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This paper considers adaptive estimation in nonstationary autoregressive
moving average models with the noise sequence satisfying a generalized
autoregressive conditional heteroscedastic process. The locally asymptotic
quadratic form of the log-likelihood ratio for the model is obtained. It is
shown that the limit experiment is neither LAN nor LAMN, but is instead
LABF. For the model with symmetric density of the rescaled error, a new
efficiency criterion is established for a class of defined M, -estimators. It is
shown that such efficient estimators can be constructed when the density is
known. Using the kernel estimator for the score function, adaptive estimators
are constructed when the density of the rescaled error is symmetric, and it is
shown that the adaptive procedure for the parameters in the conditional mean
part uses the full sample without splitting. These estimators are demonstrated
to be asymptotically efficient in the class of M, -estimators. The paper
includes the results that the stationary ARMA—-GARCH model is LAN, and
that the parameters in the model with symmetric density of the rescaled error
are adaptively estimable after a reparameterization of the GARCH process.
This paper also establishes the locally asymptotic quadratic form of the log-
likelihood ratio for nonlinear time series models with ARCH-type errors.

1. Introduction. Suppose that the observations yi, ..., y,, are generated by
the autoregressive moving average (ARMA) model with errors generated by the
generalized autoregressive conditional heteroscedastic (GARCH) process,

P q
(1.1) Yo=Y @0ivi—i + Y Voici—i + &
i=1 i=1
r S
(1.2) ee=nvhi,  hi=a0o+ Y uoier_; + Y voihi—i,

i=1 i=1

where 7, is a sequence of independent and identically distributed (i.i.d.) ran-
dom variables, with mean zero, variance one and a common density f; and
ago > 0, uoy,...,uor, Vo1,-..,00s > 0. Models (1.1) and (1.2) are called the
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nonstationary ARMA—GARCH model if the characteristic polynomial ¢o(z) =
1— Zf: 1 @oiz' has one unit root taking the value 41, with other roots lying out-
side the unit circle.

In the traditional ARMA model, the errors &, are assumed to be 1.i.d. Common
time series practice has provided substantial evidence that these assumptions are
usually inadequate. For example, the conditional variance of the errors may contain
much useful information. Engle (1982) proposed the autoregressive conditional
heteroscedastic (ARCH) model; that is, model (1.2) with s = 0, which can capture
such information. Subsequently, Bollerslev (1986) generalized the ARCH model
to the popular GARCH model (1.2). This is a very important class of time
series models and has been widely investigated and applied in the finance and
econometric literature [see the surveys by Bollerslev, Engle and Nelson (1994)
and Li, Ling and McAleer (2002)]. For ARCH-type time series, there are already
some theoretical results for the quasi-maximum likelihood estimator (QMLE) in
Weiss (1986) and Ling and Li (1997, 1998). However, when 5, is not normal, the
QMLE is not efficient.

For various models with i.i.d. nonnormal errors, much effort has been expended
in obtaining efficient estimators. Such efficiency can usually be achieved by
adaptive estimation. A comprehensive account of the theory and method can
be found in Bickel (1982) and Bickel, Klaassen, Ritov and Wellner (1993)
(henceforth BKRW), with a valuable survey in Robinson (1988). In the time series
context, Kreiss (1987a) investigated the stationary ARMA model, and proved
the locally asymptotic normality (LAN) of the model and constructed adaptive
estimators. Unlike Bickel (1982), Kreiss’ adaptive procedure uses full samples
without splitting and hence is quite useful in practical applications [see also Kreiss
(1987b)]. Koul and Schick (1997) developed a general theoretical framework
for nonlinear AR models with i.i.d. errors, clearly discussed the efficiency and
adaptivity, and especially showed that Stein’s necessary condition can be satisfied
in some models with asymmetric errors. They also investigated several methods of
constructing efficient estimators.

Recently, several authors have examined efficient estimation for ARCH-
type time series. Engle and Gonzélez-Rivera (1991) proposed a semiparametric
estimator for models (1.1) and (1.2) without a unit root and argued, through
simulation, that the semiparametric approach does not seem to capture the total
potential gain in efficiency. Linton (1993) considered adaptive estimation for the
fixed design regression with ARCH errors. Koul and Schick (1996) investigated
adaptive estimation for a random coefficient AR model, which is an ARCH-type
time series model. Jeganathan (1995) and Drost, Klaassen and Werker (1997)
(henceforth DKW) developed general frameworks suitable for stationary ARCH-
type times series. However, apart from the simple ARCH model in DKW (1997)
and the GARCH(1,1) model in Drost and Klaassen (1997), these conditions
have not been established for the general-order GARCH model or the stationary
ARMA-GARCH model. As Drost and Klaassen (1997) argued, greater technical
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details may be required for more general cases. These general stationary GARCH
and ARMA-GARCH models are included in this paper as special cases.

The above authors considered only stationary time series. There is a growing
interest in efficient estimation for nonstationary time series [see, e.g., Koul and
Pflug (1990), Phillips (1991), Elliott, Rothenberg and Stock (1996) and Jeganathan
(1997)]. Jeganathan (1995) developed a general framework for nonstationary
time series models, specifically, a complete optimal inference procedure for
nonstationary time series with i.i.d. errors.

In this paper, we discuss adaptive estimation for the nonstationary ARMA-
GARCH models (1.1) and (1.2), where we allow the ARMA model to have at
most one unit root. We generalize the frameworks in Jeganathan (1995), DKW
(1997) and Koul and Schick (1997). Under this framework, the locally asymptotic
quadratic (LAQ) form of the log-likelihood ratio for the model is obtained. It is
shown that the limit experiment is neither LAN nor locally asymptotic mixed
normal (LAMN), but is instead the locally asymptotically Brownian functional
(LABF) defined in Jeganathan (1995). For the nonstationary ARMA-GARCH
model, the definition of efficient estimators given in Fabian and Hannan (1982)
is inappropriate. We define efficient estimators in a class of M -estimators and
present a new efficiency criterion for the model with symmetric density f. It is
shown that such efficient estimators can be constructed when f is known. Using
the kernel estimator for the score function, adaptive estimators are constructed for
the model with unknown symmetric density f. It is shown that these estimators
are asymptotically efficient in the class of M) -estimators. In DKW (1997), the
split sample method proposed by Schick (1986) is used for all the adaptively
estimable parameters. In contrast, our adaptive estimation of the parameters in the
ARMA part uses the full sample without splitting and hence may be more useful
in practice.

Our adaptive estimation for the ARMA part depends heavily on the symmetry
assumption. Without this assumption, some different methods of constructing
adaptive estimates were given in Kreiss (1987b), DKW (1997) and Koul and
Schick (1997) for the stationary ARMA model with i.i.d. errors. The research in
this paper can be considered as a first step in exploring optimal inference problems
in nonstationary time series with ARCH errors. Along this route, similar theories
and methods can be developed for the nonstationary ARMA model with alternative
ARCH-type errors, such as E-GARCH and threshold ARCH, among many others.
Another important extension is towards cointegrating time series with multivariate
ARCH-type errors.

This paper proceeds as follows. Section 2 presents a general framework for the
LAQ. Section 3 obtains the LABF form of the log-likelihood ratio, and discusses
adaptivity and efficiency for the nonstationary ARMA-GARCH model. Section 4
develops the efficient and adaptive estimators. Sections 5 and 6 provide the proofs
of the main theorems. Throughout this paper, we will use the following notation:
B’ denotes the transpose of the vector B; o(1) [O(1)] denotes a series of numbers
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converging to zero (being bounded); 0, (1) [0, (1)] denotes a series of random
numbers converging to zero (being bounded) in P, ¢-probability; P, s and E;,
are abbreviated as P, and E, respectively; || - || denotes the Euclidean norm; and

L e
— denotes convergence in distribution.

2. A general LAQ criterion. In this section, we present a general LAQ
criterion which is a generalization of the criteria in Jeganathan (1995), DKW
(1997) and Koul and Schick (1997). Our discussion follows the fashion of Koul
and Schick (1997).

Let & be a class of Lebesgue densities, ® be an open subset of the
k-dimensional real space R¥ and 8 = {Pry: (A, x) € ® x D} be a family of
probability measures, yi, y2,...,y, be observable random variables, Yy be a
po x 1 initial (unobservable) vector, and Z;_;(A) = Z;_1(Y;—_1, A) and h, () =
hy(Y;—1, ) be measurable functions of the variables Y;_; and A, where ¥, =
(Yo, y1,...,y:) and A € ©. Suppose that, under P, ,, Yo has a Lebesgue
density g, , and the time series y; have the following structure:

2.0 nA) =y — Zi-1(M1/ Vi (R), t=12,...,

where the rescaled errors ni(}), n2(X), ... are i.i.d. with density x € £ and
independent of Yy, and the true parameter is (Ag, f).

