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MUSIELAK-ORLICZ HARDY SPACES ASSOCIATED
WITH DIVERGENCE FORM ELLIPTIC OPERATORS
WITHOUT WEIGHT ASSUMPTIONS

TRI DUNG TRAN

Abstract. Let L be a divergence form elliptic operator with complex
bounded measurable coefficients, let w be a positive Musielak—Orlicz function
on (0,00) of uniformly strictly critical lower-type p., € (0,1], and let p(z,t) =
t™ Jw ™ z,t7h) for x € R™,t € (0,00). In this paper, we study the Musielak—
Orlicz Hardy space H. r(R™) and its dual space BMO, - (R"), where L*
denotes the adjoint operator of L in L?(R™). The p-Carleson measure char-
acterization and the John—Nirenberg inequality for the space BMO,, . (R") are
also established. Finally, as applications, we show that the Riesz transform
VL% and the Littlewood—Paley g-function gr map H.,r(R™) continuously
into L(w).

81. Introduction

The introduction and study of classical real-variable Hardy and BMO
spaces on the Euclidean space R” began in the 1960s with an initial article
of Stein and Weiss [32]. Later, this theory was developed systematically by
Fefferman and Stein [18] and studied extensively in [13] and [31] as well by
many others. Since then these classes of functions have played an important
role in a number of analyses, such as modern harmonic analysis and partial
differential equations. It is now well known that there are various equivalent
characterizations of functions in the classical Hardy space. For instance,
the Hardy space H!(R™) can be viewed as the set of functions f € L'(R")
such that the Riesz transform V(A)~1/2f belongs to L'(R"). We also have
alternative characterizations of H!(R") via the atomic decomposition or by
the square function and the nontangential maximal function associated to
the Poisson semigroup generated by the Laplacian. Basically, this standard
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theory of Hardy spaces is intimately connected with properties of harmonic
functions and of the Laplacian.

Nevertheless, it is a fact that there are some situations in which the clas-
sical Hardy spaces are not applicable. For example, one considers a general
elliptic operator in divergence form with complex bounded coefficients. Let
A be an (n x n)-matrix with entries {a;;}7,_; C L(R",C) satisfying the
ellipticity conditions; namely, there exist constants 0 < Ag < A4 < oo such
that for all £, € C™,

(1.1) A€l <Re(AE,E)  and (A€, Q)] < Aaléllc]-

Then the second-order divergence form operator is given by
(1.2) Lf=—div(AVYf),

interpreted in the weak sense via a sesquilinear form.

It is shown that the Riesz transform VL™'/2 is bounded on L?(R") but
not bounded from H'(R") to L'(R") (for more details, see [22]). The need
for research of new Hardy spaces other than the Hardy space H'(R") thus
naturally arises.

In recent years, function spaces, especially Hardy spaces and BMO spaces
associated with different operators, have inspired great interest (see, e.g.,
2], [4], [5], [15], [17], [16], [20], [22], [35], and references therein). In partic-
ular, Auscher, Duong, and McIntosh in [2] first introduced the Hardy space
H}(R™) associated with an operator L whose heat kernel satisfies a point-
wise Poisson-type upper bound by means of a corresponding variant of the
Lusin area function, and they also established its molecular characterization.
Later, Duong and Yan in [17] and [16] introduced its dual space BMOp(R™)
and established the dual relation between H} (R") and BMO(R"). Yan in
[35] further generalized these results to the Hardy spaces HY (R™) with cer-
tain p <1 and their dual spaces. Also, Auscher and Russ in [5] studied the
Hardy space H i on strongly Lipschitz domains associated with a divergence
form elliptic operator L whose heat kernels have the Gaussian upper bounds
and regularity. Very recently, Auscher, McIntosh, and Russ in [4] treated
the Hardy space HP with p € [1,00] associated to the Hodge Laplacian on
a Riemannian manifold with doubling measure. Meanwhile, Hofmann and
Mayboroda in [22] further studied the Hardy space H}(R") and its dual
space adapted to a second-order divergence form elliptic operator L on R”
with bounded complex coefficients, and these operators may not have the
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pointwise heat kernel bounds. Then Hofmann, Lu, D. Mitrea, M. Mitrea,
and Yan in [20] introduced the new Hardy spaces H?, 1 < p < 0o, on a met-
ric space X associated to a nonnegative self-adjoint operator L satisfying
Davies—Gaffney estimates. The motivation for investigating Hardy spaces,
for example, is that boundedness in Hardy spaces can be interpolated with
an L%-boundedness to obtain other LP-boundednesses. For this particular
application, the atomic decomposition of Hardy spaces is very convenient
and, as pointed out in some recent works, the set of atoms is even sufficient,
so we do not have to study boundedness on the whole Hardy space (which
may be difficult to prove; see, e.g., [8] and [10]).

On the other hand, as generalizations of Hardy spaces HP(R™), the Orlicz—
Hardy spaces on R™ and their dual spaces have received considerable atten-
tion as well. In particular, Stromberg [33] and Janson [23] introduced gener-
alized Hardy spaces H,,(R"), via replacing the norm || -[| ;»(rn) by the Orlicz-
norm || - ||z, in the definition of HP(R"), where w is an Orlicz function on
[0,00) satisfying some control conditions. Viviani [34] further characterized
these spaces H,, on spaces of homogeneous type via atoms. The dual spaces
of these spaces were also studied in [33], [23], [34], and [19]. Very recently,
Orlicz-Hardy spaces associated with certain operators have been investi-
gated by a number of mathematicians (see, e.g., [26], [24], [25], [29], and ref-
erences therein). In particular, Jiang and Yang [24], [25] introduced the new
Orlicz—Hardy spaces associated to divergence form elliptic operators and to
nonnegative self-adjoint operators holding Davies—Gaffney estimates. Mean-
while, Liang, D. Yang, and S. Yang in [29] presented some applications of
Orlicz—Hardy spaces associated with operators satisfying Poisson estimates.

Motivated by all of the above-mentioned facts, in the following we wish
to allow generalized Orlicz—Hardy spaces related to generalized Orlicz func-
tions. In this setting, the Orlicz function w(t) is replaced by a function
o(z,t), called the Musielak—Orlicz function (see [30], [14]), that may vary
in the spatial variables and possesses some control conditions. We then intro-
duce a new class of Hardy spaces H, 1, called Hardy spaces of Musielak—
Orlicz type associated to the operator L, and their dual spaces.

Before coming to the main content of this article, we first recall some
notation and known facts on second-order divergence form elliptic operators
on R™ defined by (1.2).

Following [22], set

pr=inf{p>1: iug HeitLHLp(Rn)*)Lp(Rn) <o}
>
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and

pr =sup{p<oo: sup le™ | Lo @y Lo (rn) < 00}
>

It was proved by Auscher in [1] that if n=1,2, then p; =1 and pj, = oo,

and that if n >3, then pr < 2n/(n +2) and pr, > 2n/(n — 2). One could

detail other situations: for example, if the matrix A is real-valued, then the

heat kernel has Gaussian bounds and so py, =1 and py = oo, due to [6,

Theorem 4] or to the case of a higher-order operator (see [2, Section 7.2]).
For all f € L?(R") and x € R", define the Lusin area function by

(1.3) Sif(x) = (//F(I)}tZLe‘t%f(y)\Qzlgflf)lm,

where and in what follows, I'(z) = {(y,t) € R" x (0,00) : |z — y| < t}.

This article is organized as follows.

In Section 2, we recall some notions and known results concerning oper-
ators associated with L, and we present some basic assumptions on the
Musielak—Orlicz function w considered here. Under these restrictions, the
Musielak—-Orlicz Hardy space H,, ,(R™) behaves more closely like the clas-
sical Hardy space.

In Section 3, we introduce the tent spaces 7,,(R"™) associated to w
and we establish its atomic characterization (see Theorem 3.1 below). By
the proof of Theorem 3.1, we observe that if a function f € T,(R:) N
Vs (RQLH), p € (0,00), then there exists an atomic decomposition of F' which
converges in both T,,(R7™!) and 7§ (R"*!) (see Proposition 3.1 below). As a
consequence, we show that if f € T,,(R™) N T#(R"), then there exists an
atomic decomposition of f which converges in both T,,(R"!) and T3 (R
for all p € [1,2] (see Corollary 3.1 below). These convergences play a signif-
icant role throughout this paper.

