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ON TRANSITION SEMIGROUPS OF (A, ¥)-SUPERPROCESSES
WITH IMMIGRATION

BY WILHELM STANNAT

Universitdit Bielefeld

We study the global properties of transition semigroups (p; !

of (A, W)-superprocesses over compact type spaces with possibly nonzero
immigration v in various function spaces. In particular, we compare the
different rates of convergence of ( p;) ’W’A) to equilibrium. Our analysis is

based on an explicit formula for the Gateaux derivative of p;) VAR,

0. Introduction. Let us start with four observations concerning the transition
semigroup of one of the most elementary superprocesses. More precisely, assume
that the type space consists of only one type (so that the state space can be
identified with R := [0, 00)). Assume that the branching mechanism is given
by W(A) =A% — A, 0 > 0. Then the generator of the corresponding superprocess
with nonzero immigration ¢ > 0 is given by

Logf(x) =xf(x)+(q—0x)f(x), x €Ry:=[0,00), f € C2(Ry).

It is easy to see that the Gamma measure

04
Iy q(dx) = — x4 e gy
I'(q)
is a symmetrizing measure and that (Lg g4, Cg(R+)) is essentially self-adjoint.
Moreover, the unique self-adjoint extension has a discrete spectrum with eigen-
values —60n, n > 0 (independent of ¢), and corresponding eigenvectors

" T(n+q) 0F(—x)F

0,q —
n (x)‘_kg Ck+q) ki — k)l =

The eZ’q are nothing but the classical Laguerre polynomials (cf. [2], Chapter 6,

and [13], Chapter 5). A classical recurrence relation for the Laguerre polynomials

0, 0,q+1 . 0,
states that %en 4 — —Qen_qfr ,n > 1. Hence, if we denote by p, 1. etlog >0,

the semigroup generated by the self-adjoint extension of Lg 4, this relation implies
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that
d 64 ¢ d o 6 —6 0,q+1
TPl = e = e o
—91 _0.g+1,, 0.g+1 _or 0.g+1( d
=—e U p/ T (0e, 1) = e p) (Eez’q).
Hence,
d ~01 0+ d
(0.1) =) <dxf>

for all f € span{ez’q :n > 0}. It is quite easy to see that (0.1) can be generalized
even further to all f € Cé (R4) and easily implies that

0.2) 1277 Flip < €11 f ip

for all bounded Lipschitz-continuous f. But, even more, pf’q, t > 0, maps
bounded measurable functions into Lipschitz-continuous ones. More precisely,
we have

Qe —0t
(0.3) 1Py £l < T flleo

for all f € Byp(Ry). Note that, again, the constant is independent of g, but
only depends on 6. For our last observation, define I'(f)(x) := x f 2(x) for all
f €Cl(R}). Then

(0.4) C(pllf)<e™®pd(T(f), feCl®Ry), g=1

The main purpose of this paper now is to study generalizations of (0.1)—(0.4)
to arbitrary superprocesses over compact type spaces. More precisely, the
generalization of (0.1) is contained in Theorem 2.1 and Corollaries 2.3 and 2.4,
the generalization of (0.2) can be found in Section 2.1; Section 2.2 contains
generalizations of (0.4) and Section 3 contains generalizations of (0.3).

In Section 4, we study the particular case of random Gamma processes in
more detail. For this particular class of process, it is possible to obtain explicit
formulas for the transition semigroup (cf. Section 4.1 for a series representation
(which generalizes the corresponding series representation obtained by Ethier
and Griffiths [7], Theorem 1.1, in the particular case of a constant branching
mechanism) and Section 4.2 for an integral representation). Since the process
is reversible, the analysis of the process simplifies considerably [cf., e.g., the
formula for the Gateaux derivative (2.7)] and some results can be strengthened
(cf. Section 4.3). Moreover, using a general result on the small-time asymptotics
of the heat kernel in symmetric Dirichlet spaces in [10] we study in Section 4.4 the
short-time asymptotics of heat kernels of random Gamma processes.
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In Section 1, we introduce our framework and provide some basic facts
about superprocesses with immigration and corresponding invariant measures. In
particular, as a generalization of a previous result obtained by Ethier and Griffiths
for random Gamma processes with type-independent branching mechanism ([7],
Corollary 1.2), we will derive in Theorem 1.7 explicit rates on the convergence of
superprocesses with immigration toward equilibrium in total variation norm. These
estimates are nonuniform, in contrast to the estimates obtained in the Lipschitz
norm and the L?-norms.

1. Superprocesses with immigration. Let us first introduce our framework,
which will be kept throughout the whole paper. Let S be a compact metric type
space and E := M (S) the set of all finite positive Borel measures on S. Since
S is compact, it follows that E is locally compact w.r.t. the weak topology. Let
A be a Feller generator on C(S) and

Y(x, L) = —a(x)k2

1.1 0
+/ (1 —e™ —as)n(x,ds) — b(x)A, xeS,A>0,
0

where a, b € C(S), a > 0 and n is a kernel of positive measures n(x, -) on Ry such
that

sup | s A szn(x, ds) < 400,
xes

(1.2) ~
(x, ) —~ /0 (1—e™ —xs)n(x,ds) € C(S x Ry).

For f € C(S)4+ (the set of all strictly positive continuous functions on §), let
Y : Ry — C(S)4+ be the unique mild solution to the semilinear equation

v (f)
ot

(1.3) =AV(F) + V(¥ (),  Yo(f)=Ff.

Given v € E, we denote by (p; ¥4y the transition semigroup of the corresponding

(A, W)-superprocess I\\/JILIJ’A with immigration v. Note that (p; ’\U’A) is uniquely
determined by

Vo

t
=€XP<—/O (s (f)s vMS)‘PWf)(M), feC(S)y,meE, t>0.

Here we used the notation ¢ s (1) = exp(—(f, u)) and (f, u) :=(u, f) == [ fdpu.

It is well known that (p; ’W’A) induces a Cp-semigroup on Cso(E) (the space of

all continuous functions vanishing at co). Moreover, p;, ’\U’A(Cb(E )) C Cy(E) for
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all ¢ > 0. Its infinitesimal generator LY+ can be obtained as the closure of
WA ’
LYAF G = [ pdnat) T
0
(1.4) +/u(dx)/0 n(x, ds)(F(,u-i—scS )—F(M)—sﬁ(u)>

oF
+ [(vian) - X)) =0+ / u(dx)(Aﬁw))(x),
where

FeFCHDA) L) = {F) =@ fi, i)y -\ (fur 1))
n>1, fie D(A)NC(S)4, ¢ € C3RM}.

Here

oF dF
)= —(M +s5x)

08,
denotes the Gateaux derivative of F at u in direction §,. For general i € E,
let (0 F/d1x)(w) be the Gateaux derivative of F at p in direction 1.

If b € C(S)y, it follows that f +— fo"o(wt(f), v)dt is the log-Laplace
functional of a probability measure m >4 that is invariant for M¥*4 and hence
for LE”A. Note that in the particular case A =n =0, hence V(x, A) = —a(x)\? —
b(x)A, thus

e £ (x)
T+a0)/bo( —e P90 ()’

it follows that [;°(¥,(f),v)dt = [log(1 + (a/b) f)a—'dv is the log-Laplace
functional of a random Gamma measure. For this reason we will call the associated
superprocess MY:? a random Gamma process (cf. Section 4).

Using the method of a priori estimates, we will prove the following result
on the existence of exponential moments, which will be needed later. We will
use the following notation Jg(x) := 8_1fn(x,ds)(e” — 1 — &s). Note that
limg ¢ || J¢ |loo = O by Dini’s theorem, since J¢(x) | Oas ¢ | 0and J; is continuous.