For the nonstationary AR model with i.i.d. errors, the LAQ form of the
log-likelihood ratio (LR) was given in Jeganathan (1995). However, he did
not accommodate the perturbation of the unknown density and whether or not
the parameters in the nonstationary AR model are adaptively estimable. By
parameterizing the density, Koul and Schick (1996, 1997) gave some clear
explanations as to the adaptivity of the parameters in the random AR and nonlinear
AR models. This technique requiring the parameterization of densities is discussed
carefully in BKRW (1993). As in Koul and Schick (1996, 1997), we introduce the
following definition.

DEFINITION 2.1. Letc — f. be a map from a neighborhood A of the origin
in R’ into O such that fy = f. We say that ¢ — f, is a regular path if there
exists a measurable function ¢ from R to R’ such that i ||g“(x)||2 f(x)dx < oo,
[ ¢(x)¢'(x) f(x)dx is nonsingular, and

f V7)) = VTG — L e T Pdx = o(llel?).

Let Pf’n be the restriction of P, . to ¥,, the o-field generated by {Yo, y1,
.., Yn}. Denote Pkoﬂ by Pj . Define A, (A1, A2, c) as the log-LR of sz’n to Py, n:

Sc,t()VZ)i| 4o Gr,, f.(Y0)

n
A,(A, A, 0)=2 [log ,
" ; s1(A1) qn., r(Yo)
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where sc; (L) = /fe( (X)) /R (X) and s;(1) = s0,/(A). Let g (L) = (&(X),
Jhi (V) with g;(X) =y, — Z;—1(1). We make the following three assumptions.
The first one ensures that the Fisher information is finite for both scale and location
parameters. The second deals with the behavior of the functions g;. The last deals
with the initial densities.

ASSUMPTION 2.1. The density f is absolutely continuous with a.e.-derivative
f/ and

Hf) = / () f(x)dx <oco and D(f)= / £2(x) £ (x) dx < 00,
where &1 (x) = f'(x)/f (x) and &2(x) = 1 4+ x&1 (x).

ASSUMPTION 2.2. There is a sequence G, of invertible diagonal k x k
matrices with G;l — 0 and k x 2 random matrices U, (1) such that, for all bounded
sequence 0, and ¥, the following statements are true with A, = A0 + G,/ 19, and

A =An + G 0

—1
0 [ int VAG| =01,
(i) Y [gr(hn) — 8 (hn) — o — An) Ur(An)T* = 03, (D),
t=1

(iif) sup (|G, Ui O |I> = 03, (1),
1<t<n

(iv) Y NG, U ) I* = 03, (D).
t=1

ASSUMPTION 2.3. [ |gs, 1.(X) — @y, r(x)|dx =o0(1) as ||A — Lol = o(1) and
llcll = o(1), where f.(x) is defined as in Definition 2.1.

We further introduce the following notation:

n 1 n
W) =G, Y X WEM (), Wen)=—= > ¢(n(M),
t=1 \/ﬁ =1
n G_l n
Su) =G, Y X Ve e X[(VG, ! S = ﬁ X (),
t=1 t=1

= W) o[ S Sen(MV g
Wn ) = <W;,,()\)>’ )= (Vz,ssén(l) Vee )’

where X; (1) = U:(V)/vhi(A), § = (1, =8, Vee = E[EM)E )], Vg =
E[EMm)E¢' ()] and Vi = E[¢(n:)¢'(n:)]. Now, we give the general LAQ
criterion; its proof can be found in the Appendix.
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THEOREM 2.1. Suppose that the path ¢ — f, is regular and that Assump-
tions 2.1-2.3 hold. Let u, = (9, v),)" and v, be a bounded sequence in R!. Then

}’l’fl

@) AnCns A U/ /1) = 14, W (M) = 1, S ()it /2 + 03, (1),
(b) P;\O n and P, , are contiguous,

©) Su(hn) = 84 (0) + 03, (1) and Wy (hn) = W (ko) — 54 00) () + 020 (1).

REMARK 2.1. If the LAQ of A, (A, An, v, /+/n) is LAN, LAMN or LABF,
then (b) automatically holds [see Kallianpur (1980), Chapter 7 and Jeganathan
(1995), page 850]. In this case, it is sufficient to verify Assumption 2.2 with
An = A¢ and that

2.2) 311Gy U ) = Ui = 03 (D).

t=1

Assumption 2.3 means that the starting conditions have a negligible effect. If
Yo is assumed to be independent of (A, x), as in the next section, then this
assumption holds. Koul and Schick (1997) discussed this assumption carefully for
some stationary nonlinear AR models.

REMARK 2.2. When the LAQ is LAN or LAMN, the error model D has a
two- dimensional least favorable path: &,(x) = —&(x) + V, SV g“(x) with ¢ (x) =
(x, x> — 1)’. Along this path, one can obtain the optimal estlmates and discuss the
efficiency and adaptivity. For the stationary nonlinear AR model, Koul and Schick
(1997) showed that the LAQ is LAN, and especially, they found a one-dimensional
least favorable path and generalized the criterion of efficiency in Fabian and
Hannan (1982) and Schick (1988). When the LAQ is LABEF, as in the next section,
the notion of efficiency needs to be defined. We shall do so in the next section by
defining efficiency to mean best in a class of estimates. This requires an efficient
estimator to have an expansion similar to the LAMN case and efficient estimators
can be constructed along the lines of DKW (1997) and Koul and Schick (1997).

3. The LABF, adaptivity and efficiency for nonstationary ARMA-GARCH
model. First, it is necessary to isolate the unit root in model (1.1). Note that

@o(z) can be decomposed as (1 — z)¢o(z), where ¢o(z) = 1 — fz_ll ¢0iz'. Let
w; = (1 — B)y;, where B is the backshift operator. Model (1.1) can be rewritten as

q
Yr =Y0Yi—1 + Wy, Wy = Z $oiwi—i + Z Voi&r—i + &1,
i=1 i=1

where 19 = 1. In (1.2), we assume that the variance of 1, is one. In this case, all
the parameters in (1.2) can be estimated by the QMLE method, as in Ling and
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Li (1998). However, the parameters in (1.2) are not adaptively estimable; see the
discussion for the GARCH(1,1) model in Drost and Klaassen (1997). Model (1.2)
needs to be reparameterized. Thus, we assume that, under Py ,, y;,t =1,...,n,
satisfy the following structure:

p—1 q
GD wM) =y —yy-1. &M =wA) =Y diw—i (W) — Y pig,i(A),

i=1 i=1

r N

(3.2 m() =&MW /VhR), h()=a [1 +Y it (WD) + Y Bihii @)},
i=1 i=1
with the initial (unobservable) vector Yy = (yo,..., Y1—p, €0, .-, E1—¢*, ho,
..., h1_y) and ¢* = max{r, g}, where the rescaled errors 11 (1), n2(1), ... are i.i.d.
with density x € £ and independent of Yo, A = (y,m’, 8, m=(¢',¥') with
¢ = (¢1,..., (l)p_l)/ and ¥ = (Y1, ..., Iﬁq)/, 8 = (ap, 8) with § = (y, ..., o,
Bi,...,Bs), and the true parameter (1o, f) € ® x D. We assume that, for sim-
plicity, the density of Yy does not depend on the parameters (A, x) and, for each
A € O, the following requirements hold.

ASSUMPTION 3.1. Al the roots of ¢(z) = 1 — ¥/~ ¢z and y(z) = 1 +
2?21 wizi are outside the unit circle, with ¢, 1 # 0 and v, # 0, and ¢ (z) and
¥ (z) having no common root.

ASSUMPTION 3.2, ao(X_j_; ai +2_;_; Bi) < 1 with g greater than a positive
constant, ; > 0 and f; > 0, and «p ) j_; o;z’ and 1 — g ;_; Biz’ having no
common root.

ASSUMPTION 3.3. p[E;(A;(A) ® A;(A))] < 1, where ® denotes the Kro-
necker product, p(B) = max{|x|: x is an eigenvalue of B} for some matrix B, E;
denotes the expectation under P; 7, and

oo ?(X) o agar 20 |aoBin?(A) o aoBen?)
4,00 = L1 Og-1nxi OG—1)xs ’

apay E oy aopB1 e aopBs
OG—1)xr I_1 O@—1x1

in which /; is the i x i identity matrix and O; ; denotes the i X j zero matrix.

