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ABSTRACT. Let M be a von Neumann algebra with a faithful normal semifi-
nite trace 7. The noncommutative Hardy space HP(M) associates with A,
which is a subdiagonal algebra of M. We define the Hankel operator H; on
HP(M), and we obtain that the norm || Hz|| is equal to d(t;.A) and is also the
equivalent of the BMO(M?5*) norm of ¢ for every t € M, where M are the
self-adjoint operators in M.

1. INTRODUCTION AND PRELIMINARIES

In [1], Arverson introduced the subdiagonal algebras as noncommutative ana-
logues of weak-* Dirichlet algebras A of M for the von Neumann algebra M with
a faithful normal finite trace. The noncommutative H? (M) spaces associated with
such algebras are studied by several authors in [2], [3], [6], [7], and [11]. In par-
ticular, Nehari’s problem of a noncommutative Hankel operator associated with
a finite and o-finite subdiagonal algebra is considered, and the noncommutative
analogue of the classical results is shown to be valid (see [5], [6], [10]). The dis-
tance formulas for Toeplitz and Hankel operators associated with a subdiagnoal
algebra are established in [10] and [12]. We now consider the Hankel operator on a
noncommutative Hardy space associated with a semifinite von Neumann algebra.

Throughout the present article, M will denote a semifinite von Neumann al-
gebra possessing a normal semifinite faithful trace 7. Let z = u|z| be the polar
decomposition of z. Let r(z) = u*u, and let {(z) = uu*. We call r(z) and {(z)
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the left and right supports of z, respectively. If z is self-adjoint, then ¢(z) = r(z).
This common projection is then called the support of x, and is denoted by s(z).
Let S¢ (M) ={z € M, : 7(s(z)) < oo} and S(M) be the linear span of S, (M).
A projection e is said to be of finite trace if T(e) < oco. The elements of S(M)
are said to be supported by projection of finite trace. We will often denote S(M)
simply as S. LP(M) is the noncommutative LP-space associated with (M, 1) (see
9], [11]). For X C LP(M), [X], denotes the closure of X in LP(M), and J(X)
is the family of the adjoints of the elements of X. Let A be a weak-* closed
unital subalgebra of M with semifinite subdiagonal D = AN J(A), and let £ be
the faithful normal conditional expectation from M onto D. In addition, A is a
subdiagonal subalgebra of M with respect to &£ if:

o A+ J(A) is weak-#-dense in M,

e & is multiplicative on A, and

eT0&=T.
We say that A is a maximal subdiagonal algebra in M with respect to £ in
the case that A is not properly contained in any other subalgebra of M which
is subdiagonal with respect to €. It was proved by Ji in [4] that a semifinite
subdiagonal algebra A is automatically maximal. For p € [1,00), the closure
[ANS], in LP(M) is denoted by HP(M). Let the closure [Ay N S|, be denoted
by H?(M), where Ay = {z € A : E(x) = 0}. There exists an increasing family
{ex}rea of the projections of D such that 7(ey) < oo for every A € A, and
ey converges in the strong operator topology to the unit element 1 of M. Let
M., = exMe,, let A., = erAey, and let D., = e \De, for any A € A. Then
A., is a maximal subdiagonal subalgebra of M.,,. Since exMe, C S, it follows
that LP(M,) C LP(M) for all A € A. Moreover, for any x € LP(M), we have

zex 12 22 hence, LP(M) = [Uyer P (Ma)]p, HP(M) = [Uyep H?(M)],, and
H{(M) = [Usen Hy (M))], (for details, see [2]).

Let e be a 7 finite projection in D. It is well known that we have the following
decomposition:

Ao+ J(A)e = edoe @ D, @ eJ(A)e.

The notion of Hilbert transforms (or conjugate operators) plays an important role
for studying function spaces, and noncommutative settings have been considered
by several authors. We recall that the Hilbert transform or the conjugate operator
is defined as

H(a+d+b*) = —i(a—b"), a,be€eAje,deD,

(see [2], [7], [9]). It is clear that x + ¢H(z) € A and H(x) € Ker(€) for all
x € Ac+ J(A)e. The Hilbert transform H can be extended to a bounded map on
LP(M) with 1 < p < 400 (see [2]), and the Riesz projection from LP(M) onto
HP(M) is

1
P = (I+iH+¢).

Let X be a Banach space. For x € X and Y C X*, which is the dual space
of X, the notation z L Y means that f(x) = 0 for all f € Y, and the real dual
space of X is denoted by X%,
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Proposition 1.1 ([2, Proposition 3.2]). Let A be a subdiagonal algebra of M.
(1) [flgpgoo,%—I—%:l, then
HY(M) = {z € LP(M) : 2 LI(HI(M)) },
HY(M) ={z € LP(M) : 2 LI(HI(M))}.
(2) If 1 < p < oo, then
LP(M) = H?(M) @ J(HJ(M))
= Hj(M) & L*(D) & J(Hf(M)).