Ui (F)x) =

PROPOSITION 1.1. Assume that by := inf,csb(x) > 0. Then
/eg‘”‘m:)y’A(du) < 400

for all & < ||all! (bo — 1 e lloo)-
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PROOF. Let & such that § := (bg — || Jelloo) — llalloce > 0 and V () := €€,
Formally applying the generator L,‘f”A to V yields

LY AV () =e*(a, )V (i) + e(Je, 1) V() + (v — (b, u))V (1)
< (vl + (llalloo + 1 elloo — bo) 1))V (1)
<e(lv| =8|V ().

Let ¢, € C°(Ry) satisfying ¢, (1) =t if t <n, g,(t) =n+1if t > n + 2,
0 <@, <1 and ¢, < 0. By approximation, it is then easy to see that V,,(u) :=
@n(V (w)) is in the domain of the closure of (Ly*4, F C3(D(A)4)) in L*(m}"*)
and

LY AV () = 6u (V) LY AV () 4 G (V)T (V, V) (1)
<G (V()e(lv] = 8luhV ().

Here

F(F. G) (1) = aF( G )

+ <,u, /0 n(-,ds)(F(u+s8.)— F(w)(G(n+s8.) — G(,u))>.

WA

In particular, I'(F, F) > 0. The invariance of m,

now implies that
5 [ G (VG)IV o g

< vl [ 6u(VGO)V Gom ¥ o)

= v/{MSZIV/B} V(M)mgl’A(dM)

s
+ = s (V v va g
2/{ll/x|>2u|/5}¢ (V) etV (ym,, " (dp)

or, equivalently,

/‘ﬁn(V(M))WW(M)mg’A(dﬂ) < %IvleXp(%IVI).

Taking the limit n — co, we obtain

2 2
[ lexpeliapm?A i < g|v|exp(sg|v|),

and thus the assertion. [
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Convergence to equilibrium in total variation norm. Recall that for any finite
signed measure © on S its total variation norm is defined by

lie]lyoe = sup{{ f, w)| f measurable and || floo < 1}.

In particular, if | S| = d contains only d points, the norm coincides with one-half of
the usual £'-norm on R? (identifying the space of finite signed measures with R?).
In [7], Corollary 1.2, Ethier and Griffiths have proved in the particular case of

zero mutation and type-independent branching mechanism W (x, A) = —%AZ —bA
the following estimate:
w0
|p 0, ) =m0

—bt
< (1 - exp( 2b7bt|u|)) +(1—=- e—bz)Zlv\)

on the rate of convergence of (p;” . ) in total variation norm. The purpose of
this section is to generalize their result to arbitrary nonzero mutation and possibly
type-dependent branching mechanism.

To this end, fix v € E and let m;{l{,A and n;lj{,A be the probability measures with
Laplace transform

[ exp=trmi ) = exp(— [ i) ds)

and
WA _ *
[ exp= s pm ) = exp(— [T ds).
Then
VA =mt s A (u, ) and mPA =mt s

PROPOSITION 1.2.

WA 0,,4
[P0 Gy = mf A e < 1 ) = e
< p YA, EN(O) + 15 (B (0D,
PROOF. For the proof of the first inequality, observe that

/dev\l/A(M’ )_/de\l/A
=/meA(dm)(/p?’w’A(M,sz)F(m + 12)
-/ n?,’{f‘(duz)F(me))

sfm;?;/*(dmnp A ) =15l Flloo.
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The second inequality follows from the fact that, for any probability measure m,

llm — 8o llvar = m(E \ {0}). O

In the next step, we will estimate the right-hand side in the proposition using
the simple observation contained in the following lemma.

LEMMA 1.3. Let m be a finite nonnegative measure on E with log-Laplace
functional L. Let f € C(S)4+. Then

m({,u € E:/fdu =O}) =Alim exp(—L(A[)).
In particular,

m{0}) = All)rr;o exp(—L(A1g)).

ProOOF. Clearly,
Ali)n;o exp(—A(f, ) = LizcE: J faa=0) (1)
for all u € E. Consequently, by Lebesgue’s theorem,

)Ll_i)ngoexp(—L()\f))
= i [expiispnman =m({ne: [ ran=o}).

Combining the last two results, we obtain

Jim (1 —exp(—(y (A1s), 1))

+ (1 — exp(— /loo(x//s(kﬂs), V) ds)).

REMARK 1.4. In the case of a type-independent branching mechanism
and a, b > 0, the two quantities on the right-hand side of (1.5) can be easily
estimated from above. Indeed, since f0°° e — 14 Asn(ds) > 0, it follows that
U(Q) < —a)? — b) and, consequently,

”pzv,\l—f,A(M’ )= ml\)IJ,A ”var =

(1.5)

e )

Vi) = a1 — e

Thus,

' b e
pI YA, (0) = lim exp(— (v, (Als), i) Zexp(——i_b,'“')'
00 al—e
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Similarly,
n 0D = (1= e,

and therefore

v, W, A

Ipr YA, ) —mP A

(1.6) -
= (1 - eXP<—;ﬁ|MI)) + (1= (1 —e7brylvl/ay,

In the particular case a = %, n =0 and A =0, we recover the result of Ethier and
Griffiths.

We will show next that the same estimate (1.6) is true in the nonconstant case if
we replace a and b by

(1.7) ap:=infa(x) and bgy:= infb(x),
xes xeS

respectively. To this end, we need the following lemma containing an upper bound
of ¥ (f). Since we could not find a reference in the literature, a proof is included
here for the reader’s convenience. Note that we cannot expect that ¥, ( f) is a strong
solution, so that the standard comparison principle does not work.

LEMMA 1.5. Assume that by > 0. Let f € C(S)4 and let Y;(f),t > 0, be the
unique mild solution of (1.3). Then

exp(—bot) p: f >
1+ (ao/bo)(1 — exp(—bot)) p: f B

Here ag and by are defined by (1.7) and (p;) is the semigroup generated by A.

Vi (f) <

PROOF.

Step 1.
t
pif = expbot) i (f) + ao /0 exp(bos) pr_s Vs (f)2ds, 1> 0.

Proof of Step 1. Clearly, it suffices to prove by induction that, for all n > 0,

" (bot) 1t (bos) 5
pzfz];) i w,<f>+ao]§/0 O P () ds

(1.8)

L fo $" prs s (f) ds.
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If n = 0, the assertion follows from the fact that W (x, 1) < —agi? — boA and thus
t
pif =) = [ P () ds

t t
> Y1 (f) +ao fo Prs¥s ()2 ds + b fo pis¥s(f)ds, 120

Suppose now that (1.8) is proved for n. Then, using (1.3) again, we obtain

t
/0 5" prs s (f) ds
t t r—s
> /0 MY (s (f)) ds + ag /0 5" /0 Presr Ve (W5 (1)) dr ds
t t—s
+bo / 5" / Presr e (W5 (f)) dr ds

t
- / (s + =2 [ (s

+1
—s¥s(f)d
n+1 OS pi—s¥s(f)ds

and, consequently,

1 1
"+(0 s f(s)"

pf = 3 () + 02/ OO s (F)2ds

k=0

bn+2 t
o fo " b s (f) ds.

Step 2.