REMARK 3.1. Assumption 3.1 is the usual second-order stationary condition
of the process {w;} in model (3.1). Assumptions 3.2 and 3.3 are the necessary and
sufficient conditions, respectively, for the finite second- and fourth-order moments
of model (3.2) [see Ling (1999) and Ling and McAleer (2002)]. Assumption 3.2 is
not a necessary condition for strict stationarity of model (3.2); see Nelson (1990).
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To state our main result in this section, we need the following notation:

o' @V =Y vgy (D)2,

i=0

v @@ =) vye)

i=0

v l(z) = va(z)z ;
s -1 o0
(1 —Ot()Z,BiZl) :Zvﬂ(i)Zi,
i=1 i=0

-1

(1 — aoZﬁiZl) (Ot() Z%’Zl) = Zvalg(i)zi,
i=1 i=1 i=1

where vgy, (1) and vy, y, (i) denote vgy (i) with A = A¢ and A,, respectively.
Similarly, define vy g, (i), Vy,g, (@), Uy (@), vy, (i), vg, (i), vg, (i), Uaoﬁo(i) and
Vg, g, (i). Furthermore, we introduce the unobservable processes {(w?, 2, h¥) : t =
0, %1, £2, ...} generated by the following equations:

p—1 q
0 0 0
= Z ¢Oiw[_i + Z‘/fOiE;_l + 8l )

i=1 i=1

r N
8?277:\/;?, h?zao()(l +Za0i8?zi +Z,30ih?_i>.

i=1 i=1

By Lemma 5.1 in Section 5, (w, , s, , ho) is a fixed function of the {n,}. Define

0
el ahY S 3el_.
i 3 t .\ 0 t—i

= v (l)w , —=2> v (e, _.———,
am Z Yo t—i—1 Im ; aoBo =i am
aho o0 ,

— ~0 __ 02 0 O /
35 E:Uﬂo(l) ”Ot i z i-1) & =aoo(e s o8 r+1’h N s+1)’

0 0 0 0 02

where ) = (w,,...,wt_pﬂ,sl,...,sl_q+1)’ and ug, = 1 + Xi_ agie,~; +
Zi:lﬂOl f—i*

Using the same notation as those in Section 2 with U; = [d&;(A)/dA, (3h:(X)/
00 /2 hi(M)], k=p+q +r+s+1and G, =diag(n, v/nl;—1), our theorem is
as follows.
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THEOREM 3.1. Suppose that Assumptions 2.1 and 3.1-3.3 hold and the map

/ Y

¢ — f. is a regular path such that Q below is positive definite. Let u, = (9, v

n’>-n
and v, be a bounded sequence in R!. Then () the conclusions of Theorem 2.1
hold, and (b) the matrix S below is almost surely positive definite and, under Py,

~ ~ £ ~ ~ 1 1 ,
W, S)(ho) > (W, S) = ['/0 M(t)dB(r),'/O MM (T)dt],

where k = [1 — ¢o(D]'9o(1), M(z) = diag(kw: (t), Ik—1, I1), B(r) = (Ko,

N,;1§’ Ny (1), (@1, wz,N,;g,Né)/(T) is a (k 4+ 1 + 1)-dimensional Brownian
motion with mean zero and covariance TS = ‘L'( g/ VC ),
3
Q:E( W2 E )XY e°> g (X?Vs,s?{? X?Vzl,s>’
X06m)e)  XOVeeX? Vee X Voo

C=E[c()ed, Ve e XYV, X0 = w,.ub,, ug)’, ), = —[h)) V2302 | ey (i) %
e /n0, ul, = [(h0)~1/28e0/0m, 2hY)~1on?/dm] and uf, = [0, 2h?)~! x

dh0/88).

REMARK 3.2. From the above theorem, we see that the LAQ form of the
log-LR Ay Oy s v/4/n) is neither LAN nor LAMN, but is instead LABF.
The score function and information matrix of the unit root may be correlated
with those of the other parameters in the stationary mean part and the GARCH
part. This phenomenon is new in the literature and results in the complicated
limiting distribution (W, S). Using Assumptions 3.1-3.3, we can show that
Q > 0, as in Weiss (1986) and Ling and Li (1997). Furthermore, for Q >0,
one of the sufficient conditions is E(N,;N)) > 0 with R, = [0, &' (), ' ()]
However, this condition excludes the normal density. If we further assume that
the path satisfies lim_.o [ (1 4+ x*) f.(x) dx = [(1 + x*) f (x) dx, then some two-
dimensional regular paths such that > 0, can be constructed. Since the argument
becomes more involved, we refer to Koul and Schick (1996, 1997) for the one-
dimensional regular paths.

REMARK 3.3. When D includes only densities that are symmetric about zero,
the limiting distribution in Theorem 3.1(b) can be simplified as follows:

K fo o1(D)dan(t) *Q, fyoi(@dr 0 0 0

- Ny 0 Q, 0 0
W, 5= N» 0 0o o v |
N¢ 0 0 Vs Vie

where (w1, wp)(7) is a bivariate Brownian motion with mean zero and covariance
_ _(ERY 1. Ny —_1). -
Q= r( ! Qy), N and (N§> are (p+qg — 1)-and (r + s + 1 4+ [)-normal
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V/

vectors with mean zero and covariances €2, and <V5 v ), respectively, and

¢ V6L

independent of (w1, w2)(7); and @, = E(ug,nggu%), QL = E(u?n,Vg,gu(,),;,),
Q5 = E@) Vi eud) with Ve ¢ = diag(11(f), I(f)), and Vi = Eul V[ ;. In this
case, the LR is the product of a LABF and a LAN (a special LABF). If we assume
that the unit root in (1.1) is known and not estimated, then from Theorem 3.1,
we see that model (3.1), (3.2) belongs to the LAN family. Using slightly stronger
conditions, this result is a generalization of Drost and Klaassen (1997) and DKW
(1997) for stationary ARCH-type time series.

In LAN models, Hajek (1972), Fabian and Hannan (1982) and Koul and
Schick (1997) established the precise notion of efficiency. Jeganathan [(1995),
Section 3] discussed the efficiency of the estimators in LAMN models. However,
the definition and discussion they gave are inappropriate for the current case. As in
Jeganathan (1995), in order to obtain some useful optimality properties, we need to
restrict the competing class of estimators. We first make the following assumption.

ASSUMPTION 3.4. The density f is symmetric and £ includes only densities
that are symmetric about zero.

Furthermore, let v, be a kj-dimensional subvector of in Similarly define
v and vg. Denote Vg = dv/dA|5=,,. By the definition of G,, it is obvious that
there is a k1 x ki matrix G} satisfying GZf)oG;l = vg. We define a class of
estimators, namely M, -estimators. Let IT be the set of all measurable functions
7 = (w1, m) from R — R? with 7; odd and 7, even such that Eln(n)] =0
and E[||7r(n,)||2] < 00, and the (diagonal 2 x 2) matrices V; . and V,: are
positive definite. For each w € I, let W, (A, ) = G;l Yo Xi (W) (n:(A)) and
S, ) =" G X ) Ve e Xi (MG L

DEFINITION 3.1. An estimator v, of vy is said to be an M,-estimator at
(ro, /) IE GE(vy, — 1) = f)oSn_l()»o, T)Wu(Xo, ) + 0;,(1) for some 7 € I1.

The class of M-estimators is very wide and includes the QMLE and MLE (if
available). Now, we define the optimality properties of M, -estimators and present
an efficiency criterion for estimators in the class M, below. In the following
definition, we suppose that Assumptions 2.1 and 3.1-3.4 hold, under which every
M ,-estimator has a limiting distribution under P, (see Proof of Theorem 3.2 in
Section 5).

DEFINITION 3.2. Let M, be the set of all M\, -estimators. We say that v, is
efficientif v,, € M, and v, iC> G (arandom vector) under Pj,, such that E(GG’) <

E(GG) forany vy, € M, with ¥y, £ Gy under Py,.
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THEOREM 3.2. Suppose that Assumptions 2.1 and 3.1-3.4 hold. If a sequence
of estimators ¥y, of vy has the asymptotic representation

G (Dy —v0) = 10S;, 1 (10) Wa (o) + 03, (1),

then the estimator v, belongs to M, and is efficient, where (Wy, S,)(Lo) is the
k x (k + 1) upper left corner of (W, S;,)(Xo).

In LAN models, various definitions based on the locally asymptotic minimax
risk for adaptivity were given in Bickel (1982), Fabian and Hannan (1982),
and Koul and Schick (1997), among others. Roughly speaking, these definitions
are equivalent to saying that a sequence of adaptive estimators has the same
asymptotic information matrix as the estimators in the case with known density.
The information matrix can completely explain the perturbation of the unknown
density to the score function in LAN and LAMN models. However, in the LABF
model, the information matrix does not have this advantage and it is difficult to
extend their definitions to our case. The following definition stresses only the fact
that the estimator of vy without the knowledge of the true density can achieve the
same asymptotic distribution as its estimator when f is known.

DEFINITION 3.3.  When the density function f is unknown, if an estimator ¥,
of vy is efficient, then it is called adaptive.

In this sense, the adaptive estimator has the same asymptotic distribution as the
MLE, if the latter is available. In Section 4, we will show how to construct an
adaptive estimator (7, n%,,)~ for (yp, mg). After projecting the score function and
the information matrix of (§, ¢) into those corresponding to «g, we can obtain that
the score function and the information matrix of o are, respectively,

1 X .
Wsn(h) = N > ise ) — fis(W)]e2(n (1)),
t=1

1 n.. . n., n.,
Ssu(h) = E{ > s (W50 — [Zl&m} [Zlgtm} }Iz(f),
t=1 =1 t=1

and Qs = [E(I219) — EQ)E)11(f) /4, with 5, () = hy ' (0)8h, (1) /88, [, =
hY19n0/88, and fis(A) =n~ ' " [h; ' (R)9R, (1) /38]. Section 4 will show that
we can construct an adaptive estimator for dg.