B)If1<p< oo,]lJ +% = 1, then H?(M)* = HI(M) isometrically, with
associated duality bracket given by (x,y) = 7(xy*) for x € HP(M),
y € H(M).

For 1 < p < oo, the Hilbert transform is used to establish the decomposition
LP(M) = H{ (M) & LP(D) & J(HE(M)). Given 1 < p < oo, the following prop-
erties of the Hilbert transform are valid. If © € L?(M) and y € L?(M), then
T(zH(y)) = —7(H(x)y) (see [2]). In the p = 1 case, the Hilbert transform is un-
bounded and the decomposition is invalid, but we use the same method as in [2]
and [8] to obtain the following results. For 1 < p < oo, x € Re(H?(M)), we have

o if z € Re(HJ(M)), then x + iH(x) € HE(M);
o r — &E(x) € Re(HY(M)) and H(z) = H(zx — &(x));
e H(H(z)) = —(I — &)x.
2. TOEPLITZ AND HANKEL OPERATORS

Let A be a subdiagonal algebra of M, let 1 < p < 0o, and let P be the Riesz
projection from LP(M) to HP(M) and t € M. We respectively define the (left)
Toelitz and Hankel operators with symbol ¢ by T, = PL,P and H; = (I — P)L,P,
where the (left) multiplication operator L, is defined as L,f = tf for all f €
LP(M). If the domain is H?(M), then

T; : HY (M) — H?(M),
h — P(th)
and
H, : H'(M) = J(H{(M)),
h— (I —P)(th).
Let ¢ € HP(M)andletn € HY(M). Then (T1-&, 1) = (P(t*¢),n) = (t*¢, P(n)) =
(t*¢,m) = (&, P(tn)) = (&, Tin) = (T;€,n). Furthermore, we have
<E1E2§7n = <PLt1 t2£ 77> - <Lt1 t2€) ( )>
= <Lt1 (t26), 77> <P t2€), Ly > = < (tzf)affm-
If to € A, then to¢ € HP(M). Thus (P(t€), s™n) = (t£, s*n). On the other hand,
if t, € A*, then tin € HY(M), and so

(P(t€), tin) = (126, P(tin)) = (02€, t1m).
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Therefore,

<Ttth2§777> = <P(t2£)7t1*n> = <t2€7 ti77>
= (tit2€,m) = (P(t1126), 1)
= (T,€,m) forall § € HP(M),n € HI(M);

that is, T}, T}, = T},+,. Summing up, we get the following properties about Toeplitz
operators.

Proposition 2.1. Let 1 < p < co. The we have

o (T})" =Ty, forallt € M;
o T, T, = Ti,4,, where ty € A ort; € A*.

Let o(z) be the spectral set of . Using the method in [12], we get our Hartman-—
Wintner spectral inclusion properties in the general case.

Theorem 2.2. Let M be a semifinite von Neumann algebra and let 1 < p < 0.
Suppose that t € M. Then o(t) = o(Ly) C o(T3).

Since J(Hy(M))* = J(H(M))(5 + ¢ = 1), it follows that

I = sup{ T 0 2y € 3 (HEA).0 7 € ()}
= supf HITEHZHQ 04y € I(HYM)),0# = € H'(M)]
= sup{ ||9|cTHpt!T5* Ci0Aye J(HY(M)),0 # & € H'(M) |
- sup{ HxHiﬁZHq 0% he HI(M), 04z € Hp(/\/l)}.

Thus
|Hy|| = sup{|r(tgh)| : g € H*(M), h € H{(M),||gll, <1, [[hllg <1}

Since A is a weak-* closed subalgebra of M, by the Hahn—-Banach theorem we
know that

d(t, A) = sup{|7(tz)| : x € L'(M),||z]}; < 1,7(za) = 0,Va € A}
= sup{|7(tz)| : @ € Hj(M), ||z||s < 1},

where t € M.
Now, we discuss Nehari’s problem.

Theorem 2.3. Let 1 < p < oo. If A is a subdiagonal subalgebra of M and
t € M, then ||Hy|| = d(t; A).

