Extremal transition and quantum
cohomology:
Examples of toric degeneration
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Abstract When a singular projective variety Xing admits a projective crepant reso-
lution X;es and a smoothing Xem, we say that X;es and Xsm are related by extremal
transition. In this article, we study a relationship between the quantum cohomology of
Xres and Xgm in some examples. For 3-dimensional conifold transition, a result of Li and
Ruan implies that the quantum cohomology of a smoothing Xy, is isomorphic to a cer-
tain subquotient of the quantum cohomology of aresolution Xyes with the quantum vari-
ables of exceptional curves specialized to one. We observe that similar phenomena hap-
pen for toric degenerations of F1(1, 2, 3), Gr(2,4), and Gr(2, 5) by explicit computations.

1. Introduction

Let Xging be a Gorenstein normal projective variety. Suppose that X, admits
a projective crepant resolution m: X;cs — Xsing and a smoothing X, which is
projective. The passage from X,es to Xy, is called the extremal transition (see
[14]). When X,g is a threefold having only ordinary double points as singu-
larities, this is known as conifold transition, which has been studied by many
people, for example, as a means of constructing new Calabi—Yau threefolds or
finding mirrors.

This article is an attempt to understand the change of quantum cohomology
under extremal transition and relate it with the following diagram:

(1) Xres % Xsing ; Xsma

where 7 is a resolution of singularities and r is a (continuous) retraction. Recall
that the (small) quantum product x of a smooth projective variety X defines
a commutative ring structure on QH*(X) = H*(X) ® C[q1,...,¢], where the
gi’s are the Novikov (quantum) variables associated to a basis of curve classes
on X, and 7 = dim H?(X). This defines the quantum connection (or Dubrovin
connection)
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with a parameter z € C*, on the trivial bundle over the g-space with fiber the
cohomology group H*(X). This is flat for all values of z. Here ¢1,...,¢, is a
basis of H?(X) dual to the variables q,...,q,.

In the case of threefold conifold transition, Li and Ruan [12] studied the
change of Gromov—Witten invariants and functoriality of quantum cohomology.
In terms of the quantum connection, their result can be restated as follows.

THEOREM 1.1 (SEE THEOREM 3.5 AND COROLLARY 3.6)
Let Xres = Xeing < Xem be a threefold conifold transition. Let En,...,E) be
exceptional curves of Xies.

(a) The quantum connection of Xyes is of the form

k dgP
o/
Ve = v +ZNi1_7qu,
=1
where V' is a connection which is reqular along Aexe = {q¥+ = qF2 = - = ¢+ =

1} and N; € End(H*(Xyes)) is a nilpotent endomorphism.
(b) The residue endomorphisms N; along ¢¥* =1 define the following filtra-
tion 0 CW CV C H*(Xyes):

k k k
(2) Vi=(Ker(NV;), W:=vVnV'=[)Ker(N;)Nn> Im(N;).
i=1 i=1 i=1

This filtration arises from the diagram (1) as V =Im7n* and W = 7*(Kerr*).

(¢) The connection V'|a.,.
(V/W) X Agxe = Aexe which is isomorphic to the small quantum connection of
Xem under the isomorphism r* o (7*)~1: V/W =2 H*(X¢p)-

induces a flat connection on the vector bundle

In particular, the small quantum cohomology QH*(Xsm) of Xsm is isomorphic
to the subquotient (V /W, k|q...=1) of the quantum cohomology of X,es along the
locus where all the exceptional quantum variables qexc = (€1, ..., q"*) equal one.

The idea that QH* (X ) could be described as a subquotient of Q H*(X,es) with
respect to a certain filtration given by monodromy arose out of a discussion of
the first author with Tom Coates and Alessio Corti around 2010. We also want
to draw attention to a recent paper of Lee, Lin, and Wang [11], where they
studied the behavior of (A 4+ B)-theory under conifold transition of Calabi-Yau
threefolds.

In this article, we study analogous phenomena for higher-dimensional
extremal transitions. As studied in [9] and [1], a partial flag variety admits a flat
degeneration to a singular Gorenstein toric variety Xging, which in turn admits
a toric crepant resolution X,es. We study extremal transitions of F1(1,2,3),
Gr(2,4), and Gr(2,5) by explicit computations. A toric degeneration of F1(1,2,3)
and its resolution is a special case of the threefold conifold transition, and we
confirm the above result. In the remaining two cases, we find analogous results
together with some new phenomena, as follows.
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e For Gr(2,4), the map r*: H*(Xging) = H*(Xem) is not surjective and
the subquotient (V/W,x|q...=1) of H*(X,e) is identified with a proper subring
Im7* & QH*(Gr(2,4)), where V, W are defined by the residue endomorphism
N as in (2). If we consider the weight filtration {W,} associated to N, then
we can extend the inclusion (V/W, |4, . =1) = QH*(Gr(2,4)) to an isomorphism
Wo/W_1 =2 QH*(Gr(2,4)). The isomorphism Wy/W_; = QH*(Gr(2,4)), how-
ever, involves an imaginary number.

e For Gr(2,5), the subquotient (V/W,%|q..=1) is isomorphic to
QH*(Gr(2,5)), where V, W are defined by the residue endomorphisms Ny, N3
as in (2). In this case, W C Im7* & V and the isomorphism V/W = H*(Gr(2,5))
coincides with r* o (7*)~1 only on the subspace Im7*/W. Also, the quotient
Wo/W_1 associated to the weight filtration {We} of aNa + bN3 (a #0, b #0)
has dimension bigger than dim H*(Gr(2,5)).

See Theorems 4.1, 5.2, 5.4, 6.1, and 6.3 for more details. Note also that F1(1,2,3)
and Gr(2,4) are hypersurfaces in toric varieties, whereas Gr(2,5) is not.

This article is structured as follows. In Section 2, we introduce notation on
Gromov—Witten invariants and quantum cohomology. In Section 3, we study
conifold transition in dimension 3 using a result of Li and Ruan [12]. In Sec-
tions 4-6, we study extremal transitions of F1(1,2,3), Gr(2,4), and Gr(2,5). In
Section 7, we formulate a conjecture for the change of quantum cohomology under
extremal transitions of partial flag varieties.

2. Preliminaries

In this section we fix notation for Gromov—Witten invariants and quantum coho-
mology. For details on Gromov-Witten theory, we refer the reader to [5] and
references therein. In this article we only consider cohomology classes of even
degree and denote by H*(X) the even part H®V(X,C) of the cohomology group
with complex coefficients.

2.1. Gromov-Witten invariants

Let X be a smooth projective variety. For a second homology class 8 € Ho(X,Z)
and nonnegative integers g,n, we denote by M, ,(X,3) the moduli space of
stable maps of degree § and genus g with n marked points. This has a vir-
tual fundamental class [M, (X, 8)]vic € Hap(My,(X,8)) of dimension D =
(1 —g)(dimX —3) +n+ [;c1(X). Let ev;: My (X, 8) — X be the evaluation

map at the ith marked point. Gromov-Witten invariants are defined by

(e mins = [ V() U+~ Uevi (),
[My,n(Xyﬁ)]vir
where v1,...,7v, € H*(X). In this article, we are mainly interested in three-point

genus 0 Gromov—Witten invariants and the associated small quantum cohomol-
ogy.
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2.2. Quantum cohomology
We choose a basis {¢o, ¢1,...,6n5} of H*(X) such that:

(1) ¢p is the identity element of H*(X);

(2) ¢1,...,¢, form a nef integral basis for H?(X,Z)/torsion, where 7 is the
rank of H?(X,Z);

(3) ¢; is homogeneous.

Let (o, 8) = [x @ U denote the Poincaré pairing. Let {¢°,...,¢"} denote the
basis dual to {¢o, ..., ¢} with respect to the Poincaré pairing: (¢;, ¢?) = 55 Note
that condition (2) above is equivalent to the condition that the cone spanned by
the dual basis {¢!,...,¢"} in H24mX=2(X R) = Hy(X,R) contains the cone
NE(X) of effective curves (the Mori cone).

Let ¢1, ..., ¢, be the Novikov variables which are dual to the basis {¢1, ..., ¢}
of H*(X). For B € Ha(X), we write

CRpN B

928 gorB,

q q

Note that if 8 is an effective class, the right-hand side only contains nonnegative
powers of ¢i,...,q.. We define the Novikov ring to be A := C[gq,...,¢,]. The
small quantum product x on H*(X) ® A is defined by

(uxv,w)= Z (u,v,w)éf&ﬂqﬂ.

BEEf(X)

The product = defines an associative and commutative ring structure on
H*(X) ® A. Moreover, this is graded with respect to the grading deggq; = 2p;
and the usual grading on H*(X), where ¢1(X)=Y",_, pi¢;. This is called the
small quantum cohomology and is denoted by QH*(X). The structure constants
of small quantum cohomology are not known to be convergent in general (as
power series in qi,...,q,); however, they are convergent for all the examples in
this article.