For the ARCH(p) and GARCH(1, 1) models, DKW (1997) and Drost and
Klaassen (1997) have shown that «g is not adaptively estimable. It is not easy to
explain that o is not adaptively estimable under our framework. When the density
function f is asymmetric, a similar definition on the M\-estimators can be given,
but in this case, the forms of the corresponding score function and information
matrix are different from those in Definition 3.1. Having specified the class of
M,,-estimators, efficiency can be defined similarly. Since our emphasis is on the
symmetric case, it is not discussed here.
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4. Efficient and adaptive estimators. In order to construct the efficient
estimator, we need to assume that a G,,-consistent initial estimator is available. In
fact, the QMLE in Ling and Li (1998) can be taken as such an initial estimator. For
technical reasons, we also need to restrict the initial estimator to be discrete. The
idea of discretization was first proposed by Le Cam (1960), and has become an
important technical tool in the construction of efficient estimators. Some further
applications of the technique can be found in Bickel (1982), Kreiss (1987a),
Jeganathan (1995) and Koul and Schick (1997), among others. We now provide
the following definition and lemma.

DEFINITION 4.1. A sequence of estimators {A,} measurable in terms of %,
is called discretized G,-consistent if, for any small ¢ > 0, there exist a constant
A > 0 and an integer K > O such that P, (||G, =20 <A)>1—¢ uniformly
in n and, for each n, A, takes on at most K different values in ®, = {A €
RE:1G(h = 20)l| < A}

LEMMA 4.1. Assume T',(A),n = 1,2,..., to be a sequence of random
variables which depends on % € ©, an open subset in RX. If, for each sequence
{An} € O satisfying G, (A, — o) is bounded by a constant A > 0, ',,(A,) = 0;,(1),
then Tp(Ay) = 03, (1) for discretized G, -consistent estimators .

The proof of this lemma is similar to that of Lemma 4.4 in Kreiss (1987a),
and hence is omitted. Based on the initial estimator, the efficient estimator can
be obtained by a one-step Newton—Raphson iteration if the density f is known.
This gives the following theorem, which comes directly from Theorem 2.1(c),
Theorem 3.1(a) and Lemma 4.1.

THEOREM 4.1. Suppose that A, is a discretized G ,-consistent estimator, and
Assumptions 2.1 and 3.1-3.4 hold. Let

A =2+ G ) Wy (M)

Then G,(A, — Ao) = S;l(AO)Wn(AO) + 0;,(1), and hence An is an efficient
estimator.

In practice, the density is usually unknown. In the following, we will construct
an adaptive estimator which does not depend on the density but has the same
efficiency as when the density is known. We merge «qo into f, which is
equivalent to assuming that 5, has a finite variance agg and that the true
parameter ogp in model (3.2) is equal to 1. In the remainder of this section and
Section 6, denote (y, m’, 8")’ by A. Similarly, define Ao and An. We introduce the
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notation:
Wy () = ;Zl[ agt(” E0) -~ 5o ahai” 0]
Wmn(k)=%tnl[ 1@ P 0 - thlmaa 0,0
B ]

Wyu(h) Su() 0 0
Wln()\) = (Wmn ()“)) s Sln()\) = ( 0 Smn ()“) 0 ) s
Wsn (1) 0 0 Ssn (1)

where W;, (1) and S5, (1) are defined as in Section 3.
Now we construct adaptive estimators for Ag. Using the usual kernel density
estimator for &1 (x), we define

n

3 [K(x+n(),a)+ K (x —ni(h),a)],

4D a2 =50 =1

where j =1,...,n,and K (x) = e™*/(1 + ¢*)? is the logistic kernel,

fa, (X 2)

4.2 En, () =—2d =~
(4.2) Ein,j(x, 1) bnt fr )

and §2n,j(x, A) = xéln,j(x, A) + 1, with a,, and b, satisfying nazbn — 00. Define
fln(k) and f2n (A) as follows:

n

L () = Zsm (), 1) and  D,() = %Z[nmém,t(n,(m, A)+177
i t=1
Denote [Wy,,()\),ﬁ/,;m(x)]A by [Wyn(R), Wy, (W] with &(n(3)) replaced by
Ein.i (0 (M), A), and diag[Syn(A), Spn(A)] by diag[Syn(A), Smn ()] with I; (f)
replaced by [;; (1), where i = 1,2. W,,,(A), Wpn(X), Spyn(X) and S, (1) are
estimated by Wyn(k), Wmn A), 3},,,()») and S'mn (A), respectively.
To estimate the score function of 4, we need the split sample technique. This

technique was proposed by Schick (1986) and was also used by DKW (1997). Let
k, be an integer such that k,/n — t € (0, 1). Split the residual n;(A), ..., n, (1)
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into two parts, namely (n1(A), ..., n, (1)) and (nk,+1(X), ..., n,(X)). Denote

kn

1 x+n;(A) x—ni(A)
2akn;[K< a >+K< a )]

N 1 " x+ni(h) x —ni(A)
“(2)(x’x)=2a<n—kn>.z[’<< a )+K< a )}

=kn+1

f W, n) =

Define £ (x, 1) = £ (x, 1)/ [ba + £ (x, 1)1 W5, () is estimated by

. R N O 7 e N A
Win () = 5 ﬁt;[w) e — ) £ . )

1 " [ 1 0h,())
2./n Nl he(A) 98
where [15(A) is defined as in Section 3.

The main result in this section is the following theorem, which indicates that
the parameter A is adaptively estimable.

- ﬁsm}éé,i?,(m(x), %),

THEOREM 4.2.  Suppose that A, is a discretized G,-consistent estimator, and
that Assumptions 2.1 and 3.1-3.4 hold. Let

j;n = )_\n + G;IS‘l_nl O_‘n)v}[\/ln():n)
Then Gn(in — Ao) = Sl_n1 (A0)Win(Xo) + 04,(1), and hence An is an adaptive

estimator, where G, = diag(n, \/nly_3), Win(A) = [Wyn(k), W,;,”l()\,), Wgn(k)]’
and S1,(A) = diag[Sy, (A), Smn(A), Ssn(A)].

REMARK 4.1. In Theorem 4.2, we use the full sample without splitting for
(v0. my)’. This method is different from that used in DKW (1997) and may be
more useful in practical applications, as in the simulation evidence in Koul and
Schick (1997). This method is also different from that in Koul and Schick where
they need to truncate the variable H - The adaptive estimate of &y is constructed by
the split sample method, because no symmetry can be used in the score function
of §. If we make a suitable truncation to ht_l()»)ah,()») /08 — [is, as in Koul and
Schick [(1997), Sections 5 and 6] and use the results in Schick (1987) and Schick
and Susarla (1988), it is possible to avoid splitting the sample.

REMARK 4.2. Theorem 4.2 includes the new results that, by deleting the
corresponding component for the unit root, the adaptive procedure above can be
used for the stationary ARMA—-GARCH model, and that the adaptive estimators
achieve the smallest asymptotic covariance matrix in LAN models.
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TABLE 1
The empirical bias and standard deviation of LSE, OMLE, AE and EE;
n = 250, and 1000 replications

Yo= -0.5 Yo = 0.5 Yo = 0.8 Yo = 1.0
Bias SD Bias SD Bias SD Bias SD

LSE 0.0088  0.0640 —0.0036  0.0634 —0.0079  0.0444 —-0.0075  0.0151
QMLE  0.0043  0.0403 —0.0002  0.0407 —0.0036  0.0289 —0.0046  0.0100
AE 0.0004  0.0175 0.0001  0.0176 0.0005  0.0118 —0.0005  0.0028
EE 0.0004  0.0162 0.0002  0.0160 0.0005  0.0107 0.0005  0.0026

To see how well the adaptive estimator (AE) performs in finite samples
compared with the QMLE and LSE for both the nonstationary and stationary cases,
we simulate the following simple AR-GARCH model:

43) yi=voyi1+e,  e=nvh,  h=ag(l +ae’ + Bohi—1),

where 7, is i.i.d. with density f(x) = [O.Se_(x_3)2/2/\/ﬂ + O.Se_(x+3)2/2/
V271/+/10 and oo = 1. This density has been frequently used for investigating
the finite-sample behavior of adaptive estimates, as in Kreiss (1987a) and Shin
and So (1999). In the simulation, yy = —0.5, 0.5 and 0.8 for the stationary
case, and 1.0 for the nonstationary case, and («g, B9) = (0.57,0.02). We use the
optimal bandwidth a,, given in Silverman [(1986), page 40] which is automatically
searched from the data and b, = 0.0001a,1,/ 3. The reason for the choice of
a, and b, was given by Shin and So (1999). The sample size is n = 250, and
1000 replications are used. Since the performance of the AE for («g, Bo) in finite
samples has been investigated in Drost and Klaasen (1997), we report here only the
results for yg in Table 1. In this table, the efficient estimator (EE) is constructed as
in Theorem 4.1 and the QMLE is described as in Ling and Li (1998). From these
results, we can see that the AE and EE are much more efficient than the LSE and
QMLE, while the AE and EE are very similar. Meanwhile, the biases of the AE
and EE are smaller than those of the LSE and QMLE.

