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A Syntactic Embedding of Predicate Logic into
Second-Order Propositional Logic

Morten H. Sgrensen and Pawet Urzyczyn

Abstract We give a syntactic translation from first-order intuitionistic predi-
cate logic into second-order intuitionistic propositional logic IPC2. The transla-
tion covers the full set of logical connectives A, vV, —, L, V, and 3, extending
our previous work, which studied the significantly simpler case of the universal-
implicational fragment of predicate logic. As corollaries of our approach, we
obtain simple proofs of nondefinability of 3 from the propositional connectives
and nondefinability of V from 3 in the second-order intuitionistic propositional
logic. We also show that the V-free fragment of IPC2 is undecidable.

1 Introduction

The standard textbook example of a PSPACE-complete problem is validity (or satis-
fiability) for “Quantified Boolean Formulas,” that is, classical second-order proposi-
tional logic. This is in a visible contrast with the ordinary co-NP-complete propo-
sitional calculus. But the expressive power of classical propositional logic with or
without propositional quantifiers is identical: every formula with quantifiers is equiv-
alent to a propositional one. In other words, one can express exactly the same prop-
erties, although at a significantly different cost.

In the case of intuitionistic logic this difference becomes much more dramatic.
Propositional intuitionistic logic is PspAcE-complete [15] and adding propositional
quantifiers makes it strictly more expressive and undecidable. There are essentially
two proofs of the latter fact. One is due to Gabbay and Sobolev [4; 5; 13] (seman-
tical); the other was given by Lob [7] and is based on a translation from first-order
logic. The translation applies to the universal-implicational fragment of first-order
classical logic with equality. In fact, the restriction to V and — is not essential and
Lob’s translation can be applied to first-order intuitionistic logic as well. That was
briefly remarked in [7] and worked out by Arts and Dekkers [1].
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Lob’s original translation uses an intermediate language with terms represent-
ing second-order propositional formulas and with a special predicate I representing
provability in second-order propositional logic, which is expressed by a specific set
of axioms. A semantic argument (the axioms are satisfied in a certain extension of
any first-order model) is used to ensure correctness of the translation. While this
idea is certainly ingenious, the proofs in [7; 1] are quite complicated and not very
intuitive.

In [14; 20] we gave a simpler, purely syntactic, translation from a subset of the
universal-implicational first-order intuitionistic logic in order to obtain a direct un-
decidability proof of propositional second-order intuitionistic logic (IPC2). The pur-
pose of this paper is to extend that translation to the full first-order intuitionistic logic
(with 3, A, Vv, and L). Our approach differs from that of [7; 1] also in that we use
natural deduction rather than sequent calculus. We believe that using term assign-
ment (in the spirit of the Curry-Howard isomorphism [14]) makes the argument more
transparent and easier to grasp.

As a by-product of our main result we show (Corollary 4.8) that the V-free frag-
ment of IPC2 is undecidable. This ties in with the recent interest in the second-order
existential quantification [2; 3; 9; 17; 18; 22]. Moreover, we provide an analysis of
normal forms and a systematic proof-search for IPC2; we think that Proposition 2.8
is of independent interest. As an example we give short syntactic proofs of the non-
definability of 3 from the propositional connectives and nondefinability of V from 3
(Corollaries 3.2 and 3.5).

2 Propositional Second-Order Logic

The language of intuitionistic second-order propositional logic is defined as in [14,
Ch. 11]. Formulas are built from the constant L and an infinite supply of propo-
sitional variables (written p, ¢, ...) using the connectives Vv, A, and —, and the
propositional quantifiers 3 and V. The rules of inference in Figure | include a term
assignment, where we leave implicit some type information for simplicity.' Later
we will sometimes use types as superscripts, writing, for example, M7 if the type
of M is not clear from the context.

Thinking in terms of the Curry-Howard isomorphism, we identify a logical judg-
ment I' - ¢ with a type assignment I' = M : ¢. In particular, we often ignore the
difference between I as a type environment and I" as a set of formulas. The reduc-
tion rules are standard beta-reductions and commuting conversions (permutations).
The full list of reduction rules is given in the Appendix.

Normal forms  Various strong normalization proofs for second-order systems can
be found in the literature, for example, [6; 8; 10; 16; 19]. To our astonishment, none
of these proofs applies exactly to our set of reductions, and only a recent paper saved
us the extra work of proving the following.

Proposition 2.1 ([21])  Our system has the strong normalization property.