In Section 4, we first introduce the Musielak-Orlicz Hardy space H,, 1,(R™),
and then prove that the operator 7r, s, which is introduced in [16] and
initially defined on f € L? (Riﬂ) with compact support by

(1.4) momf=Cu /OOO(#L)MHe—tZLf(.,t)%

where M € N and where

Cu /OO tz(M“)e*%Q% =1,
0
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maps the tent space T4 (R’™) continuously into LP(R™) for p € (pr,pr)
and Tw(RTfl) continuously into H,, r,(R™) (see Proposition 4.1 below). As
a result, we obtain a molecular decomposition for elements in H,, r,(R™) N
L?(R™) which converges in LP(R") for p € (pr, 2] (see Proposition 4.2 below).
Due to this molecular decomposition of H,, (R"™), we further obtain the
duality between H,, 1,(R™) and BMO,, 1«(R") (see Theorem 4.1 below). The
rest of Section 4 is devoted to establishing the p-Carleson measure charac-
terization (see Theorem 4.2 below) and the John-Nirenberg inequality (see
Theorem 4.3 below) for the space BMO, r,(R").

In Section 5, as an application, we give some sufficient conditions which
guarantee the boundedness of linear or nonnegative sublinear operators from
H,, 1(R") to L(w). In particular, we show that the Riesz transform VL~1/2
and the Littlewood-Paley g-function g;, map H,, r(R"™) continuously into
L(w) (see Theorem 5.1 below).

It should be pointed out that very recently the authors in [36] have inves-
tigated the Musielak—Orlicz Hardy spaces associated with operators. How-
ever, the approach in [36], which is mainly initiated by the work of Ky
in [28], differs from our approach, which is strongly motivated by Hofmann
and Mayboroda [22] and Jiang and Yang [24]. For instance, Musielak—Orlicz
functions w considered in [36] are growth functions that require that the
functions w(-,t) belong to the uniform weight class A, and satisfy the uni-
formly reverse Hélder condition, whereas we do not make such assumptions
in our paper. Moreover, let X be a metric space with doubling measure;
then, under the assumptions for the Musielak—Orlicz function similar to
that in [36], the Musielak—Orlicz Hardy space, associated with a one-to-one
operator of type w having a bounded H,, functional calculus in L?(X) and
satisfying the reinforced off-diagonal estimates, was studied in [12]. As a spe-
cial case of this setting, the Musielak—Orlicz Hardy space associated with
divergence form elliptic operators with complex bounded measurable coef-
ficients on R"™ is also studied. However, the results in [12] and in this paper
are different because the assumptions for the Musielak—Orlicz function are
different, as indicated above.

It is believed that the results in this paper can be extended to the setting
when the underlying spaces are of homogeneous type and operators satisfy
bounded H., functional calculus and Davies-Gaffney estimates. This will
be studied in a future article.
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§2. Preliminaries

In this section, we recall some notions and notation on the divergence form
elliptic operator and on Musielak—Orlicz-type functions, and we introduce
some basic assumptions on these functions. We first highlight some con-
ventions. Throughout the current paper, L always denotes the second-order
divergence form operator as in (1.2). We denote by C' a positive constant
which is independent of the main parameters, but which may vary from line
to line. The symbol X <Y means that there exists a positive constant C
such that X <CY.

2.1. Some notions on the divergence form elliptic operator L

In this section, we review some of the standard facts on the operator L
considered in these pages.

A family {S;};~0 of operators is said to satisfy the L? off-diagonal esti-
mates, which are also called the Gaffney estimates (see [22]), if there exist
positive constants ¢, C, and § such that, for arbitrary closed sets E, F' C R",

_(dist(E,F)2)5
1St fllz2(r) < Ce ot I fllz2(e)

for every t >0 and every f € L?(R") supported in E. In what follows, we

will need the following important results which were obtained in [1], [3],

[22], and [21].

LEMMA 2.1 ([21, Lemma 2.3]). If two families of operators, {St}i>0 and
{T}}1>0, satisfy Gaffney estimates, then so does {S;T;}i~0. Moreover, there
exist positive constants c¢,C, and B such that, for arbitrary closed sets E, F' C
Rn

’ _(dist(E,F)2)5
[SsTiflL2(r) < Ce  emaxtetb || £l L2 ()
for every s,t >0 and every f € L*(R™) supported in E.
LEMMA 2.2 ([3, Lemma 2.1], [21, Lemma 2.1]). The families

(21) {e_tL}t>07 {tLe_tL}t>07 {t1/2ve_tL}t>07
as well as
(2:2) {T+tL) o, {BPVIT+tL) 7,

are bounded on L*(R™) uniformly in t and satisfy the Gaffney estimates
with positive constants ¢,C' depending on n,Aa,Aa as in (1.1) only. For the
operators in (2.1), B =1, while in (2.2), B=1/2.
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LEMMA 2.3 ([1, Section 4], [22, Lemma 2.5]). There exist ¢,C € (0,00)
such that
(i) for every p and q with pp <p < q < pg, the families {e }~o and
{tLe7 "}y satisfy LP — L7 off-diagonal estimates; that is, for arbitrary
closed sets B, FF C R",

e e
for every t > 0 and every f € LP(R™) supported in E, and thus the oper-
ators {e~*F},50 and {tLe tLy, oo are bounded from LP(R™) to LI(R™)
with the norm Ct2(___)

(ii) for every p € (pr,pr), the family {(I +tL) 1}i~0 satisfies LP — LP off-
diagonal estimates; that is, for arbitrary closed sets E, F C R",

dist(E,F)

[0 +2) 7 gy < P

Q=

e £l Lagry + |[£Le ™ fll pagry < Ct2a™

for every t >0 and every f € LP(R™) supported in E.

LEMMA 2.4 ([22, Lemma 2.6]). Let k € N and p € (pr,pr). Then the
operator given for any f € LP(R™) and any x € R™,

21 ke 120 2dy dt\1/2
strw=(f [ _lente sl )

is bounded on LP(R™).

2.2. Musielak—Orlicz-type functions

Let us first present some notions on Musielak—Orlicz-type functions.

A function w : [0,00) — [0,00) is called an Orlicz function if it is non-
decreasing and if w(0) =0; w(t) > 0,t > 0; limy_,w(t) = co. A function
w:R™ x [0,00) — [0,00) is called a Musielak—Orlicz function if the function
w(z,-):]0,00) = [0,00) is an Orlicz function for all € R™ and the function
w(-,t) is a measurable function for all ¢ € [0, c0).

Let w be a Musielak—Orlicz function. The function w is said to be of
uniformly upper-type p (resp., uniformly lower-type p) for certain p € [0, c0)
if there exists a positive constant C' such that for all z € R™, all t > 1 (resp.,

€ (0,1]) and all s € (0,00),

(2.3) w(z, st) < CtPw(z, s).

If w is of both uniformly upper-type p; and lower-type pg, then w is said to
be of type (po,p1). A typical example of such w is

w(z,t) = f(x)g(t)
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for all x € R™ and all t € [0,00), where f is a positive measurable function
on R™ and where g is an Orlicz function on [0,00) of upper-type p; and
lower-type pg. Another example of Musielak—Orlicz function w of uniformly
upper-type p € (0,1] is, for instance,

tP

0= T+ Togte + O

where a € [0,2p(1 4 log2)] and f is a positive measurable function on R™.
It is also interesting to observe that if

P
fl@)+9@)

where f is a positive measurable function on R™ and where ¢ is a decreas-
ing positive function on [0,00), then w is a Musielak—Orlicz function of

uniformly lower-type p.
Let

w(x,t) =

p, =inf{p > 0: there exists C' > 0 such that (2.3)
holds for all z € R",t € [1,00),s € (0,00) },

and let

P, =sup{p > 0: there exists C' > 0 such that (2.3)
holds for all z € R",t € (0,1],s € (0,00) }.

The function w is said to be of strictly uniformly lower-type p if, for all
reR™ t€(0,1), and s € (0,00), w(x, st) < tPw(z,s) and if
pow =sup{p>0:w(z,st) < tPw(z,s) holds for all z € R,
s€(0,00) and t € (0,1)}.
It is easy to see that p, < p, <p] for all w. In what follows, p,,, p_, and p},

are called the strictly critical lower-type index, the critical lower-type index,
and the critical upper-type index of w, respectively.

REMARK 2.1. We see that if p, is defined as above, then w is also of
strictly uniformly lower-type p,,. In other words, p,, is attainable.

Throughout this article, we always assume that w satisfies the following
assumptions.
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ASSUMPTION (A). Suppose that w is a Musielak-Orlicz function which
is of uniformly upper-type 1 and for which p,, € (0, 1]. In addition, for every
x € R, w(x,-) is continuous, strictly increasing on R .

Note that if w satisfies Assumption (A), then it has the following prop-
erties (see [28, Lemma 4.1] for its proof).

LEMMA 2.5.

(i) The function w is uniformly o-quasi-subadditive on R™ x [0,00); namely,
there exists a positive constant C' such that for all (x,t;) € R x [0,00)
with j € Ly, w(w, Y 72, t5) <O 72wl ty).