REMARK 4.3. The adaptive estimator y,, of yy can be used to construct a unit
root test. From Theorems 3.1(b) and 4.2, we have n(y, — 1) i[; fol wi(t)dws(t)/
K2y, fol w%(r) dt.Let

1
Bi(t) = —wi (1)
O,

&

L% ot | % )
— | 5=——wi(r ————wn(7),
o2\ o2, — 1" 022, — 17

and

By(t) = —
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where (782 =FE 892. Then B (7) and B,(t) are two independent standard Brownian
motions. As shown in Ling and Li (1998), we can show that

48 n@ - Jo Bi(v)dBi(7) N Vol — 1 i Bi(x)dBa(r)
! ‘7829)/"[01 Blz(f) dt %29)/" fol Blz(t) dt

The second term in (4.4) can be simplified to [,/o2Q, —1/(02Qy k)] x
( fol Blz(r) dt)~/2g, where £ is a standard normal random variable independent
of fol Blz(‘lf)d‘lf [see Phillips (1989)]. Let Tag, = S;nl/z[n()?n — 1)]. Then we have

1
4.5) tapn L p 0 BIOABI® | [T 5

Vo Bi(0)dt

where p = 1/,/02Q, € (0, 1). The asymptotic distribution of T4, depends on a
nuisance parameter p. Its critical values can be obtained through the simulation
method, with the estimated p as given in Hansen (1995) and Shin and So
(1999).

Testing for unit roots has been a mainstream topic in econometrics for quite
some time, so it is important to find more powerful tests for both theory and
application. For the AR model with i.i.d. errors, the popular Dickey—Fuller
(henceforth DF) test based on LSE has been widely used. For the AR—-GARCH
model, the DF test still is valid for the hypothesis Hy:y9 =1 [see Ling, Li and
McAleer (2002)]. The QMLE in Ling and Li (1998) may be used to construct the

unit root test: Togr, = (agszp)(Z:’:z ytz_l)l/z()?QE,, — 1), which has the same
1/2

asymptotic distribution as (4.5) with p = (ogch)_ , where ygEg, denotes the
QMLE of y, K, = E(1/h%) +ua2 Y32, B * "V E(e2 , /h"), and ¢ = En} — 1.
Since QMLE is more efficient than LSE, Tpg, should be more powerful than
the DF test. Note that the AE is more efficient than both the QMLE and
LSE. It is expected that the T4g, test is more powerful than both the DF test
and Togy.

To confirm our conjecture, we present a small simulation experiment for these
unit root tests. Using the same model as in (4.3) with the same sample size, repli-
cations, and the same method for the choice of a, and b,, we investigate the size
for yp = 1.0 and local power for yy = 0.95, 0.97, 0.98 and 0.99. The critical values
of the DF test come from Table 8.5.3 in Fuller (1976). The critical values of 7o £,
and T4, are generated through 20,000 replications of an i.i.d. bivariate N (0, I»)
process. From Table 2, it is clear that the sizes of the three tests are very close
to the nominal 5% and 10% levels, and that their powers are consistent with our
expectations.
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TABLE 2
The power and size of lower tail unit root tests for AR(1)-GARCH(1, 1) models;
n = 250, and 1000 replications

Significance level 5% Significance level 10%

Y0 0950 0970 0980 0990 1.000 0.950 0970 0980 0.990 1.000

DFtest 0904 0.549 0319 0.166 0.055 0974 0.775 0.534 0285 0.120
TQEn 0.997 0.894 0.643 0219 0.038 1.000 0973 0.839 0.437 0.078
TAER 1.000  0.999 0995 0.895 0.060 1.000 0.999 0997 0.954 0.094

5. Proofs of Theorems 3.1 and 3.2. For simplicity, we assume that the initial
values are y; =0, &; = 0 and h; = wq for i <0, which does not make any essential
difference to the proof. We first introduce some lemmas. Lemma 5.1 comes
directly from Theorem 2.1 in Ling and Li (1997) and Theorem 6.2 in Ling (1999),
which gives the basic properties of the process (wt , ho) Lemma 5.2 gives the
expansion of (wy, h;)(X). Lemma 5.3 is a basic result for verifying Assumption 2.2.

LEMMA 5.1. Under Assumptions 3.1 and 3.2, the process (wt , hO) is strictly
stationary and ergodic and almost surely has the following causal expansions:

o0

(a) w? = Z Yoo (i)g?—i ’
=0
l oo i—1

(b) RO =g+ [ A—iGi—i

i=1i=0

where &0 = nJh0, A, = AGo), €= (0,...,0,1,0,...,0), ), with the

(r + 1)st element being 1, ¢ = (Ag) and (M) = ((xon?()»),o,...,O, o,
0,...,0), with the first and (r + 1)st elements being 05077; and oy, respectively.
Fi urthermore if Assumption 3.3 holds, then 8; and wt have finite fourth moments.

LEMMA 5.2. If Assumptions 3.1 and 3.2 hold, then under P, (wy, h;)(A) has
the following expansions:

t—1

(a) wi (W) = vgy (D& (1),
i=0
t—1j—1
0 W) =CaM) +C Y [TA-MG—0) + 0 1‘[At (Mo,
j=1i=0 i=0
where e,(A) = (M) hi(X), ¢ and &(X) are defined as in Lemma 5.1, and
g0=1(0,...,0,wq,...,wy) with the last s elements being wqy. Furthermore, if

Assumpnon 33 holds then E(h;(ho) —h%)? = 0(p"), E(g;(h0) — €%)? = O(p")



ADAPTIVE ESTIMATION FOR ARMA-GARCH 659

and E(w;(Ag)— 0)2 O(p"), where O(-) holds uniformly in all t, t > 1, and
O<p<l.

PROOF. Under P,, model (3.2) can be rewritten as
(5.1 (A =84 + A (M)E—1(A),

where &; (1) = (A) c & r+1(k) hi(A), ..., hi—sy1(M)]. After iterating (5.1)
t-steps, we show that (b) holds. Similarly, 1t can be shown that (a) holds. By
expansion (b) of this lemma and Assumption 3.3, we can show that

2

oo j—1
(52)  E(hi(ro) —h [ HAt ifo— 0 Y [T Amit- ,} =0(p").

j=t i=0

By (5.2) and expansion (a) of this lemma, the other cases can be proved. This
completes the proof. [

LEMMA 5.3.  If Assumptions 3.1-3.3 hold, then it follows that

(a) max [n2y,| = 05,(1),
1<t<n
(b) n~12 max w?(ry) = 05,(1).
1<t<n

PROOF. By Lemma 5.2(a), under P,

1 [nt] [nt]i—1
\/—y[nf] = \/_ Z wi (o) = \/_ 12; ]Z()Utb(ﬂ//o(f)sl (o)

1 [nt] [nt]
= ﬁ(zu(ﬁ()l//()(i)>(28]()\'0)> \/—Rln(f)

i=0

[nT]

= 11— go(D)] Yo ()= Zs (1) + —=Rin(0) + —= Ron(1)
J \/ﬁ n \/ﬁ n s

where Ry, = Zl “o u¢0%(z)(2]”[],,,] i+1€j (ko)) and Rop = (32721141 Vgowo ()
X (ZSM% €j(A0)). By Lemma 5.2(a), we have n—1/2 maxi<;<p |& (Ao)| = n~12 x
maxj<;<p |8,| + 03,(1). Since s? is strictly stationary with a finite vari-
ance, n—1/2 maxj<;<p |89| = 0y,(1) [see Chung (1968), page 93]. Thus, by As-
sumption 3.1, it is easy to show that n_l/zmaxoftfl [R1,(T)| = 0;,(1) and
n—1/2 maxo<¢<1 |R2, ()| = 03,(1). Furthermore, by Lemma 5.4 below and the
continuity theorem, (a) holds.

Now we show that (b) holds. Under P;,, we have w;(X,) = w;(Ao) —
01, yi—1/n, where 61, is the first component of 6,. By (a) of this lemma,
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1/2 172

maxlf,fn(elnyt_l/n)z = oko(l) By Lemma 5.2(a), we have n~
1,2 0

n- X
maxj<;<p wtz(Ao) =n maxj<;<p w, 2+ 0, (1). Since w; 2 is strictly stationary
with a finite variance (see Lemma 5.1), n —1/2 maxj<;<p w?z = 0, (1) [see Chung

(1968), page 93]. Thus (b) holds. This completes the proof. [J

PROOF OF THEOREM 3.1(a). Since it is assumed that Yy is independent
of (A, x), Assumption 2.3 is obviously satisfied. By Theorem 2.1 and Remark 2.1,
it is sufficient to verify Assumption 2.2 with A, = A and (2.2). First, (i) obviously
holds. The proofs of (ii)—(iv) and (2.2) mainly use Assumption 3.1 and Lemma 5.3,
and some basic inequalities. Since the techniques are similar, only the proof
of (2.2) is presented. We need to prove that

t=1
"Gl 8k (A) G' on ()\0)
4 n S 1
©9 ; TG 0k JhiOw) H = oD,

where, by Assumptions 3.1 and 3.2, we can show that

der (A ! der (A S
(ZJ(/ - =Y vy Dyi—i-1, zt; - —va(z)w; i-1(4),
i=0
oh, 0 =] de—i (L) ahAA) ay wor—i (A)
o zzvaﬁ(l)gt i(A) 9 Z <a0§t—i—10\)>’

i=0
where m = (y,m'), w;(?») = [w/A), ..., w—pr2(A), & A), ..., e—g+1(V)],
up(AM) =147 1a, SO 4+ 375 Bihi—i(X), and & (1) is defined as in (5.1).
Again, since these proofs are similar, we prove only (5.4).

