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ABSTRACT. We take advantage of the recent developments in the isomorphic
classification of the infinite matrix spaces of mixed norms ¢4(¢,) for the whole
range of values 0 < p,q < oo to give a unified approach to the classification
of Besov spaces over Euclidean spaces. In particular, we show that different
Besov spaces with generalized smoothness IDB;j’,q(Rd) over the Euclidean space
R? are isomorphic if and only if the indices p and ¢ match.

1. INTRODUCTION AND BACKGROUND

In harmonic analysis and partial differential equations, one often wants to place
a function f: Q — C defined in some domain @ C RY in one or more function
spaces in order to quantify its size in some sense. Besov spaces provide a way
to measure the size of the differences f(x + h) — f(z) of a function f, for x,
h € Q. There are various needs and approaches to specify when a function, or
more generally a distribution, belongs to a Besov space. The Fourier analytic
approach to homogeneous Besov spaces, for instance, yields representations for
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the members of the space ]f%g’q(]Rd) of the form

f:Zflm

keZ

in which the summands f; depend on f linearly. Arranging for a suitable decom-
position of the objects in égg(Rd) is important to compute their norm and to
simplify the analysis of the operators acting on it. It is also the key to be able to
identify the members of the space from an abstract point of view. The latter is
the angle of functional analysis, which aims at recognizing ég’q (R?) as an already
existing animal in disguise in the Banach space zoo.

The study of the classification of Besov spaces over Euclidean spaces is indeed
an important subject in Banach space theory (see [13, Section 6.7.7]). It addresses
a very simple question: are the Besov spaces ég,q(Rd) essentially distinct, that is,
mutually nonisomorphic?

Historically, a breakthrough in the isomorphic characterization of Besov spaces
over the Euclidean d-dimensional space R? occurs in [15], where H. Triebel con-
structed an unconditional basis for the nonhomogeneous Besov space B | (R%). He
did not identify the associated sequence space, but he showed that, for 0 < o < oo,
l<p<oo,and 1 < g < oo, B;q(Rd) is isomorphic to the direct £,-sum of count-
ably many copies of ¢, that is, to the sequence space ({, l, & --- B, B---), =
l,(¢,). Triebel’s techniques remain valid when —oo < 0 < 00, 0 < ¢ < o0,
and for homogeneous Besov spaces. However, the fact that his methods rely on
the boundedness of the Riesz transform rules out the possibility to make them
extensive to the extreme cases p =1 or p = oo.

Another significant advance was made by P. G. Lemarié and Y. Meyer in [11].
Here they used an appropriate wavelet basis to obtain a characterization of Besov
spaces which led to establishing isomorphisms between homogeneous Besov spaces
]ég’q(]Rd) and the spaces ¢,(¢,) for 1 <p < oo and 1 < ¢ < oo, whence, as J. Pee-

tre already pointed out in [12], the classification of the Banach spaces ]OSZ’q(Rd)
would be settled once it is proved that different ¢,(¢,) spaces for 1 < p, ¢ < oo are
not isomorphic. The answer to this question has its roots in [16, p. 242n], where
H. Triebel said that he had learned from A. Pelczynski that the above-mentioned
conjecture of Peetre holds true for 1 < p < oo and 1 < ¢ < co. In 2011, P. Cem-
branos and J. Mendoza included in [6] a detailed proof of Petczynski’s assertion
and extended it to the whole range of values 1 < p < oo and 1 < ¢ < co. More
recently, and initially unaware of the connection of their work with this direction
of research, the authors have completed in [1] the picture of the isomorphic clas-
sification of ¢,(¢,) spaces by letting the non-locally convex relatives to be part of
their natural family and have showed that no two members of the extended class
{€,(£,) : 0 < gq,p < oo} are isomorphic.