Proof. By the discussion above, we have
|H,| = sup{|7(tgh)| : g € H'(M), h € Hy(M), llgll, < 1,[|hll, < 1}

<sup{|7(tf)|: f € Hy(M), |Iflh <1}
=d(t; A).
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Conversely, for an arbitrary ¢ > 0, there exists f € H}(M) such that ||f|; <1
and |7(tf)| > d(t; A) — e. Since fey M, f, there exists some Ay € A such that
IT(tfex)| > d(t; A) — 22, VA > Ao

On the other hand, fe, € Hj(M.,,), where M., is a finite von Neumann algebra
and A., is a subalgebra of M, . By the noncommutative Riesz factorization
theorem (Theorem 3.4 of [3]), there exist g, € H?(M,,) and hy € Hi(M.,) such

that fex = gaha, |loall, < V1+¢, and ||hy||, < V1 + e. This implies that

7> [r(t 2B )| = s lrtesen)| > i A)
Letting ¢ — 0, we obtain
[ Hy|| > d(t; A),
and hence
[H|l = d(t; A). U

Corollary 2.4. Let 1 < p < oo. If A is a subdiagonal subalgebra of M and
t € M, then

1| = sup{|7(tf)| - f € Hy(M), [Ifll <1}
3. NONCOMMUTATIVE BMO SPACE
Let Re(f) = &L and let Im(f) = % where f € L'(M). We denote

2
Hgo (M) = {Re(f) : f € H'(M)} and H,(M) = {Im(f) : f € H(M)}. If
r € H'(M), then Rex € LY(M)** and H(Re(z)) € L'(M). On the other hand, if
r € LY(M)** and H(z) € L'(M), then we have z = f+g* for some f,g € H*(M).
Since x = z*, we have

= (1) (552 s

We have that Hi (M) is a normed real vector space with a graph norm, as
follows:

R, = [IReCHI], + [HRe(N], = [[Re(HI], + (7 = &) Im(F)]],.

For f € L(M), we have || f|ls < [[Re(f)llas, < [[2f]l1 since H(Re(f)) = Im(f)
and f € Hj(M), and so

Re: Hy(M) — Hg (M),
f = Re(f)
is a real linear isomorphic injection. Let M* = {z € M : z = 2*}, and let
(H}(M))™* be the real dual space of HJ(M). For Fy € (H}(M))™* then, by
the real Hahn—Banach theorem, we can extend with norm preservation to I} €
(LY (M) & LY (M)s2)®* = M5* & M5*; thus, there exist z,y € M such that
Fi(w) = 7(Re(w)(z + H(y))) for all w € HZ(M). Since H2(M) N S is dense in
H} (M), it follows that F' is represented by x + H(y) via the pairing

<f,x + H(y)> = T(Re(f)m) — T(Im(f)y).



HANKEL OPERATORS AND BMO 407

On HE(M) the pairing is simply 7(Re(f)(z+H(y))), and every operator z+ H(y)
represents such a functional, where x,y € M.

Proposition 3.1. Suppose that F € (Hj(M))™* represented by x + H(y) with
x,y € M is uniquely determined up to perturbation by the elements of D.
Proof. Suppose that 7(Re(f)z)—7(Im(f)y) = 0 for all f € H}(M). Now Im(f) =
Re(—if) and Re(f) = —Im(—if), and so 7(Re(f)y) + 7(Im(f)x) = 0. Then we
get 7(f(z +1y)) = 0. Since f € H} (M) was arbitrary, we get x + iy € H*(M) N
M C A. We next show that for z,y € M*, z+iy € Aif and only if 2 + H(y) € D.
We consider z,y € L*(M)*. If = + H(y) € D, then H(z) + E(y) —y =
H(x +H(y)) =0 and = + H(y) — £(z) = v+ H(y) — E(x + H(y)) = 0. Hence

2@ +iy) =x+x+iy+iy
— 2+ E(x) — H(y) + iy + i(H(z) + E(y))
=z +i(H(2)) +i(y +iH(y)) + E(@ + iy)

€ H*(M)NM

cA
Conversely, if z+iy € A, then H(y) = H(Im(z+iy)) = —x+&(x). Sox+ H(y) =
E(x) e D. 0

We identify the (complex) dual of Hi(M). For fixed F € (H}(M))*, there
exists a I} € (H}(M))™* such that F(w) = Fy(w) — iFy(jw) for all w € Hi(M).
Let e be a 7-finite projection in D. Then M$* = eM**e and D, = eDe are
finite von Neumann algebras. We define noncommutative BMO(M?$?) as the set

{:E +H(y) : z,y € Mza}
with norm

Hx*‘H@D”BMom@ﬂ
= inf{[|u]|o + [|v]|ec : @ + H(y) — v — H(v) € D¢, u,v € M},
Lemma 3.2. Given u,v € A and p < v, we have

|M+H ‘x+H

(¥) HBMO(M?;ZL) = | (%) HBMO(Mf;;)

for all v +H(y) € BMO(Mg).
Proof. Let x+H(y) € BMO(ME?). First, we have from the fact that MZ* C Mg

that

|z +H y = ||z +H

(y)HBNKMAAQ; (y)HBNKxAAgJ'

Second, if  + H(y) = v+ H(v) + d, u,v € M3, and d € D,,, then
r+H(y) =e, (x + H(y))eu = e ue, + H(eyve,) + e de,.
We know that
[ulloe + lIvlloe = llepuenllse + lepvepls.