It follows that every provable formula is inhabited by a normal form. We can induc-
tively classify all normal forms into three categories:

Introductions: Jx:t.N, ApN, (Ny,Np), in;(N), [z,N];

Proper eliminators: x, PN, Prt, P{i};

Improper eliminators: ¢,(P), case P of [x]N| or [y]N;, let Pbe[p, x]inN,
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'e=M: L
Ix:thkx:1t _
I'kFe(M):t
I'x:ocF-M:1 I'EM:0 > 1 I'EFN:o
I'F@Ux:oM):0 >t I'E(MN):zt
I'-M:z; I't-M:tve T,x:tHP:p I,yioFQ:p
'Fini(M): 71 V1 ' (case M of [x]P oz [y]Q) : p
I'-M:7z THN:o T'EM:tp AT
I'E(M,N):7 A0 ' M{i}: 7
I'EM:o I'-M:Vpo
(pgFVID) ———
T'H(ApM):Vpo 'k (Mz):0o[p:=1]
I'M:olp:=r1] I'tEM:3pc TI,x:cE=N:p
e — (p ¢ FV(T, p))
I't[z,M]:3poc 'k (let Mbe[p, x]in N):p

Figure 1 Rules of IPC2

where P stands for a proper eliminator and N is an arbitrary normal form. It should
be clear that every proper eliminator is obtained from a variable (called its head
variable) by means of a sequence of applications and projections and thus its type
must be a “final” part of the type of the head variable. In contrast, types of improper
eliminators can be quite arbitrary.

Suffixes and targets  In the simply typed lambda-calculus, every type v can be

written as 7 = 01 — --- — o — p, where p is a type variable, often called
the “target” of 7. Any application beginning with a variable of type 7 must be of
a “suffix” type 6; — .-+ — o — p, for some i, or just of type p. Another

simple observation is that an atomic type is inhabited in an environment I" only if it
is a target of one of the typesin I'.

In the presence of other connectives and quantifiers, this must be properly gen-
eralized. For every type 7, we define the set S(z) of suffixes of 7 as the least set
such that

1. 7 € S(z);

2. ifa — f € S(r), then g € S(z);

3. ifa Ap e S(t), thena, f € S(r);

4. ifVpa € S(z), then a[p := f] € S(r), for all types 5.
Clearly, we have the following lemma.

Lemma 2.2 Ifp € S(y), then S(p) C S(y).
The next lemma states a direct characterization of suffixes.

Lemma 2.3
L. S(L) ={L} and S(p) ={p}.
2. S(a— p)={a— IUSP).
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Slanp)={anptUS@)USPB).

St v p)={a Vv p}.
S(Vpa)={¥pa}UU{S(alp :=pB]) | B is atype}.
SEpa)={3pa}l.

Proof In each part, the inclusion from left to right is shown by induction with re-
spect to the definition of S. The opposite direction follows from Lemma 2.2. (|

AR e

For every 7 we also define the set T'(7) of targets of 7. Targets of a type are always
atoms, that is, propositional variables or L. The symbol A below stands for the
(infinite) set of all atoms.

1. T(L) ={Ll} and T(p) = {p}, for a type variable.

2. T(a — B)=T(p).
3.T(a o B)=T(a) UT(P), for o € {A, V}.

A, if peT(a),
4 T(vpa) _[ T(a), otherwise.
A, if T(a) = A;

>- T@Apa) = [ T(a) —{p}, otherwise.
Note that if T(r) # A then T(r) € FV(r) U {}; in particular, T(7) is finite.
The correctness of the above definition of 7'(7) (invariance with respect to alpha-
conversion) follows from the next lemma, which, strictly speaking, should itself be
part of the definition.

Lemma 2.4

o _ ] T(@)—{phUT(0), ifpeT(a)#A; %
Tlelp:=al) = [ T(a), otherwise. )

In particular, if q is a target of o[ p := o], then either p or q is a target of a.

Proof Induction with respect to a. The nonobvious cases are when o begins with
a quantifier. Let a = Vg f, where we can assume p # g ¢ FV(c). From the
induction hypothesis we know, in particular, that 7(f[p := ¢]) = A if and only if
either T(f) = A or T(c) = A (with p € T(f)). In these cases we have A at both
sides of the equation (*).

The same happens when g € T'(f), so we are left with two cases to consider. One
is when p,q € T(f) # A, and then we have T () on both sides of (*). The other
case is when T'(c) # A, and p € T(f), but g ¢ T(f); in particular, T (f) # A.
We know that ¢ ¢ FV(o), and this implies g € T (o) (as otherwise T (¢) = A).
Therefore, g ¢ T(B[p := o]), and, by definition, T (a[p := o]) = T(f[p := o))
and T'(a) = T(f). Hence the equation (*) follows immediately from the induction
hypothesis.

Now let ¢« = 3dg . As in the previous case, we have A on both sides of
(*) when either T(f) = A or T(c) = A, with p € T(f). So assume that
T(BIp == o1), T(B) # A, whence T(alp := ol) = T(BIp = o) — lq} and
T (o) = T(f) — {q} by definition. If p & T(f), then T (f[p := o]) = T(B) and (¥)
follows easily. If p € T(f), then T'(¢) # A, and it remains to verify the equation

(TB) —{pHVUT(0)) —{g} =T B)—{q) —{pPHUT(0),
using the fact that ¢ € FV(c) 2 T (o). O
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Lemma 2.5 Ifa € S(w), then T(a) C T (y). In particular, S(y) NA C T ().

Proof We say that v/’ is an instance of w when v/’ = w[p := E] for some variables
P & T (y) and some types ,E Note that by Lemma 2.4 we then have T (") = T (y).

By induction with respect to w we prove that if « € S(y’) for some instance '
of y then T'(a) € T (y). Most cases are immediate; we consider the two quantifiers.

