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THE LIMITS OF SINAI'S SIMPLE RANDOM WALK IN
RANDOM ENVIRONMENT

By YuEYuN Hu AND ZHAN SHI

Université Paris VI

We study the sample path asymptotics of a class of recurrent diffusion
processes with random potentials, including examples of Sinai’'s simple
random walk in random environment and Brox's diffusion process with
Brownian potential. The main results consist of several integral criteria
which completely characterize all the possible Lévy classes, therefore
providing a very precise image of the almost sure asymptotic behaviors of
these processes.

1. Introduction.

1.1. Simple random walk in random environment. Problems related to
random environments arise naturally in several branches of physics (cf. [2]
for an overview) and receive much attention from both mathematicians and
physicists. The most elementary model is Sinai’'s simple random walk in
random environment, which can be described as follows: let {&}; .y be a
sequence of random variables taking values in (0, 1). Define a random walk
{Sithso by Sp =0and

&, if j=i+1,
P(Sn+l=j|sn=i;5)= 1-4&, ifj=i-1,
0, otherwise

for any n>1 and i €N, where E ={¢};c as defined is the so-called
random environment. Observe that both the environment and the walk are
random under P. In physics, it is often the case that little is known about the
realization of random environment. It is therefore convenient to formulate
results under the absolute probability P (the so-called annealed setting).
Throughout the paper, it is under probability P we shall be working, and
anything like “with probability 1" or “almost surely” is to be understood with
respect to P. (In the literature, there is also much interest in the “quenched”
setting, i.e., the random walk under the conditional probability P(:|Z); cf. for
example [15] and [13)).

A remarkable result in the study of random walk in random environment
(RWRE) is Sinai's theorem [30], which establishes convergence in distribu-
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I
tion, denoted by “ 2 in the sequel, of S, /(log n)? to some nondegenerate
variable. The limit law was later determined in [20] and [14] independently.

THEOREM A (Sinai [30], Kesten [20], Golosov [14]). Assuming that

(1.2) { &}, are independent and identically distributed,
(1.2) P(r<é,<1l-v)=1, forsomevr>0,
&o
13 Elo =0,
(1.3) Ep—
2
(1.4) 0<o?= [E(Iog ) < o asdefined,
1-4
we have
2
g
(1.5) — 5, %,
(log n)
2
a law —
(1.6) max S, — b,,

(Iog n)2 O<k<n

where b, is a symmetric variable, and b, is positive. Moreover, their respec-
tive laws are characterized via Laplace transforms

Eexp(—Alb,]) = cosh(v24) — 1

Acoshy2r
_ tanhv2 A
[Eexp(—/\bw)=T, A> 0.

ReEmARk 1.1. Loosely speaking, Theorem A tells us that, for large n, a
“typical” value of S, or max,_ ., Sy is of order (log n)?, which is far smaller
than n'/2, the magnitude order of a usual simple symmetric random walk [in
a nonrandom environment, i.e., o = 0 in (1.4)]. An explanation for this is that
it takes a long time for S, to go through the deep “valleys” of the random
environment Z. Simple heuristic arguments for getting the (log n)? rate can
be found in [30] or [26], page 276. We also mention that conditions bearing
different natures in (1.1)-(1.4) are also adopted in the literature; compare, for
example, [21] and [9] in the discrete-time setting and [18] and [4] in the
continuous-time setting.

In contrast to the huge number of results concerning random environ-
ments, relatively little is known about the almost sure asymptotic behavior of
Sinai's RWRE S,. To the best of our knowledge, this problem was first
attacked in [8].
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THEOREM B (Deheuvels and Révész [8]). Assuming (1.1)-(1.4), for any
&> 0 and p > 3, the following inequalities hold almost surely for all but
finitely many n:

log n)®
wn —90 e s,
(loglog n) O<ks<n

2+¢

(1.8) (log n)?(log, n)? -+ (log,_, n)?'(logp n) ",

IA

where log; n denotes the jth iterative logarithmic function.

REMARK 1.2. In the “reflecting” setting (i.e., a positive random walk with
a reflecting barrier at 0), Theorem B was recently recovered in [6], using
Lyapunov functions.

Natural questions arise here: what is the exact amount of almost sure
asymptotic behavior of S,? Are (1.7) and/or (1.8) sharp? More generally, we
suggest studying the following problems.

1. How big can S,, (resp. maxXg _ <, Sp, MaXg . i < ol Sk be?
2. How small can max, _ . IS/ be?
3. How small can max,_ ., S, be?

Observe that by symmetry, the corresponding “how small” problem for S,
is equivalent to (2).

We provide complete solutions to problems (1)—(3), via three integral tests
which characterize all the possible Lévy classes of {S.},. o. It is noted that
max, _ « < »/Skl and max,_, ., Sy have very different lower functions. This
can be understood as follows: when max,_, ., Sy is small, the RWRE makes
some extraordinarily large negative excursions.

Before stating our main results, we give some precision about conditions of
regularity. Though the “classical” conditions (1.1)-(1.4) are adopted by many
mathematicians and physicists in the study of Sinai’s recurrent RWRE, we
assume in this paper a somewhat weaker condition (possibly in an enlarged
probability space): there exists a coupling for £ and standard “two-sided”
Brownian motion {W(y); y € R}, such that, for all n > 1,

i Iog(1; ’) — oW(m)

j=1 i

cy’
1<|m|<n n

(1.9) P[ sup

C
> C, log n} <

where C; >0 (1 <i < 3) and o > 0 are finite constants (for negative m’s,

ILiX;=X_; + - +Xx,) as defined. By the well-known Komlos—Major—
Tusnady [24] strong approximation theorem, (1.1)—(1.4) together imply (1.9).
Recall that according to [31], Theorem 1.7(iii), (1.9) also ensures the recur-
rence of S,.
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THEOREM 1.3. Let {a,}
bers. We have, under (1.9),

n>1 b€ a sequence of positive nondecreasing num-

[P’[Sn > (log n)zan i.o.]

(1.10) ={(1) -y

n>2

22
2 exp 77, {<°°
nlog n g8 "=
where we adopt the usual symbol “i.0.” denoting “infinitely often” as the
relevant variable tends to infinity. In particular,

S, 8

(1.11) limsup = —— a.s.

n-= (log n)zlog loglog n o

We can replace S,, by either max,_, _ ISl or max,_,_, S¢ in (1.10) and
(1.12).

THeorReEM 1.4. Let {a,},., be a sequence of positive nondecreasing num-
bers. Assuming (1.9),

P[ max ISklsMi.o.F{o - ¥ van exp(—%){<°°

0<k<n n 1 noo Nlogn = .

As a consequence, we obtain the following Chung-type iterated logarithm law:
logloglog n

1
liminf ————— max |S,|= — a.s.
n-ow (|og n) O<k<n o

THeEOREM 1.5. If {a,},., is positive nondecreasing, and if (1.9) holds,

(log n)* 0 1 <
P| max S, < —i.0. ={ < Z—{_
O<k<n a, 1 n nw/an |Og n\=®
Therefore, with probability 1,

__(loglog n)* 0, ifa<2,
liminf —————— max S, = )
n— oo (|og n) O0<k<n o, otherwise.

Theorems 1.3-1.5 are proved in Section 10.

1.2. Diffusion with Brownian potential. The continuous-time analogue of
Sinai’'s RWRE is Brox's diffusion process { X(t); t > 0}, formally defined by
dX(t) = dp(t) — ;W'(X(1)) dt,

X(0) =0,

where {B(1); t > 0} and {W(x); x € R} are independent one-dimensional
Brownian motions (W being “two-sided”) with B(0) = W(0) = 0. Strictly
speaking, instead of writing the formal derivative of W in (1.12), we should

(1.12)
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consider X as a diffusion process with generator

Eew(x)i e*W(X)i .

2 dx dx
The analogue of the weak convergence (1.5) for X is established in Brox [3].
Again, it results from the intuitive idea that X spends a long time in the
“valleys” of W. The study of X usually relies on rigorous treatment of the
valleys, which, originally due to Sinai and Brox, is now much developed for a
large class of processes. See, for example, [32] and [25] together with their
references. In Section 8, we solve the problem of determining the almost sure
asymptotics of X. The answer is a continuous-time analogue of that to Sinai’'s
RWRE.

THEOREM 1.6. For any nondecreasing function f > 0,

P[X(t) > (log t)*f(t) i.0.] = {2 o fmtflitg)texp(—%f(t)) dt{ =

In particular,

. X(t) . SUPg < s < | X(5)] 8
lim sup > = limsup > =— as.
t->= (log t)“logloglog t t>« (logt)“logloglogt 7

THeEOREM 1.7. For any nondecreasing function f > 0,

(log t)* 0 =y f(1) .
P X(s)l < ——i.0.| = —f(t dt{<
e (s < e to (3o [ gpee(-f) e 2
In particular,
loglog log t
IiminfM sup [X(s)l=1 a.s.

Ui (log t)2 O<s<t

THEoREM 1.8. For any nondecreasing function f > 0,

<(|09t)2. _jo _ e at < w
ozlith(S) - () I'O'] - {1 / t/f(1) Iogt{ = .

The rest of the paper is organized as follows. In Section 2, a distributional
result concerning one-dimensional Brownian motion is obtained, which may
be of independent interest and which ultimately plays an important role, in
Sections 5-8, in the proofs of our main theorems as well as in the forthcoming
key estimates and technical lemmas. In Section 3, we present some key
estimates (Propositions 3.1-3.3) for tail probabilities in the general setting of
a diffusion process with random potential. Two lemmas are stated in Section
4, and they are proved in Sections 6 and 7, respectively. Section 5 is devoted
to the proof of the key estimates. Based on the key estimates, Theorems

P
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1.6-1.8 are proved in Section 8, where we shall actually prove a general
result implying Theorems 1.6-1.8 as special cases. In Section 9, a
Skorokhod-type embedding is presented, which relates Sinai's RWRE to a
Brox-type diffusion process with random potential. We prove Theorems
1.3-1.5 in Section 10. Finally, to illustrate how our approach allows dealing
with other aspects of Sinai's RWRE, we study weak convergence in Section
11. In particular, the limit law of max,_,_, S, stated in Theorem A is
recovered.