(i) Let w(x,t):= Ot@ds for all (x,t) € R™ x [0,00). Then @ is equiva-
lent to w; moreover, @ also satisfies Assumption (A).

CONVENTION (B). From Assumption (A), it follows that 0 < p, < p,, <
p < 1. In what follows, if (2.3) holds for pJ, with ¢ € [1,00), then we choose
Dw = pl; otherwise p <1 and we choose p, € (pJ;,1) to be close enough
to p7.

Let w satisfy Assumption (A). A measurable function f on R" is said to
be in the Lebesgue-type space L(w) if

/nw(x, |f(:x)’)dx< 0.

Moreover, for any f € L(w), define

111 ) Einf{>x> Ot/nw<x,’f(—;)|> dx < 1}.

The function p defined below plays an important role in this paper.

DEFINITION 2.1. For each x € R”, we define the function w~!(z,-) and
p(x,-) on Ry as follows:

(2.4) w iz, ) =sup{s>0:w(z,s) <t}

and
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Then it is easy to see that w™!(z,-) is continuous, strictly increasing, and
that for every x € R”,
w! (z,w(z,t)) =t
and
w(w,w_l(w,t)) =t.
Moreover, the types of w and w™! have the following relation.
LEMMA 2.6. Let 0<p<q<1. Ifw is of type (p,q), then w™! is of type
(¢hp ).
Proof. By symmetry, it suffices to show that if w is of uniformly lower-

type p, then w™! is of uniformly upper-type p~!. Suppose that there exists
a constant C' > 1 such that for all z € R", s >0, t <1,

(2.6) w(z,st) < CtPw(z, s).

Then for any z € R, s >0, ¢t > 1, and u > 0 such that w(z,u) < st, it follows
from (2.6) that

This implies that

and hence
(2.7) w(x,st) < t%wfl(x, Cs).
On the other hand, observe that

-1 _ . W(l’,)\)
w (a:,C's)—sup{)\ZO. C Ss}

and, by (2.6), for any A >0,

then we deduce that
(2.8) wl(z,Cs) < CrwY(z, ),
which together with (2.7) completes the proof of Lemma 2.6. U

AssuMPTION (C). Let w satisfy Assumption (A). Moreover, suppose
that

(i) there exist positive constants C1, Cy such that for any z € R", C; <
w(z,1) < Cy;
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(ii) there exists a positive constant C' such that for any locally integrable
positive function f on R", for any ball B in R™,

(2.9) %/Bw(m,f(:v)) d:L‘<Cxi€annw(x,%/Bf(ac)d:L‘>. 0

A typical example of a Musielak—Orlicz function w that satisfies Assump-
tion (C) is w(x,t) = h(x)p(t) for all z € R™ and t € [0,00), where h is a
positive measurable function on R™ so that there exist positive constants
C1, Cy such that, for any x € R", C; < h(z) < Cy and ¢ is a continuous,
increasing, and concave Orlicz function on [0,00) with p, € (0,1]. Besides,
there exist Musielak—Orlicz functions which are not of that form and that
satisfy Assumption (C), for instance, w(z,t) = m, where o €
[0,2(1 4 log2)] and where h is a positive measurable function on R™ such
that there exist positive constants C1, Co for any x € R", C1 < h(z) < Cs.

83. Tent spaces associated to Musielak—Orlicz functions

In this section, we will deal with the tent spaces associated to Musielak—
Orlicz functions. Let us first recall some notions.
For any v >0 and z € R", let Rﬁ“ =R" x (0,00), and let

Iy(z)={(y,t) € R —y| < vt}

denote the cone of aperture v with vertex x € R™. For any closed set F
of R™, denote by R,F the union of all cones with vertices in F', that is,
RyF =,cpTv(2); and for any open set O in R", denote the tent over O

by T,,(0), which is defined as T}, (0) = [R,,(O%)]F. Note that
T,(0) = {(x,t) € R" x (0,00) : dist(z,0°) > vt}

In what follows, we denote I'y(z), R1(F), and T3 (O) simply by I'(x), R(F),
and 6, respectively.

Let F be a closed subset of R”, and let O = FC. Assume that |O] < cc.
For any fixed v € (0,1), we say that € R™ has the global y-density with

respect to F' if
| B(z,7) N F|
—B 27
| B(z,7)]
for all » > 0. Denote by F™* the set of all such x. Obviously, F'* is a closed
subset of F. Let O* = (F*)E Then it is easy to see that O C O*. In fact, we

have
0" = {z €R": M(x0)(x) > 1 -7},



82 T. D. TRAN

where M denotes the Hardy—Littlewood maximal function on R™. As a
result, by the weak type (1,1) of M, we have |O*| < C(v)|O|, where C(v)
denotes a positive constant depending on +.

The proof of the following lemma is similar to that of [13, Lemma 2]; we
omit the details.

LEMMA 3.1. Let v,n € (0,00). Then there exist positive constants 7y €
(0,1) and C(~,v,n) such that, for any closed subset F' of R"™ whose com-

plement has finite measure and any nonnegative measurable function H
n RT‘I,

// H(y, )t"dydt<07,yn/ / Hy, dydt}dx
v (F*)

where F* denotes the set of points in R™ with global v-density with respect
to F.

Let v € (0,00). For all measurable functions g on R*! and all z € R”,

let i)
. 2dy t\1/2
(], owortety”.

and denote A;(g) simply by A(g).

Coifman, Meyer, and Stein in [13] introduced the tent space T4 (RI*1)
for p € (0,00), which is defined as the space of all measurable functions g
such that [lgl gy = A9 o(an) < ox.

Now let w satisfy Assumption (A ). Then we define the tent space T, (RT’?
RF
Jr

associated to the function w as the space of measurable functions g on

such that A(g) € L(w) with the norm defined by

HgHTw(R’ﬁl) = HA(Q)HL(W) = inf{)\ >0: /nw<x, A(g)?(a?)) dx < 1}_

Let p € (1,00), let w satisfy Assumption (C), and let p be the function
defined by (2.5). A function a on R/t is called an (w,p)-atom if

1) there exists a ba C such that suppa C B;
i) th i ball B C R™ such th B
. 19, _
(i) Nallgpyery < BI7 " infres [o(a, |BI)]

Furthermore, if a is an (w,p)-atom for all p € (1,00), we then call a an
(w, 00)-atom.
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REMARK 3.1.

(i) It is not difficult to verify that for a function w satisfying Assumption
(C), there exist positive constants K;, Ko such that for any x € R",
K <w Yx,1) < Ko, and hence inf,cp [p(z, |B|)] " is strictly positive.
(ii) In addition, for all (w,p)-atoms a, we have ||a||Tw(R1+1 <1.

)N

We are now ready to obtain the atomic characterization of the tent space
Tw(RTffl).

THEOREM 3.1. Letw satisfy Assumption (C'). Then for any f € T, (]R’f'l),
there exist (w,00)-atoms {a;}32, and numbers {\;}52; C C such that for
almost every (z,t) € R,

(3.1) f(z,t) :Z)\jaj(x,t).
j=1

Moreover, there exists a positive constant C' such that for all f € T, (Rﬁ“),

, > . A
A{XNa;};) =inf<A>0: B;| inf <1
({jaj}) 1n{ ~ ;‘ ]’xleanw(x’)\]Bj|supx63jp(a:,Bj|)> - }
(3.2)
< CHf”Tw(Riﬂ)v

where E\J appears as the support of a;.

Proof. We prove this theorem by exploiting some ideas found in [13, proof
of Theorem 1] and [24, Theorem 3.1]. Let f € T,,(R"™). For any k € Z, let
Op={z eR": A(f)(x) > 2F} and F}, = (O). Since f € T, (R, for each
k, Oy is an open set and |Oy| < oo.

Since w is of uniformly upper-type 1 and 1 S w(z,1), by Lemma 3.1, for
k€ Z and k <0, we have

dydt odydt
f(y,t Z—N/ // f(y.t dx
//R(qu I

< A(f)(:z:)2d33§/F w(:c,.A(f)(a:))da:—)O

Fy,

as k — —oo, which implies that f =0 almost everywhere in (1, R(F}),

and hence, supp f C {Ukezéi UE}, where EC R and [, 224 =0.
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Thus, for each k, by applying the Whitney decomposition to the set O,
we obtain a set Ij, of indices and a family {Qy ;};jer, of disjoint cubes such
that

(1) Ujer, @k = Oy, and if i # j, then Q,; N Qy,; = 0; and

(i) vnl(Qr,;) < dist(Qrj, (O};)E) <4y/nl(Qy ), where £(Qy ;) denotes the
side length of Q ;.