Besov spaces also have their non-locally convex counterpart. In defining these
spaces you just have to allow p or g or both to be less than 1 and you automatically
land in quasi-Banach space territory. All of which naturally leads us to wonder
if the above neat isomorphic classification of Besov spaces can be extended to
the whole range of values 0 < p < oo and 0 < ¢ < oco. And right away we are
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faced with an important, yet rather common in the non-locally convex theory,
stumbling block: a straightforward extension of the proof of Lemarié and Meyer’s
Theorem 4.1 in [11] is not possible. This obstruction is mainly due to the fact
that their arguments rely on duality techniques and estimates that do not work
forp<lorg<l.

The treatment that M. Frazier and B. Jawerth gave to Besov spaces in [8] was
crucial to push forward the non-locally convex case. They obtained an atomic
decomposition of Besov spaces valid for 0 < p < oo and 0 < ¢ < oo, but, un-
fortunately, their decomposition does not yield directly an isomorphism between
]f%g’q(]Rd) and /(,(¢,). However, as it was pointed out by themselves later in [9],
the estimates that they had gotten for the so-called p-transform also apply for
the wavelet transform, and as a consequence it is possible to reconstruct, from
Lemarié and Meyer’s aforementioned work [11], an isomorphism from ]égq(Rd)
onto £,(¢,) that is valid for all 0 < p,q < co. And this completes the picture of
the puzzle of the isomorphic classification of classical Besov spaces in both locally
convex and non-locally convex cases.

Subsequently, several authors were interested in homogeneous Besov spaces of
generalized smoothness (see [4], [5], [7]), which we will denote by qu(Rd). Using

standard techniques, one can obtain a direct isomorphism from ]i%;“j”q(]Rd) onto

]ég’q(]Rd), so that these Besov spaces are also isomorphic to ¢,(¢,). Thus, it is
natural to wonder if Lemarié and Meyer’s wavelet technique provides a direct
isomorphism from ]f%;;”?q(Rd) onto the sequence space ¢,(¢,).

In this article we explore the methods of Lemarié and Meyer’s and Frazier and
Jawerth’s in more generality to establish the validity of the above isomorphisms
to weighted Besov spaces ]f%;‘jq(Rd) for the whole range of 0 < p,q < oo, at once.
Our results cast light also onto the classical case by providing a unified proof,
without having to patch together so many scattered pieces in the literature.

2. PREREQUISITES: THE INGREDIENTS OF THE PROOF

Throughout this article we employ the notation and terminology commonly
used both in Banach space theory (see, e.g., [2]) and in harmonic analysis (see,
e.g., [16]). This section is entirely preparatory. With the intention to render our
paper as self-contained as possible, for the convenience of the reader we have
summarized the relevant concepts that we will need later on.

2.1. Tempered distributions modulo polynomials. We will denote by S the
Schwartz class of rapidly decreasing smooth functions in R?, by S’ its topological
dual (i.e., the space of tempered distributions), and by (-,-): &’ xS — C the dual
pair between tempered distributions and rapidly decreasing smooth functions.
The support of f € §’, denoted by supp f, is the complement of the largest open
set on which f is the null distribution. The Fourier transform can be defined for
tempered distributions, and, as is customary, f will denote the Fourier transform
of fe€ 8. Given f € § and 0 < t < oo, we define the dilation f; as fi(z) =

t4f(x/t). Notice that f,(£) = f(t€).
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We will need to consider the closed subspace Sy of S consisting of functions
with zero moments. There is a natural identification between the topological dual
S}, of Sy and the quotient space S’/P, where P is the linear space of polynomial
functions. Of special interest for us is the subspace Sy of Sy consisting of functions
whose Fourier transform has compact support contained in R%\{0}. For a detailed
background on rapidly decreasing functions and tempered distributions, we refer

o [14].