2. One-dimensional Brownian motion. In the sequel, for any stochas-
tic process ¢ and u € R, we write indifferently £(u) or £,, and define,

(2.2) £(u) = sup £(s) as defined,
s€[0, u]
(2.2) E(y) = i[nf ]§(s) as defined,
- s€[0,u
(2.3) E¥(u) = sup |&(s)| asdefined,
se[0, u]

where, by abuse of notation, [0, u] means [u, 0] for negative u’s.
Let {W(t); t = O} be one-dimensional Brownian motion, starting from O.
Define

W#(t) = sup (W(s) —W(r))
(2.4) O<r<s<t -
= sup (W(s) — W(s)) asdefined,
O<s<t

for t > 0. Here is the main result of the section.

THEOREM 2.1. Let W and W# be as in (2.1) and (2.4). For 0 < a < b and
t> 0,

P(W(t) < a;W#(t) <b)

4 = 1
-2 ¥

T 2k+1

(2.5)

K 1\ m7a
+ = |—].

2/ b

ProoF. By scaling, we only have to treat the case t = 1. For each fixed
x € R, let

(2k + 1)°7%t)
—-————Eﬁ;;———— Sin

exp(

H, = inf{t > 0: W(t) = x} as defined.
Consider the measurable events
E, = {W(1) <a} (as defined)
= {H. > 1},
E, = {W*(1) < b} (as defined)

= { sup (W(s) —W(s)) < b}.

O<s<1
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Recall that a <b. When o € E; N E,, there are two possible situations,
namely:

(i) eithera— b <W(s) <afor0<s < 1;

(ii) or W hits a — b before hitting a and before time 1, and for {a(s) =
W(s + H,_,) + (b — a); s > 0}, the process s — a(s) — infy_,_, a(r) stays
below b until 1 — H__,.

Hence
P(E, NE,)) =P(H,_,>1;H,>1)

+ IP( H,_, <min(1, H,);

sup (a(s) — inf a(r)) < b)

0<s<1l-H, , O<r<s
= IP( sup y(u) < b),
O<ux<l1

where the process {y(u); u > 0} is defined by

W(u) + (b —a), ifO<u<H, ,,
Y(U) Bl a(u_Hafb) _infOSrgufHa,b a(r)v ifuZHa—b'
In words, the process y begins life as the shifted Brownian motion W + (b —
a), and when hitting 0 for the first time, it follows the path of s — a(s) —
inf,_,_, a(r). Observe that « is Brownian motion starting from 0, indepen-
dent of F,  (F denoting the natural filtration of W). On the other hand, it
follows from Lévy's identity that {a(s) — inf,_,_ a(r); s > 0} is reflecting

Brownian motion (i.e., behaving like |W|). Therefore, by the strong Markov
property,

law
{y(u); u=>0} ={|W(u) + (b—a)|;u=0} bylaw,
where “ = " stands for identity in distribution. Consequently,

P(E, N E,) = um( sup |W(u) + (b —a)| < b)
O<ucx<l1
=P(W(1) <a;W(1) > —(2b - a)).
Theorem 2.1 now follows from the well-known joint distribution of W(1) and
W(2) (cf. [12], page 342). O

COROLLARY 2.2. The joint distribution-density function of (W, W *) is given
by

W v kb)®
%P(W(l) <a;W#(1) e db) = (%) k;m(—l)kkexp(—w),

2
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for 0 < a < b. Consequently, there exist universal constants C, > 0 and
C; > 0 such that

C., (_ (2b — a)?

- &P 5 < P(W(1) <a;W#(1) > b)

(2.6)

IA

C 2b — a)?
: (_g . 1za<b.

—eX
b P 2

For the proof, take t = 1 in (2.5), differentiate on both sides with respect to
b and use the Poisson summation formula.

3. Key estimates. Our main concern is Sinai's RWRE and Brox's diffu-
sion process. Therefore, we develop a method which can be applied to both
processes.

Consider a Brox-type diffusion process {X(t); t > 0} formally defined by

dX(t) = dg(t) — W (X(1)) dt,
X(0) = 0,

where {B(t); t > 0} is real-valued Brownian motion, independent of the
random potential {W(x); x € R} and B(0) = W(0) = 0. We call X “diffusion
with potential W.”

We shall assume W to be a cadlag process (i.e., right continuous with limits
on the left), satisfying the following condition of regularity: there exists a
coupling for W and the standard two-sided Brownian motion W such that for
all t>1,

C,
(3.1) P |SSTJ<F:|W(S) —oW(s)|>C,logt| < ©
where C; > 0 (1 < i < 3) and o > 0 are finite constants. As is pointed out in
[3], it is easily seen, using diffusion theory, that X can be represented as

(3.2) X(t) = A‘l(B(T‘l(t))), t>0,
where {B(t); t > 0} is Brownian motion starting from 0, independent of
(W, w), and

(3.3) A(X) = fxew(” dy, x € R, asdefined,
0

(34) T(r)= frexp[—ZW(A‘l( B(s)))] ds, r=>0,asdefined

(A~ and T denote the respective inverse functions of A and T). Actually, A
is the scale function of X, and is for this reason denoted by S in [3]. Observe
that under (3.1), the random potential W is bounded by a finite random
constant in each compact interval, which ensures that A is well defined, with
A() = © and A(—®») = —o almost surely.
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The Brownian motion W in (3.1) being two-sided, we write

a5 H(x) = inf{t > 0: W(t) > x} (x > 0, as defined)
(35 = inf{t > 0: W(t) <x}  (x <0, as defined)
and

(3.6) H_(x) =inf{t> 0: W(—-t) > x} (x > 0, as defined)

inf{t > 0: W(—t) <x} (x < 0, as defined).
The subscript “—" is to insist that (3.6) represents the first hitting time
processes for W indexed by R _. Here are the key estimates of the paper.

ProrosiTION 3.1.  Assume (3.1). There exist sufficiently large constants Cg
and t,, whose values depend on (o, C,, C,, C,), such that for

(3.7) t>t, and 4 <A < (loglogt)"?,
we have
— R
(3.8) P(X(t) > Alog®t) < Cq exp(— 5 )
Moreover, under (3.7),
(3.9) {X(t) > Alog? t} 2 E; N E,,
where
log t log t
Es=E;(At)={H |[——— | >H_|——
=m0 = (55> (5]
3.10 W(Alog? t log t
. N < —
(3.10) (W(atog7 1) < |
3)\logt .
N {W*‘i‘()\log2 t) < (1- X)_} as defined
g
and E, = E,(A, t) is a measurable event such that
(3.11) P(ES) < Cgexp(—A?),

E; denoting the complement of E,.

ProrosITION 3.2. Under (3.1), there exist large C, and t,, depending on
(o,C,,C,, Cy), such that for all (A, t) satisfying (3.7),

log? t C, A
(3.12) P(X*(t) < ) < ﬁexp(—ﬁ).

Furthermore, assuming (3.7), there exists E; = E;(A, t) satisfying
2

{X*(t) < Ioi

(3.13) } D E; N {W(—v) > W(u) + log* v}

N{ocW#(v) > log t + log* v},
(3.14) P(ES) < C,exp(—A?),
with v = (log t)? /A as defined.
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ProposiTION 3.3.  Assume (3.1). There exist large Cg4 and t,, depending on
(o,C,,C,, Cy), such that for

(3.15) t>t, and 1< A < (loglog t)s,
we have
3.16 P|X(t log” t Cs
. < < —.
(3.16) () ﬁ

Furthermore, under (3.15),
_ log? t log t log t
{X(t)ﬁ X }QEGQ{H_(W)>H_(—T)

_(log?t 2log t
m{W( X )2 ey }

(3.18) P(ES) < Cgexp(—V1).

(3.17)

with Eg = E4(A, t) satisfying

Although it may not be obvious from their statements, inequalities (3.8),
(3.12) and (3.16) are all two-sided, namely, for (A, t) satisfying (3.7) [or (3.15)
for Proposition 3.3], we have (with possibly enlarged values of the constants),

1 %0 A _ 0
C—Gexp(— 5 ) < P(X(t) > Alog®t) < Cq exp(— 3 )
1 A log? t C, A
Q—ﬁexp(—?) < P(X*(t) < X ) < ﬁexp(—?),
1 _ log? t Cs
Cs\/x SP(X("Z)S—)SW.

The proofs of Propositions 3.1-3.3 are postponed until Section 5. They are
based on the technical lemmas stated in the next section.

4. Two lemmas. Throughout the paper, unless stated otherwise, C; > 0
(9 < j < 70) denote (finite) constants, depending on (o, C,,C,, C;). We con-
tinue using (2.1)—(2.4). Recall the notation for the Brox-type diffusion process
X from (3.2)—(3.4). We assume (3.1). Define

o, = inf{t> 0: B(t) > x}, (x>0, as defined)

(4.1) _ _
=inf{t > 0: B(t) <x}, (x <0, asdefined)
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the processes of first hitting times for B. Let {L(t, x); t € R,, x € R} be the
local time processes of B. By the occupation time formula, for v > 0 and
t>0,

{X(t) > v} = {fOQA(V)exp[—ZW(A‘l( B(s)))] ds < t}

(42) ([ exp(= 2w (1) L ou ) @y <

_ {f_\/w exp(—W(2)) L( s, A(2)) dz < t},

using a change of variable y = A(z). Observe that (4.2) is an w-by-w identity.
Accordingly, by writing

(4.3) (V) = [ &L ( 0y, A(s)) ds  as defined,
0

(4.4) I(v) = fxe’w(’S)L( Oacvy A(—3)) ds as defined

we have

(4.5) (X(t) > v} ={I(v) + 1,(v) <t}, v>0,t>0.

For brevity, we shall write, throughout the paper,
U (x)=-W(-H_(x)) +x  asdefined
= sup (=W(-s)) +x, x>0,
O<s<influ>0:W(—u)>x}

where W is the Brownian motion in (3.1). We present some technical bounds
for 1,(v) and 1,(v). They will play important roles in the proofs of Proposi-
tions 3.1-3.3 in Section 5.

