seminorms || - ||, is a Fréchet space. Then, we can also define its dual space
Sy (R) equipped with the dual topology, which turns out to be a subspace of the
space of tempered distributions.

DEFINITION 2.5
Let T: Sy (R) = Si(R) be a linear operator which is continuous with respect to
the topology of Sy (R) for a fixed N > 1.

We say that T is associated with a compact Calderéon-Zygmund kernel K if
the action of T'(f) as a distribution satisfies the following integral representation:

(T(f).g) = / / f(Hg(@)K (t,2) dt da,

for all functions f,g € Sy(R) with disjoint compact supports.

DEFINITION 2.6

For 0 < p<oo and N €N, we say that a function ¢ € Sy(R) is an LP(R)-
normalized bump function adapted to I with constant C' > 0 and order N if
it satisfies

|6 (2)] SCILH (1+ u _|IC|(D|)N, 0<n<N,

for every interval I C R, where we denote its center by ¢(I) and its length by |I|.

The order of the bump functions will always be denoted by N, even though
its value might change from line to line. We will often use the greek letters ¢,
o for general bump functions, while we reserve the use of i to denote bump
functions with mean zero. If not otherwise stated, we will usually assume that
bump functions are L?(R)-normalized.

In forthcoming sections, we will use the following property of bump functions,
whose proof can be found in [12].

LEMMA 2.7

Let I, J be intervals, and let ¢;, @y be bump functions L?-adapted to I and J,
respectively, with order N and constant C > 0. Then,

min(|7],]J]) \1/2  diam(T U J)\—N
<o(2mlilh 1l diamil /)
orenl < () Gasommn)
Moreover, if |J| <|I| and vy has mean zero, then
|J|)3/2(diam(IUJ))*(N*1)

’<¢17¢J>|§C(‘I‘ 7]
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NOTATION 2.8
We now introduce some notation which will be frequently used throughout the
article. We denote B =[—1/2,1/2] and By = AB =[-\/2,\/2].

Given two intervals I,J C R, we define (I, J) as the smallest interval con-
taining I U J, and we denote its measure by diam (I U J). Notice that

diam(I U J) ~ |I]/2 + |e(I) — c(J)| +]J]/2.
We also define the relative distance between I and J by
diam(I U J)
max(|1],|J])’

which is comparable to max(1,n), where n is the smallest number of times the
larger interval needs to be shifted a distance equal to its side length so that it
contains the smaller one. Note that

rdist(I,J) =

wdist(1,J) ~ 14 (<D = )]

max(|1],]J])"
Finally, we define the eccentricity of I and J to be
min(|/],]J])
ec(l,J)= ———~.
max(|7],[.J])

DEFINITION 2.9

A linear operator T : Sy (R) — Siy(R) with N > 1 satisfies the weak compactness
condition if there exist admissible functions L, S, D such that for every € > 0 there
exists M € N so that, for any interval I and every pair ¢, p; of L?-normalized
bump functions adapted to I with constant C' >0 and order N, we have

) [T(or). 1) SC(L(27M1)S(2M 1) D (M~ rdist(1,Bonr)) +€),

where the implicit constant only depends on the operator T

REMARK 2.10

We note that in the main results of the article, namely, Theorems 2.18 and 3.8,
when we say that T satisfies the weak compactness condition, we mean that there
is an integer N > 1 sufficiently large depending on the operator or its kernel so
that the operator can be defined as T : Sy (R) — Sy (R), it is continuous with
respect to the topology in Sy(R), and it satisfies Definition 2.9 for that value
of N.

In [13] we discuss other equivalent formulations of this definition.
From now on, we will denote

FK(I) = LK(|I|)SK(|I|)DK(I‘dISt(I,B))
and

Fyw (I; M) = Lw (2= M[1]) Sw (2Y |1]) Dw (M~ rdist(I, Byar ) ),
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where L, Sk, and Dg are the functions appearing in the definition of a compact
Calderén—Zygmund kernel, while Ly, Sy, Dw, and the constant M are as in
the definition of the weak compactness condition. Note that the value M = My .
depends not only on 7" but also on e.

We will also denote F(I; M) = Fx(I) + Fw (I; M),

Fic(li, . In) = (iLK(lm)) (ij Sic(I1:) ) (i D (rdist(I:,B)) ),
P (... Iy M) = (iLW(z—M|Ii|)) (Zj:SW (2M|Ii|))

x (ZDW (M’lrdist(li,]BEQM))),
i=1
and F(Il,,ln,M) :FK(Ilayln) +Fw(11,,ln,M>

2.2. Characterization of compactness: the lagom projection operator

To prove our results about compact singular integral operators, we will use the fol-
lowing characterization of compact operators in a Banach space with a Schauder
basis (see [5]).

THEOREM 2.11
Suppose that {e, }nen 18 a Schauder basis of a Banach space E. For each positive
integer k, let Py be the canonical projection

Py (Z anen) = Z p €y,
neN n<k
Then, a bounded linear operator T : E — E is compact if and only if P, o T
converges to T in operator norm.

DEFINITION 2.12

For every M € N, let Zy; be the family of intervals such that 2= < |I| < 2M
and rdist(I,Bym) < M. Let D be the family of dyadic intervals of the real line,
and let Dj; be the intersection of Zp; with D. We call the intervals in Zy; and
Dy lagom intervals and dyadic lagom intervals, respectively.

Note that I € Dy, implies that 27 (2M + |¢(I)]) < M and then |c(I)| <
(M —1)2M . Therefore, I C Byon with 27M <|1|.

On the other hand, I ¢ Dy, implies either |I| >2M or [I| <2™M or 27M <
|I| < 2M with |e(1)| > (M —1)2M.

Let E be one of the following Banach spaces: the Lebesgue space LP(R),
1 < p < oo, the Hardy space H'(R), or the space CMO(R), to be introduced
later as the closure in BMO(R) of continuous functions vanishing at infinity. In
each case, E is equipped with smooth wavelet bases which are also Schauder
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bases (see [6] and Lemma 2.16). Moreover, in all cases, we have at our disposal
smooth and compactly supported wavelet bases.

DEFINITION 2.13

Let E be one of the previously mentioned Banach spaces. Let (¢;)rep be
a wavelet basis of E. Then, for every M € N, we define the lagom projection
operator Py; by

Py (f) = Z (frn)¢r,

I€D

where (f,¢7) = [ f( r(z) dz.
We also define the orthogonal lagom projection operator as Pi;(f) = f —

P (f)-

REMARK 2.14
Without explicit mention, we will let the wavelet basis defining Py, vary from
proof to proof to suit our technical needs.

We also note the use of the same notation for the action of T'(f) as a distri-
bution and the inner product. We hope that this will not cause confusion.