2.2. Hilbertian wavelet bases. Next we detail the standard construction of a
wavelet basis from a pair (¢g,9;) of real valued measurable functions such that

/Rwo(a:)wl(x) dr =0, and /Rqﬁo(xf dr =1 = /Riﬁl(xy dx

For each € = (ey,...,¢q9) € € := {0,1}?\ {(0,...,0)}, each k € Z%, and each
J € Z, put

Ve(@1, . Ta) = Ve, (21) -+ Ve, (@7) - - - Ve (), (2.1)
Yenj(x) = 2P (P — k), (2.2)
V(... xa) = Yo(z1) -+ o(xi) - to(za),  and (2.3)
Uy(z) = V(x — k). (2.4)

Let A=E X Z% x Z and At = {(¢,k,j} € A: k> 0}. The family {¢y : A € A} is
called a wavelet basis. In [11], P. G. Lemarié and Y. Meyer constructed a wavelet
basis fulfilling the following properties:

e U € Soo;
o for every f € &, we have

f=2_(f v, (2.5)

AEA

where the (infinite) series is unconditionally convergent; and
o (Y, ¥y) =1 and (Py,1,) = 0 if A # p.
Similarly, the family {W¥y, k € Z4} U {4y : A € AT} verifies that

e U, €S8 and supp U}, has compact support;
e for every f € &’ we have

F=Y(LU0)U+ > (fioa)n, (2.6)

kezd AeAT
where the (infinite) series are unconditionally convergent; and
[ <\I’k, \I/k> = 1, <\I’k, \I/l> =0if k 7& [ and <\I/k,¢)\> =0.

Following [11], such a wavelet basis will be called Hilbertian.

Suppose that we have a Hilbertian wavelet basis {(¢)) : A € A}. Let X be a
quasi-Banach space continuously embedded in &(. Define, ignoring the possible
dependence on the chosen basis,

W(X) = {((f.9a)),, : f € X}.
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Clearly, thanks to the orthogonality of the basis,

W(X) = {(a,\),\eA : 3f € X such that f = a)ﬂh},
AEA

and there is a natural linear bijection between X and W(X ), so that we can
transfer the topological structure from X into W(X). Roughly speaking, W(X)
is a representation of X as a sequence space.

A very general problem is to describe properties or the sequence space W(X )
and, if possible, to be able to characterize it up to isomorphism. For instance,
{(»): A € A} is an unconditional basic sequence for X if and only if W(X) is a
lattice under the natural ordering for sequence spaces. This problem is successfully
discussed in [11] for many classical function spaces in harmonic analysis, such as
H;(RY), BMO(R?), L,(R%) (1 < p < o0), Holder spaces, Sobolev spaces and
locally convex Besov spaces.

2.3. Band-limited L,-spaces. Let 0 < p < oo, and suppose that £ C R is a
compact set. Consider

LK) ={feL,R)NS": supp f C K}.

L,[K] is a closed subspace of L,(R?) and hence is a quasi-Banach space. We will
write L,[R] := L,[Dg], where D = {z € R?: |z| < R} (0 < R < 00). Hereafter

we will put

‘('rla"wxia"'?xd) = 121%}%‘1‘1|

In some sense, for a fixed compact set I, the behavior of the spaces L,[K] is
similar to that of the sequence ¢, spaces. By way of example we can state the
following result (see [12, Chapter 11, Lemma 1]), whose immediate corollary will
be of special interest for our approach to the isomorphic classification of Besov
spaces.

Theorem 2.1. Let 0 < p; < py < oo. There exists a constant A such that, for

every 0 < R < oo and every f € L, [R], we have f € L,,[R] and
11l < ARVPZVP || £l

Corollary 2.2. Suppose 0 < p < 1. There is a constant B such that if 0 <
R < oo, f € L,[R], g € Lw|R|, and x € RY, then g(- — z)f(-) € L1(R?) and

[ oty =) dy| < BRI [ oty — 25| ay) "
Proof. Let h(y) = g(y — x) f(y). Note that

supp i € supp g + supp f € Dag.
Applying Theorem 2.1 yields the desired result since