2.3. Quantum connection

The quantum cohomology associates a pencil of flat connection, called the quan-
tum connection or Dubrovin connection. This is a flat connection V on the trivial
H*(X)-bundle over C" with logarithmic singularities along the normal crossing
divisor q1q2 - - - g =0, given by

= qz‘aiq + %(@*)-

3

\Y

3
9ipq,

7

Here z € C* is a parameter of the pencil. The flatness follows from the associa-
tivity of the quantum product. When we identify v =", v'¢; € H*(X) with
the logarithmic vector field 9, =3 ";_, Ui(ha%i on C”, we can write the quantum
connection in the following way:

1
Vv = &, + ;(’U*).

In this article, we relate the quantum connections of a smoothing and a resolution.
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3. Conifold transition and quantum cohomology

In this section we describe the change of quantum cohomology under conifold
transition in dimension 3, using a result of Li and Ruan [12]. Our main result in
this section is stated in Theorem 3.5. We observe that the quantum cohomology
of a smoothing arises as a limit of the quantum cohomology of a resolution when
the quantum variables associated to exceptional curves go to one.

3.1. Geometry of conifold transition

The conifold transition in dimension 3 is a surgery which replaces a (—1,—1)-
rational curve with a real 3-sphere. In this section we describe topological proper-
ties of the conifold transition. See, for example, [14] and [16] for more background
material.

Let Xging be a 3-dimensional projective variety whose only singularities are
ordinary double points py,...,pg. Recall that an ordinary double point (or Aj-
singularity) is a singularity whose neighborhood is analytically isomorphic to a
neighborhood of the origin in {zy = zw} C C*. Let X, be a small resolution of
Xsing, and suppose that Xine admits a smoothing Xsy,. The passage from X, to
Xsm is called the conifold transition. Since we are interested in Gromov—Witten
theory, we assume that both Xgns and X, are projective. The inverse image
E; of p; in the small resolution X,.s is a rational curve whose normal bundle is
O(—1)® O(—1). The vanishing cycle S; C X, associated to p; is a real 3-sphere.
In topological terms, the conifold transition replaces a neighborhood S? x D* of
E; with a neighborhood D3 x 83 =2 T*S; of S;. There are two natural maps:

e a morphism 7 : X;es — Xging contracting the rational curves Fy, ..., Ey;
e a continuous map r : Xgn — Xang contracting the real 3-spheres Sy,
Sk

., Sk

They give the following correspondence between the cohomology groups of the
resolution and the smoothing:

) H(
H*(Xaing)

Set E=FUFE;U---UFE, C X and S =S1USyU---USy, C Xgm. The relative
cohomology exact sequence gives the following exact sequences:

0 —— H*(Xie5, B) —— H?*(X,es) —— H*(E),

H*(Xres XSTH)

(Xsing

0 —— H*(Xies, B) —— HY(Xpes) —— 0,

0 —_— HZ(XSIII’S) —— H2(Xsm) E— 0,

HS(S) — H4(Xsmas) E— H4(Xsm) —_— O
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Set P = {p1,...,px} C Xging. Then we have H*(Xies, F) = H*(Xging, P) =
H*(Xgm, S) and H(Xging, P) = H'(Xging) for i > 2. Therefore, we obtain

0= H2(Xung) = H2(Xpes) > CF, %0 HY(Xying) = H (Xres),
(3)
CF = H*(Xging) — H*(Xem) — 0, 7 H? (Xging) = H*(Xm)-

Combining these sequences, we obtain

W 0 — H?(Xem) — H?(Xyes) — CFk,
4
CF —— HYXpes) —— HY(Xgm) —— 0.
Note that the map H?(X,es) — C* in the first sequence sends a class a € H?(X,es)
to the vector ([Ey]-a,...,[Ex]-a) € Ck.

LEMMA 3.1
The two sequences in (/) are dual to each other with respect to the Poincaré pair-
ing. In other words, the image of the standard basis vector e; € CF in H4(Xres)

under the map C¥ — H*(X,cs) in the second sequence of (/) is the Poincaré dual
Of l;‘z .

Proof
The dual of the map C* = H3(S) — H*(Xgm, S) = H*(Xsing) = H*(Xres) is iden-
tified with the following boundary map:

(5) Hy(Xres) & Hy(Xaing) = Hy(Xom, S) 2 Hs(S) = CF.

It suffices to show that this is given by the intersection numbers with the excep-
tional curves Fn,..., Ey. Take a real 4-cycle D C X,s, and suppose that D inter-
sects every F; transversely. Under the conifold transition, each intersection point
of D and E; is replaced with the 3-sphere S;. Therefore, the image of [D] under
(5) is given by (E; - D)¥_,. The lemma follows. O

Note that the map 7*: H*(Xging) = H*(Xres) is injective and 7*: H* (Xging) —
H*(Xsm) is surjective. The exact sequences (3) and (4) and the above lemma
imply the following description of H*(Xgy) as a subquotient of H* (X es).

PROPOSITION 3.2
Consider the filtration 0 CW CV C H*(X,es) defined by

k
W:ZC[EJ CH4(Xres)a Vi=Imn" gI_I*(AXsing)-
=1

Then we have V/W =2 H*(Xgy). More precisely, the following holds.

(1) W is the annihilator of V' with respect to the Poincaré pairing, that is,
W = V=L, In particular, V/W has a nondegenerate pairing.

(2) The map r* induces an isomorphism V/W = H*(Xgy) which preserves
the pairing and the cup product.
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REMARK 3.3

It is a subtle problem if Xgi,, admits a smoothing or if the small resolution X
is projective. In the Calabi-Yau case, there is a criterion due to Friedman [6],
Kawamata [10], and Tian [17] about the smoothability of Xgng: Xsing is smooth-
able if and only if there exist nonzero rational numbers ay, ..., o € Q* such that
Zle a;[E;] =0 in Hy(X,es). In the Fano case, Xging is always smoothable (see

[6], [15]).

3.2. Atheorem of Li and Ruan
We write ()77, ; for Gromov—Witten invariants for X,es and (-)37, 5 for Gromov—
Witten invariants for Xgp,,. Li and Ruan [12] showed the following theorem.

THEOREM 3.4 ([12, THEOREM B])
Let vy, ... vy, be elements of H*(Xsing), and let 0# 5 € Ha(Xem,Z) be a nonzero
degree. We have

Do AT 1) T (o)) g = (1), (0n)))
d:m. (d)=p

The sum on the left-hand side is finite, that is, (m*(vi),...,7"(Vn))gn,.a With
. (d) = B with a fized § vanishes except for finitely many d.

3.3. Transition of quantum cohomology
We choose a suitable basis of Ha(Xyes,Z). Let L be an ample line bundle over
Xsing- Then the line bundle 7*L is nef on X, and for any curve C' C X,

we have L-C =0 if and only if C' is one of the exceptional curves Ei,..., Ff.
Therefore, the face F := {d € NE(Xyes) : d- 7" L =0} of the Mori cone NE(X,¢s)
is spanned by the classes of E1,..., Ex. We choose an integral basis dy,...,d, of

Hy(Xyes,Z) /torsion such that

e di,...,d. span a cone containing the face F, where' e =dim F,
e di,...,d, span a cone containing NE(Xcs).

Let q1,...,q be the Novikov variables corresponding to the basis dy,...,d,. For
any d =1 nid; € Hy(Xyes,Z)/torsion, we write ¢¢ = ¢ qy? - ¢"". By the
exact sequence (4), we have

k
PCE] —— Ho(Xie) —— Hy(Xing) = Ha(Xem) — 0.
=1
Therefore, m,(des1),...,m(dr) form a basis of Ha(Xing) = Ha(Xsm), and ge41,
..,qr can be identified with Novikov parameters for Xg,. Note that, by Li—

Ruan’s theorem and by the surjectivity of r*, Gromov—Witten invariants of Xy,
of degree 8 € Hy(Xsm,Z) can be nonzero only when 3 is a linear combination of

T We have e < k. It is possible that [E1],...,[E] are linearly dependent.
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i (des1), - - -y T (dy) with nonnegative coefficients. Therefore, the quantum prod-
uct of X, is defined over the ring Clget1,---,¢]-

Before stating the result, we explain the meaning of analytic continuation.
We will consider analytic continuation of the quantum product of X,.s across the
locus Aexe :={q1 =¢2 =+ =g = 1} C C" where all the quantum variables asso-
ciated to exceptional classes equal one. The map m,: Ha(Xres) = Ha(Xeing) =
Hy(Xqm) induces a ring homomorphism

i = li : Clg, . .. —C e ,
qexlcrgl (ql,.“,qel)g(l,...,l) [Q1 7%"} [QeJrl 7qr}

where gexe stands for quantum variables associated to exceptional curves. How-
ever, this does not extend to a homomorphism between the Novikov rings C[q1,
...,q-] and C[ge1,--.,q-]. Instead, we have a map

lim : Clg1,.--,qe)[get1s---qr] = Clgett,---,ar]-

Gexc—>1

Thus, if v+ w is defined over the ring Clq, ..., ¢c][ge+1,---,¢r], then we have a
well-defined limit limg____,1 v xw.

THEOREM 3.5

The quantum cohomology of Xgm is a subquotient of the quantum cohomology of
Xyes restricted to the locus Aexe :={q1 = q2 =+ = q. = 1} where the Novikov
variables of exceptional curves equal one. More precisely, we have the following.