It is easy to see that both Py, and Pj; are self-adjoint operators. We note the
difference with the usual projection operator P, for every interval ) C R, defined
by

IeD,ICQ

which we will also use in forthcoming sections.
Let S denote the square function operator associated with a wavelet basis

(wI)IEDa
1/2

IeD
Since we trivially have the pointwise estimates S(Pas(f))(x) < S(f)(x) and
S(Py(f)(z) < S(f)(x), by Littlewood—Paley theory, we deduce that the lagom
projection operator and its orthogonal projection are both continuous on LP(R)
for all 1 < p < co. Moreover, the estimate

1/2
123 (D)l asos = sup(|§2| > 1hen?) T < lsvow
Ie

Dm,ICQ
shows that Py is bounded on BMO(R) and, by duality, on H'(R) with
| PallBMo@®)—BMo®) < 1 and || Py || g1 (r)— a1 (r) < 1. For similar reasons, we
have || P3; [lsmo®)—smom) < 1 and || Pl g m)y—mrr) < 1.
We remark that in F the equality

(4) Par(f) =D (f;vn)r

1€DS,
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is to be interpreted in its Schauder basis sense,
i it - |,
A P (f) Z (fson)¢r . 0
I1€D, \Dur
Note that according to Theorem 2.11 an operator T': E — E is compact if and
only if

li PLoT| =
Mgnooll o1 =0,

where || - || is the operator norm.

2.3. The space CMO(R)
We now provide the definition and main properties of the space to which the
function T'(1) must belong if T' is compact.

DEFINITION 2.15
We define CMO(R) as the closure in BMO(R) of the space of continuous functions
vanishing at infinity.

We note that CMO(R) equipped with the norm || - ||pmo is a Banach space. The
next lemma gives two characterizations of CMO(R): the first in terms of the aver-
age deviation from the mean, and the second in terms of a wavelet decomposition.
See [11] for the first, and see [8] for the second characterization.

LEMMA 2.16
(i) feCMO(R) if and only if f € BMO(R) and
. 1 1
(5) A}gnmliuzr;m/l‘f(w)— m/If(y)dy‘dx:&
(ii)) f € CMO(R) if and only if f € BMO(R) and
. 1 o\ 1/2
(6) A}gnwglé%(@ > o) =0,

I¢Dy,ICQ

where the supremum is calculated over all intervals Q@ C R.

As a consequence of the previous lemma, (¢r);ep is a Schauder basis for
CMO(R). We will mainly be using the latter formulation.

REMARK 2.17
Considering the comment after Definition 2.12, we see that the preceding lemma

is also true if we, in line with [11], replace Zp; by 7}, consisting of those intervals
I such that 2= <|I| <2M and |c¢(I)| < M/2 and replace Dy, by D)y, = I}, ND.

We note that the remarks about (4) work well for the spaces LP(R), H*(R), and
also CMO(R), but not for BMO(R). The latter space is not separable, and so,
it does not contain an unconditional basis. However, the characterization of the
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norm in BMO(R) by a wavelet basis implies that for every f € BMO(R) we have
the equality

F=> (fn)r

I1eD

with convergence in the weak* topology o(BMO(R), H*(R)). This, in turn,
implies the equality

(7) P(f) =Y (fn)

1€DS,

with convergence in the same topology, which is interpreted as

m [(Pl(fg)— > (funng)|=0

M’'— o0
IGDNI/\DAI

for all g € H'(R). See [9] and [1] for proofs and more details.

2.4. Main results
We now give the statement of the main result in the article and also the results
from [13] which we will need.

THEOREM 2.18

Let T be a linear operator associated with a standard Calderon-Zygmund ker-
nel. Then, T extends to a compact operator from L®(R) into CMO(R) if and
only if T is associated with a compact Calderon—Zygmund kernel, T satisfies
the weak compactness condition, and T'(1),T*(1) € CMO(R). Moreover, with the
extra assumption T(1) =T*(1) =0, T is compact from BMO(R) into CMO(R).

The analogous result appearing in [13] is the following theorem.

THEOREM 2.19

Let T be a linear operator associated with a standard Calderén—Zygmund kernel.
Then, T extends to a compact operator on LP(R) for 1 < p < oo if and only if
T is associated with a compact Calderon—Zygmund kernel, T satisfies the weak
compactness condition, and T(1),T*(1) € CMO(R).

We now state the key ingredient in the proof of Theorem 2.19 and also Theo-
rem 2.18: the so-called bump lemma, which describes the action of the operator
over functions adapted to two different intervals.

Given two intervals I and J, we will denote K, = J and Kya = 1 if
|J| <|I|, while Kin =1 and Kpax = J otherwise.

PROPOSITION 2.20
Let K be a compact Calderon—Zygmund kernel with parameter §. Let N be suffi-
ciently large and depend on § and 0 <0 <1, and let 0 < 8’ < § depend on N. Let
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T :Sn — S}y be a linear operator associated with K satisfying the weak compact-
ness condition with parameter N and the special cancellation conditions T(1) =0
and T*(1) =0.

Then, there exists Css > 0 such that, for every € >0, all intervals I, J, and
all mean zero bump functions ¥y, ¥y, L?-adapted to I and J, respectively, with
order N and constant C' > 0, we have

(T (1), )| < CorCec(l, J)2 ¥ vdist(1, J) ") (F(Ih,..., Is; M) + ),

where 1 =1, I =J, Is=(1,J), I, = )\JN(max, Is = >\2f(max, Is = A2 Kmin, A1 =
| Ko | tdiam(7U J), Ao = (| Kin| ~tdiam(I U J))?, and Kyay is the translate of
Kax with the same center as Knpin -

3. Endpoint estimates

In this section, we extend the study of compactness for singular integral oper-
ators to the endpoint case. Namely, we characterize those Calderén—Zygmund
operators that extend compactly as maps from L*(R) to CMO(R).

3.1. Necessity of the hypotheses
The necessity of the hypotheses of Theorem 2.18 is a direct consequence of the
following result.

PROPOSITION 3.1

Let T be a linear operator associated with a standard Calderén—Zygmund kernel.
If T is compact from L*(R) into CMO(R), then T is compact on LP(R) for
1<p<oo.

Proof

Since T is bounded from L (R) into CMO(R) and it is associated with a standard
Calderén—Zygmund kernel, by [7, p. 49], T' is bounded on L?(R) for all 1 < p < oo.
Therefore, by interpolation, 7" is compact on LP(R). O

Since, in particular, T is compact on L?(R), by the results in [13] we have that
the hypotheses of Theorem 2.18 are satisfied, that is, T is associated with a
compact Calderén—Zygmund kernel, T satisfies the weak compactness condition,
and T'(1),7*(1) € CMO(R).

3.2. Wavelet basis

We devote the first part of this section to describing the way to choose a wavelet
basis of LP(R) and H!(R) and how we use this basis to decompose the opera-
tors under study. To do this, we will use the results contained in the books [3]
and [6].
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For every function ¢ and every dyadic interval I =277 [k,k + 1], j,k € Z, we
denote

Yr(x) =Ty Diy(x) = 29/2p(2x — k),
where I(I) = min{z: 2 € I'}.

THEOREM 3.2
Let ¢ € L*(R) with ||| L2r) = 1. Then, {¢r}1ep is an orthonormal wavelet basis
of L3(R) if and only if

S He+bfP =1 Y d(2(E+k)dE+k) =0

kEZ kez
for all € €R and all j > 1.