(4.6)

LEMMA 4.1.  Assume (3.1). There exists Cq > 0 such that for all sufficiently
large v, we can find measurable events E, = E,(v) and Eg = Eg4(v), satisfying

(4.7) log 1,(v) < oW#(Vv) + log*v on E,,
(4.8) log 1,(v) = eW#(v) — log* v on Eg,
(4.9) P(ES) < Cqexp(—Ilog? v),
(4.10) P(E§) < Cqexp(—log?v).

LEMMA 4.2.  Assume (3.1). For a large constant C,, > 0 and all v > v, =
vo(Cyp), there exists a measurable event E; = E,(v) such that,

(4.11) log I,(v) < oU_(W(v) + log*v) on E,,
(4.12) log I,(v) = cU_(W(v) —log*v) onEgn {W(v) > 2log* v},
(4.13) P(E§) < Cyoexp(—log® v).
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The proofs of Lemmas 4.1 and 4.2 are presented in Sections 6 and 7,
respectively.

5. Proofs of Propositions 3.1-3.3. By admitting Lemmas 4.1 and 4.2
for the moment, we prove Propositions 3.1-3.3 in this section.
Some preliminaries first. For t > 0, define

(5.1) nw (t) = inf{Ossst:W(s) =V_V(t)},
the (first) location of the maximum of W over [0, t]. Write, for 0 < x < t,
(5.2) oy (X, t) = sup [W(s) —W(r)| as defined,

O<r<s<t;s—r<x
the oscillation modulus of W over [0, t]. Here is a collection of results we shall
make use of

LEMMA 5.1. Fort>0, x>0,0<a<tand0<b < /t,

(5.3) P(oy(a,t) >b) < Cllgexp —g),
(5.4) P(W#(t) <x) < 2exp(—;—::),
2Vt x2
(5.5) P(W*(t) > x) < Texp(— Z_t)
(5.6) P(ny(t) >t—a) < \/?.

Proor. The first inequality is borrowed from a well-known estimate of the
Brownian oscillation, and actually more is true (cf. [7], page 24). To see why
(5.4) holds, it suffices to observe that according to Lévy’s identity, W — W is
reflecting Brownian motion. Thus the processes W# and W* have the same
distribution. Now (5.4) is a straightforward consequence of the exact distribu-
tion of W*(1) evaluated by Chung ([5], page 221), and (5.5) follows from the
usual estimate of Gaussian tails. Finally, by Lévy's classical arcsine law,

2
P(nw(1) >1—a) = ;arcsin\/a,

which implies (5.6), using the relation that arcsin(y) < wy/2 for 0 <y < 1.
O

Define

3
C,, = — + 4 asdefined,
Cs

where C, is the constant in (3.1). For large s, consider the event

(5.7) Q(s) = { sup |[W(r) — oW(r)| < log® s} as defined.

[rl<exp(Cy, log? s)
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By (3.1),
(5.8) P(Q°(s)) < C,exp(—3log?s) < exp(—2log?s),
for all sufficiently large s.
ProorF oF ProposiTioN 3.1. Recalling (4.3)-(4.5), for all t > 0 and large
v > 0,
P(X(t) > v) < P(ly(v) <t)
< Cyexp(—log®v) + P(cW#(v) < logt + log* v),

by means of (4.8) and (4.10). Taking v = A(log t)? as defined and using (5.4),
this yields the upper bound (3.8) in Proposition 3.1.

To prove the lower bound, define E, = E; N Eq as defined, where E, and
E, are as in Lemmas 4.1 and 4.2, with v = X(log t)? as defined. It is easily
seen from (4.9) and (4.13) that

P(ES) < P(ES) + P(E§) < Czexp(—log? v) < Cy, exp(—A?),

the last inequality following from (3.7). This yields (3.11). It remains to verify
(3.9), with E; defined in (3.10). By (4.7) and (4.11), on E,, 1,(v) + I,(v) is
smaller than

exp[ oW #(v) + log* v] + exp[oU_(W(V) + log* v)],

where U _ is defined via (4.6).

On E,, we have W(v) + log* v < (log t)/46 and H_((log t)/4c) <
H_(—(log t)/40), hence U_(W(v) + log* v) < U _((log t)/40) < (log t) /20,
whereas oW #(v) < (1 — 3/Mlog t. Accordingly, on E, N E,,

[Iogt]
+ exp| —
2

3
(V) + 1,(v) < exp[(l - X)Iog t + log* v

+Vt

2
1—-—]logt
sexp[( A)og
<t,

which, in view of (4.5), yields (3.9). O

ProoF oF ProposiTioN 3.3. Take v = (log t)?/A as defined this time and
assume (3.15). Use (4.5) and Lemma 4.2 to see that

{X(t) <v} 2{log I,(v) > log t}
> {cU_(W(v) —log* v) > log t; W(v) > 2Vv} N E,

log t logt) __(log?t 2log t
O e e B K

which implies (3.17) with Eq in place of Eg.
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For the upper bound, use once more Lemmas 4.1 and 4.2 and (4.5) to arrive
at the following estimate:

P(X(t) < V) < P( (V) > %) + P( (V) = %)
< P(ESUES) + P(UW#(V) + log* v > |09%)

+ [F"(O'U(V_V(V) + log* v) > Iog%)

VA log2 + log* v
< Cpexp(—log?v) + P[W#*(1) > — - ——F——
15 €XP( g°v) (1) pu v
olu (W log* v VA log2
+ +—2— - —,

- () \/V o O_‘/V

by the scaling property. Since P(U_(r) > a)=r/a for all a>r > 0, the
above is, by (5.5) and (3.15), less than or equal to

W(1) + (log* v)/Vv B C,,
202) " VA Jo— (log2) /o — VA '

Cys exp(—log? v) + Cyq exp( -
yielding (3.16). O

The proof of Proposition 3.2 is slightly more technical and needs some
preliminaries.

LEMMA 5.2. Letp beasin(4.1). Fora>0,b >0 andt > 0,

1
EP( 0_p < 0a; 0, € dt)

i 2k(a+b) —a (2k(a+b)—a)2)
k= —o, k0 2mt® 2t .

Consequently, foralla> 0 and b > 0 such thata + b > 1,

Cus ( (a +2b)?
exp| —————

IA

E—— P <1 <
2T 26 > (02 <150 <0,)

(5.9)

Cuo (a + 2b)?
P TS I

where C,; > 0 and C,4 > 0 are absolute constants.

The proof follows from formula 2.1.4(1) in [1], together with the symmetry
and density function of g,.
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LEmmA 5.3. Let U_ be the process defined in (4.6). Forall 0 <r <s<y
andy > 1,

(2y-s)°

> +(s—r).

Vi Cio
(5.10) P(U_(s) >y;W(-1)>r)< —;—exp(

Proor. The probability term on the left-hand side of (5.10) is less than or
equal to

P(U_(s) >y;W(=1) >s) +P(r<W(-1) <s)
=P(H (s) <L;H (=(y—5)) <H_(s)) + P(r <W(-1) <5),

which yields Lemma 5.3 upon using (5.9) and the fact that the density of
W(—1) is uniformly bounded by 1. O

LEmMMA 5.4. Let A be as in (3.3). For sufficiently large v,

(5.11) P( E(v); Oav) < Q/.\(_\,)) < U:D( E(v); V_V( -v) > V_V(V) — log* V)
| + Cyo exp(— log? V),

(5.12) P(E(V); 0a-v) < aqny) < P(E(V); W(v) > W(-V) — log* v)
+ Cy exp(—log2 v),

for any event E(v) (depending on v) which is measurable with respect to
{W(x), W(x); x € R}.

Proor. Since two inequalities bear the same nature, we only prove (5.11).
Write 1, for the probability term on the left-hand side of (5.11). Since o is the
process of first hitting times for B [which is independent of (W, W)], by
conditioning on (W, W),

3

[A(-V)|
A(V) +A(=v)[ TE ]

Let w(-,-) and n,() be, respectively, as in (5.2) and (5.1). Let &=
exp(—log® v) as defined. Define [recalling (5.7)],

Eio = {ow (8V,Vv) <log®v; ny(v) < (1—-8)v} nQ(v) asdefined,

_ — o+ 4 .
F(v) = {W(—V) <W(v) - log® v} as defined.
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By (5.3), (5.6) and (5.8), for large v, P(E$,) < C,, exp(—log? v). On the other
hand, on E,,,

A(v) = fovew(s) ds > fovexp(‘TW(S) — log®v) ds

> T"’V(V)Jﬂsvexp(aW(s) —log® v) ds
nw (V)
> svexp(aW(V) — gwy (8v,Vv) — log® v)
> vexp(oW(v) — (o + 2)log®v).
Therefore,

I; < P(E(V) N F°(V)) + C,, exp(—log? v)
[A(=V)|
vexp(aeW(v) — (o + 2)log® v)

EppnFW)|*

Since |A(—Vv)| < vexp(aeW(—V) + log® v) on Q(v), this yields

I; < P(E(V) N F°(V)) + Cyyexp(—log? v) + exp(—log® v)
< P(E(v); W(—Vv) > W(V) — log* v) + C,; exp(—log? v),

as desired. O

LemmA 5.5. There exist universal constants C,, > 0 and C,; > 0 such
that for all x > 25, |a| < 1/x and |b| < 1/x,

IA

(5.13) % exp(—x?) < P(W#(1) > x — a; x > W(—1) > W(1) — b)

(5.14)

IA

C
%exp( —x?).