(1) The small quantum product of v € H*(Xyes) s of the form

k E,
() = 3" (v- [E2)) #N + R(v),
i=1

where R(v) € End(H*(Xies)) ® Clau, - -+, @e)[get1;- - -, ar] is reqular along Aexc,
R(v)|q,s1=-..—=q,=0 @5 the cup product by v, and N; € End(H*(X,es)) is a nilpotent
endomorphism defined by N;(w) = (w - [E;])[E;].

(2) The endomorphisms N; define the filtration 0 CW CV C H*(Xyes) by

k k
Vi=(Ker(N;), W:=Vn) Im(N,).
i=1 i=1

This filtration coincides with the one in Proposition 3.2, that is, W = Zle C[E;]
and V =Im(r*) = H*(Xging) -

(3) For v,w €V, the limit limg_ v *w exists and lies in V & C[ge1,
..., qr]. Moreover, the map r*: V — H*(Xgy) satisfies

r (qi{lﬂlv*w):r (v) *r*(w).

Therefore, the isomorphism V/W = H*(Xgy) in Proposition 3.2 intertwines the
quantum product of X,es restricted to Aexe with the quantum product of Xgy,-

In terms of the quantum connection, we can rephrase the above result as follows.
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COROLLARY 3.6
The small quantum connection V' of X, is of the form

k
1 dg™
vres — vl - Nz ,

where V' is a connection regqular along Aexc = {q1 = -+ = qe = 1}. The restriction
of V' to Acxc induces a flat connection on the vector bundle (V/W) X Agxe = Aexc
which is isomorphic to the small quantum connection V™ of Xgn under the
natural isomorphism r*: V/W = H*(Xgqp).

REMARK 3.7

The filtration 0 C W C V C H*(X,es) is the weight filtration associated to the
nilpotent endomorphism Zle a; N; (see, e.g., [3, Section A.2]) for a generic choice
of ay,...,ar. As we shall see later in Section 6 for Gr(2,5), however, the quan-
tum cohomology of a smoothing does not necessarily appear as a subquotient
associated with the weight filtration.

REMARK 3.8
The monodromy of the quantum connection V*** around the divisor {¢% =1}
is conjugate to exp(2my/—1N;/z) and is unipotent.

REMARK 3.9

The residue of (v«) along the divisor ¢ =1 is also computed by Lee, Lin, and
Wang [11, Lemma 3.12].

3.4. Proof of Theorem 3.5

We set V =Ims* and W = Zle C[E;] as in Proposition 3.2. Since V =
H*(Xging), we may regard r* as a map from V' to H*(Xgy). Theorem 3.5(2) fol-
lows from Theorem 3.5(1) and the exact sequences (3) and (4). Thus, it suffices
to prove Theorems 3.5(1) and 3.5(3). Theorem 3.5(1) follows from the following
lemma.

LEMMA 3.10
Fiz € Hy(Xem, Z) = Ho(Xging, Z), and take vi,va,v3 € H*(X,es). Consider the
sum

(6) D> (o1, v, 08)5 a0

d:m (d)=p

(1) If B#£0, then the sum is finite.
(2) If B=0, the sum equals

/ vy Uvg U g + Z(m [Ei]) (v2 - [Ei]) (v - [Ei])1q4

— B’
res =1 q ’
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Proof

We may assume that vy, va, v3 are homogeneous. Suppose that 8 # 0. If v1,vq,v3 €
V =Imn*, then the finiteness of the sum (6) follows from Theorem 3.4. If vy ¢ V|
then v; € H?(X,es) by homogeneity. Thus, we can use the divisor equation to
factor out v;:

equation (6) = Z (01 ~d)<v2,v3>ff;7dqd.
dim, (d)=p
If in addition vy, v3 € V, then Theorem 3.4 again shows the finiteness of the sum.
The finiteness in the other cases can be similarly shown using the divisor equation
and Theorem 3.4.

Next suppose that 5 =0. The d =0 term in (6) gives eres v1 Uvg Uvs. The
only curves in X,es contributing to the sum (6) are multiples of the exceptional
curve F;. By the dimension axiom, we have degv; + degvs +degvs = 6. If one of
degvy, degvg, degus is zero, then the invariant (vq,vs,v3)03,4 is zero for d # 0.
Therefore, we only need to consider the case where vy, ve,v3 € H?(X ). Since
the moduli space My ¢(Xyes, d) with 7, (d) = 0 consists of multiple covers of some
FE;, we have

S (o va)iBa= Y. (vi-d)(va-d)(vs-d)()E g
d#0:7. (d)=0 d#0:7, (d)=0
k

:ZZ U1 - ’I’LE)(UQ ’I’LE)(U3 nE') 1 Ei

=1

k 4

= Z(Ul “E;) (v - Bi)(v3 - E’)l—inz
i=1

by the multiple cover formula (see [13, Theorem 0.5.1]) for a (—1, —1)-curve (each

multiple cover of degree n contributes 1/n3). The lemma is proved. O

Finally, we prove Theorem 3.5(3). Suppose that v,w € V. The existence of the
limit lim,_ 1 v *w follows from Lemma 3.10. We claim that

(7) lim 1(u,v*w) = (r*(uw),r* (v) x 7" (w))

Gexc—

for all w € V. The left-hand side equals
(8) Z <va003d+z Z (u,0,w)5%5, 44"
d:my (d)=0 B#0 d:m. (d)=pB

By Lemma 3.10, the first term equals

/ uUUUw:/ rfuUrfvUrfw
Xres X

since u - [E;] =v- [E;] =w - [E;] =0. We also used the fact that r* preserves the
pairing (see Proposition 3.2). By Theorem 3.4, the second term of (8) equals

Z<r* (w),r*(v),r* (w)>;?;’5q5.

B#0
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The claim follows. Setting u = [F;] in (7) and using the fact that r*([E;]) = 0 from
Lemma 3.1, we obtain ([E;],limg, 1 v+ w) = 0. This means that lim,_ _; v*w
lies in V. Using again the fact that r* preserves the pairing, we obtain from (7)
that

(r*(u),r* (qi(icrgl vrw)) = (r*(u),r* (v) xr*(w)).

Since r* is surjective, this shows that r*(limg, .1 v * w) =7*(v) x 7*(w). Theo-
rem 3.5(3) is proved.

4. Example: F1(1,2,3)

In this section we study a conifold transition of F1(1,2,3), the space of full flags
in C3, confirming the result in the previous section. Consider a toric degeneration
of FI(1,2,3) given by a family {F,};cc of (1,1)-hypersurfaces in P? x P?:

Ft = {([2’1,2’2,23], [Zl,ZQ,Zg]) €P2 X IP)Q |t2'121 +22Z2 +2’ng :O}

Then F; =FI1(1,2,3) for t # 0 and the central fiber Xgn, := Fy is a singular toric
variety with an ordinary double point. This admits a small toric crepant resolu-
tion Xyes = Xsing. We study a relationship between the quantum cohomology of
F1(1,2,3) and Xs.

4.1. Quantum cohomology of F1(1,2, 3)

The quantum cohomology ring of a flag variety is well known (see, e.g., [8], [4]).
Let L1, Lo, L3 be the line bundles on F1(1,2,3) whose fibers at a flag 0 C L C
V C C? are given by L, V/L, and C3/V, respectively. The cohomology ring of
F1(1,2,3) is generated by the Chern classes ¢; := —c¢1(L;), i =1,2,3, and

H* (Fl(lv 2, 3)) = (C[Clv C2, 03]/<01702v U3>7
where o; is the ith elementary symmetric polynomial of ¢q,co,c3. A basis of
H?2(F1(1,2,3)) is given by
p1:=c1 = —ci(L1), p2:=c1+c2 = ci1(L3).

These classes span the nef cone of FI(1,2,3) and satisfy the relations p? + p3 —

p1p2 =0, p3 =p3 =0, p?py = p1p3. The dual basis in Hy(FI(1,2,3)) is
B1=PD(p3), B2 =PD(p}).

These classes span the Mori cone: they are represented by fibers of the natural

maps FI(1,2,3) — F1(2,3) & (P?)* and FI1(1,2,3) — FI(1,3) = P2, respectively.

For an effective class d = n 1 +nafB2 € H2(F1(1,2,3)), we write ¢¢ = q]'* ¢5* with

¢; = ¢%. Since ¢ (F1(1,2,3)) = 2p1 + 2po, we have degq; = deg gy = 4. Consider
the basis of H*(F1(1,2,3)) given by

{17p1ap27p% = PD(62)7pg = PD(ﬂl)vp%pQ = PD([ptD}
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In this basis, the quantum multiplication by p; and ps is given by the following
matrices:

00 ¢ 0 0 0 quge 00 ¢ 0 0 qg
1000 0 0 00 0 0 ¢ O
00 0 q@ 0 0 10000 0
PrE=1to 1100 o " PTlo1 0 0 0 g
00 1 00 q 01100 0
0000 1 0 00010 0

4.2. Quantum cohomology of X
The singular fiber Xgine = Fp is a toric variety, and the corresponding fan is given
by the following data. One-dimensional cones are spanned by

T1:(O7O,1), 7"2:(1,1,—1)7 T3:(O,1,0),
T4:(07_1a0)a 7‘5:(1,0,0), TGZ(_1a0a0)7
and the full-dimensional cones are given by
<T15T37T6>7 <T17T45T5>? <T17T47T6>3 <7’1,T27T’3,7’5>,
(ro,r4,75), (re,T4,76), (r2,73,76)-
A small resolution X,es of Xging is given by dividing the cone (ri,r2,73,75) into
the two simplicial cones (rq,73,75) and (rq,73,75). Let Ry,..., Rg € H*(Xyes) be
the classes of the prime toric divisors corresponding to the 1-dimensional cones
(r1),...,(rg). The cohomology ring of X,. is generated by Ri,..., Rg with the
relations R1 = RQ, R2 + Rg = R4, R2 + R5 = RG, R1R2 = R3R4 = R5R6 =0. We
choose a basis {p1,p2,p3} of H?(X,es) as
p1:= Ry, p2 := Re, p3 = Ra.
They span the nef cone of X, and satisfy the relations p; (p1 —p3) = p2(p2—p3) =
p2 = 0. The dual basis in Ha(X,es) is given by
B1 = PD(paps), B2 :=PD(p1p3),
B3 :=PD(R3Rs5) = PD(p1p2 — p1ps — p2p3).