[ee] k
pif> Z(Z—z) explbor) (exp(bor) — 1) 4 (/)
k=0
_ exp(bo) ¥ (/)
T— (ao/bo)exp(bor) — DY)

Proof of Step 2. This time, it suffices to show that
" (ap\f k k+1
(1.9) pf> Z(b—o) exp(bot) (exp(bor) — 1!y ()
k=0

for all n € Ny. If n = 0, this follows from Step 1 since p; f > v, (f). Suppose
now that (1.9) is proved for n and for all f € C(S)4 and¢ > 0. Step 1 and Jensen’s
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inequality then imply that
t
pef = expon () +ao [ exp(bos) pisi ()7 ds

t
> exp(bot) ¥ (f) + ao /0 exp(bos) (pr—s Vs ()’ ds.

Using the assumption, the second term on the right-hand side can be estimated
from below by

n

t k
a | exp(bm)(Z(Z—z) exp(bo(t — 5))

k=0

2
x (exp(bo(t — 5)) — 1) 9 (ws<f>)k“> ds

k+l1
—a Y (?) exp(bot)

k,1=0 >0

x /0 exp(bo(t — ) (exp(bo(r — 5)) — 1) ds , (f)<1+2

" lag\ k! k+1 k+2
=3 (b_o) exp(bot) (exp(bor) — 1)y (£)F+2.
k=0

Combining the last two inequalities now implies

n+1

k
pf=Y (Z—z) exp(bot) (explbor) — 1) Y (1)

k=0

Clearly, Step 2 is equivalent to the assertion; hence, the lemma is proved. [J

REMARK 1.6. Inthe same manner as above, one can show that if by = 0, then
pif

1 +aotp; f~

To this end, note that Step 1 is trivial and in Step 2 the assertion has to be replaced

by

t>0.

Y (f) <

pif =Y agt* i ()
k=0

which can be shown exactly in the same way as above.
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THEOREM 1.7. Assume that ag > 0 and by > 0. Then, for each t > 0 and
ueE,

Hptv’q}’A(,Um )= m:)P’A ”var

by exp(—bot)
= (1 B ex"(_a_o [~ exp(—bon) '))
+ (1= (1 = exp(—bon) "),

PROOF. Lemma 1.5 implies that
P?"P,A(M, {0}) = lim exp(— (¢ (A1ly), M))
A—> 00
by exp(—bot)
(-2
ap 1 — exp(—bot)
Similarly,
n;I,J{)A({O}) > (1 - eXP(—bm))'“‘/aO,

and therefore

[P ) = my

_oxpf B0 exp(=bot) ] — exo(—bury) V1@
5(1 eXp( aol_exp(_bot)lul»ﬂl (1 —exp(=bot))""™).

0

Note that all the estimates obtained above are nonuniform in w. Uniform
estimates on the exponential rate of convergence will be obtained below in spaces
of Lipschitz-continuous functions and L?-spaces.

2. The derivative of the transition semigroup and applications. Assume
from now on that ag > 0 and by > 0. Since, for any u € E, f + (u, ¥:(f)) is
the log-Laplace functional of an infinitely divisible probability measure, it follows
from the canonical representation theorem that there exist uniquely determined
v, € E and m; ,, € My (E) with m; ;, ({0}) = 0 such that

(s, i () = (Vs f) + /(1 —exp(—(f, m))m,u(dm)

(cf. [5], Theorem 3.3.1, or [6], Theorem 1.28). We call m; ,, the canonical measure.
Lemma 1.5 now implies that, for ag > 0 and by > 0,

| —bot)
lim —¢;(Ag) < lim — exp(—bo!) —0,
A—00 A r—o00 A 1+ (ag/bo)(1 — exp(—bot))A

and therefore v; ;, = 0.
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THEOREM 2.1. Let F € Co(E), w, it € E and t > 0. Then p,v’\p’AF is
Gateaux differentiable at 1 in direction w and

9 v, A )
”’Tw) - / ——n / pU A d o) (F (i + pa) — F ().

Here m; is the canonical measure corresponding to [ +— (@, ¥(f)). In
particular,

- 9 tv v, A

(1) s T (1) € Co(E),

v\, A v, W, A

0 d F
(ii) P T F = / (dx)”fTuo.

REMARK. A similar representation for the Gateaux derivative has been
obtained independently by Jacka and Tribe in the particular case of binary
branching with constant rate (cf. [9]).

PROOF OF THEOREM 2.1. Clearly, for all F € 8,(E) and h > 0,

Pl VAR (i) = /”‘“w d;m/pl AT, dua) F (i1 + 2,

since

P a0 =exp(= [[ (). ) ds ) exp(— ).+ 1)

WA 0,¥, A _
=p" Corp; T o (hI).

It follows that

1 v, v,

- (p VAR (w4 k) — p) U F ()
2.1) i
h/ U dm)/pz A, dpa) (F (1 + p2) — F(u)).

We will show next that, for all F € Cy(E) with F(0) =0,

(22) lim / A A F o = [ Py

To this end, define for 4 > 0 the measure

1
M= (7 OV AT, ) — pi A (T, (0))80)



(A, W)-SUPERPROCESSES WITH IMMIGRATION 1389

and note that

lim [ exp(—( . 1) Ts o)

. _
(2.3) =}l1£r(;z(e><p(—h<u, () = p A, o))
1
=lim - (exp(—=h(E, 1 () = 1) +lim hp? VAL, E N\ (0],

We claim that

1
4 lim POV A, EAN{O) =my z(E\N{0) (= m, z(E)).
Indeed, note that

1
—p" A E N (0] = lim —/l—eXp( Ml p A (e, d )

h
.1 _
= lim (1 — exp(~h(7, ¥ (A15))))
r—o0 h
) (7, y: (A1)
= lim exp(—hr)dr.
r—00 Jo
Since fom’w’(msne_h’ dr is increasing for increasing A and decreasing h, it
follows that
(¥ (A15))
lim — YA (h7z, E \ {0)) = lim i ~hr g
hliréhp (h, E\{0}) i Jim_ s e r
(¥ (A1) n
= lim lim e "dr
A—o0 h|0Jo

(2.5) = Alinéo (, ¥ (A1)

— lim / 1 — e il o (dp)

A—00
=m; z(E\{0}).
Hence, (2.4) is proved. Inserting (2.4) into (2.3), we obtain

lim f eI T (dp) = — (7, ¥ (f)) + my 2 (E \ {0})
:/e_(f’“)m;,ﬁ(d,u).

Dawson [5], Theorem 3.2.6, now irnplies that limy, o I1, = m; 3 weakly. In
particular, for F € Cy(E) with F(0) =

1
%E pO YA, du)F(u)—hm/FdHh—/dem,
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hence, (2.2) is proved.
Fix F € Cy(FE). Inserting (2.2) into (2.1), we obtain
1

lim > Py VAT, djn) F (o + 112) — F (1)

_ /m,ﬁ(dm)nm + p2) — F (1)

for all 1 € E. Since, by (2.5),
1 _
‘Z / P dpa) F (i + 12) = F (1)
2 _
<2 p"" I EN(ODIF oo
the dominated convergence theorem now implies that

1
im — v,\l/,AF WD) — v,\IJ,AF
lim (pr (n+hw — p; ()

= [ pr¥ A dps) / e (d ) (F (i1 + pa) — F(up)).

For the proof of (i), it suffices now to note that

wis / me z(dpy) / P YA, d o) (F (i + ) — F (i)

is clearly continuous on E and bounded. Part (ii) follows from the fact that

/ 1 — e~ ¥my p(dp) = (7 (f)) = / 7i(dx) / L= e, s ()

and therefore m; ;; = [ Tt(dx)m; 5. by uniqueness of the canonical measure. [

For the next corollary, let us assume that A = 0. Then ¥, (f)(x) = ¥ (x, f(x)),
where ¥;(x,A), t > 0, is the solution of the ordinary differential equation
%(x, A) = W(x, ¥ (x, 1)), t >0, Yo(x,r) = A. It follows, in particular, that
the support of the canonical measure m; 5 corresponding to f — ¥;(f)(x) is
contained in {h8, | h € Ry} and thus m; s can be identified with the canonical
measure m; , corresponding to the Bernstein function A — v, (x, A), A > 0.

