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ABSTRACT. We develop a systematic approach to the study of ideals of Lips-
chitz maps from a metric space to a Banach space, inspired by classical theory
on using Lipschitz tensor products to relate ideals of operator/tensor norms
for Banach spaces. We study spaces of Lipschitz maps from a metric space to
a dual Banach space that can be represented canonically as the dual of a Lip-
schitz tensor product endowed with a Lipschitz cross-norm, and we show that
several known examples of ideals of Lipschitz maps (Lipschitz maps, Lipschitz
p-summing maps, maps admitting Lipschitz factorization through subsets of
L,-space) admit such a representation. Generally, we characterize when the
space of a Lipschitz map from a metric space to a dual Banach space is in
canonical duality with a Lipschitz cross-norm. Finally, we introduce a concept
of operators which are approximable with respect to one of these ideals of
Lipschitz maps, and we identify them in terms of tensor-product notions.

INTRODUCTION

The study of ideals of linear operators between Banach spaces (i.e., families
of operators that are closed under composition) has been an important tool in
the study of Banach spaces. A stellar example is that of p-summing operators, as
attested by the astonishing number of results and applications that can be found,
for example, in [7]. In recent years, a number of ideals of Lipschitz maps (which, in
particular, are generally nonlinear) inspired by well-known and very useful ideals
of linear operators between Banach spaces have appeared in the literature. One
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example is the notion of Lipschitz p-summing operators between metric spaces, a
nonlinear generalization of p-summing operators, which was introduced by Farmer
and Johnson in [8]. Other examples of such ideals of Lipschitz maps are operators
that admit a Lipschitz factorization through an L,-space (see [11]), Lipschitz
p-nuclear and Lipschitz p-integral operators (see [4]), or operators admitting a
Lipschitz factorization through a subset of a Hilbert space (see [3]). If we restrict
our attention to one of these ideals of maps from a fixed metric space to a fixed
normed space, then the resulting space of maps is itself a normed space. Therefore,
being able to identify the dual of such a space of maps would be interesting and
useful. That is precisely one of the questions raised by Farmer and Johnson [,
Problem 3] for the specific case of Lipschitz p-summing maps.

Our purpose in this article is to develop a systematic approach to the duality
theory for ideals of Lipschitz maps from a metric space to a Banach space, a gen-
eralization of the aforementioned question of Farmer and Johnson. This approach
is inspired, on one hand, by the deep and useful connections between theories of
operator ideals and theories of tensor norms for Banach spaces (see Defant and
Floret [6]) and on the other hand by the second author’s solution in [2] to the
problem of duality for Lipschitz p-summing operators. The key idea in [2] is that
of spaces of Banach-space-valued molecules, which play the role of a sort of tensor
product between a metric space and a Banach space; those spaces of molecules
are endowed with certain Lipschitz versions of the tensor norms described by
Chevet [5] and Saphar [13], which are in canonical duality with spaces of Lip-
schitz p-summing maps. In [1], the present authors formalized the notion of a
Lipschitz tensor product between a metric space and a normed space and stud-
ied its basic properties. In this article, we develop the duality theory that relates
Lipschitz tensor products and ideals of Lipschitz maps by answering the following
two questions. (1) Given an ideal of Lipschitz maps, when can it be canonically
identified with the dual of a Lipschitz tensor product? (2) Given a Lipschitz ten-
sor product, when can its dual space be canonically identified with an ideal of
Lipschitz maps?

Let us now describe the contents of this paper. Section 1 gathers some prelim-
inary results on the Lipschitz tensor product X X E between a metric space
X and a normed space E. In Section 2, we introduce and study the space
Lip, (X, E*) of E*-valued a-Lipschitz operators defined on X, that is, operators
from X to E* that induce a continuous functional on a given Lipschitz tensor
product with a Lipschitz cross-norm « (denoted by X X, E). The a-Lipschitz
operators are in fact Lipschitz maps, which justify the terminology. Moreover, we
show that several known examples of ideals of Lipschitz maps—mnamely, Lipschitz
maps, Lipschitz p-summing maps, and maps admitting a Lipschitz factorization
through a subset of an L,-space—are associated to Lipschitz cross-norms in this
way.

Section 3 addresses the duality theory for a-Lipschitz operators and contains
the main result of this paper: the space of E*-valued a-Lipschitz operators defined
on X is canonically isometrically isomorphic to the dual of the Lipschitz tensor
product X X, E. This canonical identification is the basis of our study of the
duality for ideals of Lipschitz maps. The section is completed by studying the
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several topologies on the space of E*-valued a-Lipschitz operators defined on X.
Thus the main questions we are pursuing in this paper can be rephrased in the
following. When is the space of a-Lipschitz operators an ideal? Given an ideal of
Lipschitz maps, when can it be represented as a space of a-Lipschitz maps?

In Section 4, we take a small detour from the main theme of the paper to work
out several results dealing with approximations. We show that under minimal
assumptions on the cross-norm «, the simplest (that is, the so-called Lipschitz
finite-rank) Lipschitz operators from X to E* are all a-Lipschitz. We also study
the Lipschitz operators from X into £E* that are limits in the a-Lipschitz norm of
sequences of Lipschitz finite-rank operators, which are called a-Lipschitz approx-
imable operators.

In Section 5, we formalize the notion of ideals of Lipschitz maps, which we have
called Banach ideals of Lipschitz operators. We introduce these ideals, and give
some sufficient conditions and other necessary ones on Lip, (X, E*) and the space
of a-Lipschitz approximable operators to be such a Banach ideal of Lipschitz
operators.

In Section 6, we look at spaces of maps from X to E* which are not necessarily
ideals but nevertheless are in duality with Lipschitz cross-norms. We introduce
the concept of a Lipschitz operator Banach space, and give simple conditions on «
that characterize when Lip, (X, E*) is one such space. As was already mentioned,
it is proved in Section 2 that, if o is a Lipschitz cross-norm on X X E| then
Lip, (X, E*) can be identified with the dual of the space X X, E. We now prove
a converse result, characterizing those Lipschitz operator Banach spaces that are
canonically isometrically isomorphic to the dual of X X, F for some Lipschitz
cross-norm « on X X E (in terms of the compactness of their unit balls with
respect to one of the topologies introduced in Section 3).

1. NOTATION AND PRELIMINARY RESULTS

Given two metric spaces (X, dx) and (Y, dy), let us recall that amap f: X — Y
is said to be Lipschitz if there exists a real constant C' > 0 such that dy (f(z),
fly)) < Cdx(z,y) for all x,y € X. The least constant C' for which the preceding
inequality holds will be denoted by Lip(f); that is,

dy (f(z), f(y))
dX(‘Thy)

Lip(f):sup{ :x,yEX,x;«éy}.