Note that 4;(A) has a lower bound uniformly in all ¢ and in a neighborhood
of Ag. By Taylor’s expansion, it can be shown that (5.4) is bounded by

2 * 4
(5.5) H G, 0w o IF ‘}om,

IAIN
where A*, = Ao + k,G,0, with |k,| < 1, and O(1) holds uniformly in all ¢. By
Assumptions 3.1 and 3.2, it is direct to show that (5.5) is bounded by

dh (A" )
oA

+|6

1
0(1)[— max yt + 3—/21<tx y,

1<t<n

(5.6)
1 N 1 «
+ — max w, Y) + — max w; Z(x n)]

n 1<t<n ﬁ 1<
where O(1) holds uniformly in all ¢. By (5.5), (5.6) and Lemma 5.3, we can show
that (5.4) holds. This completes the proof. [J
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Now, we introduce an invariance principle. For this, we need the following
notation: X, () = [u},, (1), ty,, (1), us () with 1y, (3) = —[hy > (R), by ' () x
SU g e OOl i) = 20006, ), 2y 0y (1)), and
uz, (2) =10, (th(k))_laht(k)/%].

LEMMA 5.4. Suppose the assumptions of Theorem 3.1 hold. Then,

[nt]

1 ~ /o / ’ N/
" ; [er. (KiE(n0)' ' (1] (o) 5 (wi, wa, N/ 2 N (1)

in Dk+l+1 [0’ 1]’

under Py, where (wi, a)g,N N ) (t) are defined as in Theorem 3.1, and
DI0, 1] denotes the Skorokhod space

PROOF. By Lemma 5.2, it follows that
er(ho) — &) = 0;,(p") and X, (ro) — X' = 0;,(p"),

where 0 <p <1, X ? is defined as in Theorem 3.1, and O;,,(-) holds uniformly in
all z. Thus,

1 [n7]
\/—Z e, (XiEMmN)' ¢ )] (ho)
5.7

[nt]

Z (X% ), £ 0]+ os (1),

where 0;,(1) holds uniformly in all T € [0, 1]. Denote W;0 = [¢¥, (X% (n,))’,
¢'(n;)]’. Then W*O is a strictly stationary and ergodic martingale difference with
EWOw') = Q. It is easy to verify that n~!/2 2?;’1] W0 satisfies the conditions
of Theorem 4.1 in Hall and Heyde (1980), and hence n~'/2 Y"1 W0 converges
to (w1, wa, N/ , Np)'(7) in D110, 1]. Furthermore, by (5.7), we complete the
proof. [J

PROOF OF THEOREM 3.1(b). Since Q > 0, it is obvious that § > 0 a.s. As in
the proof of Theorem 4.1 in Ling and Li (1998), we can show that

1 Z 0gr—1(20) _,

n ay — g, F __Zyl luyzé (1) + 05, (1)

t=1
(5.8)

1
iC> /c/ wi(t) dwa(t),
0
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where the last step holds by Theorem 2.2 in Kurtz and Protter (1991) and
Lemma 5.4. Similarly, we have

1 & 38z—1(?»0) 8gz 1@0) 1
Ly

oy dy Z)’t luyzvé S”yt""oko(l)

Denote o),y = u Ve, gu . Using a similar technique as in Theorem 3.4 in Ling
and Li (1998), We can show that, under Py,

1 & 1
(5.9) ;;Iayz — Eoy:| = 0y,(1), 7 jmax loyr — Eoy| = 0x,(1),
and
n 2
—E|:Z(a,,t — ant):| — (702,
=1
(5.10)

[nt]

Z(oyt Ecy,) 5 ogwo(r)  in DO, 1],

where op is a nonnegative constant and wg(7) is a standard Brownian motion. By
Theorem 3.1 in Ling and Li (1998), (5.9), (5.10), Lemma 5.4 and the continuity
theorem, it follows that

0gr— 1(?»0) 38, 1(20)
nzz 9

— 4 5 dy
anl
(5.11) =—3 Y ovia+ ZZy,l uS, Ve S, — Eyi] + 03,(1)
=1 =1
Eoy;

1
£
) nyz—1+0)\()(1)_)K2EGyt/() wi(r)dr.
t=1

Similarly, we can show that, under Py,

1 Gdg—1(ho) , 3gi—1(ho) £ 0 o !
(5.12) 377 > 5 Ve PR E(uy,Vg,gumt)K/O wy(7)dr,
1 & dgi—1(ho) 9gi—1(A) « / !
(5.13) ,13/22 3 Vi g = —>E(u2lV§,gugI)K/0 wi () dr,
t=1

A PARYY !
(5.14) 5 gta;( Dy, £ £,V SK/. w (v)dt.
=1
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0
Denote u,; = (Z’;:)()»o) and M?nS = (”;'g’) By Lemma 5.2 and the ergodic
St

theorem, we can show that

I ¢ L§~ (0 0%
=D (s Vegw ) =~ (1, Ve e, 5) + 03 (1)
.15 = =1
= E(uig‘/g’guzg) +0A0(1),

1 1 1 " 0 0
(5.16) ; E Mmgvg’s = ; E MmSVg{g + 0)\0(1) = Eumgvgvg + 0)\()(1).
=1 t=1

By Theorem 2.2 in Kurtz and Protter (1991) and Lemma 5.4, all the limiting
distributions involved in W,(Ao) and S,() are jointly convergent. Finally, by
Lemma 5.4, (5.8) and (5.11)~(5.16), we can show that (W, S,)(Xo) converges
weakly to (W, S) = [fo1 M(t)dB(7), fol M(t)XM'(t)d7] under P;,. This com-
pletes the proof. [J

PROOF OF THEOREM 3.2. It is obvious that the estimator U, belongs
to M,. Let vy, be any M,-estimator corresponding to the functional m(x).
Denote &%,(Ao) = uys(Ao)[m1(ns), 2(n;)]. As in the proof of Lemma 5.4, we

can show that, under Py, n—1/2 Z?;Tl] (&, €5,)(Xo) converges to (w1, wy2)(T) in
D?[0, 1], where (w1, w,2)(7) is a bivariate Brownian motion with mean zero and

. 0 . .
covariance t(E{l’ Q;IFW ), and Q;k,y = E(u?,tVn,nMg,) with V , = diag{Jy,, Jx,}.

Denote %, = E(ub, Ve xttly,), Q<= E@u? ‘//,,,nug;), Quy = EWY, Vg,
Qrm = E(u?ntVﬂ,gugm) and Q_5 = E(”g, Vﬂ,gugt) with V; ¢ = diag{cy, c2}. Under

Assumptions 2.1 and 3.1-3.4, as in Weiss (1986) and Ling and Li (1997), we

can show that the matrices Q7 , Qj‘rg, Qrm, and Q5 are positive definite, and

(Wy, Sp) (Ao, ) converges weakly to

K Jo 01(t)doga(t) k*Qmy fy 03()dt 0 0
(W, 8)(m) = Ny 0 Qe 0
No 0 0 Q=
under P, with N;| and Ny, being two independent normal vectors with mean

zero and covariances Q7 , and Qj‘rg, respectively, independent of (w1, w;2)(7).

Thus, G (Vz, — vo) converges weakly to G, = VoS~ (7x) W (7r) under P;,, and
E(GrGY) =g diag(Zry, Zam, =,5) V),
where T, = k2Q2E[fy wi(r) dwaa(v)/ fy wiD)dTP, Tam = (1P +
20) N (PUg, + Q) (1P +c20)"" and B_5 = Jryc; 2R™, with
P:E<1 as?a(e?)’ Q:1E<1 ah?ah9>

10 om am 2E30 om omr
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and

R_1E( 1 ah9ah9)
4\ 55 98 )

Let vpS, L)W, (1o) i[; G. From Theorem 3.1(b) and Remark 3.3, we obtain
E(GG') = vpdiag(Z,, T, T3y,

where %, = «2Q2E[fj wi(r)dwa(v)/ fy wi(@)dT, Ty = (PLi(f) +

OL(f) 'and s=1, I f) R™!. By the Cauchy inequality and the definition

of ¢y and ¢z, we know that I1(f)J;, > c% and L (f)Jr, > c%. It is obvious that
Y5 < X_5. After some algebra, we have

S — znm
= (1P +20) ' [P(PJr, + QJn) ' P(ci P+ 20) " (] — 11(f) )
+ QP + QJr) ' Q1 P+ 20) 7V (F — L) Tr,)
4 P(PUg + 0Jz) ' Q1 P+ c20) " (crc2 = I(f) Ty
(5.17) + Q(PJr, + QJr))  P(c1 P+ c20) (cre2— D () Jm,)]
< (P +c20)  [P(PUz, + Q) ' Qc1 P+ 20)  (cr102 — 11(f) Jmy)
+ Q(P Uy + Q) " P(c1 P +c20) " (crc2 — L(f) I, )]
<@ P+c20) Qg + P ) T @ P+ 020)7!
x [2c162 = 2((f)dm 1 (f)Jm) *] < 0.