Let y = Vq o. First note that an instance ' of y must be of the form y’ = Vg ¢/,
where ¢’ is an instance of ¢. This is because p ¢ T () implies p ¢ T(c). Let
a € S(y'). If a = /', then T'(a) = T () as already observed, so we can assume
a € S(c'[q := B]). If g € T(o), then 6¢'[¢g := p] is an instance of o and by
the induction hypothesis we have T(a) € T(o) = T(y). Butif g € T (o), then
T () = A, so the conclusion is immediate.

If y =390 anda € S(y’), then a = y’ and again we have T'(a) = T (y). O

If T is an environment, then 7 (I") is the union of T (¢) for all o declared in T".

Lemma 2.6

1.If T, x:t = P : o, and P is a proper eliminator beginning with x, then
o € S(7).

2. If T' & a, where a is an atom, then either a € T(I'), or L € T(T') and
r+ 1.

Proof (1) Easy induction with respect to P.

(2) Induction with respect to the size of a normal proof M of a. Since a is an
atom, the term M cannot be an introduction, and if it is a proper eliminator then
part (1) applies together with Lemma 2.5. By a similar argument, if M = &(P) then
I'HP:land L € T(I'). Now let M = case P*VF of [x]N or [yIR. By the
induction hypothesis for N (respectively, R) we have either a or L in 7(I') U T'(ar)
(respectively, T(I') U T(f)). But T(a), T(f) € T(I'), by Lemma 2.5, because
aV f € S(I'). Thus either a or L isin T'(T'). If it is a, then we are done. If, however,
a ¢ T(I'), then the induction hypothesis yields I',a = L aswellas I, § + L,
whence I' = L. The case M = let P be [p, x] in N is treated similarly. U

It follows from the above lemma that if L ¢ T(T'), then I' I# L; thatis, T is
consistent. Lemmas 2.5 and 2.6 together imply that if I' = P : o, with proper P,
then T (o) C T(I'), that is, that proper eliminators do not produce new targets.

Lemma27 Ifg, L gTT)andT,p - gt g, thenT, 9 — qF o.

Proof Consider the shortest normal proof of ¢. It must be an eliminator, and if it is
proper, then by Lemma 2.6(1) it must be of the form yM, where y is the assumption
of type ¢ — ¢. Then of course M proves ¢.

An improper eliminator beginning with ¢ is excluded by the consistency
of I,9 — ¢. If the proof is of the form case P*V# of [x]Q or [y]R then
wehave I, 9p - g, aF Q:qandT',9p — g, + R : q. By Lemmas 2.5 and 2.6,
types a and S do not introduce new targets, so we still have ¢, L ¢ T([', @) and
q,L ¢ T(T, ), and we can apply the induction hypothesis to R and Q. Therefore,
Ig >qg,o¢pandl,p - q,f+¢.Since ', p > g - a Vv S, we conclude that
Lo —>qtoe.
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If the proof is of the form 1et P77 be [p, x] in N, then we apply the induction
hypothesis to the proof I', 9 — g, 7 = N : g. Weobtain ', p — ¢, 7 I ¢ and thus
alsol',p - g F ¢,because I',p — g +—3IAp . U

Indirect targets and splits A suffix of a formula is weak when it is of the form
a VvV B ordpa. A target of a weak suffix of ¢ is called an indirect target of o. The
set of all indirect targets of ¢ is denoted by /(o). It follows from Lemma 2.5 that
I(o) C T(0); that is, indirect targets are indeed targets. Of course, I (I") stands for
the union of all /(¢) where o € T.

If ' = 3p(o1 VvV --- V 0,), where p are fresh variables, I',o; ¥ L1, and
T(o;) € I(T') U p, for each o;, then we say that the formula 3p (o1 V --- V ay,) is
a split of T'. Formulas o; are called components of the split. For every consistent I
there is a trivial split of the form 3p p.

The Wajsberg/Ben-Yelles algorithm [14] for the simply typed lambda-calculus
uses the fact that a normal inhabitant must either be an abstraction (an introduction)
or an application (a proper eliminator). We have a weaker form of this property;
namely, a type is inhabited by an introduction or a proper eliminator in every com-
ponent of a certain split. More precisely, we have the following.

Proposition 2.8  Assume that I ¥ 1, and let I - ¢, where  is any formula. There
exists a split Ap (o1 V - -+ V oy) of T such that, for every i, we have T, o; = N; : ¢
with N; being either an introduction or a proper eliminator.

Proof We proceed by induction with respect to the size of a normal inhabitant M
of ¢. If M is an introduction or a proper eliminator, then the thesis holds with a trivial
split. Since I is consistent, M is not of the form &(P).

Assume that M = case P of [x]Q or [y]R, where P is a proper eliminator of
typea vV . Thenwehave ' Fa Vv fand T, x:a - Q:¢andT,y:f R : (.

IfI', a - L then we actually have I" F £; in particular, I', § /¥ L. By the induc-
tion hypothesis, there isasplit I', 8 = 3p(p;1 V- -V py) suchthat T, BAp; = Q; : ¢,
for all i and no Q; is improper. Then the formula 35 (8 A p1) V -+ V (B A pp)) is
the required split of I" (note that T (f) € I1(I'), because P is proper, and its type is a
weak suffix).