A pointed metric space X is a metric space with a basepoint in X, that is, a
designated special point, which we will always denote by 0. As usual, K denotes
the field of real or complex numbers. We will consider a normed space E over
K as a pointed metric space with the distance defined by its norm and the zero
vector as the basepoint. As is customary, Bg and Sg stand for the closed unit
ball of £ and the unit sphere of E, respectively.

Given two pointed metric spaces X and Y, we denote by Lip,(X,Y’) the set
of all basepoint-preserving Lipschitz maps from X to Y. If F is a Banach space,
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then Lipy(X, E) is a Banach space under the Lipschitz norm given by

up{ 1F(x) = F)I

d(z,y)
The elements of Lipy (X, E) are known as Lipschitz operators. The space Lip, (X, K)
is called the Lipschitz dual of X, and it will be denoted by X7.

For two vector spaces F and F', L(F, F) stands for the vector space of all linear
operators from F into F'. In the case that E and F' are Banach spaces, L(F, F)
represents the Banach space of all bounded linear operators from E to F' endowed
with the canonical norm of operators. In particular, the algebraic dual L(F,K)
and the topological dual £(FE,K) are denoted by E’ and E*, respectively. For
each e € E and e* € E', we frequently will write (e*, e) instead of e*(e).

Throughout this article, unless otherwise stated, X will denote a pointed metric
space with basepoint 0 and £ a Banach space.

We now recall some concepts and facts whose proofs can be found in [1]. Let
X be a pointed metric space, and let ' be a Banach space. The Lipschitz tensor
product X X E is the linear span of all linear functionals d,,) X e on Lipy(X, E*)
of the form

Lip(f) =s x,yEX,x#y}-

() B e)(f) = (f(2) = f(y),€)
for (x,y) € X? and e € E. A norm o on X X F is a Lipschitz cross-norm if
0y Be) = d(z,y)le]

for all (z,y) € X? and ¢ € E. We denote by X X, F the linear space X X F

with norm «, and we denote by X @a E the completion of X X, E. A Lipschitz
cross-norm « on X X F is called dualizable if, given g € X# and ¢ € E*, we have

!Z (@) = 900 (6 €3)| < Lin()llélla (D by B )
=1

for all D7 | 0(z,y) We; € XK E, and it is called uniform if, given h € Lipy(X, X)
and T € L(FE, E), we have

(" S BT(e)) < LipWIT e (D e, Bei)
=1

i=1

for all >°% | 8z, Me; € X K E.
For each Y 7 | 04,4 We; € X X E,| the Lipschitz injective norm on X M E is
defined by

(Z O(ziw) X € ) = sup{‘z (x;) )((b, INE

For each u € X X E/, the Lipschitz projective norm m and the Lipschitz p-nuclear
norm d, for 1 < p < oo are defined on X X £ as

u) = inf{z d(xg,y) e : uw= 25(%%) X ei},
i=1 i=1

g€ Bx#,0 € BE*}.
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dy(u) = inf{( sup (A max‘g i) — 9(yi)| (Z H€z||>

gEB #

n

w="3" NSy Bes (N} IC]R+}

=1

dy(u) = inf{( sup <Z Mg

gEBX#

1
Y

)" )2 Iedr)’

u—ZAaw X ei, (A" 1cR+}

doo(u) = inf{( sup (ZA ’g z;) — 9(yi) )) max [EhE

9EB x4
u= Z Aié(zhyi) Xe;, {)‘i}?:l - R+}'
=1

It is known that €, w, and d, for p € [1, 00| are uniform and dualizable Lipschitz
cross-norms on X X E and d; = w. Moreover, ¢ is the least dualizable Lipschitz
cross-norm on X X E, and 7 is the greatest Lipschitz cross-norm on X X E. and

m(u) = sup{ [u(f)|: f € Lipo(X, E), Lin(f) < 1}

for all w € XX FE. In fact, a norm o on X X F' is a dualizable Lipschitz cross-norm
if and only if e < o < 1.

If g € X# and ¢ € E*, then we consider the linear functional g™ ¢ on X X E
defined by

(98 6) (D O Ber) = D () — 9(91)) (0.

=1

The associated Lipschitz tensor product of X X E, denoted by X#  E*, is the
linear span of all linear functionals ¢ X ¢ on X X E for ¢ € X# and ¢ € E*.
A norm 3 on X#  E*is called a Lipschitz cross-norm if

B(g X ¢) = Lip(g)l|¢||

for all g € X# and ¢ € E*. Denote by X# 5 E* the linear space X# E* with
norm f3, and denote by X# ~ 3 E* the completion of X# 5 E*.

Given a dualizable Lipschitz cross-norm av on XX FE, the map o/ : X#* E* - R
defined by

o <§: g; X gbj) = sup{‘ (i g; X ¢j> <z”: Oz ) X ei> : a(i Oas ) X ei> < 1}
j=1 j=1 i=1 i—1

for Z;"zl g X¥eo; € X #  E* is a Lipschitz cross-norm on X#  E* called the
associated Lipschitz norm of ., and clearly X# . E* is a normed linear subspace

of (XX, E)*.
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For h € Lipy(X,Y) and T" € L(E, F), we also consider the linear operator
hXT from X X E to Y X F' given by

(hRT) (Z Oy ) ez') =D dnzo hw) BT (e).
i=1 i=1

2. CROSS-NORM-LIPSCHITZ OPERATORS

In this section, we introduce the concept that will give rise to the canonical
association between Lipschitz cross-norms and ideals of Lipschitz maps. It is the
concept of a cross-norm-Lipschitz operator from X to E*, which is an operator
that induces a bounded functional on X X E endowed with a Lipschitz cross-norm.
To be precise, we have the following definition.

Definition 2.1. Let a be a Lipschitz cross-norm on XX E. A basepoint-preserving
map f: X — E*issaid to be an a-Lipschitz operator if there exists a real constant
C > 0 such that

‘Z (x;) — fy), ez> <CO¢(Z5(xlyz)®€>

for all 37" | 0(4,.4,) Me; € X X E. The infimum of such constants C' is denoted by
Lip, (f) and called the a-Lipschitz norm of f. The set of all a-Lipschitz operators
from X into E* is denoted by Lip, (X, E*).