DEFINITION 3.3

For any function f:R — C, we say that a bounded function W :[0,00) — RT
is a radial decreasing L'-majorant of f if |f(z)| < W(|z|) and W satisfies the
following three conditions: W € L!([0,00)), W is decreasing, and W (0) < oo

THEOREM 3.4

Let 1 € L3(R) be differentiable and such that {1r}rep is an orthonormal basis
of L*(R). We further assume that v and its derivative 1" have a common radial
decreasing L'-majorant W satisfying

/ W (z) dz < oo.
0

Then, the system (1)rep is an unconditional basis for LP(R) with 1 < p < oo
and for H'(R).

Now, for our particular purposes, we will take 1 satisfying the hypotheses of pre-
vious theorems with the additional conditions that ¢ € CV(R) and it is adapted
o [-1/2,1/2] with constant C' > 0 and order N. Then, we remark that, for every
interval I € D, every wavelet function v; is a bump function adapted to I with
the same constant C' > 0 and the same order N. Several examples of construc-
tions of systems of wavelets with any required order of differentiability can also
be found in [6].

In the described setting, the continuity of T" with respect to the topology of
Sy (R) allows us to write

(T(f).gy =D (£ 1) {g. )T (1), ¢s)

1,J€D

for every f,g € S(R), where the sums run over the whole family of dyadic intervals
in R and convergence is understood in the topology of Sy (R). Furthermore, since

(P (T(£)).9) =(T(f). Prugy=>_ > (£} g, s (T(wr),0s),

1€DJeDy
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we have that

(8) (P (T(f)).9) = Z Z (£, 009, 0T (Wr),90),

IeD JeDs,

where the summation is performed as in (4).

3.3. Boundedness of a martingale transform

We now study a new martingale transform. Its definition and the proof of its
boundedness on LP(R) for 1 < p < oo appear in the preprint [10]. We include
here the endpoint result.

DEFINITION 3.5

Let (¢1)rep be a wavelet basis of L?(R). Given k € Z and n € N, n > 1, let T,
be the operator defined by

Tem(F)@)=>_ > (fvn)vi(x),

IeD JEI n

where, for each fixed dyadic interval I, I}, is the family of all dyadic intervals
J such that |I| = 2*|J| and n <rdist(I,J) <n+ 1.

We remind the reader that for every dyadic interval I and each n € N there are
gmax(e,0)+1 dyadic intervals J such that |I| = 2¢|J| and n < rdist(I,J) < n + 1.
This implies that the cardinality of I, , is comparable to gmax(e,0)

In the proposition below, we prove the boundedness of this modified martin-
gale operator.

PROPOSITION 3.6
Let k€ Z and n € N, n>1. Then, T, is bounded on BMO(R). Moreover,

L} 1
| Ten fllBMO@®) S 277 (log(n + 1) + max(—k,0) + 1) * || fllsmo(r)

with implicit constant independent of f, k, and n.

REMARK 3.7
By duality and the fact that T,::n =T_j n, we have that T}, ,, is also bounded on
HY(R) with
k| 1
[T Iy S22 (log(n + 1) +max(k,0) + 1) * || fl| 1 () -
Proof of Proposition 3.0
Since for any given f € S(R)

ITi S lsiors = sup (1017 X2 3 ()

ICQ J€elkn
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where the supremum is calculated over all intervals @ C R, we will show that

2
O 3| S (hvs)| $2% (togtn+ 1)+ max(—k,0) + 1) o Q)
ICQ Jelpn

To compute the double sum, we use an argument that distinguishes between
large and small scales (k>0 and k <0), with a slightly different argument in
each case.

We first assume k£ > 0. In this case, the cardinality of I} ,, is comparable to
2% and so, every interval I € D is associated with 2 different intervals J € I, k-
Therefore, by Cauchy’s inequality, the contribution of those intervals collected in
the sum in (9) can be bounded by

(10) ST ST R =2 3 Y [(henl

ICQ  Jelpn JENT€Qi JELe n

where Q7 ={I€D:T1CQ,2=UtV|Q| < |I| <277|Q|}.

Now, we separate again into two different cases: when J C 3@ and when
J Z3Q.

(1) In the first case, we start by showing that the intervals J in the inner
sum of (10) only appear at most five times. This will be clear once we prove
that given I € D and J € I}, there exist at most four different intervals I’ € D,
I'#1, such that J € I} ..

If J€l,NI,,, then |[I|=2*J]| = |I'|. Now, we denote I,, = (I + n|I|) U
(I —n|I|). Since k > 0, we have that J C I,, N I, # (). Then, if n > 1, this implies
rdist(I,I') = 2n, and so, I' = I + 2n|I| or I' =1 — 2n|I|. On the other hand, if
n =1, this implies rdist(I,I') € {1,2}, and so, I' =T+ |I|, I'=1—|I|, I'=1+
2|I|, or I’ =1 —2|I|. Therefore, the terms in the inner sum of (10) corresponding
to this case can be bounded by a constant times

2
28 3 1) S 2801 f Bmom QL
JCc3Q
which is compatible with the stated bound.
(2) In the second case, for those intervals I, J such that I C Q and J ¢ 3Q,
we have diam(I U J) > |Q|. Then, for every I € Q7 we get

diam(I U J) S QI Y

n—+1>rdist(Z,J) = 7] T

where we have used that |J| < |I].
We now show that, for every j, the union of the disjoint intervals J € I, ,
when varying I € @7 has measure at most 2|Q|. For fixed I, the union of the dis-

joint intervals J € I, ,, measures 2|I|. Moreover, the union of the disjoint intervals
I € @’ measures at most |Q|. Therefore,

U U =X X <2 Y in<2al

IeQi JEIy n IeQi JElk n Ieq@s
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In this way, the relevant contribution of this case to the sum in (10) can be
bounded by

log(n+1)

2" Z Z ’<f>"/)J>|2

j=0 IeQi,Jelk

log(n+1)

SHlvow > | U]

Jj=0 IeQi,Je€lkn

log(n+1)

<281 £ IBmoe) Z Q|

=0
=2 (1 +log(n + 1)) | fIEmom Q)

which is the desired bound when &k > 0.

For k <0 we reason as follows. The cardinality of I}, ,, is now essentially one,
and there are at most 27 intervals I € Q7. In addition, up to 2~% different intervals
I of fixed size in the sum (9) are associated with the same interval J and so have
the same coefficient (f,1 ;). Then, if we denote Qi’n ={J€l,:1€Qi} we
have that the terms in the sum (9) corresponding to this case can be bounded
by

(11) S 3T min(,278)|(fu0)],

JeNJeQ] ,,

where now the intervals J € Qf;,n appearing in the sum are pairwise different.
Moreover, since |I| = 2¥|.J| and 2= U+D|Q| < |I]| < 277|Q]| we get 27TF < |Q|/|J| <
9j+k+1
We separate the study into the same two cases as before: J C 3Q and J ¢ 3Q.
(1) When I C Q and J C 3Q we have

diam(I U J) < 3|Q| < gi+h+

/" '
Therefore, j >logn —k —4 > —k — 4, and so, the contribution of the intervals in
this case to the sum (11) can be bounded by

3 S Ylnen Y Y (e

n <rdist(I,J) =

—k—4<j<-k je@j ,,JC3Q —k<ijeq@i .. C3Q
L 2
52 F Z ’<f7¢]>’
Jc3Q

S 278 fllamom) Q-
(2) On the other hand, for those J such that J ¢ 3Q we have that

diam(I ,
n+1>rdist(I, J) = w > ||QT|| > 9itk,
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and so, j <log(n + 1) — k. Then, the contribution to sum (11) can be estimated
by

log(n+1)+|k| ) 2
ST min@,27%) ST (0]
j=0 JEQ?;,"
(12)
log(n+1)+|k| )
< Z min(2j,27k)Hf||2BMO(R)’ U J"
= JEQL .