Next, for each j € I}, we choose a ball By ; with the same center as Q) ;
zEd\with radius 1 \/n-times £(Qy ;). Let Ay j = By, ;N (Qk,;j % (0,00)) N (Of \
Op. 1), let

agj = 2_k|Bk7j

ot [p(|Beal)]

ko
and let /\kj = Qk\Bk,j‘SUPxeBkJ [p(x,|Bk,;])].- Note that {(Qx,; x (0,00)) N

(O* \ Ok+1)} C §\m By this, we conclude that f =73, 75/ Ak jak;
almost everywhere.

Let us show that for each k£ € Z and each j € Ij, a; is an (w,00)-
atom supported in Ekj Let p € (1,00), ¢ =p’ be the conjugate index of
p, that is, % + % =1, and let h € Tq(R"H) with ||h||Tq (RTH) < 1. Since
Ay C (O//?‘;:l)[3 = R(Fj,.1), by Lemma 3.1 and the Holder inequality, we
have

dydt
gl < [ [ Jonpa, )0 0n0.0 %5

dydt
< / / / an (. Oy, 1) 2L g
Fri1 F(x)‘ ’ |tn+1

S o oA @ AN @) ds

< 2_k!Bk,j\_1xei%£ ol |Brg)]
sJ
1

([ D@ ) Pelgane

L -1
SIBrsl ™ it [p(e,Brsl)]

which implies that ay, j is an (w, p)-atom supported in Ek,j forall p € (1,00),
and hence, an (w, co)-atom.
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On the other hand, for any A > 0, by Lemma 2.5 we further obtain

>3 1Bigl inf (e, A )
zER™ AlBr,jlsup,ep, ; p(@,|Br,jl)

keZ jely

k
SIPICHEERICEY

keZ jel}

<Z|Ok] 1nf w(a? —) Z\Ok‘;enﬂ{nw< k>
52/(;kmle“£nW(x Ve[ X ()

ke k<loga[A(f)(x)]
2k+1
k<log, [A

t\ dt
/ / inf w —) —dz
Rn ok rER™ )\ t
2A(f)(l)

[ e [ AL

which implies that (3.2) holds, and hence, completes the proof of Theo-
rem 3.1. 0

REMARK 3.2. Let {A;}Z] C C and {a'}” be (w,p)-atoms for certain p €

(1,00), where i=1,2.1f )\; %, > A?aJQ € T,(R'T1), then by the fact that

w is subadditive and of strictly uniformly lower-type p,,, we have

2
(AN az}ig)]™ < D _[A({ATas}s) ™
i=1

Let p € (0,1] and g € (p,00) N [1,00). Recall that a function a on R’} is
called a (p, q)-atom if
(i) there exists a ball B C R™ such that suppa C E;

(ii) ||a||Tq Rty < |B|5__

We have the following convergence result.

PROPOSITION 3.1. Let w satisfy Assumption (C), and let p € (0,00).
If f € (TR NTYRET)), then the decomposition (5.1) holds in both
T,(RY) and TH(RTH).

Proof. The proof that (3.1) holds in 735 (R"™!) is analogous to that of [24,
Theorem 3.1] and we omit the details. We only need to show that (3.1) holds
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in T, (]RT}FH). In fact, by the Holder inequality, for each k € Z and j € I, we
have

1 |\l

1Bl Jn Ak jag,;)(z) dr < W”ak,jHTQQ(Ri+I)

| Akl
= Bl supsep, ; p(x,|Brl)

From this together with the subadditive property of w and A, it follows that

/HW<x,A<f_ Z )‘k,jak,j>($)) dz

K|+ <N
34 < Y /w(x,Aw,jak,j)(x))dw
|kl-+51>N 7R

| Ak,
" [Brjlsupgep, , p(x,|Br,;l)

infn w (x

S Z ‘Bk’j z€R

|k|+]5]>N

>—>0,

as N — oo, by (3.3). Now for any € > 0, by the fact that w is of uniformly
upper-type 1 and (3.4), there exists Ny € N such that when N > Ny,

1
/nw<$, EA[f Z /\kyja/w] (az)) dr <1,
[kl+liI<N
which implies that when N > Ny, ||f — Z|k|+|j|§N )\k,jak,jHTw(Riﬂ) <e.
Thus, (3.1) holds in T}, (R’:*"), which completes the proof of Proposition 3.1.
O

As a consequence of Proposition 3.1, we have the following corollary which
plays a significant role in this paper.

COROLLARY 3.1. Let w satisfy Assumption (C). If f € TW(RT'l) N
TQQ(RT'I), then f € Tg(Rffl) for allp € [1,2], and hence, the decomposition
(5.1) holds in TS (R'1).

Proof. Observing that w is of uniformly upper-type 1, we have

[A(f) ()] dx < / A(f)(z) dx

R™ {zeR™:A(f)(z)<1}

+ / [A(f)(2)] da
{oeR™A(f)(2)>1}
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<

~

w(zx, A z)) dx + 2
/{xeR”:A(f)(a:)<1} ( () )) ”f||T2(R+“)

< 00,

which implies that f € T% (R’}fl). Then from Proposition 3.1, it follows that
the decomposition (3.1) holds in TP (Riﬂ), which completes the proof of
Corollary 3.1. [

In what follows, let T5(R"™) and T5°(R"™) denote the set of all func-
tions in T, (]R’}FH) and T7 (]RT}FH) with compact supports, respectively, where
p € (0,00).

LEMMA 3.2.
(i) For all pe (0,00), TV (RTH) € T3°(R™HY). In particular, if p € (0,2],
then TY*(R™Y) coincides with Ty “(R7T).
(ii) Letw satisfy Assumption (C). Then TS(RHY) coincides with Tg’C(RTFI).

Proof. By [13, (1.3), p. 306], we have TP¢(RTH) ¢ Ty (R™H) for all
p € (0,00). If p € (0,2], then from the Hélder inequality, it is easy to follow
that T5“(R"T) ¢ TP°(R™H). Thus, (i) holds.

Let us prove (ii). To prove TS(R™™) Tg’C(RﬁH), by (i), it suffices to
show that TR’ € TP(RMH) for certain p € (0,00). Suppose that f €
T j(R’}rﬂ) and that supp f C Kg\ where K is a compact set in }R’}fl. Let B
be a ball in R™ such that K C B. Then supp.A(f) C B. This, together with
the uniformly lower-type property of w, yields that

[A(f) ()] dx = / [A(F) ()] da

R™ {zeR™:A(f)(z)<1}

A Po g
+/{w6Rn:A<f><w)zl}[ (@)™ do

SIBl+ [ wleA@)do <o

. s 1 2, 1
That is, f €T (R} C Ty (R,
Conversely, let f € T21 ’C(R’ffl) be supported/\in a compact set K in RT‘l.
Then there exists a ball B such that K C B and supp.A(f) C B. This,
together with the uniformly upper-type property of w, implies that
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/nw(x,A(f)(x))d:U,S/ w(@, 1) da

{2€RmA(f) (x)<1}

+ / A(f)(z)dx
{zeR™A(f)(x)>1}

5 ‘B’ + ”fHTzl(Ri“) < 00,

from which it follows that f € Tﬁ(RTFl), and hence, completes the proof of
Lemma 3.2. []

84. Musielak—Orlicz spaces and their dual spaces

In this section, we always suppose that the Musielak—Orlicz function w
satisfies Assumption (C). We first introduce the Musielak—Orlicz Hardy
space associated to L via the Lusin area function and then establish its
duality. Let us begin with some notions and notation.

Let S; be the same as in (1.3). It follows from Lemma 2.4 that the
operator Sz, is bounded on LP(R™) for p € (pr,pr). Hofmann and May-
boroda in [22] introduced the Hardy space Hj(R") associated to L as
the completion of {f € L*(R"): SLf € L*(R"™)} with respect to the norm
112y ey = IS2 1l ey

Employing some ideas from [16], [22], and [24], we now introduce the
Musielak—-Orlicz Hardy space H,, 1,(R™) associated to L and w as follows.

DEFINITION 4.1. Let w satisfy Assumption (C). A function f € L2(R")
is said to be in H,, (R") if Sgf € L(w); moreover, define

. Spf(x
It ) =52y =t {502 [ ol 2D g <1},

The Musielak-Orlicz Hardy space H,, ,(R") is defined to be the completion
of H, (R") in the norm | - ||z, , (&n)-

In what follows, for a ball B = B(zp,r5), we let Uy(B) = B, and for
jeN, U;(B) = B(xp,2rg)\ B(xp,2 " 1rp).