The case I', f F L is analogous, so let us suppose that neither I', & + _L nor
I', B F L. Then the induction hypothesis yields two splits I', & = 37 (z1 V - - - V 1%)
and I, = 3G(p1 vV --- Vv p) such that T,a A7; = ¢and I, A pj - ¢
hold by either introductions or proper eliminators. Then we can use the split
FG(a ATV V@AV BAP)Y -V (BAP).

Now let M = let P be[q, x] in N, where I' - P : 3g.a. From the induction
hypothesis we have a split 3p (o V --- Vo,) of I, such that T, a A o; = P; : ¢
with P; proper eliminators or introductions. We obtain a new split of " of the form
Igpa Aa)) V-V (a Aoy)). O

3 Intermezzo

Before defining our translation, we play a little intermezzo to demonstrate the use
of Proposition 2.8. Corollaries 3.2 and 3.5 are not new, but the proofs we know are
semantical [12; 22].

Lemma3.1 [fFHa — Vp(pV —p), andV does not occur in a, then - o < L.
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Proof Assume the contrary. Then o I/ L, and T (a) # A, because a has no oc-
currence of V. From a F Vp(p Vv —p) it follows that & + p v —p for p not free
in «, in particular, for p ¢ T(a). There is a split « + 3p (o1 V --- V a,) with
a,0; = P; : pVv —p, where all P; are either introductions or proper eliminators.
However, since p is not a target of a (and thus also not a target of o;), proper elimi-
nators are excluded, and we actually have either a, 6; - p or a, o; = —p for each i.
Since p is not free in the environment we conclude that either o, 0; = Vp p or
a,0; = ¥Yp —p;in other words, a, o; - L, for all i. Therefore, o - L. O

Corollary 3.2 The universal quantifier is not definable from the other connectives
in the intuitionistic second-order propositional logic: there is no formula o. without ¥
such that = a < VYp(p vV —p).

Proof Immediate from Lemma 3.1, as Vp(p Vv —p) ¥ L. (|

Remark 3.3 Let A stand for the so-called Pitt’s quantifier [11; 12]. It follows
immediately from Lemma 3.1 that Ap(p Vv —p) is just L. Note that the result of [11]
is often misunderstood. Pitt’s construction shows that a model of second-order logic
can be built over the propositional language. But the class of formulas satisfied in
this specific model is a proper extension of IPC2. Therefore, Pitt’s quantifier cannot
be taken as a definition of V (even if we restrict attention to the fragment with open
instantiation.)

Lemma 3.4 [f ' - 3p B(p) and T contains no quantifiers, then I' = f(o1) vV
-V B(oy), for some o1, ..., op.

Proof Induction with respect to the length of a normal proof. The only interesting
case is I' - case P?V9 of [x]Q or [y]R : 3p B(p) where we apply induction to
Q and R obtaining I,y F f(o1) vV ---V (o) and ', 6 F B(opg1) V -+ -V S(om)-
Clearly, I' - B(o1) V - - - V (o). Other cases are left to the reader. ]

Corollary 3.5  The existential quantifier is not definable from the propositional con-
nectives in the intuitionistic second-order propositional logic: there is no proposi-
tional formula o. such that - o < 3q((p — (—q Vv q)) = p).

Proof Write S(p, q) for (p — (—qVq)) — p,and assume thatt a < g S(p, q).
By Lemma 3.4, we have o - f(p,o1) vV --- Vv B(p, 0,), for some oy, ...,0,. It
follows that we also have 3¢g f(p,q) + B(p,o1) vV ---V B(p,0,), and even sim-
pler, p(p,q) + B(p,o1) Vv --- Vv B(p,on), where g does not occur in ;. Since
no suffix of f(p,q) is a disjunction, we easily observe that a normal proof of
p(p,o1) VvV ---V B(p,o,) must be an introduction. Thus one of the components
is provable; that is, we have f(p,q) + B(p, o), for some o, not containing q.
Therefore,
(p—>(qVvqg)—>p, p—>(ovao)kp.

By induction with respect to the length of a normal proof, we show that this cannot
happen. Of course, a normal proof of p cannot be an introduction. An improper
eliminator using ¢ is excluded because L is not a suffix. A case eliminator requires
a shorter proof of p (necessary to reach —o V ¢) and is excluded by induction.
Consider the case of a proper eliminator. Then

(p—>(—qvq)—p, p—>(-ocVo), pF—qVg,
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and, therefore, also —o Vo, pk—g Vg.

The environment —¢ V o, p is consistent (otherwise, p F —(—o V o),
whence p + 1) so we can apply Proposition 2.8. Consider an appropriate split
-6 Vo, pF3G(e; V-V oy,). The proofs = V o, p, o; - =g V g cannot be
proper eliminators (g is not a target) so for each i we either have —o Vo, p, o; - —¢q
or —o Vo, p, o; - g. If the former case holds for all 7, then we actually have
—o¢ V o, pF —q. Butthe environment —¢ V ¢, p, ¢ is consistent, by an argument
similar to the one above, so we must have =g V ¢, p, o; I g at least once. This,
however, contradicts Lemma 2.6(2). [l

4 The Translation

Our source language is intuitionistic first-order logic over a signature consisting of
a finite number of binary predicate symbols P, Q, . ... The restriction to binary pred-
icates is not essential and our coding can easily be adopted to arbitrary arities.