We will need the following notion of differentiability.

DEFINITION 2.2. A function F € Cp(E) belongs to the class Cl(E) if,
for any differentiable curve y :[0, 1] — E, t — F(y(¢)) is differentiable with
derivative

dF o
— Y 0)={y@). DF(-.y(1)))

with a bounded measurable function DF : S x £ — R.
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Clearly, F € C é (E) implies that F is Gateaux differentiable in direction §
with (0 F/36,) () = DF (x, ). Note that our definition differs from the definition
given in [11] to the extent that we consider the weak topology instead of the strong
topology on E. However, we will need the stronger notion in Section 4.4.

COROLLARY 2.3. Assume in addition to the last theorem that A = 0 and

F e Cé(E ). Let m; x be the canonical measure corresponding to the Bernstein
function A+ Y, (x, A). Then

v,W,0

op;,” " F

@6 Pt = [T mia(ih o) dh [ o, du)<85 )+ s

X
In the case of a random Gamma process li.e., ¥ (x, ) = —a(x)A% = b(x)A],
(2.6) reduces to

v, W, 0
Pr F —b(x)t v+a8x,l11,0<aF)
2.7 _ = — .
2.7) 3. () =e P 35, (w)
PROOF. Theorem 2.1 implies that
apv v, 0
t

T(u) - f P00, dpy) / o (ds)(F (1 + 585) — F(u1))

/ w0, d,u1)/ m,x(ds)/ —(Ml + hdx) dh

= p;““’w,dm)fo mz,x([h,oo))aT(Ml—l-th)dh,

which gives (2.6).
In the case of a random Gamma process,

e—b(x)l)\’
14 (a(x)/b(x)) (1 — e=t@N))-

Hence, if we let ¢,(x) = (a(x)/b(x))(1 — e=?M"), then m, , = (e "™ /¢, (x)) x
l"c;l(x)’l. Note that

Wt(X,)V) =

/0 my x([h, 00) dhfp (e, din)@ ¢ (L + hdy)
—h(x)t
v w0
1+cl<x>f<x>( er))

— 5,0
= 7P T B00 ().

Hence,

myx([h, 00)) dh * p)" VO, ) = e b0 pr a0,
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by uniqueness of the Laplace transform. Consequently, (2.6) implies (2.7) in this
case. [J

In the finite-dimensional case S = {1, ..., d}, the strong topology and the weak
topology on E = Rfﬂ coincide with the usual topology. Hence, the last corollary
implies the following result.

COROLLARY 2.4. Let S ={1,...,d} be finite, so that we can identify E
with RL. Let F € C}(RY). Then

dip O F (x)
o v,W,0 .
= [ miilth o dn [ p 0 d 0 F e, 1si<d
0

In particular,

iy VOF (x) =exp(—bit) p T 0@ F) (), 1<i<d,

in the case of a random Gamma process.
2.1. Convergence in spaces of Lipschitz-continuous functions.

NOTATION. Let d be a metric on E. For any function F : E — R, let

| FllLi (d) 1= sup w
PO A

be its Lipschitz norm w.r.t. d. Finally, denote by Lip(d) the space of all bounded
d-Lipschitz-continuous functions.

We will study in the following Lipschitz constants of p; YA F w.r.t. the distance
dyar induced by the total variation norm || - ||yar.

THEOREM 2.5. Let (p;}’w’A) be the transition semigroup of the (A, V)-
superprocess with immigration v. Let by := inf,cs b(x). Then

1202 F iy < EXP(—DODIF Lip(dyar)

forall F € Cy(E).
We need the following result.

LEMMA 2.6. Let F e C,(E),t >0and u, 1t € E. Then

v, W, A
op;

1
pi YA () = pl A F () = / <u — T,
0 aé.

(+ st~ ) ds.
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PROOF. To simplify the notation, let G := p; WAF Theorem 2.1 clearly

implies that for arbitrary @ € E the mapping s — G + su1), s € (0, 1), is
continuously differentiable and

e+ sun =, 5 o)
T s =, o @+ s

To prove the assertion, it is now sufficient to generalize the last equality to
w1 =s(u—m) for s € (0, 1). To this end, note that for small 42 with s + 4 € (0, 1),
we have

1
Z(G(ﬁ—i— (s+h)(u—m)—G{m+s(u— ﬁ)))

1
= E(G((l —(s+h)E+ (s +hp)

—G((1= (s + )T +s1))

1
- Z(G((l — )T+ su) — G((1 — )T+ s — hﬁ))

1 3G
=/0 <M 8—&((1 - (s+h))ﬁ+(s+rh),u)>dr

—/1<E ﬁ((l —E+su+ (1 —r)hﬁ)>dr
0\ d8.

_ 0G _ _
—><M—M,£(M+S(M—M))>, h — 0,

by the dominated convergence theorem, since @ — (G /38y) () € Cp(E). U

PROOF OF THEOREM 2.5. Letm; s_be the canonical measure corresponding
to f +— ¥ (f)(x). Theorem 2.1 now implies that, for F' € C,(E),

v,\l/,AF

a Vv
ptaT“‘) - / P dp) / mys, (dp2) (F (1 + 12) = F (i)

W A
< / Pl A d ) / e s, (dp2) 12| F | Liptdu)-

Since ¥, (hlg) < e~botp, by Lemma 1.5 it follows that
o1
/mz,sx (dp2)lp2| = }lli% ﬁ/ 1 —exp(—h|ual)m; s, (dp2)

1
= }11?3 E‘/” (h1g)(x) <exp(—bot).
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Hence,

‘ap}’“

06y

Since the last inequality holds for all © € E and all x € S, the assertion now follows
from Lemma 2.6 since

(M)‘ < exp(=bo) | F' || Lip(dyar) -

v, W, 0

v\IIO v\IJO — ! )2 F_ _—
F(u) — F(M)—/O<M T (T +s(u M))>d5

< exp(—=bot) |t — Ellvar l F | Lip(dyar) - O

(2.8)

Since in the finite-dimensional case the total variation norm can be identified
with one-half of the £;-norm and since the set Cb (R ) is dense in the space of
bounded Lipschitz-continuous functions, we obtain the following result:

COROLLARY 2.7. Assume in addition to Theorem 2.4 that S = {1,...,d} is
finite, so that we can identify E with Ri. Then

v, W, A

”p F”Lip(él) SGXP(—bot)llFllLip(el)

for all bounded €1-Lipschitz-continuous F .

REMARK 2.8. Theorem 2.5 implies, in particular, convergence of p,” VAE
with exponential rate by in LP (mg’ A), p > 1,for F € Cp(E) with F dy,-Lipschitz
continuous, since

v\IJA

P4 F (),

</ / P2 YA F Gy > PP YA F () [Pm A (d gy m¥ A (d o)
< exp(—pbon) I F I yia, [ [ 01 = w2l () mi )
<27 [ 1ul? m¥ i) exp(— pbon) I F

Since mY*4 has finite exponential moments (cf. Proposition 1.1), the assertion now
follows.

2.2. Uniform pointwise gradient estimates and L*-convergence. Using an
explicit representation of the heat kernel in the Gamma case which will be
proved in Section 4, we will obtain next pointwise gradient estimates on the
transition semigroup of the (A, W)-superprocess in the finite-dimensional case
under additional assumptions on the immigration.
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THEOREM 2.9. Assume that n =0, S ={1,...,d} and min|<j<q(v(i)/
a(z))> .Let P;: R — Ry, x > x;. Then:

d
Zx, @ipr" £)(x) < exp(— bor>p;’“<ZP,-<a,-f>2)<x>

i=1

forall f € CL(RY).