Proor. Let 1, denote the probability term in question. We begin with the
proof of (5.14). Clearly, we can assume a > 0 and b > 0 without loss of
generality. In this case,

x

I, < P(W#(l) >x—a; x>W(-1) >W(1) — b; W(1) > >

+ [P’(W#(l) >x—a;W(1) < g)

The second probability term on the right-hand side is, by (2.6), less than or
equal to (C,g/x)exp(—x?) (we have used the fact that 3x/2 > 2a + v2x),
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whereas the first term is, by independence, (2.6) and (5.5), less than or equal
to

X 2 u? __
/ ; bV—exp(—;)P(W#(l) >x —a;W(1) <u+b)du
X/2— T

< fxxab\/gexp(—u;)ﬂj’(w#(l) >x —a)du

+'/~x—a—b&exp(_u72 _ (2(X - a) ; (u + b)) ) du

x/2-b X

IA

Coe (x—a—-hb)* (x-a)
TeXp(_ 2 2 )

+&ex —(x—a—E)2 f_b/z exp(—z?) dz
X P 2 —(x—2a+hb)/2 P

C
< ——exp(—x?),

which yields (5.14).
To prove (5.13), we assume without loss of generality that a <0 and
b < 0. Now by (2.6),

[2 u? _
I4zfx —exp| —— |P(W#(1) >x —a;W(1) <u+b)du
X/2—b w 2

C
> —Lexp( —x2).
X
Lemma 5.5 is proved. O

We now prove Proposition 3.2 in two steps, showing first the upper bound
in (3.12), then the lower bound in (3.13).

ProoF oF ProposITION 3.2 [Upper bound (3.12)]. As in (4.2) for the one-
sided case, for all t > 0 and v > 0O,

(5.15) {X*(t) =v} = {fv 6" IL( 04y A On-v) A(2)) dz > t}'
-V
Let v = (log t)? /X as defined, with (A, t) satisfying (3.7). Consider

Vo w t
IP(/O e WIL(0av) A 0a(-v) A(2)) dz > E)

=P

v t
(5.16) foeiwml‘( Ongyr A Z)) dz > E; Oaqv) < QA(V))

+ P

v t
/oefw(z)'—( Onc-vA(2)) dz = 27 %m QA(V))

I + I as defined.
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with obvious notation. Let us bound above I; and I;. In what follows, it is to
be understood that we work on sufficiently large t, though this is not always

indicated.
Recall the notation for 1,(v) from (4.3). By (4.7) and (4.9),

5 = [|3>( (V) = _: Onqvy < Oa(- v))

< [FD(O'W#(V) > IogE —log* v; 0ay, < QA\(_V)) + Cyexp(—log? v).
Applying Lemma 5.4 to E(v) = {W#(v) > log(3) — log* v} as defined yields
t _ _
Is < P(O’W#(V) > IogE —log* v; W(—v) > W(v) — log* v)

+ Cj, exp(—log? v)

VA log*v +log2 _ _ log* v
Py v ;W(—1) > W(1) - N )

=P|{W*(1) >

+ Cj, exp(—log? v).
Since 4 < A < (loglog t)*2, v > (log t)? /(log log t)*/2 and log 2 < log* v,

<C (—log? )+u3>w#(1)>—‘/x —Iog . yW(-1) > \/X)
5 = L3y exp(—log” v - -
o alv o
olwe VA 2Iog v VA log* v
WHD) > - - = > W(-1) > W(1) - = )

On the right-hand side, the first probability term equals, by independence,
P(W#(1) > VA /o — 2(log* v) /o'W )P(W(—1) > VA /o), which, according to
(5.5) and the Gaussian tail estimate, is smaller than (C,/ VA)exp(— /0 ?),
whereas the second probability term is bounded above by (Cs;/ VA ))exp(— A/
o?) by applying Lemma 55 to x = VA /o, a=2(log*v)/ov and b =
(log* v)/ Vv . Consequently, for all (t, A) satisfying (3.7) and v = (log t)?/A,

Ry
We now estimate the term I in (5.16), for sufficiently large t. Let W(x) =
W(—x) as defined, W(x) = W(—x) as defined, for x € R, and B(t) —-B(1)

as defined, for t > 0. Define (L, 3), A and U_, which relate to B, W and W
exactly in the same ways (L, ), A and U_ do to B, W and W. Then

Cay A
(5.17) I; < —exp(—?).

oo t
lg < P(fo e*me( QA(,V)A(Z)) dz > E; Oncvy > QA(V))

t
(f e Wi=s )L QA(V):A( S)) ds > E’ QA\(V) < QA( V))
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Since the coupling (3.1) holds for (W, W) in place of (W, W), we can apply
Lemma 4.2 to (W, W) to arrive at

~ = t
lg < IP(o-U_(W(v) + log* v) > IogE; Oxv) < 5;\(_\,)) + Cyoexp(—log? v).

Applying Lemma 54 to (W,W,3) and E(v) = {UG_(V_V(V) + log* v) >
log(t/2)} gives

~ —~ t —~ —~
lg < IP(crU(W(v) + log* v) > IogE;W(—v) > W(v) — log* v

+ Cgs exp(—log® v)
= [FD(O'U(V_V(V) + log* v) > Iog%;v_v(—v) > W(v) — log* v)

+ Cgs exp(—log? v)

log* v VA log*v _ log* v
T) > W) > W) - )
+ Casexp(—log? v)

[recalling A = (log t)?/v as defined]. Write 7= W(1) + (log* v)/ v as de-

fined and E,, = {2(log* v)/ W < 7 < VA /o — (log* v)/o/v} as defined for
brevity. We have

<P|U_[W(1) +

I < PlU_(7) > i) Iog4V'V_V( 1) > 2log4V-E )
+P V_V(l)zg——(aJr;\/)vlogAV;
(518) _ VA (20 + 1)log* v
W(‘1>>7‘T)
_ log* v )
+ P(W(1) < 7 + Cys exp(—log? v).

Consider the first probability term on the right-hand side, denoted by I, say.
Since {U_(x); x € R} and W(—1) are independent of 7, by conditioning on 7,
applying Lemma 53 to s=17, y=VA/o—(log*Vv)/o/v and r=r7—
2(log* v)/ Vv, recalling that 4 < A < (log log t)*/2 and v > (log t)?/
log log t)Y/2,

C 2% — 1) 21log* v
I < 36[E{exp(—ﬂ)]1511]+ g

202

3

IA
=
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Since W(1) is distributed as the modulus of a Gaussian N(0, 1) variable, it is
easily checked that 1, < (C,5/ VA Jexp(— A/ 2). Going back to (5.18), we have
bounded above the first probability term on the right-hand side. The third
probability term presents no problem, since the density function of W(1) is
smaller than 1. For the second, let us note that by the independence of W(1)
and W(—1), and a well-known Gaussian tail property, it is again smaller
than (C,,/Mexp(—A/o?). Summarizing the situation, we have proved that,
for v = (log t)? /A,

Cuo A
(5.19) lg < Wexp(—;).
Combining (5.16), (5.17) and (5.19) yields
P(/VeW“)L( sy A On(—vy A(2)) dz > l) < &exp(—i)
o v V) 2 \/x o2

[with v = (log t)? /A, of course]. Similarly, we have

0 iz t C A
P(/_Ve W( )L( Onvy N QA(—v)iA(Z)) dz > E) < Wexp(— —2)
In view of (5.15), we have proved the desired conclusion in (3.12). O

ProoF oF PropPosITION 3.2 [Lower bound (3.13)]. Pick large numbers t > 0
and v > 0. By (5.15) and the definition of 1,(v),

{X*(1) = v} 2{oaw) < 0a-vi (V) =t}
Using Lemma 4.1 gives
(X (1) <V} 2 {0uw) < Ouvy oW#(V) > log t + log* v} N E,,
with P(E§) < Cq exp(—log? v). Define
Ei = {Oavy > Oa_vy} N {W(=V) >W(v) + log* v} as defined.

Applying (5.12) to E(v) = {W(-v) > W(v) + log* v} vyields P(E;,) <
C,, exp(—log? v). Let E; = Eg N E{, as defined. Obviously,P(ES) <
C,; exp(—log? v). Moreover,

{X*(t) <V} 2{0aw) < Oacv)} N{oW#(v) > log t + log* v} N E4
N{W(—-v) > W(v) + log* v}
= {W(-v) > W(v) + log* v}
N{ocW*(v) > log t + log* v} N Es.
This proves (3.13) by taking v = (log t)? /A as defined. O
6. Proof of Lemma 4.1. The proof of Lemma 4.1 is based on the
following elementary estimates concerning two-dimensional Bessel processes.

Recall that a Bessel process of dimension 2 can be realized as the Euclidean
modulus of Brownian motion in dimension 2.
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LEmmAa 6.1. Let {R(t); t > O} be a Bessel process of dimension 2, starting
from 0. For all 0 <a <band x > 0,

- X2
(61) P(agll?ibR(t) SX\/H) SZX+2€XD(—m),
6.2 P R C X
. —_— > < - —
(6.2) P ieee ) =G exp( 5 )

where R* is as in (2.3).

Proor. To check (6.1), let us note that R is stochastically greater than
the linear reflecting Brownian motion |B|. By scaling, the probability term on
the left-hand side of (6.1) is less than or equal to

[P’(agirt\iblB(t)lngB)

=[P>( inf B(r sx)
a/bsrsll ( )l

IA

P(IB(1)| < 2x) + P( sup | B(r) — B(1)] zx)

a/b<r<i1

P(|B(1)| <2x) + P( sup  |B(t)] > x),
O<t<l-a/b
where in the last equality, we have used time reversal for Brownian motion.
Now (6.1) follows from the form of Gaussian densities and Mill’s ratio for
Gaussian tails.
To verify (6.2), recall the well-known estimate

P(R*(t) >y) < Cyexp(—y?/2t)
(for all positive y and t), where C,; is an absolute constant. Hence, the
expression on the left-hand side of (6.2) is less than or equal to

> p R*(1) )
sup ——_— > X
n-1 \1/(n+1<t<1/n Vt109(8/1)
* 1 xy/log(8n
o1 n yn+1
< nx? log(8n)
<C ——
< Cus L, & ( 2(n + 1) )
* x> x?logn
C -~ - 0 1
<cs T ool -~

which implies (6.2) in case x > 3. But for 0 < x < 3, (6.2) holds trivially,
possibly with an enlarged value of C,,. O
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The proof of Lemma 4.1 is split into two parts. We first prove the upper
estimate in (4.7) with E, defined in (6.4) below and then the lower bound in
(4.8) with an appropriate E;.