DEFINITION 4.2. Let g € (pr,pr), let M € N, and let € € (0,00). A func-
tion o € L4(R"™) is called an (w, ¢, M, €)-molecule adapted to B if there exists
a ball B such that

. I R I
(1) Nellpaw; )y S 27712/ Bl Yinfoep [p(z,|20B))] 7, j € Ly
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(ii) for every k=1,...,M and j € Z, there holds

[(rg2L7Y) < 2|2 B|a” "inf [p(x.|27B])]

O‘HLQ(U (B)) ~
Finally, if o is an (w, g, M, €)-molecule for all g € (pr,pr), then « is called
an (w, 00, M, €)-molecule.

REMARK 4.1.

(i) Since w is of strictly uniformly lower-type p,, we have for all fi, fo €
Hw,L (Rn)7

M F2l% gy S UAAIEE | oy + 1202 ey

In fact, if letting A\ = Hlep (rny and Ao = ||f2||p Rn)» Dy the sub-
additivity, the continuity, and the uniformly lower type pw of w, we

have
SL(fi+ f2)(@) : St(fi)(x)
forle g e R e )
2
—ZAl)J\:/\Q/n < 78L5\f2( )>dx<1,

1
which implics that |1 + flls, ey < (11125 oy + 12l )7
and hence, the desired conclusion.

(ii) From the theorem of completion of Yosida [37, p. 56], it follows
that fIML(]R") is dense in H, r(R"™); namely, for any f e H, 1(R")
there exists a Cauchy sequence {f}?2, C ]?Iw, L(R™) such that
imy oo || fie = fll 1, o (&) = 0. Moreover, if { fx }72, is a Cauchy sequence
in I;T%L(R”), then there uniquely exists f € H, (R") such that
limg o0 | f5 — flla,, L&) = 0.

4.1. Molecular decompositions of H, 1 (R")
In what follows, let Lg(RTPl) denote the set of all functions in L? (R’}fl)
with compact supports.

PROPOSITION 4.1. Let w satisfy Assumption (C), let M € N and M >
%(L — 1), and let wp e as in (1.).

(i) The operator 7y, a1, initially defined on Tg’C(R’}rﬂ), extends to a bounded
linear operator from TQP(RTFI) to LP(R™), where p € (pr,DrL)-
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(ii) The operator mp, v, initially defined on TS(R'TT), extends to a bounded
linear operator from Tw(RﬁH) to H,, ,(R™).

Proof. Let k € N. By Lemma 2.4 and a duality argument, we know that
the operator S¥. is bounded on LP(R") for p € (pr+,pr+),
1=21 [24, Proposition 4.1] for the proof of
(i) above.

Let us prove (ii). Assume that f € TS(R:™!). By Theorem 3.1, we have
f=2>2721 Aja;j pointwise, where {);}72, and {a;}32, are as in Theorem 3.1
and where A({)\ja;};) S HfHTw(Ri+l). From Lemma 3.2(ii), it then follows

that f e Ts “(RMT), which together with (i) and Corollary 3.1 further

implies that
mrm(f Z)\ mr.m(aj) Z/\ ;

in LP(R™) for p € (pr,2].
On the other hand, notice that the operator Sy, is bounded on LP(R"),
which together with the subadditivity and the continuity of w yields

(4.1) /nw(x,sL(ﬂL,M dx<Z/ 2, )\185 (a) () d.

We next indicate that for any fixed € € (0,00), o;j = 7, ar(a;) is a multiple
of an (w, 00, M, €)-molecule adapted to B; for each j.

Indeed, this is the case provided that a is an (w,o0)-atom supported
in the ball B= B(xzp,rp) and that q € (pr,pr). Since for q € (pr,2), each
(w,2, M, e)-molecule is also an (w, ¢, M, €)-molecule, to prove the above claim
it suffices to show that a =7, ps(a) is a multiple of an (w, ¢, M, €)-molecule
adapted to B with ¢ € [2,p1).

By (i), for i =0,1,2, we have

”aHLq(Ui = HWLM HLq(U S HaHTg(R’}rH)

1 1. -1
<
S|Bla" inf [p(z, | B])]

For i > 3, let ¢’ € (1,2] be the conjugate number of ¢, and let h € L7 (R™)
satisfy [|A|| o ®ny < 1 and supph C Ui(B). By the Holder inequality and
Lemmas 2.1 and 2.3, we have
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[(mr(a), 1)
" ale D2 LYMA =L (1 (1 da dt
<[] fatwoeee () ()|
S NA@ g [ACGEL) e )|

L/ (/A‘(tzL*)M+16tQL*(h)(LU,t)‘le;fdt)?
B

N

< llallggqanny Bl
(4.2)

=
D=

< llallggquniny B

([ [t e BB LEN2d

ct? t

1. N NI R R A O AL A
SIBI72 inf [p(e,|B])] (/0 e [2"7“3} 7)

—ie|oi -1 . i -1
S2RBleT inf [p(x, [2'Bl)]

which implies that « satisfies Definition 4.2(i).

We now show that « also satisfies Definition 4.2(ii). Let k € {1,...,M}.
If i=0,1,2, then let h be the same as in the estimate of (4.2); similarly to
the estimate of (4.1), we have

(5’ L e ar(a), b))
B i 2k alx 9 s\ M 1fkeft2L* " dx dt
<[] (E) et e () ()] ™
S HA(a)HL‘I(R")

1 9. —
Slall gy S 1Bl inf [o(a, |B])] 7,

which is the desired estimate, where we used the Holder inequality and
Lemma 2.4 by noting that ¢ € (pr«,2]. If i > 3, an argument similar to
that used in the estimate of (4.2) also yields the desired estimate. Thus,
a = pm(a) is a multiple of an (w,q, M, €)-molecule adapted to B with

}S%Hik(h) HLq’ (R™)

q € [2,pr), and the claim is proved.

Let g € (pr,pL), and let € > n(p% — z%)’ where p,, is as in Convention (B).
We now assert that for all (w, g, M, €)-molecules o adapted to the ball B =
B(xp,rp) and A€ C,

A
(4.3) / w(@, |NSL(e) () dz < |B| inf w( Al )

x’
zeR™ |B|Supx€Bp($7|B|)
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Once this is proved, then we deduce ||a g, , &n) < 1, which together with
(4.1) further implies that for all f € TSR,

/nw(ffaSL(WL,M(f))(x)) dr'S 231 ‘Bj’mienngfnw(x’ ; ~ ’BJ"))
iz

’BJ‘Supxij p(m,
Thus, for all f € TS(R"T), we have

HWL,M(f)HHw‘L(Rn ~ ({A aj}]) N HfHTw (R

which if combined with a density argument implies (ii).

Now, let us prove assertion (4.3). Observe that if ¢ > 2, then an (w, g, M, ¢)-
molecule is also an (w,2, M, €)-molecule. Thus, to prove assertion (4.3), it
suffices to show (4.3) for ¢ € (pr,2]. To this end, note that

/Rnw(x, AISL(@) (@) de
< /nw(x, INSL([I - e*r%L]Ma)(x)) dx
—i—/nw(x, |/\|SL((I— [I— e*’”QBL]M)a)(:L')) dx

< Z/ 2, NSz ([ — e "B M (axy,(p))) (2)) dz

o0

k 1M
+ sup w(m,]MSL{[—rBLe Th ]
iso1sksM Jrn M

X (XUj(B)(r§2L_1)Ma) }(x)) dx

ZHj + le
=0

J=0

For each j >0, let B; = 2/ B. Then, by Assumption (C) and the Holder
inequality, we obtain

H, < Z / (2, INSL(IT — e "B (ax, (5))) (@) dee

S kzo/2’“Bj w(az, |>\|XUk(Bj)(x)SL([I _ e_T%L]M(aXUj(B))>(fE)) I
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> Y 5
S 28B;| inf | St (I — e "BE M (ayy. x)dx
kZ:O| il inf e (e, T g, 1M (axw, (5))) (&) de)
<D 12¥B)|

k=0

. Al —r
% xlenmfnw(x’ W”SL(U =B (o, ) HLq(Uk(Bj»)'

By the proof of [22, Lemma 4.2] (see [22, (4.22) and (4.27)]), we have for
k=0,1,2,

1821 = ™" &1 (axwr, ) | a5,y S Nl zaqus ),
and for k > 3,

HSL([I - e_T%L]M(OJXUj(B))) Hiq(Uk(Bj))

n_n

1 \4M42( )
5k<2k+ﬁ) o Zow; ()):

which, together with Definition 4.2, 2Mp,, > n(1— %), and Assumption (C),
implies that

A2~
H; <|Bj| inf w( )
z€R™ |BJ’ SUPzeB; p(z, |BJD
AE2~ CM+5—3)(+k)—je
+Z|2kB 1nfnw< | |1/_ T ’ )
ek |28 B;[4|B;|" "4 supge g, p(, | Bjl)
<2- “’“{1+2\f2’m K ‘pw(WJr%—%)(j““)}
A
X |Bj| inf w( , )
veRn | Bj| sup,ep, p(z, |Bjl)

Al )
|Bj‘ SUPgeB; p(x, |BJ|) .