PROOF. To simplify the notation, let p; := p,” v.A ,a; :=a(i), b; :==b(i) and
v; :=v(i). Letus first assume that A = 0 and g; /a; = 5, 1 <i <d.Proposition 4.4
(cf. also Remark 4.5) implies that p;(x, -) is absolutely continuous and that its
density p;(x, y) admits the representation

(. y) = 1_[ 1 1
x,
ity a,l—exp( bit) TV
b; —bit/2 i — Zi Vi 2
XE{ﬁp(_ bi (exp(=bit/2) /i = Zi /57 )}
o ai 1 —exp(—b;t)
where (Z;)1<i<q are iid. with P[Z; = +1] = P[Z; = —1] = % To further

simplify the notation, let

li[\/b, 1 1
i Vai 1 —exp(—b;t) \/_

Then
0ipr f (x)
d
:_CE|:/exp( bi/2) bi exp(=bit/2) /i — Z./_ 1_[

ﬁ \

\/x_,- a; 1 —exp(—b;t)

3 exp<_ S by (XPCs1/2)J = Z15)) ) dy}

14 I —exp(—bjt)
_ _exp(—bit/Z)
= 7\/)71

xcE[ O[] —ayl
'/ J#i Vi
d p. —b; - _ 7. ~57)\2
9 exp<_2b_f<exp< bit/2) /3] = Z,/77) ) dy}
iy 1 —exp(—b;t)
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_ exp(=bit/2)
===
xcE|: /\/_3]0()’)1_[\/_
s expf 30 b OPCBDVT = 2D
=gy 1 —exp(—bjt)

- exp(—bot/2)
=< 7\/2

Here the third equality follows from integration by parts, using the fact that

(VP19 f1) (x).

E[Zi/dl g(xl,---,Xi—1,0,xz',---,Xd—l)dx] =
]RJr

for all integrable g. Hence, Jensen’s inequality yields

x; (3 pr f)*(x) < exp(—bot) py (P; (3; )P (x).

Summation over 1, ..., d proves the assertion in this case.

In the next step, assume again that v; /a; = 2, 1 <i <d, and denote by (p )
the semigroup of the corresponding superprocess with zero mutation. Let (g;) be
the Markovian semigroup generated by the mutation A and let R; f (x) := f(g:x).
Clearly, (R;) induces a Cp-semigroup of contractions on Cys (Rfﬂ) and, for any
g e CL(RY),

d d 2
Y X3 Rig)*(x) = Z%(Z <z',j><a,~g><étx>)
o

i=1

i=1

d d

Z Y qi(i, j)(38)*(Grx)
i

d
= R,(Z Pj<ajg>2) (x).
j=1

Since (L,‘f”A, C%(Ri)) is maximal (cf. [12]), the Trotter—Kato product formula
implies that

: 0
pr = lim (py, o Rin)"

in the strong operator topology (cf. [4]). Fix f e C§° (R‘fr), x € Ri and g e RY.
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Then

pi f(exp(hg)x) — pi f(x)

= 1im_(p}), © Riyn)" f(exp(hg)x) = (pf), © Rijn)" £ ()

h
= lim (g exp(sg)x, V(p?/n o Ri/n)" f(exp(sg)x))ds

l’l—)

W/ d 1/2
. 2 . .
< lim A (;gi eXp(ngx,)

d 172
x (Zexp(sgi)xi(ai (piyn o R,/n)"f)z(exp(sg)x)> ds

i=1

1/2

<exp(=bot/2) lim / (Zg, eXp<sg,>xl)

i=1
d 1/2
x ((p?/,, o Rl/,,)”(z P,~<a,-f>2) (exp<sg>x)) ds
i=1
n/ d 1/2
= exp(—bot/2) /0 (Z exp(sg»x,)

d 12
(Z P;(3; f) ) exp(sg)x)) ds.
i=1

/\

Consequently,
|
(gx, Vi f(0)) = lim —(pi f (exp(hg)x) = pr f (x)

d 172 d 12
sexp<—bot/2><2g?xi) (Pt(ZPi(aif)2>) (x),

i=1 i=1

which implies the assertion for f € C{° (R‘fr) if we take g = Vp, f (x).

The general case minj<j<qVvi/a; > % can be deduced from this case in a
similar way. Let (p ) now denote the semigroup of the superprocess with
immigration v; = 2a,, 1 <i <d, and mutation A. Let R; f (x) = f(x +t(v — D)),
t > 0. Then (R;) induces a Cp-semigroup of contractions on Ceo (Ri) (here we
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1
use vj/a; > 3) and

d d
Y xi(3iRig)*(x) < 1@(2 Pi<aig>2)<x>

i=1 i=1
for any g € Cé (Ri). Using again the Trotter—Kato product formula in the same

way as above, we obtain the assertion for f e C3° (R‘fr). The general case now
follows by approximation. [

REMARK 2.10. It seems that pointwise gradient estimates no longer hold

with constants independent of v(i)/a(i) as soon as minj<;<q v(i)/a(i) < %

This might be related to the fact that the second iterated gradient I'2(f, f) :=
%{L:}I”AF(]‘, f)— 2F(L;I”Af, f)} associated with the generator of the (A, V)-
superprocess with immigration v, at least in the case A = 0, is neither positive def-
inite nor bounded from below in this case. Here I'(f, g)(x) := Zf.l: 1aixi 0; f(x) x
0; g(x). Indeed, a direct calculation yields for f € Cg (Rfﬂ)

d d
To(f, ) =Y alxi 8 fO) & f ) + Y aajxix; (37 f(x))°

i=1 ij=1
d ) 2
+ > 3aibixi(3i f (%)) + Y Fviai (9 f(x))".
i=1 i=1

Now it is easily verified that minj<;j<q4 v; /a; > % implies

L2/, )00 2 min “r (s Hw.

Note that the constant can be obtained independent of v. For consequences [e.g.,

logarithmic Sobolev inequalities, hypercontractivity of (p, ’W’A)], see [1]. On the
other hand, min;<;<4 v;/a; < % implies that there is no constant K > —oo such
that the inequality

(2.9) o (f, HH(x) = KT(f, fH(x)

holds for all f € Cg (Ri). Indeed, by independence, it is enough to consider the
case d = 1 only. Let fo(x) := e~ %", ¢ > 0. Then

o fe, fo)(x) = (—a283x +a’e*x? + %aez(v +bx)) fe (x)?,
whereas, on the other hand,
L(fer fo) @) = axe® f2(x).
Consequently, inequality (2.9) would imply, in particular, the following inequality:

—axs+a82x2+%(v+bx)sz, x eR,.
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Choosing x, := 1/2¢, we obtain that %(v —a/2)+b/de > K(1/2¢) forall ¢ > 0,
which is clearly impossible if we let € tend to oo since v —a /2 < 0.

The last theorem also implies convergence of the semigroup toward its invariant
measure with exponential rate by /2.