The target language is IPC2 of Section 2. As in [14], we assume that all individual
variables (written a, b, ...) can be used as propositional variables (type variables) in
the target language. The plan is to systematically replace any atom P (a, b) in a given
first-order formula ¢ by a certain type P(a, b), to obtain a type @ such that - ¢ is
equivalent to - @. The difficulty is to ensure that g is not provable in an “ad hoc”
way. A most naive attempt could be, for instance, to take P(a, b) = a — b — p, for
some p. The obvious confusion of P(a, b) being equivalent to P (b, a) can be easily
fixed, but here is a serious problem: the formula 3bVa P(a, b) is provable, because
the variable b can be instantiated by p. Our principal concern is to avoid such ad hoc
instantiations.

The solution might be to relativize all quantifiers in @ using a condition U such
that U(A) is inhabited only when A is an individual variable (i.e., U defines the
universe of individuals). We cannot do exactly this, but we can ensure a slightly
weaker property: a type A satisfying U(A) must behave (to a sufficient level) as an
individual variable (Lemma 4.3).

To define the translation we need some additional type variables:

1. Three variables: p, p1, and p3, for each binary relation symbol P;
2. And four more variables: e, o, v, and *.

For an arbitrary type A we write A® for A — e. If P is a binary relation symbol, and
A, B are arbitrary types, then we define”

pag = (A® = p1) > (B®* = p2) = p;
P(A, B) =pap V *.
For every type A, let U(A) be the conjunction of all types of the form
(A* > pj) > o and A®* — v,

where i = 1,2. As mentioned, the intended meaning of U is to define the uni-
verse of individuals. First-order quantifiers are encoded as second-order quantifiers
relativized to U.

The idea of the above definition is to “hide” the type A inside U (A) deep enough
and to consider environments where U («) is assumed for every individual variable a.
Then an “ad hoc” proof of U(A) can only be obtained for a type A which is “repre-
sented” (see below) by an individual variable.
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For every first-order formula ¢, we define a second-order propositional formula g
as follows:

1. 2(a, b) = p(a, b); thatis, 2(@, b) = ((a® — p1) — (b* — p2) = P) V *;
2. 1 =x;

3.9 0 y =19 o y,where o € {—, A, V]

4. Yay =VYa(U(a) = y);

5. Jay = Ja(U(a) A y).

An individual variable a represents a type A in an environment I if and only if the
conditions

I,A*Fa®,
I,A* > p; Fa® — p;,

hold for every relation symbol P and every i € {1, 2}. Note that a variable represents
itself.

Lemma 4.1 Let us fix two atoms of the form p;, q;j. Assume that no individual
variable nor any of the symbols e, 1, p;, q; isin T(I'). If

I', A®* +a®,
ILA®* - p; Fb*— qgj,
thena =b,p=q,andi = j.

Proof From I', A®* + a°® we obtain I',a®* — p; + A®* — p;. Therefore,
Ia® - p; = b* — qgj and thus I'x:a®* — p;, y:0* = N : qgj, for
some normal form N. Since gj, L ¢ T(I'), we must have q; = p; be-
cause of Lemma 2.6(2). Similarly, p; ¢ T(I',b®), so by Lemma 2.7 we have
Ia* — p;,b* F a°, thatis, T',a®* — p;,b — e,a - e. Applying again
Lemma 2.7, we conclude that I',a®* — p;,b — e,a + b. The only individual
variable in T (', a®* — p;, b — e, a) is a, so it must be the case thata = b. O

Lemma 4.2  Assume that no individual variable and no variable of the form p; nor
any of the symbols e, 1 belongs to T (I'). If a type A is represented in T by variables
a and b then a = b.

Proof Immediate from Lemma 4.1. O

Note thatif ' € T'" and both the environments satisfy the assumptions of Lemma 4.2,
then the variable representing a type A in I and T'’ is the same.

Lemma 4.3  Assume that I is an environment such that
1. individual variables, variables of the form p;, types L, and e do not belong
to T(T),
2. ifo € T(y)orv € T(y), for some y € T, then y = U(a), where a is an
individual variable.

Suppose that T' = U(A), for some type A. Then there is a unique individual vari-
able a representing A in . In addition, T’ must contain the assumption U (a).

Proof Since I' - U(A), we have ' = A® — v; thatis, [, A* F v. By Proposi-
tion 2.8, there is a split 3p (o1 V- - -V o,) of T', A® such that T', A®, o3 = Py : v holds
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for every k with some proper eliminator P. But all targets of o4 are in T (', A*) U p
and, therefore, the only way in which v can be a target in I', A®, oy is because some
U(a) isin I'. Since Py is proper, we must have I', A®, oy - a® (Lemma 2.6(1)).

On the other hand, it follows from I' = U(A) that T’ - (A® — p;) — o; that s,
I', A* — p; F o. Again, we have a split 3G (z; vV - - - V 1,) of I, A®* — p; satisfying
I, A* — p;, 7z + P : o with proper P{. The variable o may occur in I" only as
target of some U (b), and we get I', A®* — p;, 70 - b* — gj.