We now calculate the measure of the union of those intervals J € Qi ne If
j > —k, then from the 27 different possible intervals I € @7, up to 2% of them
are associated with the same interval J. Then, the union of those intervals J has
measure QQTJ,C|J\ < |@|. On the other hand, when j < —k, there is only a single
interval J associated with all intervals I € @7, which measures |.J| < |Q|2~*+7).
Then, the union has measure at most max(2~%77,1)|Q|, and thus, we bound (12)
by
log(n+1)+|k|
0w >, 2 min(L,2~5 ) max(27,1)[Q)
j=0
log(n+1)+|k|
=1 f Mo Z 27%1Q|
j=0
=2""(log(n + 1) + k| + 1) |/ [Emow) | @!-

This finishes the proof. O

3.4. Sufficiency of the hypotheses: proof of endpoint compactness
In this section, we prove the compactness of singular integral operators T as
maps from L*(R) to CMO(R).

To prove this result, we follow the scheme of the original proof of the T'(1)
theorem. Namely, we first assume that the special cancellation property T(1) =
T*(1) = 0 holds, and then we tackle the general case with the use of paraproducts.
Actually, we prove that under the special cancellation conditions the operator T
extends compactly from BMO(R) into CMO(R).

3.4.1. The special case: T(1)=T*(1)=0
We start by proving the main result under the special cancellation conditions.

THEOREM 3.8

Let T be a linear operator associated with a compact Calderon—Zygmund kernel
satisfying the weak compactness condition and the special cancellation conditions
T(1) =0 and T*(1) =0. Then, T can be extended to a compact operator from
BMO(R) into CMO(R).
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Proof

Let (1) rep be a wavelet basis of L?(R) and H*(R) with L?-normalized elements.
Let Py; be the lagom projection operator defined by this basis. By the remarks
at the end of Section 2.3, we have that all functions in BMO(R) and H!(R) can
be approximated by functions in Sy (R) with convergence in the weak* topology
o(BMO(R), H'(R)) and in the H!(R)-norm, respectively.

Then, by Theorem 2.11 with E = CMO(R) equipped with the norm of
BMO(R), to show the compactness of T', we need to check that Pi;(7}) converges
to zero in the operator norm || - ||gmo(r)—BMO®) When M tends to infinity. For
this, it is enough to prove that (P;;(T(f)),g) tends to zero uniformly for all
f,9 € Sn(R) in the unit ball of BMO(R) and H'(R), respectively.

For f,g € Sn(R), we recall

(13) (P (T(£)).9) = Z Z (fsr) (g, 0)(TWr),01)-

IeD JeDs,

Since this inequality is understood as a limit, we can assume that the sums run
over finite but arbitrary in size families of dyadic intervals, and we will work to
obtain bounds that are independent of the cardinality of the families.

We start by proving that for every e > 0 there is My € N such that, for
any M > My, we have F(I1,...,Is;Mr.) Se for I; € D§,. This will follow as a
consequence of the inequality F'(I; My ) < e for every I € DS,. We note that the
implicit constants only depend on the admissible functions.

We first remind the reader that, by the definition of the weak compactness
condition, for € > 0 there is a constant My > 0 such that, for any interval I and
any ¢,y bump functions adapted to I with constant C' > 0 and order N, we
have

(T (¢r),01)| < C(Fw(I; M) +€).

We now show that there is M| € N depending on e such that, for any M > M|,
we have F'(I;; My ) = F(I1,...,Is; Mr,) < € when all I; € DS,.

By the limit properties of the admissible functions in Definition 2.1, we have
that, for fixed Mp . > 0, there is M € N, depending on ¢, My, with M) > Mp .,
such that for any M > M| we get

L")+ Sk 2™M) + D (M) <e
and
Ly (2M=Mr.e) - Gy (2= M=Mr.)y 4 Dy (M /M) < e.
Let I € D§;. The claim is proven by considering the following cases.
(1) If |I| > 2™ then since Lx and Ly are nonincreasing, we have
F(I;Mr,) S Lic (/1) + L (|7]/2Y7)

< Lg(2M) + Ly (2M~Mr.e) <,
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(2) If [I| < 2=M then since Sk and Sy are nondecreasing, we have
F(I;Mr,) < Sk (I]) + Sw(2M7<|1))

< Sk (27M) 4 Sy (2= M=Mro)y < ¢

(3) If2=M < |I] < 2M with rdist(I,Bom ) > M, then as we saw in the remark
after Definition 2.12, |e(I)| > (M — 1)2M. Therefore,
()]
ma([1], 277
_ 1\oM
_WM—127
max(2M  2Mr.c) =

rdist (7, B21\4T7€) >1+4+

We can apply similar reasoning to show that we also have rdist(7,B) > M. Then,
since Dyy is nonincreasing, we have

F(I;My,) S Di (rdist(I,B)) + Dy (Mg L rdist(I, By, )

S DK(M) + Dw(M/MT,e) 5 €.

Therefore, there is finally My € N depending on € such that, for any M > M,
we have

(1) F(IZ, MT,E) = F(Il, RN MT75) 5 € when all I; € DJC\47

(2) M—% 4 M32-M5 4 Yoesumr 2-e0el/2 < ¢,

Now, for every € > 0 and chosen My € N, we are going to prove that for all
M > My we have

[(Pss (T(f)),9)| Se.

with the implicit constant depending on § > 0 and the constant given by the
wavelet basis.