They span the Mori cone of X,.s. The class 83 is represented by the exceptional
curve in X es-

We can compute the quantum product of X5 by using Givental’s mirror
theorem [7, Theorem 0.1]. The computation will be illustrated in the Appendix
for the example in Section 6. For d = nif1 + nafa + nsfs € Ha(Xyes), we write
q% = ¢\ q5?q3?, setting ¢; = ¢%. Since ¢1(Xyes) = 21 + 2p2, we have degqy =
deg g2 = 4 and degqs = 0. Consider the following basis of H*(Xes):

{1,p1,p2,P3,p1P2 — P13 — P2P3, P1P3, P2P3, P1P2ps}.

In this basis, the quantum product by pi, p2, p3 is represented by the following
matrices:
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0O ¢ 0 0 0 0 0 q162q3
1 0 0 O 0 0 0 0
00 0 0 aq(l-gs) 7193 0 0
I 0 0 00 —q1(1—q3) q1(1—gq3) O 0
0 0 1 0 0 0 0 0 ’
0 1 1 1 0 0 0 0
0 0 1 0 0 0 0 q1
0 0 0 O 0 0 1 0
00 ¢ O 0 0 0 q19243
00 0 0 @(l-g) 0  q¢g 0
1 0 0 O 0 0 0 0
pQ*: 0 0 0 0 —QQ(l —q?,) 0 QQ(l —C]g) 0
01 0 O 0 0 0 0 ’
01 0 O 0 0 0 qo
01 1 1 0 0 0 0
00 0 O 0 1 0 0
0 0 O 0 0 0 0 149243
000 0 —G243 0 4243 0
000 0 —q143 q193 0 0
{100 0 @late) —as —¢ 0
P¥=10 0 0 = 0 0 0 0
g3
01 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 O 0 1 0 0 0

4.3. Comparison of quantum cohomology
We write Xq, for F1(1,2,3). Recall from Section 3.1 that we have natural maps

Xres = Xging ¢ Xsm.
The map 7*: H*(Xging) = H*(Xres) is injective and has the image
7 (H* (Xsing)) = (1,p1, P2, P12 — P1P3 — P2Ps, P1P3, P2Ps, P1P2p2).
The map 7*: H*(Xging) = H*(Xgm) is surjective with kernel
™ (Ker(r*)) = (p1p2 — P1p3 — Pap3) = <PD(B3)>.
On the second homology groups, the maps 7, r induce a map'
(ro) "'t Hy(Xes) = Ha(Xom), B1 P, B2+ Ba, B3+ 0.

This gives rise to the map limg,_1: Clg1, g2, 93] = Clq1,¢2] between Novikov
rings. The residue of the quantum multiplication by ps on H*(X,es) along
qg3=11s

T Note that . on Hy is an isomorphism.
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000 0 O0O0O0O0
000 0 O0O0O0O0
000 0 O0O0O0O0
0O 00 0 0 O0O0OTO
N =Resg,—1(p3*) = 000 —1 000 0
0O 00 0 O0O0OO0OTO O
0O 00 0 O0O0O0OTO
0O 00 0 O0O0O0OTO

It is nilpotent and induces the weight filtration on H* (X es):
(9) 0CImN CKer N C H*(Xes).

The computation in Sections 4.1 and 4.2 shows the following proposition, which
confirms the general argument in Section 3.

THEOREM 4.1
The weight filtration (9) defined by the nilpotent operator N = Resg,—1(p3*) coin-
cides with the filtration

0C " (Kerr*) CIm7* C H* (Xyes)-

The quantum multiplication by p1, pa on H*(Xyes) is reqular at g3 =1, and the
operators induced by limg, 1 p1*, limg,_,1 pox on

Ker N/Tm N = H* (F1(1,2,3))

coincide with the quantum multiplication by p1, p2 on H*(F1(1,2,3)). Here note
that p; € Im7* and p; = r*(7*) " Lp; fori=1,2.

5. Example: Gr(2,4)

In this section we study an extremal transition of Gr(2,4), the space of complex
two-planes in C*. By the Pliicker embedding, Gr(2,4) can be realized as a quadric
in P® = P(A*C*). Consider a toric degeneration of Gr(2,4) given by a family
{F}}tec of quadric hyperplanes in P°:

Fy={[Z12, 213, Z14, Zo3, Zoa, Z3a) €P° | Z19734 — Z13Z04 + t 214703 = 0}.

Then F; = Gr(2,4) for t # 0 and the central fiber X, := Fp is a singular
toric variety with a transversal Aj-singularity along (Z12 = Z34 = Z13 = Zoy =
0) = P!. This singular variety admits a small toric crepant resolution X5 —
Xsing. We study a relationship between the quantum cohomology of Gr(2,4) and
Xies-

5.1. Quantum cohomology of Gr(2,4)

Let T* be the dual tautological bundle of Gr(2,4). The cohomology ring of
Gr(2,4) is generated by the Chern classes ¢;(T*) and c2(T*). Fix a complete
flag 0 C By C E5 C B3 C E4 = C* in C*. Consider the following cycles:
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D ={V €Gr(2,4) : dim(V N E;) =1},
A={VeGr(2,4):V C Es},
C={VeGr(2,4): E; CV CE3}.

Their Poincaré duals are denoted, respectively, by d, d, c. We know that d =
c1(T*), § = co(T*), and ¢ = dd = d®/2. The cohomology ring is given by

H*(Gr(2,4)) 2 C[d, 6]/(d® — 2d6,d*5 — 6%).
We choose an additive basis of H*(Gr(2,4)) as follows:
1, d, d?, d? — 26, d2, d*.

Let g be the Novikov variable dual to d € H?(Gr(2,4)). We have degq = 8. We
use the quantum Schubert calculus (see [2], [4]) to compute the quantum product
of d. Under the above basis, the quantum product matrix of d is

0 000 2¢g O
1 0 00 0 2¢
0100 0 O
dx = ,
0000 0 O
001 0 0 O
0000 1 O
and the quantum product matrix of J is
0 0 q ¢ 0 O
0 0 0 0 2 O
1
se—| 2, 1 0 0 0 2¢
-3 00 0 0 O
0 3 0 0 0 0
0 0 3 -2 0 o0

5.2. Quantum cohomology of X,
The fan for the singular toric variety Xing is as follows. It is a 4-dimensional fan
whose 1-dimensional cones are spanned by

r1 =(1,0,0,0), ro=(—1,0,1,0), r3=(0,0,—1,1),
ry=(-1,1,0,0), rs =(0,—1,0,1), re = (0,0,0,—1).
This is a complete fan whose top-dimensional cones are
(r1,73,75,76), (r1,72,74,76), (ro,T3,74,75,76),
(r1,72,75,76), (r1,73,T4,76), (r1,72,73,74,75).

Note that there are two nonsimplicial 4-dimensional cones. We divide these cones
as follows:
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o divide (rq,r3,74,75,76) Into (re,r3,74,76) and (ro,r3,75,76),
e divide (ry,72,73,74,75) into (r1,72,73,74) and (ry,72,73,75).

Then we get a smooth fan. This fan corresponds to a smooth toric variety which
we denote by X,es. Let R; denote the class of the toric divisor corresponding
to the ray (r;). There are linear relations R; = Ry + R4, R4 = R5, R2 = Rs,
R3 + R5 = Rg. The cohomology ring of X, is given by

H* (Xsm) — C[Rla -Rﬁl]/<]ﬁ?'42b]%zlL - 2R11;R4>

We choose a basis {my,ma} of H?(X,es) as m1 = Ry, ma = Ry. They span the
nef cone of X,es. The dual basis in Ha(X,es) is given by 81 = PD(R;RaR4) and
B2 =PD(R1RaR3). They span the Mori cone of X,.s. The class 35 is represented
by an exceptional curve.

We compute the quantum product of X, using Givental’s mirror theorem [7,
Theorem 0.1] (see the Appendix for the method). For d = n; 81 +n282 € Ha(Xyes),
we write ¢? = ¢} ¢y?, where ¢; = ¢%. We have degq; = 8 and degqy = 0. We
choose the following basis for the cohomology ring of X, s:

2, 2 3,3 2 4
{1,m1,m1 — 2mg, mi,mi — 2myma, my, mjy — 2mimeo,mj = 2[pt]}.