The following lemma justifies the terminology used in Definition 2.1 since every
a-Lipschitz operator turns out to be a Lipschitz operator.

Lemma 2.2. Let o be a Lipschitz cross-norm on X X E. Then every a-Lipschitz
operator f: X — E* is Lipschitz, and Lip(f) < Lip,(f).

Proof. Let f € Lip, (X, E*). For x,y € X and e € E, we have
[(f(z) = f(y),e)| < Lipa ()b, Ke) = Lip,(f)d(z,y)lle]);

hence, [[f(x) — f(y)ll < Lip,(f)d(z,y), so f € Lipy(X, E*), with Lip(f) <
Lip, (f). U

Remark 2.3. Note that, if u = """ | §(4,4) Ke; € XX E and f € Lipy(X, E*),

then
Z<f z:) = f(w) ),

and therefore f is in Lip, (X, E*) 1f and only if |u(f)| < Ca(u) forallu € XK E.
Moreover,

Lip,(f) = min{C > 0: |u(f)| < Ca(u),Vu € X K E}
= sup{|u(f)|: ue XK E,a(u) <1}
zsup{‘u(f| ue XXE, a(u) =1}

Lemma 2.4. Let « be a Lipschitz cross-norm on X X E. Then Lip, (X, E*) is a
normed space with the a-Lipschitz norm.
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Proof. Let f,g € Lip,(X, E*), and let A € K. Clearly, Lip,(f) > 0. Assume
that f # 0. Then, for some x € X and e € E, (f(z), >7£O( e., (0(z,0 X
e, f) # 0). This implies that 6,0 Xe # 0, and thus a(de) Xe) > 0. Then,
Lipa(f) > [(f(z),e)|/a(d0 He) > 0, as required. Next we use Remark 2.3. For
any u € X X E, we obtam

[uAF)] = [Mulf)] = [M[u(H)] < [\ Lip, (f)o(w),

and therefore Af € Lip, (X, £*) and Lip,(Af) < |A| Lip,(f). From this inequality,
it follows that if A = 0, then Lip,(Af) = 0 = |\ Lip,(f), and if A # 0, then
we have Lip,(f) = Lip,(A\"1(Af)) < |A|7!Lip,(\f), and hence |\ Lip,(f) <
Lip,(Af). This proves that Lip,(Af) = |A| Lip,(f). Finally, for all u € X X E,

[u(f +9)| = ulf) + ulg)| < |u(f)| + |ulg)| < (Lip,(f) + Lip,(g)) a(w),

and so f+g¢ € Lip, (X, E*) and Lip,(f +g¢) < Lip,(f)+ Lip,(g). This completes
the proof of the lemma. O

We now identify the space of all Lipschitz operators from X into £E* with the
space of all m-Lipschitz operators.

Lemma 2.5. The sets Lipy(X,E*) and Lip, (X, E*) are equal. Moreover,
Lip(f) = Lip,(f) for all f € Lipy(X, E*).

Proof. Let f € Lipy(X, E*). Since |u(f)| < Lip(f)n(u) for all u € X K E, we
infer that f € Lip,(X, £*) and Lip,(f) < Lip(f). The lemma now follows by
Lemma 2.2. 0

In [8], Farmer and Johnson introduced the notion of Lipschitz p-summing oper-
ators between metric spaces for 1 < p < oo (see [2] for the case p = 00). Let us
recall that, if X and Y are pointed metric spaces, a map f € Lipy(X,Y) is said
to be Lipschitz p-summing (1 < p < o0) if there exists a constant C' > 0 such
that, regardless of the natural number n and regardless of the choice of points
X1y Tuy Y1, ---,Yn in X and positive reals Ay, ..., \,, we have the inequality

1

<i )\id(f<$i)7f )) ) < C sup (Z)\ |g x;) g(yi)’p); if 1 <p< oo,

9EBx#

max /\,d(f(xz),f(yl)) < C sup (max i |g (x;) g(yl)‘) if p = oc.

1<i<n 9EB, 4 1<i<n

The infimum of such constants is denoted by 7T£ (f) and called the Lipschitz
p-summing norm of f. If E is a Banach space, then the set H]f(X, E*) of all
Lipschitz p-summing operators from X into E* with the norm 7T£’ is a Banach
space (see [8], [2]). If p’ is the conjugate index of p € [1, 00|, we next identify the
Lipschitz p-summing operators from X to E* with the d,-Lipschitz operators.

Theorem 2.6. Let 1 <p < co. Then Lip, (X, E*) = Hﬁ,(X, E*), and Lipy (f) =
7y (f) for every f € Lip, (X, E*).
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Proof. Let f € II5(X,E*), and let u € X K E. If 37" | N\id(a,,) X €; is a repre-
sentation of u, then

u(f)| = ‘é%(f(xi) — f(u).ex)
<3 A6 = Sl e
< (A7t = $ll) (S )
gw,5<f>(i§f;||ei||p) sup (ZA” o) = g(wl”)’

in the case 1 < p < co. When p = 1, we have

A< YA f @) = sl

1
7

< (maX)\ Hf x;) (yz)II)ZIIGzII

1<i<n

< 7L (f) sup (max A;|g(x:) (%)DZII@II,

gEB 4 1<isn

and, for p = oo, we have

f)‘ < Z&Hf(l"z) - f(yZ)H“ezH

< (max ||e;]]) Z)\ Hf ;) Yi H

1<i<n

< w7 (f)(max |le) sup <Z)\ |g (x;) Yi) D

1<i<n

Taking the infimum over all such representations of u, we have |u(f)| < 75 (f)dy(u).
Since u was arbitrary in X X F, it follows that f € Lip, (X, E*) and Llpd (f) <
L (f).

Conversely, let [ € Lipdp(X, E*),andletn € N, zy,...,2, € Xandyy,...,y, €
X. Let £ > 0. Then, for each i € {1,...,n}, there exists ¢; € F with ||e;|]| <1+¢
such that (f(z;) — f(vi),e) = ||f(x;) — f(y:)]|. It is elementary that the map
T: K" — K, defined by

n

Tty ta) = Yt fla) = Fw)].