We first parameterize the terms in (13) according to eccentricity and relative
distance to obtain

(14) (Pe(T(),0)=>_3" > Y (£ g vn){T(r),2),

e€ZneNJeDS, I€]e n

where for fixed eccentricity e € Z, relative distance n € N, and every given inter-
val J

Jen ={1:|I|=2°J|,n<rdist(I,J) <n+1}.
By Proposition 2.20 we have
(T (), )| S 271G 0% (P (15 My, ) + ),

where Iy =1, Iy =J, Is = (I,.J), I = M\ Kmax, Is = Ao Kmax, and Is = Ao Kpnin,
with parameters Aj, Ao > 1 explicitly stated in the mentioned proposition. To
simplify notation, we will simply write F(I;). We also note that the implicit
constant might depend on § and the wavelet basis, but it is universal otherwise.
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Therefore,

[(Poar (T(S)):9)|

(15) SN oG- § ST (p |(f, o) [{g, ¢

e€cZ neN JeDS, I€Te n
Now, to estimate (15), we divide the study into six cases:

(1) I; ¢ Dy for all i =1,...,6;
(2) I €Dy

(3) (1UJ) €D

(4) I ¢ Dy but A Kpax € Zas;
(5) I ¢ Dy but AoKpmax € Tas;
(6) I¢DM but Ao Knin € Zy-

(1) In the first case we have F(I;) <, and thus, we can bound the contri-
bution of the corresponding terms to (14) by

(16) 6222—|e\(%+6)n—(1+5) Z Z [(fr o) [(g, )]
ecZ neN JEDS )\, I€Je.n

Since, as said, we consider that I and J run over finite families of intervals, we

can define f =3, [(f,¥1)|[¥r and §=3, [(g,%.1)|¥s, so that (f,¢r) = |(f,¢1)|

and similarly for g. Then, for any interval Q C R we have
N 2 2
[P ey = S 180 = [P e
IcQ
where Pq(f) =3 ;co(f,%1)r is the classical projection operator defined in (3).
Therefore, Hf||BMO(R) < |Ifllemo(r), and by a duality argument, we also have

19112 ) < llgll ey
With this, we get for the inner sums in (16)

Z Z [(f.vn)| (g, ¢0)]

JEDS I€Tem

<S03 Wenlliewen =Y D (Fen@ )

JeDIEJe n JeDI€ e n
= <§a Z Z <fa ¢I>¢J> = <§7Te,n(f)> < ”g”Hl(R) HTev”(f)HBMO(]R)
JeDIET,

lel S N
<22 (log(n+1) + el + 1) 2| fllemom |9l 2 =)
where the last inequality is due to Proposition 3.6. Note also that log(n + 1) <
2logn < 267 1nf.
In this way, (16) can be bounded by a constant times

ey N 2 el(3+0) = (149)9'5) (n® +e |+1)2||f||BMO(R 91l £ ()
e€Z neN

_ 1 _ _9
§€ZQ Ie‘5|€|2 Z” (1+4 2)||f||BMO(R)||g”H1(R)N€||fHBMO ”g”Hl(]R
e€cZ n>1
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In the remaining cases, we will not use the smallness of F'. Instead, we will
use the particular geometric disposition of the intervals I and J, which make
either their eccentricity or their relative distance very extreme. We recall that
the intervals I and J in the sum (15) satisfy |I| = 2¢|J| and n < rdist(1,J) < n+1.

(2) We deal first with the case when I € Dy, that is, when 2=M < || <
2M and rdist(I,Bym) < M. Notice that, since F is bounded, we can estimate
F(Iz) +e€ S 1.

Since J € DS,,, we separate the study into three cases: |J| > 22M  |J| <
272M "and 272M < | J| < 22M with rdist(J, Boan ) > 2M.

(2.1) In the case |J| > 22M  since 2¢|J| = |I| < 2™ we have 2¢ < 2M|J|7! <
2=M ‘that is, e < —M. Therefore, the calculations developed in case (1) allow us
to bound the corresponding terms in (15) by

30 S 2 G SN ] |(g,4)]

es<—Mmn2>1 JEDS\ IE€Te
1 lel 1
S Dol E 9 (00 e + 1) | fllmmow llg ) =)
e<—Mn>1
_le 1 _
<(X 2Pl Y a0 D) | Flemom gl
e<—M n>1

S 6Hf||BMO(R)HgHH1(R)

by the choice of M. This finishes this case.

(2.2) The case |J| <272M is symmetric and amounts to changing e < —M
to e > M in the previous case.

(2.3) In the case when 272M < |J| < 22M and rdist(J, Byzn ) > 2M, we have
that |J| = 2% with —2M <k <2M and |c(J)| > (2M —1)22M . Since I € Dy, we
also have

M > rdist(I,Bynr) = 27M diam (7 U By )
>2 MM 1|2+ Je(D)]) =27 M (2 + |e(D)]),
and then, |e(I)| < (M —1/2)2™. This implies
(1) = ()| > |e(I)] = |e(D)| = (2M — 1)2*M — (M —1/2)2™ > M2>M.
In this way, since max(|I|, |J]) < 22M
diam(1UJ) _ |e(I) = e(J)|
max(|1],|J]) — max(|1],].J])

Therefore, as in the previous case, we bound the relevant terms in (15) by a

, we get

n+1>1‘diSt(I, J): ZQ_ZMMQQM:M_

constant times

STOST 2 ElGEN 0 SN (F ) |[(g.0)]

ecZn>M—1 JEDS,  I€Je

(et 3 D) | fllavor ol ey

e€Z n>M-—1
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_s
M 2Hf||BMO(R)||gHH1(]R)
< el fllemom) gl z1 (w),

again by the choice of M.
(3) Now, we deal with the case when (I,J) € Dy, that is, when 27 <
(I, J)| <2M and rdist((I,J),Bom) < M. Both inequalities imply that 2= <
diam(I U J) <2M and |c((1,J))| < M2M.
Moreover, we have that c((I,J)) =1/2(c(I) + ¢(J) + a(|I| — |J])) with a €
[~1,1]. Then,
|e(1) +e(J)| < 2|e((1,.7)) | + [1T] = |]]]

(17)
<2M2M 4 [(1,J)] < (2M +1)2M.

(3.1) When |J| > 22M we have that |(I,J)| > |J| > 2% implies (I,.J) ¢ Dy,
and so, we do not need to consider this case.

(3.2) When 272M < |J| < 22M with rdist(J,By2m) > 2M, we have that
le(J)] > (2M — 1)22M > M22M | [f sign ¢(I) = —signc(J), we have

(I, J)| = diam(I U J) > |e(I) — e(J)|
= le(D)| + |e(J)] > |e(J)| > M2*M,
which contradicts (I, J) € Dys. Otherwise, if signc(I) = signe(J), we have
c(I) +c(J)| = |e(D)] + |e(J)] > M2*M,

which now contradicts (17). So, we do not need to consider this case either.
(3.3) The remaining case is when |J| <272M_ If ¢ > 0 then,

n+1>[I|" diam(I U J) =27¢|J| 7 [(1, J)| > 27c22M2~M =M ¢,
Meanwhile, if e <0, we have
n+1>rdist(I,J) = |J| " diam(I U J) > 22M2=M — oM,

Therefore, we bound the relevant part of (15) by a constant times

> > 2 lelG9 -0+ S S (8 )| (g,00)]

e>0n>max(2M—e—1,1) JEDS  I€Te n
DD DR R LD DI W (VA PRTH]
e<0n>2M _1 JEDS,, I€Je n
S( Z 2= leld ||z Z n—(1+%)+ZQ—IeI5|e‘%Zn—(1+%)
0<e<M—1 n>2M—c_1 M<e n>1
— 1 — s
+ 27 et ST D) | o gl e
e<0 n>2M-—1

S ( Z 2_66|e‘%2_(M_e)g + Z 27e|2 +2_M%)||f||BMO(]R)||g||H1(]R)
0<e<M-1 M<e
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_MS 3 Ces1 1 oS
N (2 MMz + Z 27%le|2 42 M2)||fHBMO(R)||g”H1(R)
M<e

< 6||f||BMo(R)||9||H1(R)

by the choice of M.