Now, we show that X, < X¥,,. Let &*(Ao) = & (20)/2, and &55(Ao) =
ex:(M0)/ Ry, where &/ (Ao) = uy,(Ao)é(nt) As in the proof of Lemma 5.4, we

can show that, in D?[0, 1], n=1/2 Z[m] ,€5)(A) converges to the bivariate
Brownian motion (w3, w},)(t), which has mean zero and covariance
Q! ot
Y
(5.18) (Q 1 Q;yQ;y).

Denote W), and Wy, as the first elements of W,(Ao) and W, (Ao, ), respec-
tively, and S, and S;,, as the (1,1)th elements of §,(Ao) and S,(Xo,7),
respectively. From the proof of Theorem 3.1(b), we see that the asymptotic
distributions of S;nl Wy, and S ﬂanﬂyn are the same as the distributions

of G, = [k [y @*(t)dt]™! [y w1(2)dw’(z) and Gy = [k fy wi(r)dT]™!

fol w1 (t)dw}, (1), respectively. Let A = Q;yQ;)% - Q;l. As in the proof
of (5.17), we can show that A > 0. Using (5.18) and Lemma 3.1 of Phillips
(1989), we can show that the distribution of G, is the same as that of G, +
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k! AI/Z[fO1 w%(r) d7]~Y2®, where ® is standard normal and independent of G,,
and [y 0?(1)d7. Thus, Xy = E[G2,] = E[G2] + k 2AE[fy 0} (1)d7]™" >
E[GJZ/] = X,. Finally, we have that E(GG’) < E(G;G?%). This completes the
proof. [J

6. Proof of Theorem 4.2. By Lemma 4.1, it is sufficient to prove that
6.1) i) = Li(f) +or (D, i=1.2,
(6.2) WinOhn) = Wi Oun) + 02 (1),

where A, is defined as in Lemma 4.1. By Theorem 2.1(b) and Theorem 3.1(a),
Py, and P, ,, are contiguous. Note that Wln(kn) and Wy, (A,) are measurable in
terms of F,. Thus, it is sufficient to prove (6.1), (6.2) under P, ,.

Let & = fy/(by + fu) With fo(x) = [ f(x — an2)K (2)dz, and &1, (x, %) =
Fr o)/ Toy + fan (e, W] with fo (0, 2) = Y [K(x + (W), a) + K(x —
ni(A),a)l/2n. It follows from work in Schick [(1987), pages 99 and 100] and
Schick and Susarla (1988) that

(6.3) sup Ey, [E1,(x, 2) — £, = 0~ 'a; b1,
X€ER
(6.4) / (1+xD)[E () — &P f(x)dx >0 asn— oo,
R A c
(65) Sup ’gln(x’ )") - Sln,t(x’ )\')‘ 5 2 1)
XER nanbn
for some constant cand all t =1, ..., n. From (6.3) and (6.5), it follows that

1 & . ~
6.6)  — 3 Ex, [0 (o) [E1ns O1e (o)) — £, 0]’} = 0" a b)),

t=1

where i =0, 1. By (6.4) and (6.6), we know that (6.1) holds.
In the following, we show that (6.2) holds. By (6.3)—(6.5) and naibn — 00, it
follows that

(6.7) Ei1n=Ey, /(1 + 13D [Era(x, ) — &1 (x)]zf(X)dx =o(1)
and

A A~ C
(6.8) 8z, = max / (142210 An) = 1 (v A F ) dx <
I<t<n n<a;b

n-n

2 432 ~1/4
for some constant c. Let ¢, = max{Scn™"a, b, =, E,},

(6.9) Apy = {/(1 + ) [Ein (e, 1) — 6] f () dix < Cn}
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and A, =(;_; An,;. By the Markov inequality,

Py, n(AS) < Pxn,n( / A+ [Ex. 0) — 0] f() dx = cn/4)

(610) + PAn,n(EZ,n ch/4)
1681,

i

< <16u1/2—>0

as n — oo. For any € > 0,

Py n(IWin (o) = Win ()|l = €)
(6.11) A
< Py, n(AS) + €2 Ey, [[IW1n(hn) — Win ) 1214, ]

By (6.10) and (6.11), it is sufficient for (6.2) to prove that
(6.12) E, (W1 On) — Win ) 1714, ] = o(1).

For simplicity, we denote éin,t(n,()»n),kn) as éi,, i = 1,2. By the triangle
inequality,

E)\n {[Wyn()tn) - Wyn()\n)]IA,, }2

2
1 & 1 aer(An)
ZE)W { ; |:\/[(—)\, a (Sll‘ Sl (nl‘ ()"n)))ilIAn }

(6.13)
2

1 1 1 0h;(A)
+5EA,,{;IZZI[MM G &(n,(xn)))]u,,}

1
=2B, + Ean.

Note that é 1: and &1 (n; (A;,)) are odd functions of n;(A,,). We have that

de;(n) |
In 2 Z )Ln{ Ry Gy glt gl(nt()\n))]zlA 8(;)/ }
(6.14) ,
en & 1 98 (k)
=2 gEk”{htun) by }

Since h; (An) is bounded and d¢&;(A,) /0y = ZJ ()lefll(])yt—j—l’ by Assump-
tion 3.1, we can show that

n
Cn 2
(6.15) B, < 0(1) 5 l:ler;lJa; E;,yj.
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Under Py, n, yj=/_ (1 = 01,/n) = w; (k) and wi(hy) = ' vy, () %
€i—j(An). Thus, we can show that, as n — o0,

n
(6.16) B, < O max Ey,e2(hy) = O(1)cy Ex, 63 (m) = 0(1).
nl:11§j§n n-J n-J

To study By, let G, ¢ be the o-field generated by {|n1 (X,)|, ..., 7. (Xy)|} and
{Yo, y1,...,y:}. Since f is symmetric under P;, ,, we have that
(6.17) Es, [0t ()| $n.t]1 = 0.

We now consider the cross-terms in the expansion of B,. Denote &' =
[(7: An)&1e — e An)E1 (M (An)) 11 4, . We have that

1 ahl-i—i ()‘n) aht()\n)
ht—l—i O‘n)ht()\n) 3)/ 8)/

Hy = EA,,[ éz*+i éz*]

Ohs (An)

P I T b P W LG P
n ht—ﬁ—l()\fn)ht()\n) = nPn J J ay t+iSt

4 t+i—1
T oo 00 Va, n(j)8 —()\- )y i—i—1
hegi(An)he(Ay) |:j§|-1 o t+i—jAn) Yiti—j

t—1
X |:Z Ua,lﬂ,,(j)8z—j()»n)yt—j—l}éfiiéf}'

j=1

Since ég, and & (n;(1,)) are symmetric functions of 7;(%,), it follows that

hiti—jn) Yigi—j—1 [Z’J-l_:ll Vo, B 1) E1—jy o) Ve jy —10E7 L EF [ i ) e (M)
is the even function of 7,4;_;j(A,) when i + 1< j <t +i — 1. Since A, is

Gn,,-measurable for any r = 1,...,n,and &1;—j (Ay) = 0r4i—j (X)) Byi— j (An),
by (6.17), we have that

4 t—1 5 5
H,;=FE - 4+ i ] (A . koERL.
nti n { ht+i )b o) |:]§1 Va,, By G+ l)Ua,,/S,, (])5}_]( n)yl_J_l S,Jr,%}

Furthermore, since vy, g, (i) = O(p') with p € (0,1) and independent of A,, we
have

j 2 2
(6.18) |Huii] < O(1)p! [max, Ej, [e5(n) Y51 1675:8 11,
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where O(1) holds uniformly in all . By Assumption 3.1, (6.18) and the inequality
2|S[+l Sl | - st_i'_l + Sl*z, we haVe

1 [0h:(h) o nlnt
BZn— ZZ An{hZ [ :| }+_22;ZHnn

r=1 (An) Iy t 1

_oa
< O ){Z max £y, [£500)y7 167

n zl—

n—ln—t
+ ZZp max E)\,,[g ()\‘n)yj 1€t+z }
(6.19) t=1i=1 -

Z max E;LH[S ()»n))’] 1]

n? <j=

0(1)c,,=

n—1ln—t
+22p InaX E)Lﬂ[é' ()Mn)y] 1]}

t=1i=1

= O(I)C—" max Exll[eﬁ(kn)yjz_l].
n 1<j<n

Note that E;, [aﬁ(kn)si (An)€i, (Ay)] =0 for any i # i;. We can show that
(6.20) Bon = 0()enEy, [£70)] = 0(1).