COROLLARY 2.11. Let the assumptions be as in Theorem 2.9. Then the
bilinear form

d
6N =3 [ om0, feChED.
i=1
determines a Poincaré inequality with constant less than 2(||allo0/bo). Moreover,

by t
VA 0
[ 7 = 8 gty <o~ )z

lalleo 2

PROOF. Let f € Cé (R ). Since lim;_,  p; \yof = (m¥A, f), it follows

vV
from the invariance of m‘y’A that

/fzdm;y’A—(m / dt v ,,')’\IJ’Af)Zdt

sznanoofo exp(— bot)&(f)dt—z”bﬁw)

In particular, for f € Cb (R ), the last inequality implies that
[ amn i, g = <200 [12A g g amis
0

and by L2-uniqueness of (LY*4, Cg(R‘fr)) the last inequality extends to all f €

D(LY-4). The rest of the assertion now follows from standard semigroup theory.
O

The result of the last corollary is not optimal. In the particular case of zero
mutation, explicit rates of convergence of (p;” v 0) have been obtained in [12]
for arbitrary compact metric type spaces and arbitrary v. In particular, it was
shown in [12], Theorem 3.1, that the semigroup of the random Gamma process
converges to equilibrium with exponential rate by (independent of a and v)

(cf. also Section 4.2).
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3. Regularity of the transition semigroup.
3.1. Strong Feller property.
THEOREM 3.1. Let
) bO e—bol‘
s(t) = Sup mys, (E\{0}) <= sup lim (A1) (x) < —7_;”)
xes xe§A—00 apgl —e= "0

Let F € By(E). Then

v, WA

128" F iy < 25O Flloo

In particular, p})’q}’A : Bp(E) — Lip(dyar) is continuous for t > 0.

PROOF. Theorem 2.1 implies, for F' € Cy(E),

ap;” VAR VWA
] w)] ] [ PR s dmny [, ez (P +12) - F(m))]

< 2my 5, (ENA{OD[Flloo < 25O F | co-

Thus, for all i, 7t € E, by Lemma 2.6,

v, A v\IJA e — zv’\y’A _ _
\pr U F () — F(m)| = A M—M,T(u+s(u—u)) ds

<25l — Ellvarll Flloo-

For arbitrary F' € By(E), fix u and w € E. Since C,(E) C Ll(pt”’q/’A(,u 9+

Y lI’A(,UV, -)) dense, we can find a sequence (F,) C Cp(E) converging to F

both 128 v A(,u, )-a.e.and p,” v A(/,L, -)-a.e. We may assume that || F};||co < || F|lco-

Then, by the dominated convergence theorem,

P F ) — pt A Fm| = tim | F () = pi Y F ()|
< Tim 25()1t — 7 lvarll Fulloo

<25l — llvarll F lloo- 0

As a corollary to the last theorem, we now obtain the following result:

COROLLARY 3.2. The transition semigroup (p;}’w’A) of the (A, W)-super-
process with immigration v is strong Feller w.r.t. the strong topology. In
particular, if S is finite, then (p;}’w’A) is strong Feller w.r.t. the usual topology.
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REMARK 3.3. (i) Theorem 3.1 becomes wrong in the linear case, that is, in
the case a = n = 0. Indeed, in this case, f + ¥ (f), t > 0, is the linear semigroup
generated by A — b. It follows in the case of zero immigration that p?’W’AF (n) =
F@ 1/%;)‘ In particular, p?’w’AF is not Lipschitz for general F € By (E).

(i) Although the theorem looks like a strong regularity result on the transition
semigroup, it does not imply any additional compactness properties of (p, ’\U’A),
since E equipped with the strong topology is no longer locally compact as soon
as S contains infinitely many points. What would be needed instead (e.g., for
the construction of invariant measures for models with interactive selection) is
the strong Feller property w.r.t. the weak topology or additional compactness
properties of the semigroup (e.g., in L”-spaces induced by the invariant measures).
However, this cannot be expected unless additional assumptions on the mutation
are imposed.

3.2. Compactness. Recall that the Wasserstein metric d, on E is given by
duumi=  sup [ fau- [ raz
Il f lILip@y <Ll flloo <1

and metrizes the weak topology on E.

THEOREM 3.4. Let (p;) be the semigroup generated by A. Assume that there
exists d : (0, 00) — R such that

I Pt flILipy < dON oo f € Bv(E).
For s >0, let Bg(0) ={n € E | |u| < s} and denote by ry: Coo(E) — C(Bs(0)),
F— Flm, the natural restriction. Then rg o p;”w’A:Coo(E) — C(Bs(0)) is
compact for all s > 0. Moreover, rS(D(L,\)IJ’A)) C C(Bs(0)) is compact, too.

PROOF. First, note that the assumption on (p;) clearly implies that

(31) dvar([;l:u’ pAtﬁ) Ed(t)dw(u’ﬁ)7 M?ﬁe E

Let R;F () := F(p;u). Then (R;) defines a Cy-semigroup of contractions on
Cxo(E) and

.0 WA
Sf = (sz/n o Ri/n)" — p/

in the strong operator topology on bounded linear operators on Cso(E). Using
Theorem 3.1 and (3.1), we now obtain, for F' € By (E),

Pm " 0 RinF () = pijy" o Reyn F ()|
= Zs(t/n)||F||w||ﬁt/n(M — ) llvar
<2s(t/n)dt/m)IFlloc dw(u, ).
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Consequently, S} F(u) — SPF ()| < 2s(t/n)d(t/n)||F|loo dw(i, 7t) and thus

rs 0 S} (Cxo(E)) is compactly embedded in C(Bs(0)) by Arzela-Ascoli. Since

lim, o S} = p:”qj’A in the strong operator topology, we conclude that rg o

p;}’w’A(Coo(E)) is compactly embedded in C(B;(0)), too.

Finally, let G4 := [5° e~ p”¥"4 4t be the a-resolvent of LYA o > 0. Since

rsop; TS compact for all # > 0, it follows that r; o G4 is compact, too. Hence,

rs(D(LY'4)) =75 0 Go(Coo(E)) is compactly embedded in C (B (0)). O

4. Gamma processes.

NOTATION. For arbitrary 0 € 8,(S)+ and v € M (S), denote by I'y,, the
random Gamma measure with log-Laplace functional [log(l1 + 6~!f)dv. In
analogy to the classical Gamma measure, we call 6 the scale parameter and v
the shape parameter. Note that for 8 € C(S)+ the mapping v — I'g , is weakly
continuous. Indeed, for f € C(S)4+ and lim,_, » v, = v weakly, it follows that
lim, 0 [log(1 +071 f)dv, = [log(1+6~! f)dv, so that lim,,_ o oy, =To
weakly, by [5], Theorem 3.2.6.

Throughout this section, we assume that n = 0 [so that W(x, 1) = —a(x))? —
b(x)A] and that A = 0. We have already seen in Section 1 that in the particular case
n = 0 the invariant measure m\? of the (0, ¥)-superprocess with immigration v
is the random Gamma measure I ;-1 ,-1,,.
4.1. A series representation of p; 40 The following theorem was first proved
by Ethier and Griffiths in the case of a constant branching mechanism (cf. [7],
Theorem 1.1).