(6) We deal now with the case Ao Kpmin € Zas, that is, 277 < |\ K| < 2
and rdist( Ao Kmin, Bor ) < M.

(6.1) When |J| > 22 we have two cases. Whenever e > 0, then Ky, = J,
and so, [AoJ| > |J| > 22 which contradicts AaJ € Zps. On the other hand, when
e <0, we have Ky, = I and |I| < |A\2I| < 2M. Then, 2¢ = |I|/|J] <27, and so,
e < —M. Therefore, the arguments of case (2.1) show that the corresponding
part of (15) can be bounded by €| f|lsmom) |9l a1 (m)-

(6.2) When 272M < |J| < 22M with rdist(J, Byan ) > 2M, we have |e(J)| >
(2M — 1)22M | Now, we divide into the same two cases. When e > 0, we know
Kumin = J, and so, 27M < |\yJ| < 2M with rdist(AyJ, By ) < M. This leads to
the following contradiction:

M > rdist(XoJ, Bonr) > 27 Me(J)| > (2M — 1)2M.

On the other hand, when e <0, we have K, = I, and then |c(I)]| = |c(A2])| <

(M —1)2M . This implies |c¢(I) — ¢(J)| > M2?M and

() = ()]
/]

Then, the same arguments developed in case (2.3) provide the bound

n+1>rdist(I,J) > > M.

el fllemom)llgll a1 (w)-
(6.3) When |J| < 272 we proceed as follows. If € > 0, we have Ky, = J,
and so, [A2J| > 27M. This implies Ay > 27| J|7! > 2M and

M)e - (ﬂ)erdist(f, J)? < 290(n +1)°
|| /]
Meanwhile, if e <0, we have K, = I, and then |\oI| > 2", We also have
[I] < |J| <272M All this implies Ay > 27M|I|71 > 2M and
diam (7T U J))9
||

2]\/I<)\2:(

7
= (M) rdist(7,J)? <27 (n+1)°.

oM _
< Ao ( |I|

Then, since # < 1, we get n+1 > 2-lelo % > 2-1e12M " and so, previous arguments
show that the relevant part of (15) can be bounded by

—le =5 - é
(o ies 3 D) o ol

e€’Z n>2-lel2M _1
_ 1 S_MS
S (227 lel 225278 )| Fllnmioge gl ey
ecZ

_MS
S27M2 | fllsmom) |9l i ®y < el fllBvo) |9l 1 ®)-
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Finally, we note that similar types of calculations are enough to deal with
the two remaining cases (4) and (5). This completely finishes the proof of Theo-
rem 3.8. (]

3.5. The general case

For the proof of compactness in the general case, that is, without the special
cancellation conditions, we follow the same scheme as in the proof of the clas-
sical T'(1) theorem. When b, = T(1) and by = T*(1) are arbitrary functions
in CMO(R), we construct compact paraproducts 7T} associated with compact
Calderén-Zygmund kernels such that Tj, (1) = by, Ty (1) = 0. Then, the operator

T=T-T, - Ty,

satisfies the hypotheses of Theorem 3.8, and so, T is compact from BMO(R) to
CMO(R). Finally, since the operators T;, and T} are compact from L*(R) to
CMO(R) by construction, we deduce that the initial operator 7" is also compact
from L*(R) to CMO(R). We remark that, as we will later see in full detail, the
appropriate paraproducts are exactly the same ones as in the classical setting,
with the only difference being that the parameter functions b; belong to the space
CMO(R) instead of BMO(R).

As in Proposition 3.9, we use a wavelet basis (¢1)rep of L2(R) and H'(R)
such that each 9y is an L?-normalized bump function supported and adapted to
I with constant C' and order N. We now denote by ¢ a positive bump function
supported and adapted to [—1/2,1/2] with order N and integral 1. Then, we
have that 0 < ¢(z) < C(1+ |z|)™" and |¢'(z)| < C(1 + |z|)~N. Let (¢1)rep be
the family of bump functions defined by ¢; = T I)D‘lmﬁ. Therefore, each ¢f
is an L'-normalized bump function adapted to I, that is, it satisfies ¢;(x) <
UL 1+ 1Y — (D)) and |6} (2)] < CI11=2(1 + |1]~Ho — (D).

PROPOSITION 3.9
Given b€ CMO(R), we define the operator

Ty(f) = 3 (bbr) (f. 1),
IeD
where Y1 and ¢r are as described above. Then, Ty, and T) are associated with a
compact Calderén—Zygmund kernel, and they are both compact from L*(R) to
CMO(R). Furthermore, (Tp(1),g) = (b,g) and (Tp(f),1) =0 for all f,g € S(R).

Proof

In [13] we showed that T} and T, belong to the class of operators for which the

theory applies, that is, the integral representation of Definition 2.5 holds with

operator kernel satisfying Definition 2.3 of a compact Calderén—Zygmund kernel.
For the proof of compactness of T, it is sufficient to verify that (P;(T3)(f), 9)

tends to zero for all f € L*°(R) and g € S(R) uniformly in the unit ball of L>(R)

and H'(R), respectively. Since g € H'(R), we have Pi;(g) = ZIGD;'W (9,01)%r.



386 Perfekt, Pott, and Villarroya

We note that, by the classical T'(1)-theory, we already know that the operator
is bounded from L*°(R) to CMO(R), and so, the expression T3 (f) is completely
meaningful.

Moreover, since (17);ep can be chosen so that it is also a wavelet basis
on CMO(R) (see the comment in Lemma 2.16), we have Pj;(b) € BMO(R) and

PIf/} (b) = ZIED?W <b, 1/1]>w1. ‘With thiS,

<PZ\JZ(Tb(f))>g>:<Tb(f)7PI\J/_I(g)>:Z< ) (f, 1) (Paz(9):¢r)

= Z (b, Yr)(f, b1)(g, 1) = Z<Pzﬁ(b)7¢1><f, é1)(9,v1),
that is,
(18) (Par (To(1)) . 9) = (Tps, 1y (f) 9)-

Then, the boundedness of Tp. ) from L>(R) to BMO(R) implies

Since lims o0 || Pi; (b) lBMO(R) = 0, the inequality above finally proves that T;(f)
is compact from L>®(R) into CMO(R).