By (6.13), (6.16) and (6.20), we can obtain E,\,I[|Vf/yn()»n) — Wyn(kn)lzlAn] =
o(1). In a similar manner, we can obtain that £, [| Wmn ) — Won ()»,,)HZIAH] =
o(1). To complete the proof, it is sufficient to show that

(6.21) Ep, [ WsnOun) = Wen On) > = 0(1).

Since the logistic kernel K (x) for Wgn (A,,) satisfies the conditions in Theorem 4.1
in Koul and Schick (1997), the proof of (6.21) is similar to that of Theorem 3.1 in
DKW (1997) and hence is omitted. This completes the proof.

APPENDIX: PROOF OF THEOREM 2.1.

Before giving the proof of Theorem 2.1, we introduce the following notation
and lemma. Let & = (£, ¢), G, = diag(G,, vnl)), U; (1) = diag(X, (1), I;) and
Y(A) = [y — Z;(X)]/~/h;(A). For simplicity, we denote Y (1,) by Y and Y(X,,)
by Y,. Similarly, denote h;, hy;, Zi, Zut, 8¢5 &nt»> Nts Nnts l}; and l~]m.
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LEMMA A.l. Under the assumptions of Theorem 2.1, it follows that:

(a) > En [, Gy UEm) | Foi] = 03, (1),
=1
(b) ZE)\,, [(u;,éyjlﬁté(nl))21{|u;lé;10t§(m)|>€}‘371‘—1] = 0)»,1(1),
=1
© YA, UEm)) - Ex,,[(u;é,:laém,))zm_l]}‘ =05, (1),
=1
V fvn/\/—( ) \/W
@ / { Tt Th;
1 g, EVHY >} B
zunGn T y=o0;,(1).

PROOF. By Assumptions 2.1 and 2.2(i) and (iv), and the finiteness of
i ||§(x)||2f(x) dx, (a) holds. By Assumptions 2.1 and 2.2, and using a similar
argument as in Koul and Schick [(1997), page 253], we can show that (b) holds.
By (3.15) of McLeish (1974) and (a) and (b) of this lemma, (c) holds.

The proof of (d) is similar to that for (2.15) in Koul and Schick (1997). The
right-hand side of (d) is bounded by 3(T1, + 15, + T3,), where

UTES Z/hntl/2< 1}1//2\/_ f1/2 [§f1/2> (Yn)dy

= [ (0= 1172 fifl/z) (0)dx = o(1)
by Definition 2.1;

Ivnll
T2n =

/ I D) — b7 A A ) 12 dy

< 0<1>R%n [1er @i

Lo sup f 1D (x(1+52) +51) — (CF VD)2 dx

Is1|<Rin,|s2]1<R2y
= 0,, (D),

where

1/2

—1/2
Rln = [maX (|an Z[lh / ) ] - 0}\,,(1)
1<t<n
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and

12212
Rgn_[max (1Vhns — flh_/)} =0,,(1)

by Assumption 2.2(i)-(iii), and the above equation holds by [ ¢ @)|1* x
f(x)dx < oo and Lemma 19 in Jeganathan (1995); and

T3n—Z f B £ — VA P12 — LG U Y (T dy

In order to show that T3, = ox (1),denote U, = gnt — &, Y,y =y —Zi —u(Zps —
Zolhi ' and b, = [h"* + u(hy)* — b,'?
Cauchy’s form of Taylor’s theorem on the function f*(u) =
T3, is bounded by

)]?. By Assumption 2.1 and using
* 1/4f1/2(Y*)

n 1
Z/o [ e A - 9,6, vk e AT dydu
(A.D) <Z f /{ﬂG W R EF D) — h7 P EF (O dy du

+ Z \UY — 9, G7 U > max(h; !, bl f IEFY2 )12 dx,
t=1

where the second term is 0, (1) by Assumptions 2.1 and 2.2(i) and (ii), and the
first term is bounded by

[om sup [ 1EA +52)+51) = €00 dx

[s11<Rin,|52|<R2p
n
+OWRE, [ 1€ A @IPdx | Y16, Ul = 03, (1)
t=1

by Assumptions 2.1 and 2.2(iv) and Lemma 19 in Jeganathan (1995). Thus,
T3, = 0;,,(1) and hence (d) holds. This complete the proof. [I

Now, we prove Theorem 2.1. The basic idea of the proof comes from Le Cam
(1970), Fabian and Hannan (1982), BKRW (1993) and DKW (1997).

PROOF OF THEOREM 2.1. Let T,y =2[s,,/ /i, (An)/s:(Ay) — 1] and B, =
{maxi<;<, |Tns| < €} for some small enough ¢ > 0. Then, on the event B,, the
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log-LR has the Taylor expansion
~ v " 1
An ()‘m )\n, 7%) = 2210?%(1 + ETnt> + AnO

n 1 n 1 n
= ZTnz 2 Z Tnzt + 3 ZantT,?l + Ao,
t=1 t=1 t=1

where Jo| < 1 and Auo = loglg;, . (¥0)/4s,.7 (Y0)] = 03, (1) by Assump-
tion 2.3.
To prove (a), it is sufficient to show that

n

(A2) Y AT —ul, G OEm) + LB [, G TEM)) | Fimr ]} = 02, (1),
=1

n

(A.3) SATE = B [(,G 0E () | Fia ]} = 04, (1),
t=1
(A.4) 1??3,,”“':0“(1) and Y T, =o3,(1).

- t=1
Note that f[sz,,/\/ﬁ,z(j‘") — sty(kn)]zdy = —E,, (T |F,), where s,y()L) is
defined as s;(1) with n;(X) replaced by Y, and similarly define sin /i, z()‘)‘ By

Lemma A.1(a) and (d), and the inequality |a> — b*| < (1 +a)(a — b)?> + b? /a with
o>0anda,beR,

n 1 . L
) {EA,,<T,,,|3-7_1> + ZEM[(u;G,le,smt))Zm_l]}’

t=1
n N 1 . . 2
<4 Y [[[5)) G =51 ) = 50,6 TEHDS G| dy
(A.5) =

1 PR
3o 2 B l,G UE M) | Fa)
t=1

= O)L”(l +a)+ 0)\,, (é) = O)L”(l),
where the last equation holds by first letting n — oo and then letting o — oc.

Let Dy = Ty — u, G, Uié(n,). Then 37—y Ej{[Dpr — Ey, (Dt F)]?|
Fio1} <" | E;, (D2,|Fi—1) =0, (1) by Lemma A.1(d), and hence Y-"_,[Dy; —
Ey, (Dyt|F2)] = 0y, (1) by Remark 3.7(iii) in Fabian and Hannan (1982). Note
that E;Lné(n,) = 0. We have Z;’:l[Dm — E;, (T:|Fn)] = oy, (1). Furthermore,
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by (A.5), we know that (A.2) holds. For (A.3), by Lemma A.1(c), it is sufficient to
show that

n

(A.6) S T2 —[u, G TEm)TY| = 01, (D).

t=1

Note that Y}, E;, [Dp 1D, >e)| Fi-1] < X—j Ex, (Dp,|Fi-1) = 03,(1) by
Lemma A.1(d). By (3.15) of McLeish (1974), >" Dﬁ, = 0,,(1). Now, by
Lemma A.1 and using a similar argument as for (A.5), we can show that
(A.6) holds. By Lemmas A.I1(b) and (d), and following the steps in DKW
[(1997), page 794], we can show that maxj</<y |T,:| = 0,,(1). By (A.3) and
Lemma A.1(a), we have >}, Tnzl = 0,, (1), and hence }_}_, Tn3t =0,,(1). Thus,
(A.4) holds.

By (a) of this theorem, A, (Ao, An, 0) = ul, W, (Ao) — ul, S, (ho)un/2 + 03,4 (1),
and Ay (0, A, 0) = = Ay Ouns n + G 1 (=6,), 0) = [}, Wy (hn) — i1}, S (hn) %
/2] + oy,(1) with @, = (—6,,0). By Assumptions 2.1 and 2.2, we can
show that Wn(kn) = 0,,(1) and S‘,,()»,,) = 0,,(1). Note that Wn(kn) and
S',,()»,,) are measurable in terms of ¥, and hence they are bounded under
Py, n. Thus, A,(Ao,2,,0) is bounded under both P,,, and P, ,, which
implies (b). The first part of (c) holds by Assumption 2.2 and the second part
holds by exploring the equation: A, ( g, Ay, 0) + Ay (A, An + G/n_lz?n, Un/A/1) —
Ay (Ag, Ay + G;l_lﬂ,,, vy /+/n) = 0. This completes the proof. [J
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