Under this basis, the quantum product matrices of the divisors m; and mo are
as follows:

00000 aa(1+q2) q(l—go) 0
100 00 0 0 a(1+q)
00000 0 0 —q1(1— go)
me— |0 L0 00 0 0 0
00100 0 0 0 ’
00010 0 0 0
00001 0 0 0
00000 1 0 0
00 0 0 0 ql-g¢ 20¢ 0
00 0 0 0 0 0 qa(l-g)
1 0 2 0 0 0 0 —qa(1+q)
00 -1 0 0 0 0 0
M=o o1 AEel o g 0 0 0
o0 o0 0 -1 0 0 0
00 o0 1 2te) 0 0 0
1—q2
00 0 0 0 0 0 0
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5.3. Comparison of quantum cohomology

The residue of the quantum product matrix of mo at ¢go =1 is

0 000 O0°TFO

N =Resg,=1(mao*) =

o O O O o o
o O O O o o

O O O OO oo
O O O k= O O O
S = O O O O O
O O O OO oo
O O O O o o oo
O O O O o o oo

0 0

The residue N defines the filtration 0 C W CV C H*(X,es) as

V :=Ker N = Span{1,my,m3,m3, m},m? — 2m3my,},
(10)

W :=Ker NNIm N = C(m} — 2mims).

This filtration arises from the correspondence Xyes = Xsing = Xsm 1= Gr(2,4) as

follows.

PROPOSITION 5.1
Let m: Xies = Xsing and r: Xom = Gr(2,4) = Xang be natural maps associated
to the resolution and the smoothing.

(1) The singular cohomology group of Xsing is given by the table

degree p 0|12 |3]4(|5| 6 [7]8
HP(Xgng) |ClO[C|lO[C|O[C*|0|C

(2) The map ©*: H*(Xging) = H* (Xyes) 1s injective and Imn* =V,

(3) The map r*: H*(Xging) = H*(Xsm) 1s neither surjective nor injective;
we have w* (Kerr*) =W and Imr* = Span{1,d,d? d3,d*}.

(4) The map r* o (7*)™1: V — H*(Xsm) sends m} to d* for 0 <i<4 and
m3 —2m3may to zero.

Proof

Note that the nonsingular locus Y of X, is isomorphic to the total space of
O(1,1)%2 over P! x P1. We consider the Mayer—Vietoris exact sequence associated
to Y and a neighborhood v of the singular locus P'. The intersection ¥ NY is
homotopic to the 3-sphere bundle associated to O(1,1)9%2 — P! x P! and the
cohomology of ¥ MY can be easily computed by the Gysin sequence. We have

H*(NNY)=C,0,C%0,0,C?0,C for x=0,1,2,3,4,5,6,7.

Then the Mayer—Vietoris sequence gives the result for H*(Xging). To prove the
statement about 7*, we consider the hypercohomology spectral sequence for
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H*(Xging, R C) = H*(Xyes). Since we have

C J=0,
Rjﬂ'*g = L*Q}pl =2,
0 otherwise,

where ¢: P! — X, is the inclusion of the singular locus, the spectral sequence
degenerates at the Ea-term HY(R'm,C); this shows that 7* is injective. Since the
image of 7* contains the pullback m, of the ample class a :=¢1(O(1)) on Xging,
it follows that Im7* = V. On the other hand, r* also sends the ample class « to
d=c1(O(1)) € H*(Xgsm) and it follows that Imr* = Span{1,d,d?,d> d*}. Let = €
HG(XSing) be a generator of the kernel of r*. Then we have aUx =0 in HS(XSing)
(as otherwise we have 0 # r*(aUx) = r*(a) Ur*(xz) = 0). Therefore, 0 = 7* (o U
x) =my Un*(x). This shows that 7*(x) is a multiple of m$ — 2m3ms,. O

The computation in Sections 5.1-5.2 implies the following theorem.

THEOREM 5.2
The filtration 0 C W CV C H*(X,es) that (10) defined by the residue N =
Resg,=1(max) along g2 =1 matches with the filtration

0 Cm*(Kerr™) CImn* C H*(Xyes)-
The quantum products of elements in Imw* are reqular at g =1, and the map
r*o ()7 Ima* — H* (Gr(2,4))

intertwines the quantum product *|g,—1 on Im7* =V with the quantum product
on H*(Gr(2,4)) under the identification g1 = q of the Novikov variables. This
map also preserves the Poincaré pairing.

REMARK 5.3
Since N is self-adjoining with respect to the Poincaré pairing, we have (Ker N)* =

Im N. Thus, the Poincaré pairing induces a nondegenerate pairing on V/W =
Ker N/(Ker N N (Ker N)*1).

In the above theorem, we identified the subquotient (V/W,*|g,=1) of H*(Xyes)
with a subring of the quantum cohomology of Gr(2,4). We can extend this iso-
morphism to the whole of H*(Gr(2,4)) as follows. The weight filtration W_s C
W_1 C Wy C Wy C Wy = H®®(X,s) associated to the nilpotent endomorphism
N (see, e.g., [3, Section A.2]) is given as

W_o=W_1 = Span{m‘f — 2m%m2},
3 2 2 2,3 4
Wo = Wiy = Span{mj — 2mima, mj — 2myma, 1,my, mj, m3, mi}.

This is illustrated by the following table:
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m3 — 2m3my W_o=W_, |
1 mg m3 m} mi m?i-—2mimy Wo =W,
mi — 2m2 W2

Therefore, V/W can be regarded as a subspace of Wy/W_;. We define a linear
isomorphism 6: Wy/W_; = H*(Gr(2,4)) by

O(mi)=d" for 0<i<4,
O(m? — 2mimy) = v/ —1(d* — 26).

This gives an extension of the map r* o (7*)~1: V/W — H*(Gr(2,4)). We have
the following.

THEOREM 5.4

The quantum products of elements in Wy are regular at g =1 and belong to
Woy. The quantum product x|g,=1 on Wy descends to Wy/W_1 and 0 induces an
isomorphism of rings:

0: (Wo/W_1,x|g,=1) = (H*(Gr(2,4)),%),

under the identification g1 = q. Moreover, 8 preserves the Poincaré pairing.

REMARK 5.5
It is curious that we have imaginary numbers in the isomorphism 6. The assign-
ment 0: m? — 2myms > /—1(d? — 26) is uniquely determined up to sign if we
require that @ coincides with 7* o (7*)~1 on V/W and intertwines the quantum
products.

6. Example: Gr(2,5)

In this section we study an extremal transition of the 6-dimensional Fano vari-
ety Gr(2,5), the space of complex two-planes in C®. Unlike the previous two
examples in Sections 4 and 5, the image of the Pliicker embedding of Gr(2,5) is
not a hypersurface nor a complete intersection. We use the toric degeneration of
Gr(2,5) and its crepant resolution studied by Gonciulea and Lakshmibai [9] and
Batyrev, Ciocan-Fontanine, Kim, and van Straten [1].

According to [9] and [1], the Grassmannian Gr(2,5) admits a flat degenera-
tion to the Gorenstein toric variety X, defined by the following 6-dimensional
fan. The primitive generators of the 1-dimensional cones are

r1 = (1,0,0,0,0,0), re =(-1,1,0,0,0,0), rs =(-1,0,1,0,0,0),

ry =(0,-1,0,1,0,0), rs =(0,0,—1,1,0,0), r¢ = (0,0,—1,0,1,0),

r7=1(0,0,0,-1,0,1), rg =(0,0,0,0,—-1,1), re =(0,0,0,0,0,—1).
The top-dimensional cones are

(12,73,74,75,76,77,78,79), (11,72,73,T4,75,76,77,78),
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<7“1,7“4,T5,7“6,7"7,7‘g,7"9>, <T1,T2,T5,T6,T7,T8,T9>, <T17T277"3,T4,T577"8,T9>,
<7'1,7”2,7"3,7"4,T5,7”6,7"9>, <T1,T3,7‘4,T7,T8,T9>, <’I“1,’I”3,7”4,’I"6,T7,7"9>,
(r1,72,73,77,78,79), (r1,72,73,76,77,79)-

To obtain a crepant small resolution of Xgine, we divide nonsimplicial cones as
follows:

o divide <7’2,T3,7’4,7'5,7”6,7’7,T8,7’9> into <7”'2,7”3,7’5,7"6,7’7,7‘9>, <’I”'2,7”‘3,7’5,T‘7,

7A8>7'9>7 <7’3,7"4,T’5,7’6,7"77T'9>, <7'3,’]"4,7"5,7'7,’]"8,7’9>;
e divide <’]"1,7"2,7‘3,’)"4,T'5,7'6,’]"77T'8> into <7"1,T'2,7'3,7"57T'6,7'7>, <7"1,T’2,7’3,?"57

r77T8>7 <7’1,7"3,T4,7"577”67T7>, <7’1,7"3,T4,7’5,7"7,T8>;
e divide <7’177”477’5,7"6,T’77T8,T9> into <7"17T4,7"5,7"6,T7,7"9>, T1,74,75,77,78,T9

)
)

L leIde 7"1,7"277’3,7"477"577’6,7"9> into 7"17712,7"3,7"57716,T9>, T1,73,T4,75,76,79)-

( );
’1"177’2,7"5,’]"677’7,7"9>, <7"1,7’2,7"5,7"77’I’8,7’9>;
) )

( )

into (
into <’]"177’2,7"3,’1"577’8,’]"9 T1,73,74,75,78,T9

e divide (r1,72,75,76,77,78,T9

b b

e divide (r1,72,73,74,75,78,T9

These subdivisions define a smooth toric variety X,es. In this section we study a
relationship between the quantum cohomology of Gr(2,5) and X es.