< 279w By ian w(x,
zeR™

Note that since € > n(L+ — L) and w™" is of uniformly lower- type - by
Pw Puw

Lemma 2.6, we further have
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ST, £ 3 0|y { 1BSMeen 0 BD -

X inf w(m, A )
vekn “\" [Bsup,e  plx, | B)

TR eIl \f ||} " inf (o » wTaD)
J=0 7

|B|sup,cp p(x

8

_pw Al
Sy 27 ireegin(1=55) 1 B| inf w( , | )
2 11388 B e B0
Al
< |B| inf w( x, | )
z€R™ |B‘Supx€Bp($v|B|)

Similarly, we have
oo

B
S LB i e )

which completes the estimate of (4.3), and hence, the proof of Proposi-
tion 4.1. []

PROPOSITION 4.2. Let w satisfy Assumption (C), let € > n(— — p%r),

and let M > 5(-- — 3). If f € Hy(R") N L*(R"), then f e LP(R") for
all p € (pr,2] and there exist (w,00, M, €)-molecules {c;}72, and numbers
{Aj}524 C C such that

(4.5) F= Mo
j=1

in both H,, ,(R™) and LP(R™) for allp € (pr,2]. Moreover, there ezists a pos-
itive constant C independent of f such that for all f € H,, (R™) N L*(R"),

. = . Al
A{Na}) =infda>0: 57 (B;| inf w(z, <1
(4(6{) jaj}j) =in { jz;| j|xleanw(x B sipren, p(:c,|Bj!)) }

<Cflla, L@y,

where for each j, a; is adapted to the ball B;.
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Proof. Let f € H, ,(R")N L?(R™). For each N € N, define Ox = {(x,1) €
R |z < N,1/N <t < N}. Then by the L*(R") functional calculi for L,
we have

& _ dt . _
f=Cuy (t20)M+2¢ Qtsz— = lim 7y (XON (t*Le tsz))
0 t N—o0

in L*(R"), where M € N, 7y, 5y and Cyy are as in (1.4).

On the other hand, by Definition 4.1 and Lemma 2.4, we have
2Le L f ¢ TR N T, (R, An application of Corollary 3.1 shows
that t2Le "L f € T (R”*1), which together with Proposition 4.1(i) implies
that {7 ar(xoy (t2Le "L f))} i is a Cauchy sequence in LP(R™). Then by
taking subsequence, we have

. _ 42
szlgnooﬂL,M(XoN (t*Le "L f))

in LP(R"™).

Now applying Theorem 3.1 and Proposition 3.1 to 2Le~ "L f, we obtain
(w,00)-atoms {a;}32; and numbers {A;}22; C C such that 2Le PLf =
>0, Ajaj in TP(RYH) and A({)ja;}5) < [ Le L f I, g+, which, com-
bined with Proposition 4.1(i), further yield that

(4.7) f= 7TL7M(t2L€_t L Z)\ mr,m(aj) Z)\ a;

in LP(R™) for p € (pr,2]. By the proof of Proposition 4.1, we learn that o
is a multiple of an (w, 00, M, €)-molecule for any € >0, and M € N and M >
%(z% —1). Note that A({)\ja;};) = A({\ja;};). We therefore obtain (4.6).

To finish the proof of Proposition 4.2, it remains to show that (4.5) holds
in H, 1 (R"). In fact, by Lemma 2.4, (3.3), (4.3), and (4.7) together with

the continuity and the subadditivity of w, we have

/nw<x,SL(f—§:)\jaj>(a;)> dx
Z/ (z,S1(\jaj)(x)) dw

j=N+1
< i |B,| inf w( Il )—>0,
J=N+1 zeR™ ’BJ| SuszBj |,O(l‘, |BJ’)|
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as N — oo. It should be pointed out that here, in the last inequality, to
use (4.3), we need to choose p,, as in Convention (C) such that e > n(i -
pl ), which is guaranteed by the assumption € > n( = — p—) This, together
with an argument similar to the proof of Proposmon 3.1, yields that f =
> j21 Ajag in Hy, r,(R™), which completes the proof of Proposition 4.2.  []

COROLLARY 4.1. Let w satisfy Assumption (C), let € > n(p% - p%), let

q € (pr,pr), and let M > (— — 1). Then for every f € H, (R"), there
exist (w,q, M, e)-molecules {a]} 21 and numbers {\;}32, C C such that f =
> 21 Ajay in Hy, 1, (R™). Furthermore, if letting A({)\ aj}j) be as in (4.6),
then there exists a positive constant C independent of f such that

A({Njasts) < O\l fllm, @) -

Proof. If f € H,, ,(R") N L?(R™), then it immediately follows from Propo-
sition 4.2 that all results hold.

Otherwise, there exist {f;}?2, C (H, (R") N L*(R")) such that for all
keN,

1 = frll o ey < 2750 F Nl ey -

Set fo=0. Then f =73 7" (fx — fx—1) in H, (R™). By Proposition 4.2,
we know that for all £k € N, fr — fr_1 = Ziol)\f f in H, (R") and
A({)\;‘?a?}j) S k= fre—1llm, o (rn), Where for all j and £, aj isan (w,q, M, e)-
molecule. Thus, f = 223:1 )\faf in H, 1,(R"), and it further follows from

Remark 3.2 that

(AN b )P <D [A{NalY) ] S Z 1fe = fr-all, | n
k=1 k=1

SIFI e

which completes the proof of Corollary 4.1. 0

Let HZ’%’E(R”) denote the set of all finite combinations of (w,q, M, €)-
molecules. From Corollary 4.1, we immediately deduce the following density

result.

COROLLARY 4.2. Let w satisfy Assumption (C), let € > n(i - p%r), and

let M > (— — 3). Then the space HYY w fin ‘(R™) is dense in the space
H, (R™).
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4.2. Dual spaces of H,, 1,(R")

In this section, we study the dual space of the Musielak—Orlicz Hardy
space H,, 1,(R™). We begin with some notions.

Following [22], for € >0 and M € N, we introduce the space

MEP(L) = (€ LRY) 1l pqare gy < 0}
where

e =supd 2€[B(0,29)|V? s .|B(0,27
Il oy =5up {2 BOANT sup o[ B(0.29)

M
XY !\L_kM|!L2<Uj(B(0,1>))}'
k=0

Note that if ¢ € M%’E(L) with norm 1, then ¢ is an (w, 2, M, €)-molecule
adapted to B(0,1). Conversely, if « is an (w,2, M, €)-molecule adapted to a
certain ball, then o € MY<(L).

Let A; denote either (I + t2L)~! or e L, and let f € (ME(L))*, the
dual of MJ"(L). We claim that ([ ANMf e L2 (R") in the sense of
distributions. In fact, for any ball B, if ¢ € L?(B), then it follows from the
Gaffney estimates via Lemmas 2.1 and 2.2 that (I — 4;)M¢ € MES(L) for
all € >0 and any fixed ¢ € (0,00). Thus,

(= ADYf.)| = [(F, (I - ApMw)|
< C(taTB’ diSt(B,O)) Hf”(Mi‘)/fﬁf(L))* H@M’L%B)

which implies that (I — A;)M f € L (R") in the sense of distributions.
Finally, for any M € N, define

MR = () (MIED)"

1 1
e>n(pw p?:)

DEFINITION 4.3. Let q € (pr,pr), let w satisfy Assumption (C), and let
M > %(p% — %) A functional f € M%L(R”) is said to be in BMOZ’%(R”)
if

1
Fllpssmt i = g [0l ]
1 Tgniondt ey = Beke SUD,ep (7, 1 B) |B| @ !

< 00,

where the supremum is taken over all balls B in R".
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In what follows, when ¢ = 2, we denote BMOZ’]X(R”) simply by

BMO%L(R”). The proofs of Lemmas 4.1, 4.2, and 4.3 below are similar
to those of Lemmas 8.1 and 8.3 of [22] and Lemma 4.3 of [24], respectively,
and hence we skip them here.

LEMMA 4.1. Let w, q, and M be as in Definition 4.5. A functional f €
BMO%Y (R") if and only if f € MM, (R") and

1

sup
BCR"® SUPgcB p(

1 / 2 ry—-1\M q J
— I—(I+rgL flz dx} < 0.
ST L J, 0~ b))
Moreover, the quantity appearing on the left-hand side of the above formula
is equivalent to HfHBMOﬁ:f(IRn)'

LEMMA 4.2. Let w and M be as in Definition J.53. Then there exists a
positive constant C such that, for all f € BMO%L(R"),

su — t“L)" e x
BcﬁnsupzeBmeD[|B|//§|( ) Cler

< CHfHBMofp‘{L(R”)'

LEMMA 4.3. Let w, p, and M be as in Definition 4.3, let q € (pr+,2], let
€,€1 >0, and let M > M + €1 + 7. Suppose that f € M% +(R™) satisfies

dr < 0.