The proof that T," is compact from L>(R) to CMO(R) is slightly different
since Tp* does not satisfy the analogue to (18). Thus, we prove instead the dual
compactness for T,. By (18) and the boundedness of T, from H!(R) to L!(R),
we have

(R)

This proves that T}, is compact from H'(R) to L'(R), and so, by duality T}
is compact from L*°(R) to BMO(R). But this obviously implies that
limas— oo || Piz (T3)(f)lBMo(r) = O uniformly in the unit ball of H'(R), and thus,
the range of T} is actually in CMO(R). O

4. Compactness of a perturbation of the Cauchy transform

In this section we apply our main theorem to demonstrate the compactness of a
certain perturbation of the Cauchy transform for Lipschitz paths in the complex
plane satisfying a CMO-condition. The example illustrates with special clarity
the scope and methodology of the new theory, since the computations involved
are essentially variations of the well-known calculations pertaining to the study of
the Cauchy transform in the classical T'(1)-theory. We note that a T'(b)-theorem
for compactness in several dimensions is already under development, and it could
be of further use in the compactness theory of Cauchy-type operators. We start
by giving the following definition.

DEFINITION 4.1
We denote by L& (R) the closed subspace L>(R) N CMO(R) of L= (R).
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Let A:R — R be an absolutely continuous function such that A" € Lo (R),
and let I' C C be the curve given by the parameterization z(t) =t +iA(t), t € R.
Given points z(z), z(t) € I', we denote by 0. (4 2(¢); Tz(x),2(+) €I the points

L 3
Oz(x),2(t) = Z({E - Z(x - t))? Tz(x),2(t) = Z(LC — Z(iE — t))

lying in between z(x) and z(t) with respect to the parameterization of T
The application we present concerns a perturbation of the Cauchy transform
associated with I'. Namely, define Tt : LP(T") — LP(T") by

Tpf(z):2/ des(w), felP(l),zeT,

rz—w+2(0w— Tew)

where ds denotes the arc length measure on I'. Note that if z = z(z) and w = z(¢),
then

Re(z — w+2(02,0 — T2w)) =2Re(z — w)
and

Im(z —w+2(020 — T2w))
19
(19) :A(x)—A(t)—ZA(ac—%(ac—t))+2A(x—§(ﬂc—t>)-

In analogy to the Hilbert transform, we also introduce the operator Hr : LP(T") —
LP(T),

Hrf(z)= g %ds(w)7 felLP),zel.

One might surmise that there is a sufficient amount of cancellation in (19) to
cause I — Hr to be compact on LP(I"). We will apply the results of this article
to prove exactly this when ||A’|| is sufficiently small.

PROPOSITION 4.2

Suppose that A : R — R is absolutely continuous, and suppose that A" € L ;o (R).
Then, there exists an 1 >0 such that Tr — Hr is compact on LP(T'), 1 <p < oo,
whenever || Ao < 7.

Proof
Moving over to the real line, we formally have that

(20) (T~ Hef) (=0) = 30 (50) ' TulF - VITTAB) ),

n=1
where T,, : LP(R) — LP(R) is the operator associated to the kernel
(A(z) — A(t) = 24(z — 3 (xz —t)) + 2A(z — 2(z —1)))"
(x —t)ntt '

The expression for K;j is reminiscent of a double difference of A. Operators

K,(x,t)=

associated to such kernels have received attention by Coifman and Meyer [4].
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Note that K, is antisymmetric for each n. In what follows, we will prove that
each K, is a compact Calderén—Zygmund kernel and that T), satisfies the weak
compactness condition with appropriate bounds. Moreover, through an inductive
procedure, we shall compute T}, (1) and check its membership in CMO. In this
way, we will deduce that T}, is compact and obtain the existence of a constant
C > 0 such that || T, || Lr—rr < C™||A’||% . Then, by setting n =2/C', we will have
finally proven Proposition 4.2.
Note that we may write

T —t %(xft)

z fm_%(z—t) AI(Z) dz
Kol t) = — (J%44(Z)dz R () )’
n ) T — t
The inner expression can be interpreted as the difference of two averages of A’.
From the estimate

1 2
Ifz—fJISm/llf—ffldtﬁm/llf—ledt,

where J C I are two intervals such that |I| =2|J| and f; denotes the average of
f on I, we deduce
n n 1
(21) | K (2, 1)| S 2 ||A'||BMom-
Demonstrating the smoothness condition of Definition 2.3 is more involved.
Let x,t,#' € R with 0 < 2|t — /| < |z — t|. We denote Gy, (z,t) = (z — )" K, (z,t)
for notational convenience and note that
(x—t )"t — (xz —t)"HL ) Gn(z,t) — Gy (z,t)
(z — t)nHi(zg — ¢/)ntl (z — t)n+l :
Regarding the first term of this decomposition, there exists, by the mean value
theorem, a A between ¢ and ¢', and therefore satisfying |t — A\| < |t —t'|, such that
—t n+l _ _tn-i-l Gn ,t/ -\ t—¢
Gt ) (EZS ety (y Glot) (22 |
(x — t)ntl(z —t/)ntl (x—t)" (x—t)" (x —t)(x — ')
For M > 0, let

Ko(@,t) = Ko (@,') = Gula, )

Gz, t
Fan= swp [0
Loeezs, (@ —1)
20—t |<|z—t|

where I, ; is the interval with endpoints  and ¢, and Z,; is the set of intervals
I with center ¢(I) such that 2= < |I| <2™ and |c(I)| < . Clearly, F}, is
decreasing, and from the assumption that A’ € CMO in conjunction with the
estimate (21), it follows that ||F1 ,llco S 27| A || Bume and limps—oo Fi (M) =0.

This gives us control of the first term,

& — )L _ (g — gyl
\GM%”N(@t%nH@(yQH )

|t =t
|z — 1>

S(n+ 1)(%)HF1,L (max(|log2(\x — t|)

|z +1]))
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To deal with the second term we will consider the cases n=1 and n > 2
separately. Suppose first that n > 2. By applying the mean value theorem, there
exists a A with

‘A(t)+2A(x— i(m—t)) —2A<x— Z(m—t)) —)\‘
<|Gi(z,t) — Gi(x, 1)

and such that
Gr(x,t) — Gp(x,t) Gi(z,t) — Gi(x,t") (A(z) — DY L A

@—omt " t—t (x—Om1 (z—1)2

At this point the condition A’ € L* comes into play, since it is necessary for
estimating the first factor:

Gi(z,t) — Gy(z,t) ,
O S 1A e
On the other hand, introducing
A(x) — An—1
F (M) = sup ‘L ,
I, €15, r—t
2lt—t'|<|w—t]

we have that A’ € CMO again implies that [Finlle S 474 [|Bpo and
limps o0 Fo (M) = 0. Therefore,
‘ Gn(x7t) B Gn(x7t/)
(x —t)ntt
When n =1, the previous argument fails. Instead, we pick a §, 0 < < 1,
and write
’Gl(ac,t) —Gl(ac,t’)’ B ‘Gl(x,t) — Gz, ') [t =t jt—=t)°

|t =]
jz — 1>

‘ Snl|A || o Fo.n (max(’logg(bv — t\)

Jz+t)))

(x—1t)? t—t |z — |10 o —t|1+o"
Define
Gi(z,t) — Gi(z,t) [t = /|10
Frr(M) = sup ‘ 1, 1) /1(357 )| |175.
I €Ty, t—1 |l’*t|
20t—t'|<|z—t|

~

Suppose that limps_, oo Fo 1(M) = £ > 0. Then there exists a sequence (M},) with
M}, — oo and corresponding sequences (zx), (tx), and (¢, ) such that I, ., € Z5, ,
2|7f;1C — t;c‘ < \mk — tk|7 and

Gr(xn,te) = Gr(zp, ty) | [te — t,]'
t — 1) o — ti|10

It is clear that ||Fs1lleo S |4 ||eo- We prove now that limps_,oo Fo1(M) = 0.