=1

Y(t,. .., t,) € K",
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is linear and continuous on (K", || -||,) with

Mﬂ:{QﬁﬂW@a—ﬂwWTW if 1< p < oo,

maxi<i<y || f(2:) — f(ya)| ifp=1
For any (ty,...,t,) € K® with |[(t1,...,%,)|l, < 1, we have

| (t1,...,t, ‘—‘Z<fx, t€z>
= |3 By B 1) 1)] < Ling, (1 (3 8 B (1)
=1 i=1

If 1 < p < oo, then it follows that
T(ty, ... tn)| < Lip, (f (Z [tie]|” ) S (Z\g(fli

< Lip,, (/)(1 +2) wp(ijwmz—gwﬂ

gEBX# i=1

N—
NS\
N———
8

S e

)

Consequently, we have

(Zuf v) = f()

and since € was arbitrary, we deduce that
1

(1500~ 1001)? <) s (St~ st )

and so f € IIL (X, E*) with 7} (f) < Lipdp(f). Reasoning similarly, we arrive at
the same conclusion for the cases p =1 and p = oco. Indeed, if p = 1, we have

1
7

) < Lip, (f)(1 +¢) sup (Z\g i) — g(yi)|”

gEBX# =1

,L
o
)

|T(t1,..., < Lipg, (f (ZHt €1H> sup max‘g ;) g(yl)})

< Lipy, (f)(1+¢) sup (gga}}g zi) = 9(wi)l),
9EBu

which gives

)

max || f(w:) = fly)]| < Lipdl(f)gsgf# (e |g(x:) — 9(v:)

and so f € IIL (X, E*) with 7% (f) < Lipg, (f). For p = oo, we have

’T(tl, . ,tn)| < Lipdoo(f)(max ||t; eZH) sup (Z!g ;) g(yZ)D

gEBX# i=1

< Lip;_(f)(1 +¢) sup (Z’g T —Q(QZ)D

gEBX# i=1
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hence
ZHf(xi) — f(ys)| < Lipy (f) 5up (Z\g(xi) — g(yz-)}),

and so f € I (X, E*) with 7{(f) < Lip,_(f). O

A similar description can be obtained for the class of maps admitting a Lipschitz
factorization through a subset of an L,-space. This has been proved, though stated
in a slightly different language, in [3] for p = 2. Let us recall the basic definitions.
For any pointed metric spaces X and Y, f € Lipy(X,Y), and 1 < p < oo, consider
the infimum of Lip(R) - Lip(S) taken over all factorizations of the form

N

where £ is a measure and Z is a subset of L,(1). We will denote this infimum by
'yg;ip( f), inspired by the notation of a similar situation in Banach space theory and
by I'}*(X,Y), the set of all maps in Lipy(X,Y) admitting such a factorization.
For a pointed metric space X and a Banach space E, it is not hard to show
that (I' (X, E),7,) is a Banach space. For z;,2},y;,y; € X, A\, 1; € R, and
1 < p < oo, we write (N, ¥i, ¥))iy <p (15, 5, ;)72 if, for every f € X7,

X

D [F @) = PO < 3l [F () = ]I

Equivalently, this means that there exists a linear map A = (ay): (' — (} of
norm at most one such that, for each 1 <17 <n,
NiByg) = Y Bihid(a, )
j=1
(see [3, Lemma 3.2]).

Definition 2.7. Let X be a pointed metric space, let E be a Banach space, and
let 1 <p<oo. Forue XX E, define

. - p f N 1/p' i
wy(u) = 1nf{< E ||ez»||p> ( g G d(xj,x;)p) Cu = E Ail(y, ) X ei},
=1 j=1 i=1

where the infimum is taken over the representations of u in the form > " Ai0 (g X
€; with 'Ijvx;'hyia y; € X? AZ?M] € IR7 e; € Ea and <)\7§7yi7 y?{)?:l _<P' (M]J xj7x;)§n:1

Similar arguments to those in [3] for p = 2 show that the norm w, is a uniform
and dualizable Lipschitz cross-norm on X X E. Furthermore, the Banach space of
all w,-Lipschitz operators from X to E* can be identified with the Banach space
F]I;,ip (X, E*) according to the following restatement of [3, Theorem 4.5] (while in
that article the proof is written out in the special case p = 2, the details carry
over to the general case).
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Theorem 2.8. Let 1 < p < oo. Then Lip, (X,E*) = Flg,ip(X,E*), and
Lip,, (f) = v,"(f) for every f € Lip,, (X, E*).
3. DUALITY FOR SPACES OF CROSS-NORM-LIPSCHITZ OPERATORS

As was expected from the definition, we now verify that, if « is a Lipschitz
cross-norm on X X . then there is a canonical identification between the normed
space Lip, (X, E*) and the dual space of X X, E. In particular, Lip, (X, F*) will
be a Banach space.

Theorem 3.1. Let o be a Lipschitz cross-norm on X W E. Then Lip, (X, E*) is
isometrically isomorphic to (X X, E)* via the map Ag: Lip, (X, E*) — (X K, E)*

defined by
Z<f () ),€:)

for f € Lip, (X, E*) and u = Y, (5(%%) Ke;, € XX E. Its inverse is the map
Ayt from (X X, E)* to Lip, (X, E*) given by

(AT (@)(2). ) = (30 Ke)
forope (XK, E)*, € X, ande € E.
Proof. Let f € Lip, (X, E*), and let A(f) be the linear functional on X X F

defined by
Z<f ;) ), )

for u = 3" 0(ziy) Ne; € XK E. Note that A(f) € (X X, E)* and ||[A(f)] <
Lip,(f) since

W) = |32 @) = F)sei)| < Liva(fa(w)

i=1
for all u = Z?Zl O(zi,y) Xe; € XK E. By the denseness of XX, F in X @a E, there
is a unique continuous extension Ag(f) of A(f) to X X, E. Let Ay: Lip, (X, E*) —

(X X, E)* be the map so defined. Since A: Lipy(X, E*) — (X K E)' is a linear
monomorphism by [1, Corollary 1.8], it follows easily that so is Ay.

In order to see that Ag is a surjective isometry, let ¢ be in (X X, E)*. Define
the mapping f: X — E* by

<f(.’13>,€> :90(5(13,0)&5) (SL’EX,GE E)

It is easy to check that f(x) is a well-defined bounded linear functional on E and
that f is well defined. Note that (f(x) — f(y),e) = @(d(z,) Me) for all z,y € X
and e € E. For any """ | §(z,,,) Me; € X X E, we have

’i<f($z) o € > = )Q‘)(i 5(%7%‘) X €i> < H%OHCY(i 5(aci,yi) D 61’);
=1 =1 =1
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and therefore f € Lip, (X, E£*) and Lip,(f) < |l¢||. For any u = >""" | 8z, 4, Me; €
X X E, we obtain

= w(zn: Oay.y) B €i> = p(u).
i=1

Hence Ao(f) = ¢ on a dense subspace of X X, E, and, consequently, Ao(f) =

. Moreover, Lip,(f) < |l¢|l = ||Ao(f)|l, as required. Finally, it follows that
<A61(§0)(x>76> = <f(l'),€> = @(5(1,0) X 6) for (2 (X X, E>*7 re€ X, ande€ L.
O

Theorem 3.1 and Lemma 2.5 give the next result of [10, Theorems 4.1, 5.8].
Corollary 3.2. The space Lipy(X, E*) is isometrically isomorphic to (X X, E)*.

