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MINIMAXITY OF THE BEST INVARIANT ESTIMATOR
OF A DISTRIBUTION FUNCTION UNDER THE
KOLMOGOROV-SMIRNOV LOSS*

By QIQING Yu? AND EswAR PHADIA
SUNY Stony Brook and William Paterson College

For the invariant decision problem of estimating a continuous distribu-
tion function with the Kolmogorov—Smirnov loss, it is proved that the best
invariant estimator is minimax.

1. Introduction. The best invariant estimators for a continuous cumula-
tive distribution function under monotone transformations and the weighted
Cramér—von Mises loss function or more general invariant loss functions were
introduced by Aggarwal (1955). Since then there has been a longstanding
conjecture that the best invariant estimator, d,, is minimax for n > 1 under
the loss

(1.1) L(f,a) = [IF(¢) - a()["h(F(2)) dF(t),

where h(#) is a nonnegative weight function and a(¢) is a nondecreasing
function from (— o, ®) into [0, 1] [see, for example, Ferguson (1967), page 197].
This conjecture was proved recently under the loss (1.1) [see Yu (1989, 1992)
and Yu and Chow (1991)].

A parallel problem was to consider the Kolmogorov—Smirnov loss function

(1.2) L(F,a) = Sl:p{lF(t) -a(®)l},

which is also invariant under the monotone transformations. This loss func-
tion is difficult to handle analytically and therefore not much was accom-
plished for a long time. Brown (1988) obtained the best invariant estimator
under this loss for the sample size n =1 by hand and investigated its
admissibility under the assumption that the unknown distribution function is
discrete. This was followed up by Friedman, Gelman and Phadia (1988) who
obtained the best invariant estimator d, for sample sizes n > 1 and proved its
uniqueness. Again, the obvious question is whether d, is minimax.

In this note, the question is answered affirmatively. Thus the minimaxity
conjecture is solved completely in the finite sample classical invariant estima-
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tion problems. (Similar, but partial, results have been obtained regarding the
admissibility of d, and they will be published elsewhere as a separate article.)

2. Main result. Let X,,..., X, be a sample of size n from a continuous
distribution function F. Let Y; < -+ <Y, be the order statistics of the X;’s.
For convenience, we write Y = (Y},...,Y,). Let ® denote the family of all

continuous distribution functions, dF the measure induced by the distribution
function F, that is, {(dF{(a, b)} = F(b) — F(a), (dF)* the product measure
dF X -+ X dF with k factors and S* the product set S X -+ X S with &
factors.

To prove the minimaxity of d,, we need the following results.

THEOREM 1 [Yu and Chow (1991)]. Suppose that the sample size n > 1 and
d = d(Y,t) is a nonrandomized estimator with finite risk and is a (measur-
able) function of the order statistic Y. For any ¢, > 0, there exist a uniform
distribution function F on a positive-Lebesgue-measure subset J and an invari-
ant estimator d, such that

(dF)" ' ({(Yyy..., Y, 8): |[d(Y,8) — dy(Y,8)]| = ¢}) < 8.

LEMMA 1. Suppose that the sample size n > 1 and ¢ € (0,1). For any two
arbitrary estimators d and d ,, if

(21) 3F €O suchthat (dF)"({|d(%,t) — d(%,1)| > ¢}) <,
then |R(F,d) — R(F,d )| < 3Ve.

Proor. Let J be the support of F. Then, (2.1) yields
(2.2) (dF)"({FeJdm: dF({t:|d(5,t) — do(F,0)]>¢}) 2 Ve }) < Ve,

that is, except for a set of small measure dF, most of ¥ € J" satisfy dF({t:
ld(x,t) — d (%, )] >¢)) < Ve . Let

(2.3) S = {Fedm dF({t:|d(%,0) ~ d(,0)| > ¢}) < Ve }.
For ¥€ S,3 m points ¢; < -+ <t,, such that
|d(x,t;) — d.(%, tj)|<e,j=1,...,m, and F(t;;1) - F(t;) < Ve,V Jj,
where ¢, = —wand ¢,,,; = . Then, for j = 0, we have
sup{|F(t) — d(&,t)|: ¢t <t}
< sup{|F(t,) — 0|, |F(t;) = Ve — (d. (%) + e)|}

< sup{|F(¢) — d (%, t)|: £ <t} + 2Ve;
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for j=1,...,m — 1, we have

sup{|F(¢) — d(%,t)|:t; <t <t;,.} |

< sup{'F(tj) +Ve = (d(%.t)) = &), | F(t;n) = Ve — (do(%8;01) + e)|}
< sup{|F(t) —d(F,t)]:t; <t <t} +2/e.

Additionally, sup{|F(¢) — d(&,8)|: ¢t >¢,,} < sup{lF(¢) —d,(x,D)|: t>¢,} +
2Ve . As a consequence,

sup{|F(¢) — d(&,¢)|} < sup{|F(¢) — d (%, t)|} + 2Ve, forxeS.

Similarly we can show that

SI:p{IF(t) —d(%,t)]} = s1t1p{|F(t) —d (%,t)|} -2/ forxes.
Thus
(2.4) |s1:p{|F(t) - d(# 1))~ sup{| (1) - dn(f’,t)|}‘ <2/i for¥es.
Now the lemma follows from (2.2), (2.3) and (2.4). O

THEOREM 2. Under loss (1.2), the best invariant estimator d, is minimax
for sample size n > 1.

Proor. Given an estimator d which is a function of order statistics Y and
has finite risk for any F € 0, by Theorem 1, there exists an F € © and there
exists an invariant estimator d; (and thus of constant risk) such that

(dF)" " ({(2,8): [d(%,8) — dy(%,8)| > e}) <e.
By Lemma 1, |IR(F,d) — R(F,d,)| < 3Ve. Thus it follows that
3Ve + R(F,d) > R(F,d,) = R(F,d,).
Note that ¢ and d are arbitrary, so inf,; supy .o R(F,d) = R(F,d,). O
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