6.1. Quantum cohomology of Gr(2,5)
We refer the reader to [2] and [4] for the quantum cohomology of Gr(2,5). It is
well known that the Poincaré duals of the Schubert cycles form an additive basis
of the cohomology ring of Gr(2,5). Fix a full flag 0 C Fy C Fy C --- C F5 = C5.
The Schubert cycle Q4 4,y C Gr(2,5), indexed by a pair (ai,az) of integers
satisfying 3 > a1 > ag > 0, is given by

(11) Q1.0 ={V CC°:dimV =2,dim(V N Fy_o,) > 1,V C F5_q, }.

We denote by w4, a,) € H?(@1+a2)(Gr(2,5)) the Poincaré dual of the Schubert

cycle Q(q, a,)- The dual basis of {w(a, 4,)} 15 given by {wW(s_a,,3-q,)}. We choose

the following additive basis of H*(Gr(2,5)):
{W(O,O)7W(1,0),W(l,l)vw(Q,O)vw(2,1)7w(3,0)7w(3,1)7w(2,2)aw(3,2)aw(3,3)}'

Let ¢ be the Novikov variable dual to the ample class w0y € H?(Gr(2,5)). We
have degg = 10. The class w(;,g) generates the small quantum cohomology ring
of Gr(2,5), and its quantum product is given by the following matrix:

o
o
o
o
o
o

W(1,00x =

N elNeNeoloNoNeNel e
S O O O O O = O
[ el ool el =l =)
O O OO = FEHOOO
SO == O OO oo
SO O+ OO oo oo
O H O O O OO ooV
O H OO OO oo oo
_— O O O O O o oKv
SO O O o oo OO
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6.2. Quantum cohomology of X,

Let R; denote the class of the toric divisor corresponding to the ray Rx>qr;. We
choose a basis {m,ma,m3} of H*(X,es) as my = Ry, ma = Ro, m3 = Rg. Then
we have

Ry =my, Ry =ma, Rz =m1 —my,
Ry=ma, Rs=my —mgy —mg3, R =mg,
Ry =my —ma, Rg =mgs, Ry =m;.

The cohomology ring of X,es is given by
H*(Xgm) = C[m17m2,m3]/<m§,m§,m?(m1 —mg)(my —me —mg)(my — m3)>

The classes mq,ma,m3 span the nef cone of X,os. Let {81, 52,85} C Ha(Xres)
be the dual basis of {my,ms2,m3}; they span the Mori cone of X,. For d =
n1B1 + n2Ba + n3Bs € Ha(Xyes), we write ¢¢ = ¢ g5 q5?, where ¢; = ¢%. We
have degq; = 10, deg g2 = deg gz = 0. We choose the following basis for H*(Xyes):
(12) { 1,my,ma, m3, M3, m1ma, m1ms, MaMms, M3, Mima, mams, } .
mlmgmg,m‘ll,mi’mg,mi‘mg,m%mgmg,mi’,m‘llmg,m‘llmg,mﬁ

We use Givental’s mirror theorem [7, Theorem 0.1] to calculate the quantum
product (see the Appendix for the details).

The quantum products of m; with cohomology classes in the chosen basis
(12) are as follows:

my*mi=mi+q(1+ g+ qs),
m1 xmimg =mima + qiqz,

3 4
myxmims =m;ms + qi4s,

my *m? = m? + (2ma + 2m3)q1 + (m3 + 2mq — 2ma)q1go

+ (mg2 4 2my1 — 2m3)qiq3 + (M1 — M2 — M3)q1G2q3,

my *mimy =mimy + maqr + (M1 — ma 4+ m3)q1q2 + M2q1qs

+ (m1 —ma — m3)q14243,
my *mimg =mims +msqr + (M1 —ms +ma2)q1qs + M3q1q2
+ (m1 —ma — m3)q1q29s,
m1*m§ =5momsqr + (5mimz — bmams)qigz + (5mima — bmams)q1qs,
and all the other quantum products coincide with the cup products.

The quantum products of ms with cohomology classes in the chosen basis
(12) are as follows:
q2
1—go’
a2
1—go’

mo *x Mo = (m1 — mg)(ml — My 77713)

mo *xM1Mo = ml(ml — mg)(ml —mo — m3>
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mo * MMz = mg(ml — mQ)(ml —mag — mg)

4243
— (m1 — mg)(ml — m3)(m1 —ma — m3> ’
(1—=q2)(1 —q2—q3)
My % mimy =m3(my —ma)(my —mso — ms)l ng )
— 42
q2

— ml(ml — mg)(ml — mg)(ml — Mg — m3)

% 4293
(1-q2)(1 —q2—g3)’

Mg * m‘f = milma + q192,
q2
1—qo

q
mo *m%mgmg = m%mg(ml —mg)(my —mg —ms) T 2q ,
—q2

My * Mimy =m3(my —ma)(my —mg —ms) + 192,

maxm§ =mima + (m3 + 2my — 2ma)q1qg2 + (M1 — ma — m3)q1q24s,
ma *mimy = (m1 — mg +m3)qiqz + (M1 — ma — m3)q1q24s,
ma *m%mg = m?m2m3 + (m1 —ma —m3)q192q3 + M3q1 G2,

My * m‘f = (5mimg — 5mam3)q1Ga-

All the other quantum products with ms are the same as the cup products.
The quantum products of m3 with cohomology classes in the chosen basis

(12) are as follows:

msz*mg = (my —mg)(my —mg —mg) a3 ,
1—gs
q3
mg*mlmgzml(ml—mg)(ml—mg—mg)l p y
—qs3
q.
ms * mamsz =ma(my —mgz)(my —mg — ms) T 3q
—qs3
4243
- (ml - mQ)(ml - ms)(ml —mg — m3) ,
(1—-g3)(1—q2—q3)
q3
ms *m?mg :m%(ml —mg)(mi —ma —mg)1 e
—qs3
q3

—my(m1 —ma)(my —mg)(my —my —ms3)

% 4243
(1-g3)(1—q2—g3)’

4 4
ms*mq =mims + qi4qs,
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ms *mi’mg = m?(ml —mg)(mi —mg —ms)

ms * mimams = mima(m; —ms)(my —mg —ms)

ms*mj = m?m3 + (m2 +2my — 2m3)qiq3 + (M1 — Mz — M3)q1G293,

mz *mima =mimoms +maqigs + (m1 — mo — m3)q1624s,
mg x mims = (my —ms +ma)qiqs + (M1 — ma — m3)q142s,
mgxmf = (5mymy — 5mams)qgs.
All the other quantum products with ms3 are the same as the cup products.
6.3. Comparison of quantum cohomology

The quantum product of my has simple poles along ¢o =1 and ¢ + g3 = 1; the
quantum product of mg has simple poles along g3 =1 and ¢ + g3 = 1. We define

dq
Ny :=Resg,= 1(m2*) 92

(42,43)=(1,1)

d q3
N3 :=Res max) —— .
3 = 1( ° ) (g92,93)=(1,1)

These are nilpotent endomorphisms. Thus, the monodromy of the quantum con-
nection around the normal crossing divisors (g2 = 1), (g3 = 1) is unipotent. As
before, the endomorphisms Na, N3 define the filtration 0 C W C V C H*(Xics)
by

(13) V :=Ker(N2) N Ker(V3), W=V N (Im(Nz) + Im(N3)).
We have dim V' =12 and dim W = 2. The basis of V is given by
Lmy,mi,m3,mi,mi,mi, o, mia,mio, myme, mims,
where a :=mms + mims — moms, and the basis of W is given by
mimg —mims, 2mS — 5mime.
Define a linear map 6: V — H*(Xyn) as follows:
0(m1) = (wa.0)', 0<i<6,

(14) O(mia) = (wa,0) ' we0, 0<i<2,

B(mims) = 2w(.2),

O(mims) = 2w(3.2).
We have Ker§ = W, and the map # induces an isomorphism

0: V/W = H*(Gr(2,5)).

Note that the quantum product of my is regular along g2 = g3 = 1. Since (m*)
commutes with (maox) and (msx), it follows that (mix)|4,=¢,=1 commutes with
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Ny and Ns; thus, (mix)|g,=¢,=1 descends to the quotient space V/W and defines
a ring structure on V/W. The following result follows by a direct computation.

THEOREM 6.1

The quantum product on H*(X,es) at g2 = g3 =1 descends to a well-defined prod-
uct structure on V/W. The linear isomorphism 0: V/W = H*(Gr(2,5)) inter-
twines the quantum product *|g,=q,=1 on V/W with the quantum product on
H*(Gr(2,5)). Moreover, 0 preserves the Poincaré pairing.