From Theorems 3.1 and 2.6, we derive the following description for the space
of Lipschitz p-summing operators from X into E* (compare it with [2, Theorem
4.3]).

Corollary 3.3. For1 < p < oo, the space HpL(X, E*) is isometrically isomorphic
to (X Xy, B)".

Similarly, Theorems 3.1 and 2.8 give the next identification stated in [3, Corol-
lary 4.6] for p = 2.

Corollary 3.4. For1 < p < oo, the space Flgip(X, E*) is isometrically isomorphic
to (X M, E)*.

Since Lip, (X, E*) is a dual space by Theorem 3.1, we may consider it equipped
with its weak™® topology.

Definition 3.5. Let a be a Lipschitz cross-norm on X X E. The weak™® topology
(in short, w*) on Lip, (X, E*) is the weak™® topology on (X X, E)*, that is, the
topology induced by the linear space of linear functionals kyg p(X X, E) on
(X X, E)*, where Ky &, g 18 the canonical injection from X X, E into (X K, E)*.

We also introduce on Lip, (X, E*) another topology that we will use later.

Definition 3.6. Let « be a Lipschitz cross-norm on X X E. The weak* Lipschitz
operator topology (in short, w*Lo) on Lip, (X, E*) is the topology induced by
the linear space X X E of linear functionals on Lip, (X, E*).

The following facts on w*Lo can be deduced from the theory on topologies
induced by families of functions (see, for example, [12, Section 2.4]).
Remark 3.7. Let a be a Lipschitz cross-norm on X X F.

(i) Here w*Lo is a locally convex topology on Lip, (X, E*), and the dual
space of Lip, (X, E*) with respect to this topology is X X E. Since the
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family of functions X X F is separating, we have that w*Lo is completely
regular.

(ii) If {f,} is a net in Lip, (X, £*) and f € Lip, (X, E*), then {f,} converges
to f in the w*Lo topology if and only if {u(f,)} converges to u(f) for
eachu e XX FE.

(iii) If B(X, E*)isalinear subspace of Lip,, (X, E*) and Lip, (X, E*) is equipped
with the w*Lo topology, then the relative w*Lo topology of Lip, (X, E*)
on B(X, E*) agrees with the topology induced by the linear space of
linear functionals on B(X, E*) given by {u|px,g+): v € X X E}.

Corollary 3.8. Let a be a Lipschitz cross-norm on X X E.
(i) A net {f,} in Lip, (X, E*) converges to f € Lip, (X, E*) in the weak*
topology if and only if {u(f,)} converges to u(f) for every u € X X, E.
(ii) On Lip,(X, E*), the weak™ Lipschitz operator topology is weaker than
the weak™ topology. Moreover, on bounded subsets of Lip, (X, E*), both
topologies agree.

Proof. (i) Let Ag: Lip, (X, E*) — (X X, E)* be the isometric isomorphism defined
in Theorem 3.1. We have

{f,} = f in (Lip, (X, E*),w")
S {Mo(f)} = Ao(f) in (XK, E)*,w)
& {(kyg, p(u), Mo(fy)} = (Fxg, 5w, Ao(f)), Vue XX, FE
S M)W} = Ao(f)(u), Yue XK, E
s {u(f,)} = u(f), Vue XK, E.

(ii) Let {f,} be a net in Lip, (X, £*) which converges to f € Lip, (X, E*) in the
w* topology. By (i), {u(f,)} converges to u(f) for each u € X X, E. In particular,
{u(f,)} converges to u(f) for each u € XK E since XKE C X X, E. This means
that {f,} converges to f in the w*Lo topology. Hence the identity on Lip, (X, E*)
is a continuous bijection from the w* topology to the w*Lo topology, and thus
the latter topology is weaker than the former, as required. On a bounded subset
of Lip, (X, E*), the w* topology is compact and the w*Lo topology is Hausdorff,
and so both topologies must coincide. |

4. CROSS-NORM-LIPSCHITZ APPROXIMABLE OPERATORS

The concepts of Lipschitz finite-rank operators and Lipschitz approximable
operators from X into E were introduced in [9]. We now study the relation
between Lipschitz finite-rank operators and cross-norm-Lipschitz operators of X
into E*.

Let us recall that a Lipschitz operator f € Lipy(X, E*) is considered Lipschitz
finite-rank if the linear span lin(f(X)) of f(X) in E* is finite-dimensional, in
which case the rank of f, denoted by rank(f), is defined as the dimension of
lin(f(X)). We denote by Lipy(X, E*) the linear space of all Lipschitz finite-rank
operators from X into E*. For every g € X# and ¢ € E*, themap g-¢: X — E*,
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defined by (g - ¢)(x) = g(x)¢ for all x € X, is in Lipyp(X, E*) with Lip(g - ¢) =
Lip(g)||#|| by [I, Lemma 1.5]. Furthermore, every operator f € Lipyp(X, E*) can
be expressed in the form f = Z;nzl g; - ®;, where m = rank(f), g1,...,9m € X7
and gbl,...,gbm e k.

Theorem 4.1. Let o be a dualizable Lipschitz cross-norm on X X E. For every
g € X*# and ¢ € E*, the map g - ¢ belongs to Lip, (X, E*) and Lip,(g - ¢) =
Lip(g)||¢]l. As a consequence, Lipyp(X, E*) is contained in Lip, (X, E*).

Proof. Let g € X*, and let ¢ € E*. Since the Lipschitz injective norm ¢ is the
least dualizable Lipschitz cross-norm on X X E by [1, Theorem 5.2], we have

’Z< ) (i), ez —‘Z (i) z)<¢ €i)

< Lip<g)||¢||€(2 Oain) B 61’)
i=1

< Lin(g) ¢ (3 d s B,
=1

for all Y°" | 0w,y Me; € XK E, and so g - ¢ € Lip, (X, E*) and Lip,(g - ¢) <
Lip(g)||#||. The converse inequality follows from Lemma 2.2. Since the Lipschitz
operators ¢ - ¢ generate linearly the space Lipyp(X, E*) and Lip,(X, E*) is a
linear space, we conclude that Lip,z(X, E*) is contained in Lip, (X, E*). O

Let us recall that a Lipschitz operator from X into E* is said to be Lips-
chitz approximable if it is the limit in the Lipschitz norm Lip of a sequence of
Lipschitz finite-rank operators from X to E* (see [9]). Since the Banach spaces
(Lipy(X, E*), Lip) and (Lip, (X, E*), Lip,) coincide by Lemma 2.5, it is natural
to introduce the following class of Lipschitz operators.