THEOREM 4.1. Let

b e—bt
Ct = ——————.
al—e bt

Fix v e M (S) and denote by (p;}’w’o) the semigroup of the (0, V)-superprocess
with immigration v. Then

P dm)

= exp(_<cl" M))Fehtct’a_lv(dﬁ)
s 1
D 3 exp(— e

!
n=1

X /S" wtdxy, ..., dxy)c(x1) - c,(xn)Febtct’aqHZZ:l by, (dw).
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Denote by g;(u, di) the right-hand side of (4.1). Since
i (exp(—(f. ) (1)

=exp(— [ (v ds = i)
= exp(— /Ol<1 n (a/;)_(blsj_c s v>ds
—bt
_<1+(a/lj)(1ie_h’)f’“>)
= exp<—<élog<1 + %(1 — e_b’)f>, v>

e—btf
_<1 + (a/b)(1 —e=b1) f’ “>>

it suffices to verify that the right-hand side of (4.2) coincides with the Laplace
transform of ¢;(u, -). To this end, note that

i (exp(— (£, -N)(w)

= exp(—(er. 1)) [ eXP(— (£ TN g 1y (A0

s 1
+ 2 exp(—lan D [ W dxn e dxae ) i)

n=1

X /eXP(_<f’ ﬁ))reb’ct,a_lv+ZZ:I‘SXk (dp)

=exp(—(cs, L)) exp<—<a_1 log<1 + e« f), v>)

Ct

S I
+ ngl exp(—(ct, M)); /S” w'(dxy, ..., dxy)ei(x1) -+ ¢ (xp)

n e—b(xk)t
X exp(— Z log<1 + f(xk))>
k=1

¢ (xg)
X exp(—<a‘1 log(l + e;bt f), v>>
= exp(—<a‘1 10g<1 + e;bt f), v>)

x eXP(‘“f’“) +<C’m’”>)
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_ exp(—<a_1 log(l + e;bt f), v>>

8 eXp<_<1 + <a/zj>_<blt{ Y >>

which implies the assertion. []

In the finite-dimensional case, (4.1) reduces to the following series representa-
tion already contained in [8] in the case d = 1.

PROPOSITION 4.2. Assume that |S| = d, so that we can identify M, (S)
with }Rfﬂ, and that v; :=v({) >0, 1 <i <d. Then pf’w’o(x, -) has a density

28 . 0(x, y) w.r.t. the d-dimensional Lebesgue measure given by

l—[ bi exp((bit/2)(vi/a; — 1)) (_ﬁ exp(—b;t)x; + yi)
; 1 — exp(—b;t) exP a;i 1 —exp(—b;t)

v\IJO

(x,y)=
aij
4.3) =1
yi\ Vil2ai=1/2 ( bi exp(—(b; /2)t) )
7t Ly jg—1|2———————=/*xiyi ).
x (Xi) vi/ai—1 a; 1 —exp(—b;t) Y
Here

0 2 2n+q
Iq(x) ::ZL’ q>—1’
—on'rn+q+1)

denotes the modified Bessel function.

PROOF. The assertion follows from a straightforward calculation of the
Laplace transform of the right-hand side of (4.3). U

REMARK 4.3. Note that in the multidimensional case pf’q}’o(x, y) may be
rewritten as

d . .
b; 1 vifa o b; x; —b;t i
P y) = l—[<_ ) yyilas 1exp(__x exp( )+y>
_\ai 1 —exp(—b;t) a; 1—exp(—b;t)

b; exp(—b;t/2) (x;yi)ki
% Z 2. n(al 1 —exp(— bt)) G \T (ki + v Jai)”

n=0 |k|=ni=1

4.2. Integral representation in the finite-dimensional case. The series repre-
sentation of p; %9 obtained in Theorem 4.1 clearly indicates the long-time behav-

ior of p; 40 since ¢ — 0 exponentially, but it does not easily show the short-time
asymptotics. To this end, we will give below in the finite-dimensional case an alter-
native integral representation. This problem is equivalent to the classical problem
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of finding integral representations for products of (modified) Bessel functions. So
the main difficulty arises in the case minj<j<q4 v;/a; < %

For a, B > 0, denote by v, g the Beta distribution on [0, 1] with parameters o
and . Recall that

Fe+p) o

(11— u)ﬁ_1 du.
['(e)(B)

Vo, g(du) =

PROPOSITION 4.4. Assume that minj<;<q v;/a; > % Then

d Ja; vijai—1
b: 1 vi/a; ¥
v, W0 1 i
P T (x’ )’) = <_ )
' 1]1 ai 1 —exp(=bit))  T(vi/a)
44) s E| exp( i bi (exp(=bit/2)/%i — Zin/Ui /30)*
' o ai 1 —exp(—b;t)

d . . —_ .
) exp(_ZﬁM)}

o ai 1 —exp(=bir)

where Z;,U; are independent, P|Z; = +1] = P[Z; = —1] = % and U;
V1/2,v;/a;—1/2 distributed, 1 <i < d. Here we let vy ;3 o= y.

PROOF. It suffices to consider the case d = 1 only. Hence,

b 1 v/a yv/a—l
ptv’qj’o(-x’y)=<_ bl‘) h(X,Y),

al—e™ '(v/a)
where
be x4+ y\ S (b e P2 N\ (xy)'T (v/a)
h(x,y)=exp| ————— — .
al—e 0t \a l—e ) nl'(n+v/a)

Using the fact that, for p > %,

L(p)  _ 1 T'(p) /lun—l/Z(l_u)P—3/2du
nC(n+p) nln+HT(p-Hl ’

Legendre’s formula n!T" (n + %) =(J7/ 221 (2n)! implies that

T(p) 2
n'T(n+p) (2n)!

1
/0 u"viy2, p—172(du).
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The last formula also holds for p = % Consequently,

bebx+y
h(x,y) = exP(‘;ﬁ)

00 b e—bt/Z 2n 122n(xyu)n
x Z(‘ hz) /0 — o V1/2.v/a—1/2(du)

—o\a 1—e™ 2n)!

1 < beb’x+y>
= —ex _
2 P a l—e 0t

1 b e—bt/Z
x/o exp(ZEl_e_bt xyu)
b e—b/2

+ exp<—2— [ o b

[ 2

1 —e 0t

xyu) V1/2,v/a—1/2(du)

b(e—hl/Z\/__i_\/y—u)Z))

+ exp( o bt

by(l—u)

ST )vl/z via—12(du). =

X exp(

REMARK 4.5. Let us mention as a particular example the case v;/a; = %,
1 <i <d. In this case, (4.4) reduces to the simple formula

leIO 1 1

(x, y) = H a,l—exp( bit) /7 \/yi
d . . - 7. -\2
xE{exp(-zb_f(eXp( bit/2)/Xi = Zi /3 )}

i ai 1 —exp(—b;t)

_li[ b 1 11
TV a T —exp(=bit) VT /3i 2

_bi (exp(=bit/2) Jxi — /5i)’
x (exp( a; 1 —exp(—b;t) )

©oex (_Q (exp(=bit/2) /xi + ﬁ)z)
P a; 1 — exp(—b;t) '

This representation of the heat kernel very much reminds one of the heat kernel
of the Ornstein—Uhlenbeck process on R‘fr with reflecting boundary conditions. To
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understand this connection, let Lf (x) := Z —1G; 0 2 f(x) — Z _1bix; 0; f(x) be
the generator of the d-dimensional Ornstein—Uhlenbeck operator with diffusion
matrix diag(ay, ..., aq) and linear drift —diag(by, ..., by) and consider the trans-
formation 7 : R — Rfﬂ, X (x%, e, xﬁ). Then

d
L(foT)(x) —Z4a,T(x) 32 f(T(x)) + Z 2a; — 2b;T; (x)) 8; £ (T (x)),

i=1

which implies that the image of L under the transformation T is precisely
the generator of the superprocess on R‘fr with branching mechanism W (i, 1) =

—4a;\* — 2b;x, » € R, and immigration v = 2(ay, ..., ag). Similarly, the image
of the corresponding invariant measure of L [the Gaussian distribution with
mean 0 and covariance matrix diag(albl_l, e adbgl)] is precisely the Gamma

distribution Fb/2a,1/2-

The integral representation of p; ,\y,o(x’ y) immediately reveals the short-time
asymptotics. For simplicity, let us only consider the particular case v;/a; = %,
1 <i <d (cf. Section 4.4 for the general case). In this case, it is easy to see that

d
1
4.5) hmtlogp,” ¥0(x, y) = Za— i)

Indeed, we may assume that d = 1. Then

v,W,0

hmtlogp (x,y)

. t1 <b 1 1 )
=lim<-log| ——+—
140 2 g al—e b 4my

()

1 —e bt

b4 ~b1/2 sy
+tlog<exp< el v ) + 1),

where we used log(r + s) = log(r) + log(s/r + 1), and, consequently,
. 1 2
limilog pi*7(x, y) = = (V& = V¥)".