L9 =) f(w) dy| < bl < A2/ RV A, < oo. 0




ISOMORPHIC CHARACTERIZATION OF BESOV SPACES 113

2.4. Homogeneous Besov spaces. Under certain conditions, the differences
appearing in the classical definition of Besov spaces can be replaced by convolu-
tions @, % f, where § € Sy and t € (0, 00) (i.e., it is possible to regard Besov spaces
as spaces of tempered distributions and obtain a Littlewood—Paley description
of them). For our purposes, among the many different ways to introduce Besov
spaces it will be convenient to deal with the more general definition of distribu-
tional Besov spaces introduced in [5], which we summarize next.

A doubling weight in Z is a double sequence w = (w;)2_ in (0, 00) such that

j=—o00

e Wit Wj+1
0 < inf - < sup 2
J€L Wi jer Wy

< Q.

Suppose 0 € Sy verifies the condition

inf Y°lo27¢)|" > 0, (2.7)

ceri\(0) £
and let < 0 < p,q < o0. For f € §) we define
—q q Ha
1l = (3 w02 % £12)
jEz

with the usual modification if ¢ = co. The homogeneous Besov space é;q(Rd) is
the quasi-Banach space

By (RY) = {feS):|fl

Besov spaces do not depend on the particular function € chosen. In fact, for any
n € Spo there is a constant C,, such that

wpg < oo}

1/q
(S wylmes # £12) " < Cyllf]

JEZ.

wp.g- (2.8)

If w; = 297 for all j € Z and a fixed 0 € R we recover the classical homogeneous
Besov spaces ]f%;’q(Rd). We refer to [5] for more details, and to [12], [16], [10], and
[4] for connections between this definition and other ways of introducing classical
and weighted Besov spaces.

3. THE ISOMORPHIC CLASSIFICATION OF WEIGHTED BESOV SPACES:
HOMOGENEOUS CASE

Equipped with the machinery introduced above, we are now in a position to
tackle our goal and identify isomorphically weighted Besov spaces, recently known
as Besov spaces with generalized smoothness. The novelty of our approach relies
on the effective usage of the properties of band-limited spaces L,[K].

Theorem 3.1. Suppose 0 < p,q < o0, and let w be a doubling weight in Z. We
have

W@Ziq(Rd)) = {(a)\))\EA : H(a)\))\eAH < OO},

w7p7q
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where
) q/p\ 1/4q
H(“A)AGAHWM _ (Z wj—q2jqd(1/2—1/p)<z |ae,k,j|p> ) ’
- JEZ ee€
kezd

with the usual modifications if p = co or ¢ = oo.

Proof. Define the norm in the Besov space from 6 € Sy verifying (2.7). Fix a
Hilbertian wavelet basis, for which we will use the notation introduced in (2.1)
and (2.2). Let R > 0 such that supp ¢ C Dg, for every e € £ and some Ry < R.
Choose n € Sy such that suppn C Dg and 7(§) = 1 for |{] < Ry. Notice that

<f7 77De,lc,j> = /]Rd 2jd/2772*j * f(m)we(ij - k) dl’
Consider

D = max( Z Ye(y — k)‘p)l/p,

d
yeR ecf
kezd

where p = min{1, p}, and

E = max [ 1.

Suppose first that 0 < p < 1. By Corollary 2.2,

1/p 4 4
(S [(ftes)]) " < BDRI1929090 ) e .
ect
kGGZd

The corresponding estimate for 1 < p < oo is obtained as in [11]. However, being
faithful to our motivation to supply a unified approach, we include a proof.
By Holder’s inequality,

1/p 4 )
(S [(fted]) " < DB 20290000 s 5],

ec€
kez?