For any k and ¢, the environment I, 7,, o satisfies the assumptions of Lemma 4.1.
This is because, by the definition of split, all targets of 7, are indirect targets of
I', A* — p;,orarein p. Since p; ¢ T(I') U p, we have that p; is not a target of z;.
For a similar reason, e is not a target in I, ¢, 0.

From Lemma 4.1 we have that p; = q; and a = b (in particular, one a is good
for every k), and we actually get I', A®* — pj, 7 Fa® — p;,forall{ =1,...,n
Since 7, are components of a split, we conclude that I', A* — p; - a* — p;, and,
similarly, I', A® F a®. It follows that a represents A. Uniqueness is a consequence
of Lemma 4.2. O

We say that an environment I is simple when I' consists of

1. formulas of the form U (a), whgre a is an indiyidual variable;
2. formulas of the form @[a := A] (written @(A) for simplicity), where a are
individual variables and A are arbitrary types called ad hoc types of T'.

Note that the parsmg of a type of the form go(A) is unique in the following sense: 1f
we have (/)(A) = l//(B) and no free individual variable occurs twice in ¢ or y then B
is a permutation of A, and @ 1is identical to y modulo a renaming of variables. Note
also that, no matter what A is, the targets of E(K) are only %, and variables of the
form g, where Q is a relation symbol. Therefore, only *, g, o, v may be targets in
a simple environment. It follows that simple environments satisfy the assumptions
of Lemma 4.3.

Notice also that a suffix (type of a proper eliminator) in a simple environment is
either of the form 5(2) or of the form U(B) — 5(2, B) or is a suffix of some U (a).
In particular, a variable of the form p cannot be a suffix.

An environment I'" is a variant of I when every formula in I is either a member
of I or a conjunction of formulas in I".

Lemmad4.4 Let A =1 U X, where

1. T is a variant of a simple environment;
2. X consists exclusively of types of the form qcp, where C and D are repre-
sented in A by individual variables.

Assume that A &= pap, where A and B are represented in A by individual vari-
ables. Then there is pcp € X such that A and C are represented in A by the same
individual variable, and similarly for B and D.

Proof We have A, A®* — pj, B* — p> = M : p, for some normal proof M, and
we proceed by induction with respect to the size of M. The term M must be an
eliminator, and we have the following cases.
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Case 1 M is a proper eliminator. Since p may occur as a suffix only in X, we have
A,A* > p1,B* > pr FC* = pp;
A,A* = p1, B* > pr = D* — po,

for some C and D with pcp € Z. Let a, ¢ be the variables representing A, C in A.
Then

A,A®* > p,B* > prkc® — py and A,A*, B®* —> pr Fa®,
and, therefore, a = ¢, by Lemma 4.1. A similar argument applies to B and D.
Case2 M = case P of [x]Q or [y]N, where P : t vV o. Then

Io,X,A* = p1,B* > p2 N :p.

Here N is a normal proof, shorter than M. Since V does not occur in S(X), the proper
eliminator P must begin with a variable declared in I'. The type 7 V o is therefore
a suffix of I' (an instance of a formula), and we can assume that ¢ = E(A'), for
some i and A. (It may happen that P is of type q(A, B) = gap V *. In this case
we assume 7 = gap and 0 = * = I.)

Thus the environment I', x : ¢ is simple and we can apply the induction hypothesis
to N. It follows that pcp € X, where A and C (and also B and D) are represented
by the same variable in A, o. From the uniqueness we conclude that these types are
represented by the same variable in A.

Case3 M = let P bela, x] in N. The head variable of the proper eliminator P
must be declared in I', because an existential formula is a suffix of its type. Thus P
is of type Ja p(a, A), where a is an individual variable, and we have

T,7(a, A),,A* > p,B* > pr N :p,
where N is shorter than M. Again we apply induction.

Case 4 M = &(P) is excluded, because L is not a target in the environment
I'X,A* - p1, B* — po. O

For a first-order environment X, we define
I={plgeZ}U{U@)|acFV(I)}.

Clearly, X is a simple environment.

Suppose that T" is a simple environment such that I' = U(A), for every ad hoc
type A of I'. By Lemma 4.3, the ad hoc types are represented in I" by individual
variables (and these variables occur free in I'). Thus, we can define the first-order
environment

IT| = {¢(@) | §(A) € T, for some A, and variables d represent A in I'}.

Of course, || = 2 for first-order =. Note also that all free variables of |T'| occur
freein I'.

Let I be a variant of a simple environment I such that T' = U(A) for every ad
hoc type A of T'. We say that a union of the form A = I’ U X is a good environment
(and we write A & I' @ X), when every type in X is of the form g4 g, with

1. A+ U(A) and A - U(B);
2. |T'| - Q(a, b), for a, b representing A, B in A.
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Targets of a good environment are only of the form %, g, o, v, quite like in a simple
environment.