This allows us to deduce that ||z + H(y)||BMO(M§;L) < lz + H(y)|lBMo (a2 ) - Sum-
ming up the above, we get the conclusion. O
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The noncommutative BMO(M?®*) space is defined as the completion of the set
norm

{x +H(y) :z,y € ./\/lsa}

with BMO norm ||z + H(y)|lsmomssy equal to the infimum of ||ulle + [|v]|o,
where eyxey + H(eyyen) — exuey — H(eyvey) € Dyu,v € M, X € A. We define
multiplication by ¢ on this space by i(x+H(y)) = H(z+H(y)). With this definition
of multiplication by ¢, the space becomes a complex Banach space. For all a €
H}(M), and z,y € M, the dual pairing of x and = + H(y) is defined as the
following;:

(a,z+H(y)) = li/I\nT(a(e,\xe,\ + H(ekyeA))*).
Remark 3.3. For w € M, we have
w = wy + iwy = wy + i(wy + H(0))
= w; + H(ws + H(0)) = w; + H(ws,),
where w; and wy are in M**. We immediately get
[wl[Byowen) < flwilloe + [[wzlloo < 2f|w]|so. (3.1)

Theorem 3.4. The dual space of H}(M) can be isomorphically identified with
BMO(M®*) under the dual pairing above.

Proof. Let x + H(y) € BMO(M®*). There exist u,v € M. For a € HZ(M) N
H}(M) and p € A, we have
|7 (a(e e, + Heuye,) ))")
| (enae,(eyue, + H(e,ve )) )
= |7' (epaeye ue,) + 7 (e ae,H(e,ve,)")
= |7(eae e ute,) — T(H(eae,) (e ve,)”)]

< llepaeullille u™enl oo + HH(e#ae#)HlH(euv*eu)Hw

= llenaenlille uepllo + H_Z.U - 5)(6,@%)”1H(euv*eu)Hoo
< 2”eua€u”1(”€uueu”oo + ||€NU€MHOO)
< 2llalli (lulloo + [lv]lc)-
By the definition of BMO, we have
‘T(a(eua:e# - H(euye#))*) <
Given pu, v € A. Using the inequality above, we have
|’7’((L(€M.CE€# + H(euyeu))*) - a(e,,xe,, + H(eyyey))*’

= }T((euaeu —eyae,) (e,\:pe,\ + H(eAyeA))*)‘
< 2||euae, — e,,ae,,Hle + H(y)

y)”BMO(Msa) for all u € A.

lssto(aeny
where A € A and A > p, v
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Since eyaey Wl a, we conclude that {r(a(e,xe, + H(e,ye,))*)} is a Cauchy
net; hence, we can define a bounded function on Hg(M):

Fa:+H(y) : H&(M) — (C,
a— T(a(x + H(y))*),
where 7(a(z + H(y))*) = limy(7(exzey + H(eayey))), and the norm
||Fm+H(y)||H5(M)* < 2”5” + H<y)HBMO(M5a)'

On the other hand, if ' € H}(M)*, then by the Hahn-Banach theorem we
can extend F' to some F,, of the form F,(a) = 7(aw*), for all a € H} (M), with
w* € L'(M)* = M and || F|| g3 (py- = [|wlloo, and so we obtain

F(a) = 7(aw") = im 7 (a(ex(wr + iws)ey)”) = lim7(a(eawies + H(exwsey))")

for all @ € H} (M), w = wy + iwy, and wy, wy € M. And by Remark 3.3 we get

1
I e = llwllse 2 S llwllBmogaess). O

Now we immediately deduce the equivalent relationship between the norm of
the Hankel operator and the BMO(M®*) norm of the norm of symbol ¢.

Theorem 3.5. Given 1 < p < oo andt € M, the Hankel operator H; is defined
on the HP(M) space. Then we have |Hy|| = ||t]|Bmo(ass)-

Proof. By Theorems 2.3 and 3.4, we get the result immediately. 0
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