_ *\—1\M )¢
s [ =z

1+ [zrte

Then for every (w,q’,M, €)-molecule «,

dx dt
t )

(f.a) = Cns / /Rnﬂ<t2L*>Me-t2L*f<x>t2Le—t2La<x>

where ¢' € [2,00) satisfying % + % =1 and 5’M 1S a positive constant satis-
fying

5M /OO t2(M+1)€—2t2% —1
0

From Lemma 4.1, it is easy to follow that all f € BMOZ:]L\/‘[(R") satisfy (4.8)

for all €; € (0,00), and hence, Lemma 4.3 holds for all f € BMOZ’]{[ (R™).
Now, let us give the main results of this section.
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THEOREM 4.1. Let w satisfy Assumption (C), let € > n(pl—w — L), let

P
M > %(p—lw — 1), and let M > M + 2. In addition, assume that there exists

a positive constant K such that, for all balls B in R™, for all x € R",

(4.9) |B@pJ§£gw4@qBrU]zL

Then (H,, 1(R™))*, the dual space of H,, 1,(R™), coincides with BMOp 2 (R™)
i the following sense.

(i) Let g € BMO, M. (R™). Then the linear functional £, which is initially
defined on H2 M, JS(R™) by

(4.10) ((f)={g. 1),

has a wunique extension to Hy, r(R") with ||€]|(g, (&) < C X
HgHBMOM . (rnys Where C is a positive constant independent of g.
(ii) C’onversely, for any £ € (Hy, (R"))*, then ¢ € BMO M _(R™), (4.10)
2 M € n
holds for all f € H " (R"), and ||€||BMOM @) S Cll (.1 ®7))*
where C' is a positive constant independent 0f€

Proof. Before coming to the proof of Theorem 4.1, we need the following
lemma.

LEMMA 4.4. Let w satisfy the assumptions of Theorem /.1, and let
{Aj}524 € C and A({Aja;};) be as in Theorem 5.1. Then we have

-l < CA({Aas}) < Ol gy
j=1

Proof of Lemma /.4. Take any A > 0 such that

S , Al
(4.11) |Bj| inf w(z, <1.
jz:; I zern ( - ( ,|Bj]))

A|Bj|sup,ep, plx

If there is some \; such that KA < |);|, then by (4.9), we see that, for any
x €R"?,

A
" AlBjlsup,ep, (2, | Bjl)

’Bj|w($ ) > |Bj\w[:n,K$i€n£jw_1(a:, |Bj|_1)] >1,
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which contradicts (4.11). Hence KX > |\;| for all A;. Since w is of uniformly
upper-type 1, we deduce that

Al il -1
B-w( ) Bwa:Klnfw x,|B;
Bl STB Toupscs, e 55D = Bx P (@ lBI7)]
- Al
- K)\
which, together with (4.11) and the definition of A({\ja;};) in Theorem 3.1,
completes the proof of Lemma 4.4. 0

We are now ready to prove Theorem 4.1.

Proof of Theorem 4.1. Let g € BMO, M _(R™). For any f € H2 ME(R”)
H, (R"), we have f € L?(R™) and hence, 2Le L e ( u}(]Rfrl) N
TZ(R"%™)) by Lemma 2.4. By Theorem 3.1, there exist {Aj}52, € C and
(w, 00)-atoms {a;}72, supported in {B }524 such that (3.2) holds. Note that
g satisfies (4.8) with ¢ =2 (by Lemma 1 1), which, together with Lemmas
4.2 and 4.3, the Holder inequality, and Lemma 4.4(iii), yields

.l =o5 [ [ L et e LeE i
Rn

Zm//w (L) e g(aas (o] 20

j=1
(4.12) ip\ ’”%HTZ R14) // ]t2L* M 2L oz )|2d:L;jdt)1/2
JO=01
< 2 illgllenion, . ey S 12 Le” ™ fllg, ey 9o,
j=1
~|

f”Hw,L(Rn)||9||BMO,§‘{L*(R”)-

Then by a density argument via Corollary 4.2, we obtain (i).

Conversely, let £ € (H,, r,(R™))*. For any (w,2, M, €)-molecule «, it follows
from 4.3 that [|of|g, ,@&n) S 1. Thus [€(a)] S |1€]|(m,, ()=, Which implies
that £ € M7 M (R™).

To finish the proof of (ii), we still need to show that ¢ € BMO% -(R™). To

- 2 : 1
this end, for any ball B, let ¢ € L*(B) with [|§]|z2(5) < TEREET ey era)
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and a@ = (I — [I +r4L]7 )M ¢. Then from Lemma 2.3, we deduce that, for
each j € Z; and each k=0,1,..., M,

M-k 2 1\—k
H(TBL O‘HL?(U = H — [ +rgL)” ) (I+rplL) qZ)HL2(UJ-(B))
dist(B,U;(B
Sexp{—M}nsz(m
Crp
< 9= 2j(M+e)oin(G—3 : 1
|2jB|§Supm€B p($,|ZJBD
< 2—2]6 - 1 ,
|2]B’§SllprBp(x7|szD
where ¢ is as in Lemma 2.3 and 2M > n(— — 3). Thus @ is a multiple

of an (w,2, M, €)-molecule. Since (I — ([ + t2L] D YMy s well defined and
belongs to L2 (R") for any fixed ¢ > 0, we have

(= [ +r5L) 1) ) = [0 (1= 1T +r5L1 ) 0)|
= ‘( ,a)\ S HEH(H%L(R"))M

which further implies that

1 2 1/2
I+ L /¢ d
Supgep P(,|Bl) \B|/’ rpL)7 ) (z)] m)
- ¢
= sup 0(I=[T+r30 M
19llc2cm <1 i) |B\1/2supxeBp<x,|B|>>‘

Sl oy

Thus, ¢ € BMOp 1«(R™) and HKHBMOM & S el (m, L ®n))+» which com-
pletes the proof of Theorem 4.1. 0

REMARK 4.2. It follows from Theorem 4.1 that the spaces BMO%L(R”)
for all M > ”( 1 %) coincide with equivalent norms. Thus, in what follows,
we denote BMO (R™) simply by BMO,, 1.(R").

4.3. The Carleson measure and the John—Nirenberg inequality

In this section, we characterize the space BMO, 1« (R"™) via the p-Carleson
measure and establish the John—Nirenberg inequality for elements in
BMO,, 1+ (R"), where L* denotes the conjugate operator of L in L?(R").
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We call a measure dyu on R?fl a p-Carleson measure if

ldullo= sup { 3 [ [ 1anl}
’ B BT

where the supremum is taken over all balls B of R” and where B denotes
the tent over B.

THEOREM 4.2. Let w satisfy Assumption (C), and let M > % (— - 1.

(i) If f € BMO, +(R"), then dus is a p-Carleson measure and there
exists a positive constant C independent of f such that ||dug|, <

CHfH2BMOp’L*(R")7 where

odx dt
T

(ii) Conversely, if f € ./\/lw 1« (R™) satisfies (/.8) with certain q € (pr+,2]
and €1 >0, (4.9) holds and duy is a p-Carleson measure, then f €

BMO,,z+(R™) and there exists a positive constant C independent of f
such that HfH%MOp,L*(Rn) < C||dpsllp, where dpy is as in (4.13).

(4.13) dpp = |(BPL)Me P f(z)]

Proof. Tt follows from Lemma 4.2 that (i) holds.
To show (ii), let M > M +¢€; + % and € > n(p—lw - %) By Lemma 4.3, we

have

dx dt
t )

) =Cur [ [ (BL) L f@)PLe Ty

where ¢ is a finite combination of (w, ¢/, M, €)-molecules and ¢’ = q_il. Then
by (4.12), we obtain that

(.9 S lldugllpllglm, -

Since Hq ME is dense in H, r(R"™), we then obtain f e (H, (R"))",
which comblned with Theorem 4.1 implies that f € BMO, r-(R") and
||f||BMOp (&) S |ldugl[,. This finishes the proof of Theorem 4.2. U

By the same arguments as in the proof of [24, Theorem 6.2], we obtain
the following result.