Lemmad4.5 [IfA =T @ X is a good environment, and A + P : o, for a proper
eliminator P, then either ¢ € A or one of the following cases holds:

l. o = @(A) and A F U(A), for each A € A;

2. ¢ = U(B) — @(A, B), where A - U(A), for each A € A, and P = P'B,
for some P’;

3. 0 =01 A oo, whereoy,0 € T';

4. 0 € S(U(a)), for some individual variable a;

5. 0 € S(paB), for some pap € X.

Proof Induction with respect to the length of P. U

Here is our main lemma.

Lemmad4.6 [fA~XT®Xisgoodand A+ E(A), with A = U(A) foreach A € A,
then |T| & ¢(a), in first-order logic, where a represent A in A.

Proof We prove a slightly more general statement, consisting of three claims
(where M is assumed normal, the variables a represent A, and A + U(A) for all A
in K):
(@) If A - M : g(A), then |T'| F ¢(a@).
(b) fAFM: U(a) > 9(a, A), where a is not free in A, then |T'| - Ya ¢ (a, ).
() If A - M : U(A) AG(A, A), then |T'| - ¢(a, @), where a represents A.
We proceed by induction with respect to M by inspecting the various forms M may
have. In each case we consider the relevant claims among (a)—(c).

Case 1 M is an abstraction. The relevant subcases are (a) and (b). If M in
part (a) is an abstraction of type go(A) then go(A) = y/(A) — 19(A) and we have
=Ax: gz/(A) N, where N issuchthat A, x: y/(A) FN: 19(A) The environment
A X: z//(A) is good, because I' = U(A) holds for each A € A. From the induction
hypothesm we obtain ||, x : w(a) - 9 (a), whence also |T'| - w(a) — 9 (a).

If M in (b) is an abstraction Ax:U(a).N of type U(a) — E(a,ﬁ), then
ILx:U@ F N : E(a,g). We apply the induction hypothesis and obtain
IT| = ¢(a,a). Since a is not free in A, it is also not free in |I'|, and we con-
clude with |T'| - Va ¢(a, a).

Case 2 M is a polymorphic abstraction. Then we are in part (a) and M is of the
form AaN and has type 9(A) = Va (U(a) — w(a, A)). Apply part (b) of the
induction hypothesis to N.

Case 3 If M = [A, N], then only part (a) is relevant, with E(A) = da (U(a)
A w(a, A)) and we have T = N : U(A) A y (A, A). We apply part (c) of the
induction hypothesis to N.

Case 4 M is a pair of the form (N7, N2). We consider parts (a) and (c). In part (a)
we have Nj : E(A) and N, : W(A) and applying induction to N1 and N, we get
IT| - ¢(a) and |T'| + w(a). It follows that |I'| - ¢(@) A w(a). In part (c) the
pair (N, Na) is of type U(A) A p(A, A). We apply induction to N, and obtain
I+ ¢(a, a).
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Case5 M = in;(N). This can only happen in part (a), but we have three subcases.
The first subcase is when M is of type E(Z) \Y W(A), and it follows easily from the
induction hypothesis. The second subcase is when A = N : pgap and M = in(N)
has type p(A, B) = pap V *. It follows from Lemma 4.4 that there is an assumption
pcp in T such that the variables a, b representing A, B in A also represent C, D.
Therefore, |I'|  P(a, b). The third subcase is when A = N : . Since x = L,
the induction hypothesis, part (a), applied to N, implies that |I'| is inconsistent. In
particular, |I'| - P(a, b).
Now we assume that M is a proper eliminator.

Case 6 If M is a variable then the relevant parts are (a) and (c) and the claim is
obvious.

Case 7 The case of M being an application is only possible in part (a) : and it sphts
into two subcases. First we assume that M = PN, where A - P : y/(B) — gp(A)
Then A - U(B) for B € B, by Lemma 4.5, and we can apply the induc-
tion hypothesis to both P and N. The other subcase is when M = PBW,
where B is a type. Assume for simplicity that B € Z, say A= (B, 6‘). Then
AF P :Vb(UDb) — ob, 6)) and A = W : U(B). The induction hypothesis (b)
applies to Pa, for a fresh a, whence |T'| - Ya ¢(a, ¢) and thus also |T'| F ¢(b, ©),
for b representing B.

Case 8 The case of polymorphic application M = P B, where B is a type, is only
possible in part (b) and follows immediately from the induction hypothesis (a).

Case 9 If M is a projection, say M = P{2}, then by Lemma 4.5 we have
AFP:o A E(A), for some o, and either E(A) is in I or the induction hypothesis
is applicable to P by Lemma 4.5.

There is no other possibility for M to be a proper eliminator, so we now assume
that M is improper.

Case 10 If M = case P of [x]Q or [y]R, then (regardless if we are in 1 part (a),
(b), or (c)) we have two possibilities. One is that A - P : W(B) \Y, 19(B) Then
by Lemma 4.5 we can apply induction to P, O, and R. For instance, in part (a)
we then have |I'| - z//(b) \ 19(1)) and |T|, z//(b) F ¢(@) and |T|, 19(19) F p(a), for
appropriate b and therefore also |I'| - ¢(a). The argument in parts (b) and (c) is
similar. The other possibility is that A - P : pap V *; that is, P is of type p(A, B).
By part (a) of the induction hypothesis, applied to P, we have |I'| + P(a, b) for
appropriate a, b, whence A, pap is good. Thus we can also apply (the appropriate
part of) the induction hypothesis to Q, obtaining the desired conclusion.