Definition 4.2. Let o be a dualizable Lipschitz cross-norm on X X E. A Lipschitz
operator f € Lip, (X, E*) is said to be a-Lipschitz approximable if it is the limit

in the a-Lipschitz norm Lip,, of a sequence of Lipschitz finite-rank operators from
X to E*.

Therefore, the space of all a-Lipschitz approximable operators from X into E*,
provided that « is a dualizable Lipschitz cross-norm on X X FE, is the closure of
the space Lipyp(X, E*) in (Lip, (X, E*), Lip,).

Theorem 4.3. Let o be a dualizable Lipschitz cross-norm on X X E, and let of
be the associated Lipschitz norm of «.
(i) (Lipyp(X, E*), Lip,) is isometrically isomorphic to X* o E* via the
map K: X% o E* — Lipyp(X, E*) given by

K(igj X ¢j) = igj " 9j-
=1 =1

(ii) The space of all a-Lipschitz approzimable operators from X into E* is
isometrically isomorphic to X#* ~  E*.
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Proof. By [1, Theorem 2.5, the map K: X# E* — Lipyx(X, E*) given by
K(Zgj @%’) =Y g, 9;
p j=1

is a linear bijection. For any Z;n:1 g;®¢; € X* E*, we have
o <Z g9; & ¢j>
j=1
= sup{’ (Z g; X ¢]> <Z Ofas,i) B 61')
j=1 i=1
= SHP{’Z<<Z 9; - ¢j)(l’i) - <Z 9; - ¢j)(yi),€¢> i
=1 j=1 j=1

n

a(Z Oz ) ei> < 1}

i=1
~Lip, (Y0 )
j=1

by using [1, Lemmas 2.2 and 1.4] and Remark 2.3. Hence K is an isometry from
X# o E* onto (Lipyz(X, E*), Lip,), and this proves (i). Then (ii) follows from
(i) by applying a known result of functional analysis. O

n

: a(Z O(zs,y5) X ei> < 1}

=1

From Corollary 3.2 and Theorem 4.3, we deduce the following consequence.

Corollary 4.4. Let o be a dualizable Lipschitz cross-norm on X M E. Then
X# 7 o E* is isometrically isomorphic to (X X, E)* if and only if Lip,, (X, E*) is
isometrically isomorphic to the space of a-Lipschitz approzimable operators from
X to E*.

5. LIPSCHITZ OPERATOR BANACH IDEALS

We now formalize the notion of an ideal of Lipschitz operators with a definition
inspired by the analogous one for linear operators between Banach spaces.

Definition 5.1. A Banach ideal of Lipschitz operators (or simply a Lipschitz oper-
ator Banach ideal) from X to E* is a linear subspace A(X, E*) of Lipy(X, E*)
equipped with a norm || - || 4 with the following properties.

(i) The Lipschitz rank 1 operator g - ¢ from X to E* belongs to A(X, E¥)
for every g € X# and ¢ € E*, and ||g - ¢||4 < Lip(g)||¢]|-
(ii) The linear subspace (A(X, E*), || -|l4) is a Banach space.
(iii) The ideal property: If f € A(X, E*), h € Lipy(X, X), and S € L(E*, E*),
then the composition S fh belongs to A(X, E*) and [|Sfhl|a < ||[S||]|flla-
Lip(h).

Our aim is to study the case when Lip, (X, £*) is a Lipschitz operator Banach
ideal. We will need the following lemma.
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Lemma 5.2. Let o be a Lipschitz cross-norm on X X E, and let " | 8z, ) X
e; € X X E. Then there exists a f € Lip, (X, E*) such that Lip,(f) = 1 and

Z?:1<f(xl) - f(yl)7 67;> = a(Z?:l 5(x¢,yi) X ei)'

Proof. By the Hahn—Banach theorem, there exists a functional ¢ € (X X, E)*
with |l = 1 such that (>°" 1 O Xe) = a(3o7 @iy M e;). By Theorem
3.1, there exists a function Ay'(yp) € Lip, (X, E*) such that Lip,(Ay'(0)) = [|o|
and (27, Gorg) B0) (g (9)) = $(5 11 Oy Ber). Take £ = Ay (), and the
lemma follows 0J

Theorem 5.3. Let a be a Lipschitz cross-norm on X X E. Then we have the
following.
(i) If Lip, (X, E*) is a Lipschitz operator Banach ideal, then o is uniform.
(i) If « is uniform and E is a reflexive Banach space, then Lip, (X, E*) is a
Lipschitz operator Banach ideal.

Proof. (i) Let us assume that Lip, (X, F*) is a Lipschitz operator Banach ideal.
Consider Y7 | 0 Me; € X W E, and let h € Lipy(X, X) and T € L(E, E).
By Lemma 5.2, there exists f € L1pa(X E*) with Lip,(f) = 1 such that

>_(f () = £ (hly), T(e:)) = a(z Sinteniu BT(er) )
that is,

D (T fhlwi) =T fhlys), i) = 04(2 O(h(z) hiy:) B T(ez’)>,

i=1 i=1

where T* denotes the adjoint operator of T'. Since Lip,, (X, £*) has the ideal prop-
erty, then 7% fh belongs to Lip, (X, E*) and Lip, (7% fh) < ||T*| Lip,(f)Lip(h).
Then we have

(Z(S eon BT(er)) < Lipg(T" fh)a (Z% w e
< ITILip (3 0 D).
1=1

and so « is uniform.