ProoF oF LEMMA 4.1 [upper bound (4.7)]. Fix a large number v. Write as
before L(-,-) for the local time of B. According to the classical Ray—Knight
theorem (cf. [28], Theorem V1.52.1), for any given a > 0, {a 'L(p(a), a — ta);
0 <t < 1} is a squared Bessel process of dimension 2, starting from 0. By
scaling and the independence of (W, W) and B, letting

L( Oncvyr A(V) — t’&(v))
A(Vv) ’

(6.3) R3(t) = 0 <t <1, asdefined,

{R(t); 0 <t <1} is also a two-dimensional Bessel process with R(0) = 0
(clearly R is to be taken as the positive square root of R?), and is, moreover,
independent of (W, W) [we shall need the independence later in the proof of
(4.8)]. For brevity, write

I = log v as defined,

(“I” for logarithm). Recall W* and Q(v) from (2.3) and (5.7), respectively, and
define

) R(t)
(6.4) &= {oilﬂgl ytlog(8/1) =V
N{W*(v) <exp(1?)} N Q(v) as defined.

By means of (6.2), Mill’s ratio for Gaussian tails and (5.8),

2

v exp(212
P(E?) SCMeXp(_? L

>y + exp(—21?%) < exp(—1?).

+4exp(—

This shows E; satisfies (4.9).
Now recall 1,(v) from (4.3). On E,,

v A - A
I(v) = foexp(—W(s))A(v) Rz(%) ds
8A(V)
A(v) — A(s)

< fovexp(—(rW(s) + P)vZ(A(v) — A(s))log(

Since on E,, exp(—oW(s)A(V) — A(s)) < [Yexp(aW(y) — o W(s) + I®) dy
< vexp(cW#(v) + I®) for all 0 < s < v, this yields that, on E,

8A(V) ) ds.

L(0) =¥ exploW*(v) + 21°) [og| 5o
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On E,, for 0 <s<v, A(V) — A(s) > (v — s)exp(cW(Vv) — I?) > (v — s)
exp(— oW *(v) — I®), whereas A(v) < vexp(acW*(v) + I®). Hence, on E,,
20W*(v) + 213)
vV—s

(V) < Vviexp(aW*(v) + 2|3)fvlog( 8v exp(
0

= viexp(aW*(v) + 21%)(1 + 20W*(Vv) + 21° + log 8).
By definition, on E,, W*(v) < exp(1?), which yields 1,(v) < exp(cW #(v) +
). O

PrRooF oF LEMMA 4.1 [Lower bound (4.8)]. Fix a large v, and write again
I = log v as defined as before. Write & = exp(—12?) as defined for brevity.
From the definition of W# [cf. (2.4)], for each t > 0, there exist a couple of
random times (6, (1), 6§,(1)) such that 0 < 6§, (t) < 6§, (t) < t and that

W#(t) = W(05(1)) — W(6y (1)).
Recall w,, from (5.2). Let R be as in (6.3). Define
Eis = {oww(8v,v) <13} n {W#(v) > 1*} asdefined,

A(V) — A(s)
T awm )

Ey,= { inf

0% (VI<s< 0{ (V) +dv

VNW—AWMWD
=9 AV)

} as defined,

Es = E;sNE, NQ(v) asdefined.
Note that, on E,;,
(6.5) v > 60§(v) = 6§, (V) + dv,

which confirms 6§, ’(v) < (1 — 8)v. Hence E;; N E,, is well defined. Accord-
ing to (5.3) and (5.4),

|6 2

—12).
35V gre | ==
On the other hand, since R is independent of (W, W), by conditioning on
(W, W) and applying (6.1) to a = (A(v) — A6, (V) + V) /A(v), b = (A(v)
— A(6% (V) /A(v) and x = §,

C11
(6.6) [P(Ef) < Texp(—

)+2w4_

P(Ej; NE;3nQ(v)) <26+ 2E

82
exp( Y IB(V)) HEBOQ(V)l’

where
A(v) — A8y (V)

Ig(v) = A(G\S\,’)(v) n 8v) — A(G\(N’)(v)) as defined.
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By (6.5), on E;; N Q(v),
() Yo aWwe) g
A(v) — A8y (v)) = few)(v)e s

(6.7) > 04 (v)
6§ (V)—8v

> 8vexp(cr(W(9\(N+)(V)) - wW(6V,V)) - Is)'

exp(ocW(s) — I°) ds

whereas
A(65 (V) + 8v) — A6y (V)
oW+ 8V
= few)(v) exp(W(s)) ds
< svexp(o(W(05 (V) + @y (8v,Vv)) + I%).

Hence, on E;; N Q(V), 14(v) > exp(a W #(v) — 20w, (8Vv, V) — 213) > exp(1®),
which yields

(6.8) P(Ef; N Eyz N Q(V)) < Cygexp(—17).

Since by (5.8), P(Q°(v)) < exp(—21?), combining (6.6) with (6.8) gives P(E{)
< C,; exp(—1?). This ensures that the event E, satisfies condition (4.10).
To verify (4.8), observe that on E;; N Q(v),

A(v) — A(s) ds
A(V)

I(v) = /Ovexp( —-W(s))A(v)R?

oDV _ [ ACV) = A(s) )
fwv) W(s) — I®)A(V)R (—A(V) ds

> svexp(—oW(0y (V) — ocwy (8v,V) = IP)A(V)
A(v) — A(s
X inf rz[ AV —A() )
06 (W <s< i (V) +6v A(V)
Hence, with the aid of (6.7), on Eg = E;; N E;, N Q(Vv),
(V) > 83vexp(—aW(6§ (V) — gy (8v,V) — IP)(A(v) — A6 (V)))
> 8*vZexp(acW?# (V) — 20wy, (8V,V) — 21°)
> exp(oW7#(v) — 1),
as desired. O
REMARK 6.2. Our argument also_yields the following estimate: for any

0 < & < 1, there exists a constant C (possibly depending on ¢) satisfying
that for all large v, we can find a measurable event E = E,(v) with
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P( |§§) < 59 exp(—1log? v) such that on I§7,

log sup e "OL(044),A(8)) — 0o sup (W(t) —W(s))
0<s<(l-¢e)v O0<s<(l—-¢)v,s<t<v
< log* v, |log sup e” WL ( 04y, A(S)) — cW#(V)| < log* v.
seZ,

7. Proof of Lemma 4.2. Throughout the section, v is a very large
number. Let L(:,-) be as before the local time of B, and define the process

L( Onvys — tA( V))

TR

t > 0 as defined,

which, by Brownian scaling, is independent of (W, W), and is distributed as
{L(o,, —1); t = 0}. According to the Ray-Knight theorem (cf. [28], Theorem
V1.52.1), Z is a squared Bessel process of dimension 0, such that Z(0) has an
exponential distribution of mean 2. In particular, 0 is an absorbing state for
Z. Let

(7.1) {=inf{t > 0: Z(t) = 0} as defined
be the absorption time. The next is a collection of elementary facts about Z.

LeEmmA 7.1. For all positive t and x,

(7.2) P({>1t) = %

(7.3) [P’(OirS]itZ(s) <x) < x+ %,

(7.4) P(supz(s) > x) < i
$20 X

Proor. Since Z is distributed as s — L(p,, —5),

1
P(>t) =P < = —),
(¢ ) (0-¢ <01) 1+t
which yields (7.2). The variable Z(0) having an exponential law with mean 2,
its density function is bounded by 1/2. Applying Doob’s inequality to the
continuous martingale {Z(t) — Z(0); t > 0} gives

[P’( sup |Z(s) — Z(0)| > x) < %[E(Z(t) — 2(0))%

O<s<t
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To compute the expectation term on the right-hand side, note that according
again to the Ray—Knight theorem (cf. [28], Theorem V1.52.1), Z(-) — Z(0) is a
martingale whose associated increasing process equals t — 4/;Z(s) ds. Hence

E(Z(t) - Z(0)* = 4/ E(Z(s)) ds = 4tEZ(0) = 8t.
0
This shows P(sup, _ . ./Z(s) — Z(0)| > x) < 8t/x?. As a consequence,

IP( inf Z(s) < x) <P(Z(0) <2x) + IP( sup |Z(s) — z(0)| > x)
O<s<t O<s<t
8t

<X+ F,
proving (7.3). To check (7.4), recall (cf. [33]) that for a nonnegative continuous
local martingale M tending to O, the conditional law of sup,., M(s) given
M(0) is the same as M(0)/V, where V denotes a uniform (0,1) variable
independent of M. Accordingly,

2(0) X 2
(supZ(s) > x) =P(Z(0) = x) + E| —— Liz0)< | < exp(—z) + <
s>0
which implies (7.4). O
PrRoOOF oF LEMMA 4.2. Let v be sufficiently large. Write as before | = log v

as defined. Let W_(t) = W(—1t) as defined and W_(t) = W(—1t) as defined for
t > 0. Hence {W_(1); t = 0} is a Brownian motion independent of {W(t); t > 0}
and {B(t); t > 0}. Let

A_(t) = ftexp(W_(s)) ds, t> 0asdefined,
0

which is to W_ as A to W. Define
A_(s)
A(v)

Let 1,(v) be as in (4.4). By the definitions of Z and A _, it can be rewritten in
a more convenient form:

(7.5) L(v) = inf{s > 0: Z( ) = O} as defined.

L(V) —A(v)[ exp(—W_(s))Z ()))d
_ ) A_(s)
(7.6) —A(v)/o exp(—W_(s))Z A ds
(7.7) svg(v)exp(W(v)+ sup (—W_(s)))supz(u),
0<s<{(v) u>0
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where in the last inequality, we have used the trivial estimate A(v) <
v exp(W(v)). Consider the events [recalling H_ from (3.6), which denotes the
process of first hitting times for W_]

Ej = {supZ(u) < exp(al“/z)} as defined,

ux>0

Eip = {<(v) < H_ (W(v) +1*) < exp(41?)} as defined.

On E; 3 N Q(v),

IA

W(v) + sup (-W_(s)) <oW(V)+o sup (—W_(s)) + 2I°
0<s<{(v) 0<s<H_(W(W)+1%)

cU_(W(v) +1*) = al* + 2I°,

where U_ is as in (4.6). By (7.7), on E;5 N E;g N Q(v),

I,(v) < vexp(4|2)exp[guf(W(V) + |4) —olt+ 2I3]exp(07|4)

< exp[cU_(W(v) + 14)].