Case 11 Finally, let M let P be [b, x] in N and let us consider part (a).
Then M is of type $(A) and A F P : 3b(U(b) A y(b, B)). We also have
A, x:Ub) A (b, B) H N : go(A) We apply induction to P and N and obtain
that |T'| = 3b (b, b) and |T'|, w (b, b) F @(a). That is, we have |I'| F ¢(a). The
reasoning in parts (b) and (c) is similar.

The final remark is that M # ¢(P), as L € T(A). O

Theorem 4.7 The translation is sound and complete in the following sense: For
any first-order X and ¢, we have X += ¢ if and only if £ F ¢.
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Proof The “only if” part goes by a routine induction. (First show that L - @, for
all ¢.) The “if” part is immediate from Lemma 4.6. t

Corollary 4.8  The V-free fragment of intuitionistic second-order propositional
logic is undecidable.

Proof We begin with the V-free fragment of classical first-order logic, which is of
course undecidable. Via Kolmogorov’s translation it reduces to the V-free fragment
of intuitionistic first-order logic. It remains to observe that our translation does not
introduce new universal quantifiers. (|

5 Conclusion and Future Work

We have given a purely syntactic translation of first-order intuitionistic logic to
second-order intuitionistic propositional logic, thus reproving syntactically the result
of [7; 1]. It follows that second-order intuitionistic propositional logic is undecidable
and that the same holds for its V-free fragment. Note also that for the “only if” part
of Theorem 4.7 we only need to instantiate bound variables by variables. That is,
undecidability remains true under a strictly predicative regime.

At present, the translation applies to function-free signatures, and the extension to
functions remains future work. Another unsettled issue is the exact delineation of the
border between decidable and undecidable fragments of V-free IPC2. From [18] we
know that the 3, A, —-fragment is decidable. Decidability with V, 3, A, — was also
recently announced [17]. The proof of Corollary 4.8 uses 3, —, Vv, and A; it remains
open whether all these four connectives are indeed necessary.

The syntactic proof was made possible by an analysis of normal forms in the ex-
tended version of system F, involving all the logical connectives and quantifiers. This
classification appears to be useful on its own, as demonstrated by the simple proofs
of nondefinability of 3 from the propositional connectives, and the nondefinability
of V from 3.

Appendix: Reductions in IPC2

Beta-reductions:
1. AxM)N = M[x = NJ;
2. (ApM)r = M[p =],
3. My, Mo){i} = M;;
4. case in;(M) of [x1]P; or [x2]P> = Pi[x; := M];
5. let [t,M]be[p, x]in N = N[p:=r7]lx = M].
Commuting conversions for €:
81//(£J_(M)) = gl//(M);
epsy(M)N = &,(M);
3Vp.o'(M)T = Sa[p::r](M);
g(ﬂ]Agﬂz(M){i} = g(pi(M);
case g5ve (M) of [u]R? or [v]SP = &,(M);
let g3y, (M) be [p, x] in N = ¢,(M);
Commuting conversions for case:
1. gy(case M of [x]P or [y]Q) = case M of [x]e,(P) or [yle,(Q);
2. (case M of [x]P or [yY]Q)N = case M of [x]PN or [y]ON;

ARl e e
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W

. (case M of [x]P or [y]Q)t = case M of [x]Pt or [y]Qrt;
. (case M of [x]P or [y]O){i} = case M of [x]P{i} or [y]Q{i};
. case (case M of [x]P or [y]Q) of [u]R or [v]S =

case M of [x](case P of [u]R or [v]S)

or [y](case Q of [u]R or [v]S);

6. let (case M of [x]P or [y]Q) be [p, x] in N =
case M of [x](let P be [p, x] in N)

or [y](1let Q be [p, x] in N).

[T N

Commuting conversions for let:

(1]

(2]

(3]

(4]

l. ¢y(let M be[p, x] in N) = let M be[p, x] ingy(N);
2. (let Mbe[p, x]inN)P = let Mbe[p, x]in NP;
3. (let Mbe[p, x]in N)t = let M be[p, x]in Nt;
4. (let M be[p, x]in N){i} = let M be[p, x]in N{i};
5. case (let M be[p, x] in N) of [x]P or [y]Q =

let M be[p, x] in case N of [x]P or [y]Q;
6. let (let Mbe[p, x] inN)belg, ylin P =

let M be [p, x] in (Let N be [¢g, y] in P).

Notes

. Strictly speaking, we should write, for example, [z, M]3y, instead of [z, M], etc.

This differs from the coding used in [14, Ch. 11], where we had p(A, B) = pap — *.
This coding was appropriate for the restricted class of formulas used there, but does
not work in general. Consider, for instance, the unprovable entailment z: (P(a, b) —
Q(c,d)) — P(a, b) - P(a, b). The translation of [ 14] yields the assertion z : (p(a, b) —
q(c, d)) — pla, b) F pla, b), inhabited by the term AxPab . z(AuP@ ) jpded yx)x.
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