(ii) Notice that Lip, (X, E*) is a linear subspace of Lip, (X, £*) and (Lip, (X, E*),
Lip,) is a normed space which satisfies the conditions (i) and (ii) of Definition 5.1
by Lemmas 2.2 and 2.4 and Theorems 3.1 and 4.1. Assume that « is uniform and
that E is reflexive. We only need to prove that Lip, (X, E*) has the ideal prop-
erty. Let f € Lip, (X, E*), let h € Lipy(X, X), and let S € L(E*, E*). Since E is
reflexive, there exists T' € L(E, F) such that T* = S and ||T'|| = ||S||. For every
Yoy Oy Me; € X K E, we have

> (SFh() = SThw)en)| =[S (fhla) = fhly). T(en)
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< Lip,(f)e (Z O(h(ws),h(y:)) B T(Gi))
i=1

< Lip, (NLip()|T o (3 0y Res).
=1

It follows that Sfh is in Lip, (X, E*) and Lip,(Sfh) < ||S|| Lip,(f)Lip(h). This
completes the proof. O

Theorem 5.3 shows that for reflexive spaces there is an equivalence between
the uniformity of a and Lip,, being an ideal.

We now study when a-Lipschitz approximable operators from X into £* form
a Lipschitz operator Banach ideal.

Theorem 5.4. Let o be a uniform and dualizable Lipschitz cross-norm on the
space X W E. Assume that E is a reflexive Banach space. Then (Lipyp(X, E*),
Lip,) is a Lipschitz operator Banach ideal.

Proof. We first show that (Lip,z(X, E*), Lip,) has the ideal property. Consider
the maps f € Lipyp(X, E*), h € Lipy(X, X), and S € L(E*, E*). Since

lin(Sfh(X)) = S(lin(fr(X))) € S(lin(f(X))),

we infer that Sfh € Lipyr(X, E*). The inequality Lip,, (S fh) < ||S|| Lip,(f)Lip(h)
follows similarly as in the proof of the assertion (ii) of Theorem 5.3.

By Theorems 4.1 and 3.1, (Lipyp(X, E*), Lip,,) satisfies the conditions (i) and
(ii) of Definition 5.1. In order to prove that it has the ideal property, let f €
Lipyp(X, E*), h € Lipy(X, X), and S € L(E*, E*). Then we can take a sequence
{fn} in Lipyr(X, E*) such that Lip,(f, — f) — 0. Then Lip, (S f.,h — Sfh) — 0

since
Lip,(Sfuh — Sfh) = Lip, (S(fa — f)h) < ||S|| Lip,(fn — f)Lip(h)

for allm € N. Hence S fh € Lipyr(X, E*). Since Lip, (S f,h) < ||S|| Lip, (f)Lip(h)
for all n € N, we deduce that Lip,(Sfh) < ||S|| Lip,(f)Lip(h), and the theorem
follows. 0J

6. LIPSCHITZ OPERATOR BANACH SPACES

In Theorem 3.1 we have characterized Lip, (X, E*) as the dual space (X X, E)*.
Our aim in this section is to tackle the general duality problem as to when a
space of maps from X to E* is isometrically isomorphic to (X X, E)* for some
Lipschitz cross-norm « regardless of whether or not one has an ideal property.
For that purpose, we first introduce Banach spaces of Lipschitz operators.

Definition 6.1. A Banach space of Lipschitz operators (or simply a Lipschitz
operator Banach space) from X to E* is a linear subspace B(X, E*) of Lip, (X, E*)
equipped with a norm || - || having the properties

(i) (B(X, E*),|| - |l) is a Banach space,

(i) [|fllz = Lip(f) for every f € B(X, E”),
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(iii) for every g € X# and ¢ € E*, the map g - ¢ belongs to B(X, E*) and
lg - ¢llz = Lip(g)ll¢l|-

We first characterize all Lipschitz cross-norms ov on XX FE for which Lip,, (X, E*)
is a Lipschitz operator Banach space.

Theorem 6.2. Let o be a Lipschitz cross-norm on X X E. Then Lip, (X, E*) is
a Lipschitz operator Banach space if and only if o is dualizable.

Proof. In view of Lemmas 2.4 and 2.2 and Theorem 3.1, Lip, (X, E*) is a linear
subspace of Lipy(X, E*), and (Lip, (X, E*),Lip,) is a normed space satisfying
assumptions (i) and (ii) of Definition 6.1. Hence we only need to prove that
Lip, (X, E*) satisfies condition (iii) if and only if « is dualizable.

If « is dualizable, then Lip, (X, E*) has the property (iii) by Theorem 4.1.
Conversely, assume that every map ¢-¢: X — E* with g € X7 and ¢ € F* is in
Lip, (X, E*) and Lip,(g - ¢) = Lip(g)||¢|. Take g € X# and ¢ € E*, and since

= ’Z«g @) (i) — (g ¢)(yl>7el>

= Lip(@)l|6ller(_ St B s
=1

for all Y°" | 8z, ) X e; € X W E, we have that a is dualizable. O]

Since , ¢, d,, and w, for p € [1,00] are dualizable Lipschitz cross-norms on
X X E, Theorem 6.2 gives the following.

Corollary 6.3. The spaces Lip, (X, E*) for a = m,¢e,d,, w, with 1 < p < oo are
Lipschitz operator Banach spaces.

Conversely, we will now address the problem of when a Lipschitz operator
Banach space can be canonically isometrically identified with the dual of a Lip-
schitz tensor product endowed with a Lipschitz cross-norm. We begin with the
following lemma.

Lemma 6.4. Let B(X, E*) be a Lipschitz operator Banach space. For each ele-
ment u =y ! | Oy Ne;, € X WE, define

o) = sup{ [ (@) — e £ € BEXE) 151l = 1)

and
(i(w), ) =D _{f (@) = flyi)ei)  (f € BOX,EY).

Then « is a dualizable Lipschitz cross-norm on X X E, and i is a linear isometry
from X W, E into B(X, E*)*.
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(i(u), f) = wu(f). Clearly, i(u) is well defined on B(X, E*), it is linear, and
[(i(w), HI < Lip(f)m(u) < [Ifllm(u) for all f e B(X,E*). Then i(u) is in
B(X, E*)*, and

Jitw)| = sup{|(iCw). )| f € BECE). [f]l5 = 1} < 7(u)

It is immediate that i: X X E — B(X, E*)* is well defined and linear. Moreover,
it is injective. Indeed, i(u) = 0 means that (i(u), f) = 0 for all f € B(X, E*).
Since B(X, E*) contains the maps g - ¢, it follows that (u,g-¢) = (i(u),g-¢) =0
for all g € X# and ¢ € E*, and then u = 0 by [1, Proposition 1.6].

Define the map o on X X E' as in the statement. Notice that a(u) = ||i(u)]|.
Then « is a norm on X X F, and so ¢ is a linear isometry from X X, E into
B(X, E*)*.