In any case, with Cy = BDRYP~! for p < 1, and Cy = DE'~Y? for p > 1 we have

P\MP Jd(1/p—1/2)
(S |fven)]) < Co2 s * Fllp
ecE
kez®
Therefore,

H(<f’ ¢>\>>>\EAHw,p,q < COCanHw,p,(J'

Conversely, take (ay)xea such that |[(ax)aea|lwpq < 00. It is straightforward to
check that 3" yca axty converges in S} to a tempered distribution f. Put

Nei = Bo—i * Y.
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Notice that there is N € N such that n.; = 0 for |i| > N. Let us denote

kez®

G = Pﬁgﬁ!\ﬁesz,

ec&
H = max|nelh,
ee&

and

L = sup .
Jj€Z Wjyi
li|l<N

Now, notice that

Or-i * f(x) = 21d/2 Z Qe it jMe,i(2' T — k).
—~N<i<N
ec€
kezd

If 0 < p <1, since L,(R?) is a p-Banach space,

) . 1/p
1025 # fll, < G223 (57 Jaciil)
_N<i<N
ec€
kezd

If 1 < p < oo, an appeal to Holder’s inequality yields

63 5 fla)] < FY202( S0 agil?
—N<i<N
ec&
kezd

ne,i(2jx B k>’)1/p7

hence

1/p
1-1 1 d/2 d
625 % fll, < PP Y2302 (S Jag )
—N<i<N
ec&
kezd

Let C; =G for p <1 and C; = F-YrHYP for p > 1, so that we have a similar
inequality for any value of p. Summing in j and putting Cy, = C,L2N¥1/2-1/p)
gives

a/p\1/a
[ llwpg < 02(2( S (wyy ,2U+)(1/2-1/p) |a67k7i+j|)p) ) ‘

J€Z —N<i<N
=
kezd

Let M = (2N + 1)ma{0.1/p=1/a} 5o that

(Z \Z/vz|)q/p < M7 Z |yi|Q/p-

il <N iI<N
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Finally, putting C's = Cy M yields

L a/p\1/4
||f||w,p,q§(13( 3 (Z (wj+i2(J+z)(1/2—1/p)|a€7k7i+j|)p) )

—N<i<N = ec&
JEZ kezd

= C5(2N + 1)1/qH(GA)AeAH O

w,pq’
The previous theorems yields a direct proof of the isomorphic characterization
of homogeneous Besov spaces, as wished.

Corol!ary 3.2. Letd e N, 0 < p,q < 00, and let w be a doubling weight in Z.
Then BY (R?) is isomorphic to £q((,).

Proof. From Theorem 3.1 it follows readily that \;V(]OB;”’(Z(]R“Z)) is isomorphic to
lq(ly)- 0
Corollary 3.3. Let d; € N, 0 < p;,¢; < 00, and let w; be doubling weights in
Z (i =1,2). Then By (R™) is isomorphic to By? . (R%™) if and only if py = ps
and ¢1 = ¢

Proof. 1t is straightforward from Corollary 3.2 and [I, Theorem 2.4]. O

Remark 3.4. We want to emphasize the difference between the approach to Besov
spaces presented in this article and that of M. Frazier and B. Jawerth for classical
Besov spaces in [8]. Consider a function ¢ € Syo such that ez $(20€)| = 1 for
every £ € R?\ {0}. Construct, for k € Z? and j € Z, the functions

o RY = C, onj(r) = 2920202 — k).
Define the so-called p-transform of f:
S(p(f) = <<f7 SOkJ))jEZ,kEZd’ f € S(,)

Conversely, given a sequence a = (ay,;)jez keze consider, when possible,

To() = Y arjPry

JEZ,kEZ

It follows from [8, Lemma 2.1] that
Tw(Sw(f» = f7 f € S(/)'

However, there is not a unique sequence a such that T,,(o) = f.
Let —0o < 0 < 00 and 0 < p,q < oo. Consider the sequence space

o . a/p\1/q
brqg = {(ak,j)jez,kezd : (Z 23q<d/2_d/p+a)( > \ak,j]p> ) < oo}
Z kezd