REMARK 6.2

When a # 0 and b # 0, the nilpotent operator N = alNy 4+ bN3 defines a weight
filtration {W,} independent of (a,b). The Jordan normal form of N consists of 10
Jordan blocks of size 1 (one-by-one zero matrices) and 2 Jordan blocks of size 5.
Therefore, Wy /W_; gives a 12-dimensional space which is bigger than H*(Xgp).
The above quotient V/W corresponds to Jordan blocks of size 1.

6.4. Topology of the extremal transition of Gr(2,5)

We study a relationship between the map 6 in Theorem 6.1 and the maps on
cohomology induced by the natural maps X,es — Xging < Xem = Gr(2,5). In this
section, we prove the following.

THEOREM 6.3

Let m: Xies = Xging and r: Xgm = Gr(2,5) = Xging denote the natural maps asso-
ciated to the extremal transition of Gr(2,5). Let V., W be as given in (13). We
have the following commutative diagram:

H*(Xpes) DV 6 H*(Gr(2,5)) = V/W

H* (Xsing)

so that 6 o =1r*, where 0 is given in (1/) and
T sing) — res) 18 injective and the image is contained in V' ;
(1) 7 : H*(Xsing) = H*(Xres) is injecti d the image i tained in V
T sing) — sm) = 1(2,5)) is neither injective nor sur-
2) v H* (Xging H* (X H*(Gr(2,5)) i ither injecti
jective;
(3) WcImzn* GV and 7" (Kerr*) = W.

Let us describe a degeneration of Gr(2,5) to Xing. By the Pliicker embedding,
Gr(2,5) can be realized as the codimension 3 subvariety X; C P? (with ¢ # 0) cut
out by the following five equations:

12190434 — Z132424 + Z14223 = 0,
tZ12235 — Z13425 + Z15 423 = 0,
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1219245 — Z14 205 + Z15224 = 0,
1213245 — 14235 + Z15234 = 0,
1293245 — ZoaZ3s + ZasZ3s =0,

where (Z12, 213,214, Z15, Zo3, Zoa, Zas, Z3a, Z3s5, Z45) are homogeneous coordi-
nates of P?. The central fiber X, gives the singular toric variety Xgng. Let
21,%2,...,%9 denote the homogeneous coordinates of the toric variety Xgine cor-
responding to the toric divisors Ry, ..., Rg. Let L = O(R;) be the line bundle on
Xsing corresponding to the Cartier toric divisor R;. This line bundle L defines
an embedding of X, into P? via the following basis of HO(XSing,L):

Zi2 = 21, Z13 = 2627, 214 = 2425%6, 215 = 222526,
Zo3 = 2723, Zos = 242578, Zas = 222578, Z34 = 2324,
Z35 = 7223, Zy5 = 29.

The image of this embedding coincides with X.
We start with the computation of H*(Xgng). For a subset {i1,...,ip} C
{1,2,...,9}, we write

V(’Ll,,Zk) CXsing or V(il,...,ik) C Xres

for the closed toric subvarieties associated with the cone (r;,7i,,...,7,). Let
E C X, denote the exceptional set of the resolution m: X;os — Xging, and let
S C Xging denote the singular locus. We have

S =51U05, E=FUE,
with Sy = V(2,3,4,5), 5o =V (5,6,7,8), By =V (3,5), B =V (5,7), and
S1 22 Sy =P, S1N Sy =P
By 2 Ey =P x Bl (P?),  E;NE;~P'x P! x P
Here Blp: (P3) denotes the blowup of P3 along a line P'. The toric variety Xsing
has transversely conifold {xy = zw} singularities along the smooth locus of S.

Since odd cohomology groups of FE;,S;, F1 N F5,S1 N Sy vanish, the Mayer—
Vietoris exact sequences give

0 — H*(S) e H*(Sl)@H*(Sg) R H*(SlﬁSQ) — 0,

0 —— H*(E) —— H*(E1)®H*(Ey) —— H*(E1NE;) —— 0,
and thus

H*(S)=C,0,C,0,C?0,C* for x=0,1,2,3,4,5,6,
H*(E)=C,0,C?,0,C%0,C°0,C*> for*=0,1,2,3,4,5,6,7,8.

LEMMA 6.4
The relative cohomology group of the pair (Xyes, E) is given by the following table.
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degree p 0123|4567 8 |9]|10]|11]12
HP (X, E) [O]O]O|O]O|C|O|C|C?|0|C3|]0]|C

The relative cohomology H*(Xsing, S) = H* (Xyes, E) is given by the same table.

Proof

This follows from the relative cohomology exact sequence associated with the
pair (Xes, E). Since the odd cohomology groups of X,es and E vanish, we have
the exact sequence

0 — H?* (X106, E) — H*(X1es) — H**(E) — H?* (X, 06, E) — 0

for each integer k. It suffices to study the restriction map H?*(X,es) — H?*(E).
Since the spaces X,es, E are toric, this can be done by standard methods. We
find that

o H%X,e5) = HY(E), H?(X1es) — H?(E) are isomorphisms;
o HY(Xyes) = HY(E), H%(X,es) — HO(E) are injective;
o H8(X,es) — H8(E) is surjective.

The conclusion follows. (|

LEMMA 6.5
The cohomology group of Xing s given by the following table.

degree p 01|12 (3|4 (5|6 |78 [9]10]11]|12
HP(Xgng) |ClO|C|O|[C|O|C|O|[C*|O0|C*| 0 |C

Moreover, the map 7*: H*(Xsing) = H*(X1es) is injective and Im7* has the
following basis:

2 3 4 2 5 4 4 6
17m17mlamlamlam1a5m17m1m2am1m37m1a
with o = mymeo + mymsz — moms. In particular, we have Im7* ;Cé V.
Proof

The relative cohomology exact sequence for the pair (Xging,S) and the previous
Lemma 6.4 give H*(Xgng) = H'(S) for i =0,1,2,3, the exact sequences

0 — HP(Xging) — HP(S) — HPM (Xging, S) — HP T (Xging) — 0

for p=4,6, and H*(Xsing, S) = H*(Xging) for k =8,9,10,11,12. To determine
HP(Xging) for p=4,5,6,7, we use the naturality of the long exact sequence. We
have the commutative diagram:

0 — HP(Xgng) — HP(S) — HP'H(XSing,S) — Hp+1(Xsing) — 0
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for p=4,6, where the rows are exact and the columns are induced by 7: Xy —
Xging. For both p=4 and p =6, we can show that the images of the maps
H?(Xyes) — HP(E) and HP(S) — HP(E) together span HP(E), and thus,
HP(S) — HP™(Xging, S) is surjective. The first statement follows.

To show the second statement, we note that the toric divisor R; is Cartier
and ample on Xgine. Therefore, the class m; = Ry on X, lies in the image of
7% H?(Xging) = H?(Xyes)- It follows that m¢ is a generator of m* (H?(Xging)) =
C for ¢ =1,2,3,6. The image of the map 7*: HS(Xsing) — H®(X,es) can be
computed via the commutative diagram:

0 —— H®%(Xgng,S) —— H®(Xgng) —— 0

|-

0 —— H¥Xyes, B) —— H¥(Xyes) — HS8(E) ——= 0

Therefore, 7* (H®(Xging)) equals the kernel of the restriction H8(X,es) — H8(E),
and we can show that it is spanned by m$ and m2a. By a similar argument, we
find that 7*: HlO(XSing) =~ H'0(X,es). The conclusion follows. O

Finally, we compute the map r*: H*(Xging) = H*(Xsm)-

LEMMA 6.6
The map r* o (7*)~L: Im7* — H*(Xym) sends the basis of Im7* given in Lemma
0.5 as follows:

mi »—>w21’0), 0<:1<6,
2 2
mia — W(170)W(270)7
4
mymag — 2w (3 2y,

4
mymsz — 2w(3 2)-

Proof

Abusing notation we write my for the class of the Cartier toric divisor R; on
Xsing, 50 that 7*(m1) = m;. Note that m; € H? (Xsing) Or w(1,0) € H?(Xgm) is the
restriction of the ample class O(1) on P? to Xg or to X; (with t # 0), respectively.
Therefore, 7* sends my to w(). The images of mimg, mims € 7 (H'®(Xing))
under 7* o (7*) ™! can be easily computed from the commutative diagram:

HY(Xang) 2% H'2(X o)

|- s

HYO(Xo) 202 12(x,,,)
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It remains to compute the image of mia € 7*(H®(Xging)). By the commutative
diagram

H8(Xgm) —>

it follows that the kernel of m?: Hs(Xsing) — H12(Xsing) should be sent to the
kernel of w(21,0) : H3(Xgm) — H'? (X ) under r*. Therefore, we have

r*o (w*)_l(?)m% — 5m%a) = a(w(g 1) — W, 2))

for some a € C. This implies 7* o (7*) 7! (mia) = 2x%w(31) + “%w (2 ). To deter-

mine a, we use the fact that r.[Qq )] = [V(2,9)], Wthh is proved in Lemma 6.7
below. Since the map 7: V(2,9) — V(2,9) is birational, we have m,[V(2,9)] =
[V(2,9)]. Thus,

mia- [V(2,9)] = (=) (mia) - [V (2,9)]

N N 6+a
= (’f' o (71' ) l(mla)) [Q(l 1 } 5 .