This proves the upper bound (4.11) with Eg = E;s N E;g N E;; N Q(V) as
defined, where E,; can be an arbitrary event, which is to be chosen ulti-
mately.

To show the lower bound (4.12), write & = exp(—51?) as defined for brevity,
and define

|4
E;g = {ww(av,v) <5 nw(Vv) < (1 - S)V} as defined,

where wy,(-,-) and n,,(-) are as in (5.2) and (5.1), respectively. By (5.3) and
(5.6),

(7.8) P(Efs) < Cygexp(—17),

which has been observed in the proof of Lemma 5.4 in Section 5. On
E;g N Q(V),

(V)+8v

A(v) = /Ovexp(W( s)) ds > /T:’VZV)

exp(ocW(s) — I°) ds
(7.9) > svexp(aW (V) — gwy (8v,v) — I?)

> exp(av_v(v) - UTILl)
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Write O(v) = H_((W(v) — 1*)*) as defined for brevity (x* standing for the
positive part of x), and introduce, for t > x > 0,

n_(t) = inf{O <s<t;,-W_(s)= sup (—W,(r))} as defined,

O<r<t

w_(x,t) = sup [W_(s) —W_(r)| asdefined,

O<r<s<t;s—-r<x

which relate to —W_ in the same way as n,, and w,, do to W. Consider the
events

{(v) = 0(v)} asdefined,

4

ol
inf Z(r) > exp(— T)} as defined,

O<r<exp(—ol4/2)

= {
ol?
{H (W(v)) <exp( )} as defined,

= {n_(H_(1*)) > 8v} as defined,

A

Pick a (random) s € [0, ®(V)]. On E;q N E,y N {W(V) > 14} N Eg N QV),

5 4

crl4 14 .
oV, exp < —} asdefined.

A_(s) < fOH’«V_V(V)_Hmexp(aW,(z) +1%) dz

= /H*(W(V)fmexp(aw_(z) +1%) dz
0

< H_(W(v))exp(a(W(v) = 1*) + 1%)

— 4014
<exp|oW(v) — gt 13

_ 3cl*
<exploW(v) — 2

By (7.9), on Eyg N Ejq N Eyy N{W(V) > 14} N Ej N Q(v), for s € [0, O(v)],

A(v) > exp(aW(v) - TIA)
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Using the representation (7.6), on E;3 N E;q N Eyy N Eyy NA{W(V) > A4 N
Eis N QV),

A(5) ) ds

I,(Vv) > A(v)foe)(\/)exp(—aw,(s) -1®)z A(v)

> exp(av_v(v) - UTIA)fO@(V)exp(—oW(s) —1%)ds

(7.10)
X inf Z(r)
O<r<exp(—ol*/2)

— 50’|4 3 O(v)
> exp| oW(v) — o I fo exp(—oW_(s)) ds.

On Ey N {W(v) > 21%, we have n_(0(v)) > n_(H_(I*)) > 8v, whereas on
E,p, O(V) < H_(W(Vv)) < exp(al?/5). Hence, on E,; N E,, N Eyy N {W(V) >
2|4}1

IQ(V)exp( —oW_(s))ds
0

> f"’(mv)) exp(—oW_(s))ds

n_(O(v)—8v
> dvexp|o sup (=W_(s))
0<s<H_(W(W)—-1%9)
(7.11) ol®

_aw(ﬁv,exp(?)”
— — al?

> dvexploU_(W(v) — I*) — a(W(v) = 1*) - e

— — al?
> exp|oU_(W(v) = I*) — o W(v) + — |

Now choose E,; = N2 4E; as defined and let E; = Ey;5 N E;gEy; N Q(v) as
defined. According to (7.10) and (7.11),

log I,(v) > cU_(W(v) —1*) on Eg n {W(v) > 214},

proving the desired lower bound in (4.12).
It remains only to check (4.13), that is P(E§) < C,, exp(—1?). To this end,
observe that, by Lemma 7.1,

(7.12) P(Efs) < 4exp(al®/2) < exp(—1?),
(713)  P(E3) <exp(—al*/6) + 8exp(—ol*/6) < exp(—1?),
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whereas by applying (5.3) to a = §v = vexp(—5I1?), t = exp(a1*/5) and b =
144,

Ci al* 8
(714) [FD( EES) < Texp ? + 512 —

12
185V < Cyoexp(—17).

o
Since H_(W(v)) iwvcz, where C stands for a standard Cauchy variable,
(7.15) P(ES) < m 'v/?exp(—ol*/10) < exp(—1?).

To estimate P(E,), recall that for each fixed t > 0, by Paul Lévy's classic-
al arcsine law, n_(t) has the density distribution P(n_(t) € dx)/dx =

(1/77\/x(t - x)) 1o .y Hence
P(ES) < P(H_(1*) <Vov) + P(n_(Ysv) < 8v)
|8
2V8v
< exp(—1?).

Recall from (5.8) that P(Q°(v)) < exp(—212). In view of (7.8) and (7.12)—(7.16),
the proof of (4.13) is reduced to showing the following estimates:

(7.17) P(E{s N Q(V)) < Cgoexp(—12),
(7.18) P(Ef, N Q(V)) < Cyy exp(—17).
Let us check (7.17) first. We have
P(Efs N Q(Vv)) < P(L(v) > H_(W(V) +1*);
Q(v); H_(W(v) + 1) < exp(412))
+ P(H_(W(v) + 1*) > exp(41?))
= lg + 1, asdefined,

+ 51/

(7.16) < 2exp(—

with obvious notation. By definition,
lio = P(W(V) + 1> W(—exp(41%)))
< P(W(v) > 3W(—exp(41%))) + P(W(—exp(41%)) < 21*)
W(v) exp(21?) _ , ,
=P W) > |t P(W(—exp(41%)) < 21%),

using the scaling property. Since W(v)/W(—v) is distributed as the modulus
of a standard Cauchy variable, this, jointly considered with the form of
Gaussian densities, yields

2 214
+
mexp(21%)  exp(21?)

(7.19) I < < exp(—1?).
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To estimate I, consider the events

_ _ 14
Ep = {H_(W(v) +1%) - H_(W(v) t5= SV} as defined,
|4
E,s = sup [W_(s) — Ay (V)| < =} asdefined,
H_ (A (W) <s<H_(Ay(V)+ 8V 3

with A, (v) = W(v) + 1*/2 as defined. By the independence of H_ and W(v),
and the strong Markov property,

P(E) =P H(; <8v| = P(V_V(—av) > ;)
|8
< 2exp(— 86v)
< exp(—1%),
and
14 18
P(E%) = P(oftufavlw_(t)l > 3) < 4exp(— 186v) < exp(—1?%).
Consequently,
Iy < 2exp(—1?)
(7.20) +P(Z(v) > H_(W(V) +17); Epg; Epss Q(V);

H_(W(v) +1*) < exp(41?)).

By the definitions of ¢ and ¢(v) [cf. (7.1) and (7.5), respectively], for any
a>0,

(7.21) (£(v) > a) = (A_(a) < LA(V)}.

Of course, on Q(v), A(v) < vexp(aW(V) + 1°). On E,, N Ey N QV) N
{H_(W(v) + 1*) < exp(412)},

— Wi 4
L) 1) [ o (5 )
|4

8 W ol I
> VEXpUW(V)'FE —T—

_ al?
>vexploW(v) + —
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Going back to (7.20), and then using (7.2),
lg < 2exp(—1%) + P({> exp(ol?/7 — I7))
< 2exp(—1?) + exp(—o1*/7 + I?)
< 3exp(—1?).

Since P(Ejs N Q(Vv)) < Iy + 1,,, this estimate, jointly considered with (7.19),
yields (7.17).

To verify (7.18), note from (7.21) that for b > 0, on Q(v) N {H_(b) <
exp(412)},

{¢(v) =H_(b)} = {A_(H_(b)) = ZA(V)}
c {exp(ob + I¥)H_(b) > (A(V)}.
Accordingly,

P(Efs N Q(V)) = P(Z(v) <H_(W(v) = 1*); W(v) = 1*; Q(V))
<P(H_(W(v)) > exp(41?))
+ P(exp(aW (V) — ol* + IP)H_(W(v)) > {A(V);
Q(v); H_(W(v)) < exp(41?)),

which, by virtue of (7.8) and (7.9), is less than or equal to

P(H_(W(Vv)) > exp(41?)) + C,gexp(—1%)
+P(exp(—al1*/2)H_(W(V)) = £; Eyg; Q(V); H_(W(V)) < exp(41?))

4

< P(H_(W(v)) >exp(41%)) + C,gexp(—1%) +P {sexp(— % 1412

— |
Since H_(W(v)) Z've? (C denoting a standard Cauchy variable), the above
estimate, jointly considered with (7.2), yields

P(Efy N Q(V)) < Cygexp(—17) + 27 'v2exp(—21%) + exp(— UTIA + 4I2)
< Cs, exp(—17).
This implies the desired estimate in (7.18), hence Lemma 4.2. O
8. Lévy classes for Brox-type diffusions. Theorems 1.6-1.8 are par-

ticular cases of the following general result. Its proof is based on the key
estimates in Section 3.
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THeEOREM 8.1. Let {W(x); x € R} be a cadlag process satisfying (3.1), and
{X(1); t = 0} a diffusion process with potential W [cf. (3.2)]. Let

» f(t) o ? .
J,(f) =f gt 2P|~ 8 f(t)] dt as defined,
=Vi(t) f(t) :
J,(T) =f tlogtexp(— o )dt as defined,

as defined.

1.0f £ dt
() =/ t/f(t) log t
For any nondecreasing function f > 0,
(8.1) P[X(t) > (log t)*f(t) i.0.] = {

> - un{zz
(log t)* o\ _ {o
' 1

(82) P OsﬁligtIX(s)l SETey s Jz(f){iz,
(IOg t)z- /0 o
(8.3) P OSSLSI}CS)tX(S) < 0 I'Ol = {1 @ Js(f){ =z

In particular, with probability 1,

i X(t)
imsu - ;
t—>cop (log t)®logloglogt  7%0?
log log log t 1

liminf—o—2 9% g 1X(s)] = —;

toe (Iog t) O<s<t g

i (loglog )" 0, ifa<?
limsup —————— sup X(s) = { ' =2

toe (logt)” ox<s<t %, otherwise.