It follows from [8, Theorem 2.6] that S, is bounded from ]f%g,q (R%) into b? | while

p,q’

8, Theorem 3.1] leads to the boundedness of T}, from b?  onto 1031‘;7q(Rd). From

p,q
a functional analytic point of view, these results imply that B;q(Rd) embeds

g
p,q’

does not necessarily mean that équ(Rd) is isomorphic to £,(¢,).

complementably in be  which is isomorphic to ¢,(¢,). But, unless p = ¢, this



ISOMORPHIC CHARACTERIZATION OF BESOV SPACES 117

4. WHAT ABOUT NONHOMOGENEOUS BESOV SPACES?

The wavelet decomposition (with respect to a compactly supported wavelet ba-
sis of Daubechies type) of nonhomogeneous Besov spaces of generalized smooth-
ness was achieved by A. Almeida (see [3]) The intention in the definition of
nonhomogeneous Besov spaces is the same as in the homogeneous case but deals
only with differences f(z + h) — f(x) for small values of h (i.e., |h| < 1). If we
introduce Besov spaces in terms of convolutions 6, * f we must consider only val-
ues of the dilation parameter ¢ in the interval (0, 1]. Finally, if we use a discrete
definition in terms of convolutions #,-+ * f we must consider nonnegative values
of the parameter k € Z. To give a precise definition, consider a doubling weight
in Z7*, that is, a weight w = (w;)$%2, in (0, 00) such that

P w;
0< 1nf]—+l<sup]7+1<oo,

JELZ+ W; - jez+t W;
and a pair of functions (0, #0) such that § € Sy, © € S, O has compact support
and the condition
inf

~ . 2
6277 >0
£eR4\{0} ( 5)‘

“ 2 0
CIGIEDS

j=0
holds. Define, for < 0 < p,q < oo,

By(RY) = {f € 8" | fllwpq < o0},
where, for f € &',

N q 1/q
1 g = 105 Fllp + (3 w5 6o # £12)
j=0

with the usual modification if ¢ = oo.

As for homogeneous Besov spaces, B;ij(Rd) is a quasi-Banach space that does
not depend on the particular pair of functions (0, 8) chosen.

The study of the wavelet decomposition of nonhomogeneous Besov spaces, us-
ing Lamarié and Meyer’s wavelet system instead of a compactly supported one,
follows the same steps as the homogeneous case, with the exception that we must
use (2.6) instead of (2.5). Therefore, in what follows, we will only present the
definitions and state the results, leaving out the proofs.

Consider a Hilbertian wavelet basis constructed from a pair (g, 1;). Let {Wy,:
k€7 and {1y : A € AT} as in (2.2) and (2.4). Given a quasi-Banach space X
continuously embedded in &', define

W(X) = {<(<f> \Ijk’>)kezda <<fa w)\>))\EA+) . f S X}

W(X) is a quasi-Banach space with the topology that inherits from X.
The following result is analogous to Theorem 3.1 for the nonhomogeneous case.

Theorem 4.1. Let < 0 < p,q < oo, and let w be a doubling weight in . We
have

W(B;U,q(Rd)) = gp(Zd) D {(aA))\eﬁ : H(fl)\))\eAH < OO},

w7p7q
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where

p)q/p) 1/(1’

[@herl],,,

_ (Z wj—QQJ'qd(l/Qfl/p)( S Jaes,
=0

ec&
kezd

with the usual modifications if p = 0o or ¢ = oco.

Corollary 4.2. Letd € N, < 0 < p,q < 00, and let w be a doubling weight
in Z*. Then BY (R?) is isomorphic to (y((,).

Corollary 4.3. Fori = 1,2, let d; € N, 0 < p;,q; < 00, and w; be doubling
weights in Z. Then BY!  (R™M) is isomorphic to B¥2  (R®) if and only if py = ps
and q1 = qa.
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