THEOREM 4.3. Let w satisfy Assumption (C), let (4.9) hold, and let M >

%(p% —1). Then the spaces BMOZ’,JX{ (R™) for all g € (pr+,pr+) coincide with

equivalent norms.
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It could be of interest to put forward the following comment: these kinds
of results are a well-known consequence of John—Nirenberg inequalities, as
explained in this section. Recently, such self-improving properties have been
studied in a very abstract setting (see [9], [27], [7], [11]). Moreover, in [9],
applications for functional spaces (Hardy spaces and Sobolev spaces) associ-
ated to the same (than here) second-order divergence operator are obtained.
In [9], [27], and [7], the main assumption to get this self-improving property
(the John—Nirenberg inequality) is related to the behavior of the “weight” p,
if it is doubling or increasing (with respect to the ball). They only consider
-independent. So the results obtained in the present
article are interesting since they deal with an “z”-dependent weight p. How-
ever, whether it is possible to compare Assumption (C) and (4.9) (required

CL 2

weights, which are

“ ”

in Theorem 4.3) with the doubling property required for an -independent
weight is still an interesting question. We believe that they are in general

incomparable.

85. Some applications

In this section, we establish the boundedness on Musielak—Orlicz Hardy
spaces of the Riesz transform and the Littlewood—Paley g-function associ-
ated with the operator L as in (1.2).

Recall that the Littlewood—Paley g-function g, is defined by setting, for
all f € L*(R") and all z € R",

o0 dt\1/2
st = ([ PLe @)
0
By [22, Proof of Theorem 3.4], we know that gy, is bounded on L?(R™).
Analogously to [22, Theorems 3.2, 3.4] and [24, Theorem 7.1], we have
the following result.

THEOREM 5.1. Let w satisfy Assumption (C), and let p € (pr,2]. Suppose
that the nonnegative sublinear operator or linear operator T is bounded on
LP(R™) and that there exist C >0, M € N, and M > % (— — 1) such that,
for all closed sets E,F in R™ with dist(E,F) >0 and for all f € LP(R™)
supported in F,

t

(5.1) HTU—e*tL)MfHLp(F) SC(m)MHfHLp(E)
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and

t

M
W) Ifller e

(5.2) T (L )M Fl iy < O

for all t > 0. Then T extends to a bounded sublinear or linear operator
from H,, 1,(R™) to L(w). In particular, the Riesz transform VL™Y? and the
Littlewood—Paley g-function gy, are bounded from H,, 1,(R™) to L(w).

Proof. Before coming to the proof, we need the following useful result,
which is a slight variant of [24, Lemma 5.1] on the boundedness of linear or
nonnegative sublinear operators from H,, 1,(R") to L(w).

LEMMA 5.1. Let q € (pr,2], let w satisfy Assumption (C), let M >
%(ﬁ — 1), and let € > n(i -
(resp., linear) operator which maps LY(R™) continuously into weak-LI(R™).
If there exists a positive constant C' such that, for all (w, 00, M, €)-molecules

a adapted to balls B and for A € C,

p%r). Suppose that T is a nonnegative sublinear

, A
(53) / @ TO0)(@)) dw < O|B| inf (s, [Blsup,ep p(t, |B|>)’

then T' extends to a bounded sublinear (resp., linear) operator from H,, r,(R™)
to L(w); moreover, there exists a positive constant C' such that for all f €
Hy, L(R"), we have |Tf|pw) < Clflla, &

Proof of Lemma 5.1. Tt follows from Proposition 4.2 that for every f &
H, (R") N L*(R"), we have f € LY(R") with ¢ € (pr,2], and there exists
{Aj}524 € C and (w, 00, M, €)-molecules {a;}52; such that f =37, \;q;
in both H, r(R") and LY(R"™). Moreover, A({\ja;};) < | fllm, ,(rny- Thus
if T' is linear, then it follows from the fact that T is of weak type (q¢,q) that
T(f) =332 T(\jay ) almost everywhere.

If T is a nonnegative sublinear operator, then

1
supt«
>0

{ZE eR": ‘T(f)(x) - T<§:/\jaj) (x)‘ > tH
j=1

N
SJHf_Z/\jaj‘ 0,
=1

N
La(R")
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as N — oo. Thus there exists a subsequence {Nj}, C N such that

Ng
T(Z Nag ) = ()

almost everywhere, as k — oo, which together with the nonnegativity and
the sublinearity of T" further implies that

j=1
= T(f) - T(%i A +T(§é Nag ) = iT()\Ja])
j=1 j=1 j=1
<T(f) - T(% Ajoy)
j=1

By letting k — oo, we see that T'(f) < > 22, T'(Aja;) almost everywhere.
Thus by the subadditivity and the continuity of w and (5.3), we finally
obtain

oo
: Al
<Y |Bj| inf w(:c, ] ),
2.1P; z€R™ | Bj|supyep; p(e; | Bjl)
which implies that [|7(f)[|zw) S A{ANja;}) S I flm,, ) This, combined
with the density of H, (R")N L*(R") in H, (R"), then completes the
proof of Lemma 5.1. 0

We are now in position to prove Theorem 5.1.

Proof of Theorem 5.1. Let € > n(ﬁ - 1%)’ where p,, is as in Convention
(B). Since T' is bounded on LP(R™), by Lemma 5.1, to show that T is
bounded from H,, 1, (R") to L(w) it suffices to show that, for all A € C and

for (w, 00, M, €)-molecules « adapted to balls B,

(5.4) /nw(x,T()\a)(x)) dz <|B| int w( Al )

:I/"
zeR™ ‘B|Supz€Bp(m’|B|)
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To prove (5.4), we write

w(z, T(Aa)(x)) da
R7

< . w(z, [NT([I - e_r%L]Ma) (z)) dz

+/ w(z, AT ((I - [I—e*T%L]M)a)(x)) dx

n

=

S

e

<
Il
o

| NI =55 g ) @) d

n

o0 % M
_ k2
+ sup w(a?,|)\|T{ [—T%Le MTBL}
To1<k<m Jre

X (XU].(B) (r§2L*1)Ma) }(:r:)) dx
o0 oo
=D Hi+) L
j=0 j=0
For each j > 0, let B; =27 B. By the Holder inequality, we obtain

H, <§j ]y AT = 8 e ) )

Uk (B; )

: kzzo/mj“(””’ N8, ()T (I = &5 (axu, ) (2)) da

< k |)“ __—ri I M
NkZ|2B|x1€nﬂg (o g Uk(Bj>T([I e B (axy, ())) () )
Sz_;)|2kBj|xi€n£nw( |2kB |1/pH ( (aXU(B )HLP (Ux(B ))).

By the LP(R™)-boundedness of T', Lemma 2.3, and (5.1), we have for k =
0,1,2,
2
17 ([7 = e 5 1 (axuy ) | o 3,7y S Nellze ;)
and that for k> 3,

1 \2M
HT([I - 6_T‘%L]M(OOCU]-(B)))HLp(U,C(Bj)) S <2k—ﬂ> ||a||%p(Uj(B)),
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which, together with Definition 4.2 and 2Mp,, > n(1 — &), implies that

( Bomne s )
"|Bjlsup,ep; p(x, | Bjl)

H; < |Bj| inf w
zeR”

( ‘)\|2 (J+k)—je

o
+Z|2 Bj| inf w )
k=3 |25 3,1/ B[ SUpye g, P(T,|Bjl)

r€R™

[e.e]
< 2*]’%6{1 + Z2kn(1*%‘*’)272Mpw(j+k)}‘Bj|

k=3
X inf w(az, A )
weR™ | Bj|sup,ep, p(x,|Bjl)
Al
< 279P¢| By| inf w( , | )
zER™ |Bj|sup,ep, p(z,|Bj)
Since w™! is of uniformly lower-type ~— — and € > n(pi — pi) we further have

—jpwe ’B‘SuprBp($7|B’) P
H-< JPw€| B.

‘B] | SupafEBj p((E,

Al )
‘B| SUPgcp p(I, |B|)

X inf w <x,
zeR?

S |B| Al
<) 27 By \{ } inf w(m, )
jz;) |B;|) xekn | Bl sup,ep p(x,|B|)

00
. . _pw )\|
S E 2_Jpw62]n(1 o |B| inf W( 7 ’ )
j=0 |B‘Sup:p€B:0($v|B|)

xeR”

Al
< |B| inf w( x, | )
|B] inf, | B|sup,¢p p(z,|Bl)
Similarly, we have

- , A
ZIJS‘BUQR&”(% \B\))'

[Blsup,ep ol

Thus, (5.4) holds, and hence, T is bounded from H,, 1 (R") to L(w).

It was proved in [22, Theorem 3.4] that operators gy, and VL™ satisfy
(5.1) and (5.2); thus gz, and VL™'/2 are bounded from H,, 1,(R") to L(w),
which finishes the proof of Theorem 5.1. 0
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