ProoF oF (8.1). It is known that X, X and X* have the same upper
functions. This can be shown using an w-by-w argument; compare [7], page
28, or [22]. We only need to prove (8.1) for X.

As is well known for such results, we only have to limit ourselves to the
study of the “critical case,”

4 16
(8.4) ——logloglog t < f(t) < ——log log log t,
7o 7o

for sufficiently large t. For a rigorous justification, compare the pioneer paper
of Erdos [11].
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In view of (3.8), the convergence part of (8.1) is straightforward. Indeed,
pick an arbitrary nondecreasing function f > 0 satisfying J,(f) < . In this
case, f(t) clearly tends to infinity. Define the sequence (t;);. , by recurrence:
choose a large t, and let log t;, , = (1 + 1/f(t;)log t; as defined for i > 0. It
is easily seen that t; increases to infinity and that ¥, exp(— 7% 2f(t;) /8) < <.
By Proposition 3.1,

P(X(ti,1) > (log t;)*f(t;)) < Cq exp(_ 7TZUSZ((I:)Oggtt.i) )fz(ti) )

mo?

< Cqs exp(— 5 f(ti)),

which is summable for i. By the Borel-Cantelli lemma, almost surely for all
sufficiently large i, X(t;, ;) < (log t)?f(t;). Let t € [t;, t;, ], then

X(t) < X(t;,,) < (log t;)*f(t;) < (log t)*f(t),

proving the convergence part in (8.1).

It remains to verify the divergence part. Let f > 0 be nondecreasing such
that J,(f) = . Fix a large i, and let t; = exp(exp(i/log i) for i > i,. Ele-
mentary computations show that

(8.5) Zexp(— W; f(t)| = o,
(8.6) Zexp(—fz(ti)) < o,

Recall the hitting time process H_ from (3.6). Write v, = (log t))*f(t;) as
defined for i > i,. Applying Proposition 3.1 to A = f(t;) and t =t;, there
exists a sequence of events (G));. ; , with P(G) < Cq exp(—f?(t)), such that

(8.7) {(X(t;) > (log t))*f(t)} 2 F N G;, i =i,
where
log t; logt;\ _ log t,
Fiz{H_(_ 2?0 )>H_( ofa );W(Vi)< 0590' ;
3 log t; .
W#(v;) < 1—m) . } as defined.

Since by (8.6), ©;P(G) < «, we have P(G;; eventually) = 1 according to the
Borel-Cantelli lemma. In view of (8.7), it remains only to prove that

(8.8) P(F; i.0.) = 1.
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To this end, noting that by the independence of H_(-) (which depends only on
{(W(t); t € R_} and (W, W#) (which depends on {W(t); t € R, }), we have

1 | log t; 3 _ log ¢
P(Fi)=zp[w(vi)< N I }
2C54eXp(_ w22 (1) 2),
8(1 — 3/1(t;))

by virtue of (2.5). Hence,

%02

(8.9) P(F) = Css exp(— 3 f(ti)), i >,

which by (8.5) implies ¥;P(F;) = «. To apply the Borel-Cantelli lemma, we
have to estimate the second moment. Pick i, < i < j. Let W(t) = W(t + v;) —
W(v;), and W#*(t) = supy. s (W(s) — W(u)). By the independence of
Brownian increments,

~ 3 log t;
P(Fiij)sPlFi;W#(vj—vi)s(1— f(t-)) . ]

mo? (v — V)
8(log t;)°(1 — 3/f(t;)))" |

using (5.4). From here, several lines of elementary calculation using (8.4) and
(8.9) show that (cf. [11] for details)

< 2P(F) expl—

CssP(F)P(F,), if j —i> (logi)?
P(FiNF) < {cC,P(F)j %=, iflogi <j—i<(logi)?
CsoP(Fi)exp(—Cgo(j — 1)), if2<j—i<logi,

which implies

n—o

imint 3 5 (R 0 ) /(_g | =

i=ig

Using the Borel-Cantelli lemma of [23], P(F,; i.0.) > 1/C¢; > 0.

We now apply a 0-1 argument. For any integer n > 0, let "W and "W_ be
the increment processes, of W and W _, respectively, on the time interval
[n,n+ 1]

"W={W(n+t) —W(n);0<t<1} asdefined,

"W_={W_(n+1t) —W_(n);0<t<1} asdefined,
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Observe that the random variables (with values in a space of paths)
("W,"W_),., are iid. Let X be a finite permutation on N, that is, for some
N > 0, 3(n) = n whenever n > N. Let *W be the Brownian motion obtained
by the permutation of the increments of W; that is, the increment of *W on
the time interval [n, n + 1] is 2w, Define similarly *w_ by the permuta-
tion of the increments of W_. According to our construction, W(t) =>W(t)
and W_(t) =W _(t) for all t > N + 1. Clearly, the event {F; i.0} remains
unchanged if we replace W and W_ by *W and *w._, respectively. As a
consequence, we can apply the Hewitt—Saveage 0-1 law, to see that {F,; i.0.} is
a trivial event. We have proved (8.8). O

Proor ofF (8.2). The convergence part is a direct consequence of Proposi-
tion 3.2, requiring only standard techniques. For more details, compare the
proof of (8.1).

To prove the divergence part, let f > 0 be a nondecreasing function such
that J,(f) = . Without loss of generality, we assume

2
g
(8.10) 7Iog loglogt < f(t) <202 logloglog t,

for sufficiently large t. Fix a large initial value of i, and define t; =
exp(exp(6i/log i)) as defined for i > i,, with 6 > 0 such that 2C,. exp(—6/3)
< C,,, where C,, and C,; are the constants in (5.13) and (5.14). Elementary
computations using (8.10) give

(8.11) Zf(ti)*l/2 exp(— ffrt;) ) — o,
(8.12) Zexp(—fz(ti)) < o,

Write v; = (log t,)? /f(t;,) as defined. Applying Proposition 3.2 to t = t; and
A= f(ti)l

(8.13) {X*(tj)) <vi} 2F NG, i >,
where
logt; __ _ 2log t;
F = >W(—v;) >W(v;) + log* v;; W(v,) > — ;
g g
log t; logt; log*v,
9 s >W*(v;) > g + J } as defined,
(o

and P(Gf) < C, exp(—f2(t;)). Using (8.12), ¥;P(Gf) < =, which according to
the Borel-Cantelli lemma implies P(G;; eventually) = 1. In view of (8.13), we
only have to show that

(8.14) P(F, i.0.) = 1.
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Note that logt;,,/logt; — 1 ~ 6/logi and that o?(logi)/3 < f(t;) <
302 logi for i > i,. Applying scaling and Lemma 5.5, it is readily seen that

P(F) = [p( Iogo_ti > V_V(_Vi) > V_V(Vi) + log* v;;
WA (v) > log t; + log* vi)
—[FD( |Og ti+1 >W(—Vi) >V_V(Vi) +|Og4 Vi
W) > 22
(8.15) ~2logt,
- [P’(W(v) )
f(t) Cys0
f(t ) Vit
) 21(t,)
X exp( - 0/3) ~2e p( — )

N Cmemtfmw
-~ V() a? )
by our choice of 6. To apply the Borel-Cantelli lemma, let W(s) = W(s + v,)
—W(v;) as defined and W(—s) = W(—s — v;) — W(—v,) as defined for s > 0.
Letiz<i<j—2.0nFnEF,
W (v —vi) = sup (W(r) = W(s))
v<s<r<v
> W#(v)) — W#(v;)
logt; —log t;, ;
>

= 3

o

and
V_'\7(v-—vi = sup W(r) —W(v)

ViSr<y;
2log t;

+

o

2log t;

o

2log t;

<W(=(v; = v)) + W(-v,) +

3log t;

sV_V(—(vj—vi))+ .
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By the independence of Brownian increments,

~ log t; — log t;
I]J’(Fiij)sIP(Fi;W#(vj—vi)z 95~ 00 ks,
(o

(8.16)

V_v(_(vi - Vi)) > V_V(vj —v) - 3log ti)

= P( Fi) I,

logt; — log t;
I11=P(W#(vj—vi)z 95~ 00 ks,
(o

3log t;

W(=(v; =) = W(v; —v) — ) (as defined)

=P

W#(1) >

log t; — log t; _ _ 3log t;
95— 95 -1y = W) - g )

ay/V; — v, oV — Y

From here, the proof becomes routine. Indeed, for j — i > (log i)?,

log t; log t;
L, < P|W#Q) > o 9%t
log t; — _ 3log t;
—2>W(-1) =>2W(Q1) - —F/——
_ log t;
+P(W(-1) > L)
(8.17) CATASIY
log t; log t;
X P|WH1) > ot 9%
a/Vi=Vvi /v - v
Cso f(t; Cqu0 f(t;
< ——=—ex (——(;))+ o exp(— (;))
\/f(tj) o f(t;) o

< CBSIP(FJ-),

using Lemma 5.5 and (8.15). For 2 < j — i < (log i)?,

l, < PIW#(1) >

logt; —log t;,

_ | Gesi™C, iflogi <j—i<(logi)?
| Cegexp(—Cgo(j —i)), if2<j—i<logi,
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which, jointly considered with (8.16) and (8.17), implies that

n—o T S
i=ig j=ip i=ig

imint 3 % B(F 0 F) /( 5 ecr| <o

According to the Borel-Cantelli lemma in [23], P(F; i.0.) > 1/C,, > 0. Apply-
ing a 0-1 argument readily yields (8.14), and hence (8.2). O

The proof of (8.3) is very similar to (and a lot easier than) that of (8.2),
using Proposition 3.3 instead of Proposition 3.2. We feel free to omit the
details.

9. Skorokhod embedding. This brief section is devoted to a Sko-
rokhod-type embedding of Sinai's RWRE. The result (cf. Proposition 9.1
below) is not new, since it was previously stated in [17] (cf. also [29]). The
proof is given here in full detail.