Equation (4.5) will be generalized in Section 4.4, replacing (Zle 1/a;(/xi —
N4 )2)!1/2 by a weighted Kakutani—Hellinger distance.

REMARK 4.6. One can use Proposition 4.4 to obtain integral representations

of p;" v, 0(x, y) also for small v; /a;. To this end, let us consider for simplicity the
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one-dimensional case only. Using the fact that, for p > 0,

(b e N (xy)'T(p)
> arew)

1 _ b
o al —e bt n!ll’'(n + p)

00 (2 e b1/2 )Zn aGy)'T(p+1)
= al—e ) n'n+p+1)

b e P2 \2  xy
+(Gr=ew)

al—et) p(p+1)
s (b e bt/2 )2” xy)'"T(p+2)
X - k)
= al—e ) n'n+p+2)

Proposition 4.4 now implies that

- b 1 v/a yv/a—l
pe (X, y) = (— _m)
—e

al I'v/a)
1 —bt/2 _ 2
xl (exp<_é(8 \/; N) )
2 Jo a 1 —e bt

—bt/2 2
+exp<_§<e VE A+ /) ))

1 —e bt
by(l—u)
X exp 1o

X <V1/2,v/a+1/2

b oe—b/2 \2 Xy
b . du).
+<a1—e—’”> U/a(v/a+1)v1/2,v/ +3/2 | (du)

4.3. Convergence in LZ(FQ,V). It is shown in [12], Theorem 3.1, that
[y-1p 41, 1s @ symmetrizing measure for (p,”"y’o) and (L;I”O, fFCS(C(S)Q) is
essentially self-adjoint in L?(T",—i b.a—1v)- The quadratic form associated to LY

is given by the closure (&, D(&)) of

AF\2
&(F) := /<Ma<a—8) (M)>ra_1,,,a_lv(du), F e FCYC(S)4),

in L2(T 1 b.a-1y)- Clearly, & is a symmetric Dirichlet form, that is, F* A 1 €
D(8) for F € D(E) and &(FT A1) < &(F) (cf. [3]). The following result has
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already been obtained in [12], Theorem 3.1. Using the explicit representation of
p, AR /98, ) (1) obtained in Corollary 2.3, we give an alternative proof here.

PROPOSITION 4.7. Let by := inf,csb(x). Then & determines a Poincaré
inequality with constant less than b, . Moreover, the transition semigroup
of the (0,W)-superprocess with immigration v converges to equilibrium in

Lz(Fa—lb’a—lv) with exponential rate by.

For the proof, we need the following remarkable feature of random Gamma
measures.

LEMMA 4.8. Let8 € C(S)y andv € E. Then

[ [ n@oFe wradn
EJS

= [ vaxe~ o [ Feas@w)
forall F:S x E — R, F bounded and B(S x E)-measurable.

PROOF. By monotone class theorems, it suffices to consider F(x,u) =
g(x)e= M g feC(S)y. Then

[ [ m@oF e wradn
EJS

d
— da‘/ exp(—e&(g, u) — (fs u)lgv(d)

e=0

d
=~ exp(— [[1og(1+67 g + 1) dv)

e=0

&8 _ -1
_<v,9(1+0_1f)>exp< /log(l—i—@ f)dv)
— [ vaxe o [ Fo o, @w). -

PROOF OF PROPOSITION 4.7. Fix F € }“C(%(C(S)+). Corollary 2.3 and
Jensen’s inequality imply that
v, W, 0 2

o= o)

= [ [ m@vae e pyre o

(u)} et et (dit)

AF\?
(38 ) UOT 1 g1 ().
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v+ad,,V,0

Using the last lemma and the I" -1, ,-1(,445,)-InVvariance of p; , we obtain

a’(x)
b(x)

AF \?
5, 0,0
< ([ 0 (55 ) Tt

2 2
—exp(-260n) [ o0 G2 ([ (55 ) 00T s @)

JIF
—exp(-2600) [ (a5 )(u)} w1ty (@)
=exp(—2bot)E (F).

&(p"V"OF) < exp(—2bot) / v(dx)
S

Consequently,

/deraflb,aflv - (Faflb,aflv’ F>2

o v\IJO

d 2
dt || t ”Lz(ra*lb.a*lv)

dt
—2/ &(p YO F) dr

< 2/ exp(—2bot) dt E(F)
0
= by '&(F).

By density, the last inequality extends to all F in the domain of the closure of &, in
particular, to all F € D(Lg”o). The convergence to equilibrium with an exponential

rate by of (p;” v, 0) in LZ(Fa—l b.a—1y) Now follows from standard semigroup theory.
O

4.4, Short-time asymptotics. Since L;”’ is associated with a symmetric
Dirichlet form, we can apply the general result obtained in [10] to study the short-

time asymptotics of p; ’\IJ’O(A, B) for any measurable subsets A, B of E. To this
end, note that & admits a carré du champ

Fa = D(é’) X D(g) — Ll(raflb,aflv)’

given by

oF G
Cu(F, G) () = 2<u, aﬁw)ﬁ(m}
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For the terminology in this section, we refer to [3]. Clearly, ', is local. The
corresponding intrinsic metric d, (A, B) associated with I'; is defined by

d,(A, B) = sup inf F(u) — F).
FeD(8),T4(F,F)<1 M€A.IEB

Here “sup” and “inf” are meant in the essential sense. Using Proposition 4.7 and

[10], Theorem 1.1 now imply that for any A and B with I';—1;, ,-1,(A) > 0 and

Ly-1p4-1,(B) > 0 it follows that

(4.6) li£2t log p;"V"°(A, B) = —d>(A, B).
t

Here p;""*(A, B) = [ p/"V 01 dT 1 41,

REMARK 4.9. Schied [11] identified the pointwise intrinsic metric d, which
appears on the right-hand side of (4.6) in the particular case a = % To this end,
define the weighted Kakutani—Hellinger distance

[de  [am\2 12
dkH.a(L, ) = (/( ﬁ— ﬁ) a‘ldn>

for any u, it € E. Here ny € E is any measure such that both ¢ and 7t are absolutely
continuous w.r.t. n. Stated as his Theorem 1.2, Schied showed that

sup F(uw)— F(w) =dgng12(k, ).
FeCl(E),Ip(F,F)<1

Here Cé (E) is defined as in Definition 2.2 if we replace the weak topology by
the strong topology. Note that in contrast to [11] we assume in addition that F is
bounded. This is possible since one can approximate any F' by bounded G with
['.(G,G) <T4(F, F).Itfollows, for general a € C(S)+,

sup F(u)— F() =dgH,a(i, 10).
FeCl(E),T4(F,F)<1

Indeed, since F € Cé (E) if and only if F,(u) := F(ap) € Cé(E) and (0F,/
08x)(n) = a(x)(F /38x)(ap), it follows that 21"y ;2 (Fy, Fyu) (1) = T'o(F, F)(ap)
and, consequently,

sup F(u)— F(m) = sup Fa'n)y—F@a'm
FeCl(E),Tq(F,F)<1 FeCl(E),T1p(F,F)<1/2

=dgH,a(L, ).
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