(22)

> (/2.

There could not exist a constant C' > 0 such that

_ !
‘tk? tk' ZO
|2k — k|
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for all k, for then

‘Gl (Jﬁk,tk) - Gl (xkat;c) |tk - t;g‘lié
tk_t;c |£Ck —tk‘|176

< 12-9 ‘ Gl(l‘k,tk) — Gl(sc;wt%)
- C
by the fact that A’ € CMO. Hence, it must be that

‘—>0, k — o0,
T —tg

S Y

k— oo ‘xk - tkl
This also contradicts (22), however, since the first factor of the left-hand side
is bounded, seeing as A’ € L*°. By this contradiction we conclude that
hmMHoo FLQ(M) =0.

Appealing to these estimates and the antisymmetry of K,,, we may easily
construct a set of admissible functions L, S,, and D,, so that the conditions of
Definition 2.3 are fulfilled with § =1 for n > 2 and every § < 1 for n = 1. Hence,
K, is a compact Calderén—Zygmund kernel.

We turn now to the verification of the weak compactness condition. For every
compact interval I with center ¢(I), we introduce the kernel

Kl (z,t) = |I|K,, ({I|2 + (1), | 1|t + (1))

and note that

1
(23) |K,IL(x,t)| < mFgm (max(|log2(|f|\x - t|) |, ||I|(:r +1t)+ 2C(I)|)),
where
Gy (1)
Fy (M) = (1)
3(M) Iw,sttgél"w (x—t)n

As before it is clear that Fj ,, is a decreasing function with || F3 [l S 27| A’ [|Bymo

and limps o F3 (M) = 0. For ¢ € S(R), we write ¢;(z) = |1|~1/2¢(*571).
Given ¢, € S(R), we have by the antisymmetry of K, that

ATpr,b1) = / Kl ) (1(@)prlt) - or(0)pr(e) do

Kl (z,t)(¢(2)p(t) — o(t)p(x)) da dt.

R2
Since |Ki(z,t)] < 2"z —t|~! uniformly in I, there exists for each pair (p,4) a
constant C, 4, depending only on a finite number of Schwarz class seminorms,

with the following property: for every ¢ > 0 there is an M > 1, independent of ¢
and ¢, such that

J K1 (2,1) (6(2)(t) — 6(t)e(w) da |
{lz—t|>M}Yu{|e—t|< 57 Yu{|z+t|>M}

< 2”0@475.
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To see this, simply note that
d(@)p(t) — o(t)p(x) € S(R?)

r—t

is a Schwarz function of two variables. Furthermore, in view of (23) we have

" K1) (0(2)p(t) — (t)p(a)) dadi]
- <|z— M T M
(24) ar <lz—t|<MIn{|z+t|<M}
| rdist(7,D)
S Cn0;7¢F3,n (max(]og2 (M) y — 1Og2 (|I|M), T)) y
for some constants C,, and C’:o’ ¢ depending only on n and a finite number of
seminorms of ¢ and ¢, respectively. Note, in particular, that |z +¢| < M and
le(I)| > M|I| imply that
rdist(/,D) — 1
[[Il(z+1t)+2c(D)] > |e(D)] 2 %
Together with the trivial facts that |I||x —¢| > |I|/M and |I||x —t| < |I|M when
(z,t) lies in the domain of integration of (24) and that rdist(/,D1)/M < 2 when
le(I)| < M|I|, we obtain the desired estimate in (24) for an appropriate C,. We
conclude that T;, satisfies the weak compactness condition. For future reference
we also record the implied bound on the weak boundedness constant of T}, present
in the above considerations. Namely,

’<Tn30]a¢1>| 5 2n||A/H7]§MOO:D,¢

Finally, we shall show that T},(1) belongs to CMO by evaluating it inductively
in a principal value sense. The justifications for these computations are analogous
to those that appear in considerations of Cauchy-type operators in connection
with the classical T'(1)-theory (see, e.g., Christ [2]).

For x with |z| < r < R and € > 0, integrate by parts to obtain that

/It\<R Ky (z,t) di = % [M]:iz _ % [M]t:HE

t—z|>e (x—t)" (x —t)" =
(A0t 54 (2t 1) =24 (a =@ —n))ar

with the understanding that Gy = 1. Splitting the latter integral into three parts
according to its summands and making the linear changes of variables x — t =
4(z—z) and & — t = 3(x — w) in the last two terms we find that

/WR Ko (2,1) dt

[t—x|>e
e =[] G [ a0

|[t—z|>e
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2 Gpo1(z,x —4(x —2)) |,
— A
o /H@%)KR (z—2)" (2)dz
|z—x|>e/4
3\ n Grno1(z,2— 2z —w))
—2(- 3 A .
(4) /w%(wwﬂw (x —w)" (w) dw
lw—z|>3e/4

Since A’ € CMO it is clear that the first two terms tend to zero, uniformly for
|z| <r,as e =0 and R — oo.

Suppose now that n = 1. Seeing as r is arbitrary, we then find in the limit
that

Ti(1)=H(A") + %H(A’) - gH(A’)z

where H denotes the usual Hilbert transform. Note that the Hilbert transform
is bounded as a map H : CMO — CMO.

At this point we have verified the compactness of T7 on LP, 1 < p < 0o, and
as a map 11 : Lo — CMO. We now proceed with the inductive step to prove
the same for T}, n > 2. In this case, passing to the limit in (25) gives

ZE ) - 2(5)”@71(14’)7

(26) T(1) = Tt (A) + -

where Tn,l and fn,l are the operators associated to the kernels

~  Goa(z,x —4(x — 2))

K, 1(z,2)= @—2)r )
R = S

These kernels are very similar in character to K,,_1, and all computations per-
formed up to this point can be repeated with minor modifications for them.
In partlcular Kn 1 and Kn 1 are compact Calderén— Zygmund kernels, Tn 1
and T),_; satisfy the weak compactness condition, Ty(1) = Ty(1 ) =0, and for
n > 2, both T,,(1) and T,(1) are linear combinations of T,,_1(A’), T,_1(A’), and
Th,_1(A’) with coefficients exponential in 7.

Using these results and the fact that A’ € L N CMO, we obtain by induc-
tion that T, : L? — LP, 1 <p < o0, and T, : L&o — CMO are compact maps
for n > 1. Furthermore, by inspecting the constants in the above calculations and
appealing to classical T'(1)-theory (see [2]), we obtain bounds on the correspond-
ing operator norms; there exists a constant C' > 0 such that

ITallr—rr <CMIANS, 1Tl gguo—omo < CMIAZ.

We conclude that T — Hy : LP(I') — LP(T") is compact when || A’ || < 2/C, hence
finishing the proof of Proposition 4.2. O
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