Let {S,},. , be Sinai's random walk in random environment = = {&}; .y,
as in Section 1.1. Assume (1.9). From the environment =, we define {Wz(y);
y € R} as a step function with W<(0) = 0, which is flat in each interval
[n,n + 1) (for n € Z), with jumps

1 —
as defined.

Wz(n) = Wz(n —) = log
Consider the diffusion process {X(t), t > 0} with random potential W_, de-
fined via (3.2)-(3.4), with Wz in the place of W. According to [16], Theorem
3.1, condition (1.9) ensures that limsup,_, . X(t) = © and liminf,__ X(t) =
—o almost surely. Define the sequence of stopping times {u,, n > 0} by
Mo = 0 and

o = inf{t > o0 [X(1) = X(pa-1)| =1}, n=1,2,... asdefined.
ProposiTION 9.1.  Under (1.9), the two sequences {X(u,)},. o and {S },. o

have the same distributions. Furthermore, { u, — u,,_4},., are iid variables,
distributed as inf{t > 0: |B(t)| = 1}.

REMARK 9.2. Condition (1.9) in the proposition is only to ensure that u,
(n = 1) are well defined.

The proof of the proposition is based on the following result which we have
learnt from [34].

LeEmmA 9.3 (Yor [34]). Let o be the process of first hitting times of B as in
(4.1). For all positive a and b,

0aNO_ _ -~ law _
fo (@2 Ligs)» 0 + D 2 Lig(s)< o) ds = inf{t < 0: [B(t)[ = 1}.
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ProoF oF LEmMmMA 9.3. For t > 0, let B*(t) and B (t) be, respectively, the
positive and negative parts of B(t). By Tanaka's formula,

a 'Bf(t) + b B (1)
t+bt

t _ _ a
- fo(a "> 0) = b gy < o) AB(S) + TL(LO),

where L(:,-) is as before the local time of B. This is a Skorokhod-type
reflection equation. By Lemma VI1.2.1 of [27], there exists one-dimensional
reflecting Brownian motion, denoted by v, such that forall t > 0, a *B*(t) +
b~1B~(t) = y(D(t)), where

t - — .
D(t) = /O(a ?Lig(sy> 0y + b ?Lig(s)< o) ds  as defined.

Hence
D(o, A o_p) = inf{t > 0: y(t) =1},
as desired. O

ProoF oF ProposiTION 9.1. Define Az and Tz as in (3.2)-(3.4), with Wy in
place of W. Since X is a diffusion process with scale function Az,

Az(i) —Agz(1 - 1)
Az(i+1) —Az(i—1)
the last equality following from the definition of Wz. This identifies the

distributions of {X(,), n > 0} and {S,, n > 0}.
It remains to prove the second part of the proposition. The independence of

]

B and E plays an important role. Conditionally on E and on the event
{X(p,_p) =i} [hence BTz (u,_) = Az(i)],

Py — g = inf{s > 0: B(TZ'(s + my_y)) = Az(i + 1) or Az(i — 1)},

which in words means that Tz'(pu,) is the first exit time of B from the
interval [A-(i — 1), A=(i + 1)] after time T=*(u,_,); thus equivalently,

—U—E_l( Mn) - —[I—E_l( /"“n—l)
=inf{t>0: B(t+ Tz (py_y)) = Az(i + 1) or A(i — 1)}.
Accordingly,

[FD(X(:U“n) =i+1|X(Mn_1) =i;E)= &

Mp = Mp_q = ;E_I(M") exp[—ZWE(Aél( B(S)))] ds

=1 ) .
= | = exp(—2W<(i))1 »
TE_I(Mn—l)( p( ~( )) {B(s)> Az(i)}

+exp(—2Wz (i — 1)) Ligs)< a_qiy) dS

= f()g(exp(—zwa(i))ﬂ(§(s)>o) + exp(—2Wz(i — 1)) Lig) <) ds,
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where B(t) = B(t + Tz (u, 1) — B(Tz(u,_,)) (for t > 0) as defined and
0 = inf{t > 0: B(t) = exp(Wz(i)) or —exp(W=(i — 1))} as defined. By Lemma
9.3, for any n, conditionally on E, {(Wz(u,_,) =i} and (uy, ..., p,_,), the
variable u, — w,_, is distributed as the first hitting time at 1 of standard
reflecting Brownian motion. This yields the second part of the proposition. O

10. Proofs of Theorems 1.3-1.5. We say a few words about the proofs
of Theorems 1.3-1.5, which are now consequences of Proposition 9.1 and
Theorem 8.1. Let us, for example, prove the first half of Theorem 1.3 (the rest
of Theorems 1.3-1.5 can be verified exactly in the same spirit). As was
pointed out in Section 8, we only have to characterize the upper functions of
max, _ « - n Sk [where {S.},. , is of course Sinai’s simple RWRE whose envi-
ronment = satisfies (1.9)].

We use the embedding described in Section 8, and continue adopting the
same notation. By the second part of Proposition 9.1, { u,},., is the partial
sum process of a sequence of iid variables with common mean 1 and finite
variance, say c2. According to the usual law of the iterated logarithm,

| wn — nl

lim sup =1 a.s.
n-= €(2nloglog n)l/2

In particular, almost surely for all large n,
n—n?3<p, <n+n%3

To verify the convergence part of Theorem 1.3, let {a,},., be a sequence of
positive nondecreasing numbers, such that

< o,

(10.1) Y

n

As in (8.4) in the continuous-time setting, we assume without loss of general-
ity that

a

n

a, méo?
p —

e
nlog n

4 16
mlog loglogn < a, < mlog loglog n.

Define the nondecreasing function f(t) =&, —1 as defined. Condition
(10.1) guarantees J,(f) < o, where J, is defined in Theorem 8.1. By (8.1),
with probability 1, for all large t, sup, . ., X(s) < (log t)?f(t). Consequently,
for all large n,

max X(u) < sup X(s) +1

O<k<n 0<s<p,

(10g )" f(pt) + 1
< (log(n + n?/%))’(a, — 1) + 1

IA

< (log n)zan,

which, in view of Proposition 9.1, implies the convergence part of Theo-
rem 1.3.
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11. Weak convergence and limit distribution. Although the main
object of the paper is to study almost sure asymptotics, our approach allows
us to recover, as a by-product, the weak convergence of max,_, ., Sy (as well
as its explicit limit distribution) stated in Theorem A (cf. Section 1.1). In view
of the embedding in Proposition 9.1, we only have to treat the continuous-time
case: the diffusion process X with random potential W [cf. (3.2) for definition].
Recall T, A, H_ from (3.3)-(3.6), o from (4.1), and X and W * from (2.1)-(2.4).
Write for all v > 0,

(11.1) X~(v) = inf{t > 0: X(t) > v} as defined.
Note that X~*(v) is nothing else by T(g,,,)-

ProposiTION 11.1. Let {W(x); x € R} be a cadlag process satisfying (3.1),
and {X(t); t > 0} a diffusion process with potential W [cf. (3.2)]. As v goes to
infinity,

(11.2) % w —W#(v) V U_(W(v))| -0,

in probability, where U_ is defined in (4.6).

CoOROLLARY 11.2. We have

2

— law # YV -2
(ITt)ZX(t) - A= (W*(1) vU_(W(1))) ",

t — o (as defined).

Moreover, the limit law is characterized either by distribution function or by
Laplace transform:

(113) P(A<x)=1- i %exp(—w), x>0,
k=0 (2k + 1) 2 8
(11.4) Eexp(—AA) = —tanh 24 , A> 0.
V2

RemARK 11.3. From (11.3) or (11.4), it is noted that A is distributed as the
last zero of B before exiting from [ —1, 1].

ProoF oF CoroLLARY 11.2. The weak convergence follows from (11.1) and
(11.2) and from the scaling property. It remains to verify (11.3)-(11.4).
Observe that P(U_(r) < x) = (x — r)/x for all x > r. Since U_ is indepen-
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dent of (W# W),
IP(W#(l) vV U_(W(1)) <t)
(1) <t;U_(W(1)) <t)

= P(W
[E(t W(l)

(W#(l)s t))

2 2 t—a (2k + 1) 72
-3 exp| — ———5——|cos
0 t k=0 t 8t

1\ 7a
(k+—)—)da,
2) t

the last equality due to Theorem 2.1. This yields (11.3). The Laplace trans-
form (11.4) can be obtained using (11.3) and the well-known relation

i 1 ™ h(ﬂ'X) o
- - _tanh|—]|, x>o0.
k=0 (2k + 1) + x2  4x 2

This completes the proof of Corollary 11.2. O

PROOF OF PrROPOSITION 11.1. By (4.5), X"1(v) = I,(v) + 1,(v) for all v > 0,
which implies log(1,(v) V 1,(v)) < log X~ *(v) < log(1,(v) V 1,(v)) + log 2. The
proof of the proposition is thus reduced to showing the following estimate: for
any a > 0 and ¢ > 0, there exists v, > 0 such that for all v > v,,

(11.5) P([log(1,(v) V 1,(v)) = cW*(v) V oU_(W(v))| = aWV) < 4e.
According to (4.7) and (4.11), on E,; N E,,
log(1,(v) V 1,(v)) < (eW#(Vv) + log* v) vV oU_(W(v) + log* v).

Let E, = {U_(W(V) + log* v) < U_(W(v)) + v'/%} as defined. Then P(ES)
< P(U_(log* v) = v*/3) = (log* v) /v}/? < &, for large v. On the other hand, it
follows from Lemmas 4.1 and 4.2 that P(ES U E§) < (Cy + C,4)exp(—log? v)
< e. Now, on E; N Eg N Ey,

log(1,(v) V 1,(Vv)) < ov3 + aW#(v) v cU_(W(V))
<alv + aW*(v) V aU_(W(V)).
Consequently, for all sufficiently large v,
(11.6) P[log(1,(v) V 1,(v)) = alv + aW*(v) V oU_(W(V))] < 2e.

A similar argument based again on Lemmas 4.1 and 4.2 leads to the following
lower bound for log(1,(v) V 1,(v)):

(11.7) P[log(1y(v) V 1,(v)) < —alv + cW*(v) vV aU_(W(V))] < 2e.

Combining (11.6) with (11.7) yields (11.5), hence Proposition 11.1. O
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