On the other hand, m2a - [V(2,9)] = m2aRyRy - [X1es] = 1. Therefore, a = —1,
and the conclusion follows. O

LEMMA 6.7

Consider the map r.: Hs(Xem) = Hs(Gr(2,5)) — Hs(Xsing) between homology
groups. We have r,.[Gr(2,4)] = [V(2,9)], where Gr(2,4) is identified with the
Schubert cycle 1y in Gr(2,5) (s

Proof
We consider the linear subspace

P5 = {Z15 = Zos = Z35 = Z45 =0} C P?
and restrict the family X; to P°. Note that X; NP% is defined by the equation
t212234 - 213224 + Z14223 =0 in ]P)E). For t?é 07 Xt N ]P)E) is identified with the
image of (1) = Gr(2,4) under the Pliicker embedding. On the other hand,
Xo NP5 is identified with the toric subvariety V(2,9) of X = Xeing. Since the

family ¢ — X; NP gives a flat degeneration of Gr(2,4) to V(2,9), the conclusion
follows. O

Theorem 6.3 follows easily from the computations in Lemmas 6.4, 6.5, and 6.6.

7. Conjecture for partial flag varieties

In this section we formulate a conjecture which describes the change of quantum
cohomology under the extremal transition (see [1]) of partial flag varieties. For
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a sequence of integers 0 < nj; <ng < --- < mny <n, we consider the partial flag
variety

Fl(ny,n2,...,n,n)={VicVaC---CcV,CC":dimV; =n,;}.

This space admits a flat degeneration to a Gorenstein toric Fano variety Xging,
and Xging has a small crepant resolution Xes.

We recall the toric varieties Xging, Xres from [1]. Let D, S be the following
subsets of Z2:

l
DZU{(iaj)€Z2;OSiSn—np—LOgjgnp_l},
p=1

S= {(n —n1,0),(n —ng,n1),...,(n— nl,nl_l),(O,nl)}.

Elements of D are called dots, and elements of S are called stars. Elements
of DU S form vertices of the ladder diagram (see [1, Section 2]), which is an
oriented graph. The set F of oriented edges of the ladder diagram consists of pairs
e=(t(e),h(e)) with t(e),h(e) € DUS such that h(e)—t(e) = (1,0) or h(e)—t(e) =
(0,—1), where t(e) is the tail and h(e) is the head. Consider the vector space R
with the standard basis {e, : v € D}. We set e, =0 for s € S. The fan X,
of the toric variety Xgng is defined on RP: 1-dimensional cones of the fan are
parameterized by E and their primitive generators are given by

Te i=€p(e) — €(e)
for e € E. The convex hull A C R? of the vectors 7., e € E, is a reflexive polytope
(see [1]), and the fan X, is defined to be the set of cones over faces of A. The
fan ¥, of X, is given by a simplicial subdivision of ¥gjne. For 1 <i <1, a roof
R; is a collection of edges connecting the (i + 1)th star (n —n;4+1,n;) € S and the
ith star (n —n;,n;—1) € S along the “boundary” of the ladder diagram (where
we set ng =0, n;41 =n). More precisely,

Ri={((n—nit1,n),(n —nip1,m; — 1)) }
U{((p,n; —1),(p+1,n; = 1)) :in—niy1 <p<n-—n; — 2}
U{((n—ni—Lq),(n—ni—Lq—l)):ni,l—&—lgqgni—l}
U{((n—ni—l,ni_l),(n—ni,ni_l))}.
A box of the ladder diagram is a subset of four vertices of the form
b={(4,5),(i+1,5),(6,j+1),(i+1,j+1)} CDUS.

The corner C, of b is the subset {((i,j + 1),(%,7)),((4,7), (i + 1,5))} of edges
adjacent to the lower left vertex (i,j) of the box b. We write C, for the upper
right corner {((¢,j+1),(i+1,j+1)),((¢+1,5+1),(¢+1,5))}. Let Box denote the
set of boxes of the ladder diagram. The fan 3,5 of X,es is a simplicial subdivision
of Yging such that R,...,R; and C, with b € Box are primitive collections. Here
we mean by a primitive collection a minimal subset P of E such that the cone
spanned by {r. : e € P} does not belong to the fan X,q. The corresponding toric
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variety X,es gives a small crepant resolution of Xgne (see [1, Section 3]). We
write m: Xyes — Xsing for the natural map.

The Mori cone of Xg, = Fl(ng,...,n;,n) is a simplicial cone generated by A;,
where A; is the class of a curve in the fiber of the natural map Fl(ny,...,n;,n) —
Fl(ni,...,n;,...,n;,n). We write g; for the Novikov variable of Xy, correspond-
ing to A; for 1 <4 <[. The Mori cone of X, is also a simplicial cone generated
by the curve classes C; with 1 <¢ <[ and C} with b € Box (see [1, Section 3]),
where C; is defined by the “roof relation” > cer; Te =0 and Cjy is defined by the
“box relation” Zeecb Te— Zeecb‘ r. = 0. We write ¢;, ¢, for the Novikov variables
corresponding to Cj, Cy, respectively. The morphism 7: X;es — Xging contracts
the extremal rays R>oC}, with b € Box. We write ¢; with 1 <i <[ and ¢, with
b € Box for the basis of H?(X,es) dual to C;,Cy. We also write ¢, with 1 <i <1
for the basis of H?(Xyy,) dual to A;.

CONJECTURE 7.1
Let Xom =Fl(n1,...,n,n), Xeing, Xres be as above.

(1) The structure constants of the small quantum product of X,es are poly-
nomials in q1,...,q with coefficients in rational functions of qp, b € Box.

(2) The small quantum connection of Xyes has logarithmic singularities along
the normal crossing divisor [],cg..(qp —1) =0, and the residue endomorphisms
along gy =1 (with b € Box) are nilpotent. More precisely, (¢;x) with 1 <i <1 is
reqular along Acxe :={qp =1 (Vb € Box)}, (¢px) with b € Box has simple poles
along {g» =1} but no poles along {qy =1} for v/ #0b, and

dqy
Np :=Res,, — *)—
b qp 1(¢b ) @ | Acee
is a nilpotent endomorphism which does not depend on qq,...,q;.

(3) Define a filtration 0 CW CV C H*(X1es) by V = (ycpox Ker Ny and
W=VvVn ZbeBOX Im Ny,. Along the locus Acyc, the small quantum connection of
Xies induces a residual flat connection on the bundle (V/W) X Aexe = Aexe. We
have a linear map 0: V/W — H*(Xgm) which intertwines the residual flat connec-
tion with the small quantum connection of Xsm under the identification ¢; =,
of Novikov variables. More precisely, 0 intertwines the action of (¢;%)|A.. on
V/W with the action of (aj*)bl:ql,---@:qz on H*(Xgm) for 1 <j <l. Moreover,
0 preserves the Poincaré pairing.

(4) Let m: Xyes — Xsing denote the resolution, and let r: Xon — Xging denote
the retraction. We have Imn* CV and the following commutative diagram:

0

H* (Xres) oV V/W H” (Xsm)

S A

H* (Xsing)
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REMARK 7.2
This conjecture is closely related to [1, Conjecture 4.1.2].

Appendix. Computing quantum cohomology of a toric variety

We explain how to compute the small quantum cohomology of a weak Fano toric
manifold using Givental’s mirror theorem [7, Theorem 0.1].
Let X,es be the toric variety in Section 6, which is a crepant resolution of
a toric degeneration of Gr(2,5). The I-function of X, is a cohomology-valued
hypergeometric function given by
I(q,2) = egmloga/z Z q° - Hg_*oo(Ri +ez)

BEH2(Xres,Z) i=1 Hc*—oo(Ri + CZ)

where we set mlogq := Zle m;logq;. In the case at hand, the mirror map is
trivial and the mirror theorem of Givental [7, Theorem 0.1] says that I(g, z)
equals the J-function

J(a,2 )*6’"“’““(1+ZZ 01,ﬁ¢iqﬁ),

i=0 B0

where {¢; }N o, {¢*} Y, are mutually dual bases of the cohomology as in Section 2.
The class ¥ is the ﬁrst Chern class of the universal cotangent line bundle over
MOJ(XNS7 B). More generally, the I-function and the J-function match under a
change of coordinates (mirror map).

The method to determine the quantum product is as follows. We first find dif-
ferential operators D;(z01, 202,205, 2,41, G2, q3) which are polynomials in zd; :=
qu‘aiqi and z such that we have the asymptotics

D;I(q,z) = e™o89/% (pi+0(z7")), 0<i<N=19.
Then the quantum product by m;, j =1,2,3, is determined by the asymptotics
20;(Dil(q,2)) = emlogal/z (mj* i +0(z71)).

In our case, for the choice of a basis in (12), we can take D; as follows:

Do =1, D, = 201, Dy = 20o, Dy = 205, Dy = (201)?,

D5 = 201204, De = 201203, D7 = 205203, Dg = (26'1)3,
204, Do = (201)%20s, D11 = 201202203, D1y = (201)*,
= (201)320s, Dy = (201)%20s, Dy = (201)%202203,
P—q(1+q+qs),  Dir=(201)"20. — quqo,

)?

)

) -
= (201)205 — quq3,
Dig = (201)° — 2q1 (1 + g2 + ¢3) — @1 (1 + 32 + 343 + q23) 201
(2+

—q1(2+q3)(1 —q2)202 — q1(2+ q2)(1 — q3)205.
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