We claim that « is a Lipschitz cross-norm. Indeed, for any d¢,,)Xe € X X E,
we have

Proof. Let w = 7" | 0(zy) Me; € XK E, and let f € B(X, E*). Note that
*)

(O B ) = [[i(0ay) W) || < 7(3ay) W) = dl, )]l

For the reverse, we may take ¢ € Sp« and g € Sy# satisfying that (¢,e) = |¢|
and g(z) — g(y) = d(z,y). For example, g(z) = d(z,y) — d(0,y) for all z € X.
Then g - ¢ € B(X, E*) with Hg : (bH = 1, and we infer that

0z Be) > [((g- 0)(z) — v),e)] = |(g( ){(d.e)| = d(z,y)|le],

and this proves our claim.
Finally, we prove that « is dualizable. Let u = 3" | 0(5,,,) X e; € X X E. For
any g € Sy# and ¢ € Sg+, we have

> (96— 9(9) (6.0

_ ‘Z((g 0N (i) — (9 ) (i), e:)
< sup{‘z<f($z) — f(wi), ei>

and therefore (u) < a(u). Then « is dualizable by [I, Theorem 6.3 and Propo-
sition 6.4]. O

 F e BOGCE), s =1,

We are ready to obtain the main result of this section.

Theorem 6.5. Let B(X, E*) be a Lipschitz operator Banach space. Then the
following are equivalent:

(i) There exists a dualizable Lipschitz cross-norm o« on X X E such that
B(X, E*) = Lip, (X, E*) and ||f||s = Lip,(f) for every f € B(X, E*).

(i) If f is in Lipy(X, E*) and {f,} is a bounded net in B(X, E*) which
converges to f in the weak® Lipschitz operator topology of Lipy(X, E*),
then f € B(X, E*) and || fllz < sup{[|f;[l5: v € T'}.
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Proof. Suppose that (i) holds. Let f € Lip,(X, E*), and let {f,} be a bounded
net in B(X, E*) converging to f in the w*Lo topology of Lip,(X, E*). Denote

M = sup{||f, 1 7 € T},
If > Oasy) Me; € XK E and € > 0, then we have

3000 =3 =) = | () 1) <

for some 7y € I', and therefore

‘ZU(%‘) — fyi), ei)

+e

< ‘Z<fyo($z) - fvo(yi)’ 6,‘>

< Llpa f70 (Z 5(9& i) X 62) +e

n

= 1 frullme (X daray W) +

i=1
< Ma«a (Z O s) X ei) +e.
1=1

Since € was arbitrary, we deduce that f € Lip, (X, E*) and Lip,(f) < M. Hence
fe€BX,E) and | fllz < M.

Conversely, assume that (ii) is true. Take the dualizable Lipschitz cross-norm
a on X X F and the linear isometry ¢ from X X, E into B(X, E*)* defined in
Lemma 6.4. Next we check that B(X, E*) = Lip, (X, E*) and ||f||s = Lip,(f)
for all f € B(X, E*). To this end, we first take a function f in B(X, E*). The
definition of a gives

\Z<f ) < !\fl!Boe(Zé% o Ee)

for all =% | 6z, ) Xe; € XX E, and then f € Lip, (X, E*) with Lip,(f) < || f| -
Conversely, pick a function f in Lip, (X, E*), and let S(f): (XX FE) — K be the
functional given by

Z<f 7i) = f () e:)

for u = Y7 | 04y Me; € X W E. The fact that ¢ is injective guarantees that
S(f) is well defined. The linearity of S(f) follows easily. Since |(S(f),i(u))| =
lu(f)] < Lip,(f)a(u) = Lip,(f)||i(u)] for all w € X X E, it follows that S(f)
is continuous and ||S(f)|| < Lip,(f). Since i(X X E) is a linear subspace of
B(X, E*)*, the Hahn-Banach theorem provides a functional S(f) € B(X, E*)**
which extends to S(f) and has the same norm. Let k5 be the canonical injection
from B(X, E*) into B(X, E*)**. By Goldstein’s theorem, there exists a net {f,}

in B(X, E*) for which sup{||f,||g: v € I'} < IS(f)] and {kB(fy)} converges to
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S(f) in the weak™ topology of B(X, E*)**. Since (XX E) C B(X, £*)*, it follows
that, for each u € X X E, the net {(kp(f,),i(u))} converges to (S(f),i(u)); that
is, {u(fy)} converges to u(f). This means that {f,} converges to f in the weak™
Lipschitz operator topology of Lipy(X, E*) by Remark 3.7. Then, by hypothesis,
f € B(X,E*), and || f|lp < sup{||fyllz: v € '} < Lip,(f). This finishes the
proof. |

Theorem 6.5 can be reformulated as follows.

Corollary 6.6. Let B(X, E*) be a Lipschitz operator Banach space. The following
are equivalent.

(i) There exists a dualizable Lipschitz cross-norm « on X W E such that
B(X, E*) = Lip, (X, E*) and ||f||5 = Lip,(f) for all f € B(X, E*).
(ii) There exists a dualizable Lipschitz cross-norm « on X W E such that
B(X, E*) is isometrically isomorphic to (X X, E)*.
(iii) The closed unit ball of B(X, E*) is compact in the weak™ Lipschitz oper-
ator topology of Lipy(X, E*).

Proof. Here, the fact that (i) implies (ii) is deduced immediately, taking into
account Theorem 3.1. Assume now that (ii) holds. Then B(X, E*) is isometrically
isomorphic to Lip, (X, E*) by Theorem 3.1. Then Alaoglu’s theorem says that the
closed unit ball of B(X, E*) is compact in the w* topology of Lip, (X, E*), and
hence by Corollary 3.8 in the w*Lo topology of Lip, (X, £*). Since Lip, (X, E*) is
a linear subspace of Lip,(X, £*), this last topology agrees with the relative w*Lo
topology of Lip,(X, E*) on Lip, (X, E*) by Remark 3.7. Then (iii) follows easily.

Finally, suppose that (iii) is true. Let f € Lipy(X, E*), and let {f,} be a
bounded net in B(X, E*) which converges to f in the w*Lo topology of
Lipy(X, E*). Let M = sup{||f,lls: v € I'}. By (iii), the closed unit ball of
B(X, E*) is closed in the w*Lo topology of Lipy(X, E*). Therefore, the limit
of the net {f,/M} in the w*Lo topology of Lip,(X, E*), that is, f/M, is in the
closed unit ball of B(X, E*). Hence f € B(X, E*) and ||f||g < M. Then the
assertion (ii) of Theorem 6.5 is satisfied, and we obtain (i). O
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