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If X is integrable, F is its cdf and F,, is the empirical cdf based on
an i.i.d. sample from F, then the Wasserstein distance between F, and
F, which coincides with the L; norm [ |F,(t) — F(t)| dt of the centered
empirical process, tends to zero a.s. The object of this article is to obtain
rates of convergence and distributional limit theorems for this law of large
numbers or, equivalently, stochastic boundedness and distributional limit
theorems for the L; norm of the empirical process. Some limit theorems
for the Ornstein—Uhlenbeck process are also derived as a by-product.

1. Introduction. The Kantorovich or L-Wasserstein distance between
two probability measures P; and P, on R with finite mean, defined as

dx(Py, Py)i=int | [ = 5l dux,
(1.1)
w € Z(R?) with marginals P, Pz},

is an interesting distance in probabilistic limit theory because it metrizes
weak convergence plus convergence of first absolute moments. It is well known
[Shorack and Wellner (1986), page 64] that, letting F';, F'5, respectively, be the
cumulative distribution functions (cdf’s) of P; and P, and @, @, their left
continuous inverses or quantile functions, @;(¢) = inf{x: F,(x) > ¢}, this
distance can be alternatively written as

1 00
(12) (PP = [ 1Qu) - ulde= [ |Fy(0)= Fy(0)]dt.

We will refer to any of these three expressions as the Wasserstein distance
between F; and F,.

Let now X, X;, i € N, be i.i.d. integrable random variables with common
cdf F' and quantile function @, and let

1 n
Fn(t)=;ZIXi§t, teR, neN,
i=1
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be their empirical measures. By Glivenko—Cantelli and the law of large num-
bers for | X]|,

F,(t,0)— F(t)forall t e R and /|t|an(t, ®) — /|t|dF(t) a.s.

Therefore, by dominated convergence,
(1.3) di(F,,F)— 0 as.

[If X is not integrable, then d (F,, F') = oo for all n.] The object of this
article is to obtain the distributional limit theorems associated to the “law of
large numbers” (1.3) and, more generally, to obtain rates of convergence in
probability for this law of large numbers. The relationship between d(F,, F)
and the weighted uniform empirical process adds interest to this problem.
Since Q(6), 6 uniform on (0, 1), has the law of X, taking X; = Q(#6;) in (1.2),
with 6; i.i.d. uniform, gives, by a change of variables that, as is well known,

(1.4) d\(F, F) = [ H,(0)~1dQw),  neN,

where H, is the nth empirical cdf corresponding to the sequence 6;. If @
is differentiable, then the right side of (1.4) is the L; norm of the uniform
empirical process weighted by Q’'(¢). So, the results to be obtained in this
article can be viewed in different lights, as limit theorems for a particularly
important functional of the general empirical process F,, on R, namely the L;
norm, or as the asymptotic behavior of the Wasserstein distance between the
empirical and the true distributions or as limit theorems for the L; norm of
the weighted uniform empirical process.
In fact, the L, norm for p > 1 of the weighted empirical process,

1
(1.5) /0 [|1H,(2) — tl/q(2)]” dt

has been studied by several authors. Csoérgd, Csorg6é, Horvath and Mason
(1986a) (Hereafter CCHM) adapt the Kémlos—Major-Tusnady approximation
of partial sums by Wiener processes to a weighted approximation of the uni-
form quantile process by Brownian bridges, and obtain from this a weighted
approximation of the uniform empirical process by Brownian bridges [for a
history and a simpler proof of the latter, see Mason (1991)], which has become
an invaluable tool for the study of the empirical cdf. This approximation is
then shown in CCHM (1986b) to provide an approximation in probability of
integral functionals of H, by the same functionals for Brownian bridges. M.
Csorgé and Horvath (1988a, 1993) [see also M. Csorgo, Horvath and Shao
(1993)] also use these approximations to obtain limit theorems for the inte-
grals in (1.5) over different domains of integration contained in (0, 1). The
results of these authors on (1.5) constitute a nice complement to the cele-
brated Chibisov—O’Reilly theorem. For p = 2 and weights q(¢) = f(Q(?)), [
the density of F, these integrals are related to tests of goodness-of-fit. In the



THE L; NORM OF THE EMPIRICAL PROCESS 1011

present work, the Wasserstein distance gives precise additional meaning to
very general weights.

It turns out that the natural settings for distributional limit theorems for
the Wasserstein distance between F', and F are the domains of attraction of
a-stable laws with 1 < @ < 2 (assuming E|X| < oo in the a = 1 case). The
technically most interesting cases are @ = 1 and a = 2, for which there are few
results in the literature. The following theorem describes the results about
our problem that are contained in, or can be obtained without effort from,
previous work [see Theorems 5.3.1, 5.3.2 and 5.3.3 in the Csorgé—Horvath
(1993) book]. Here and elsewhere, the notation X € DA (a,,) will indicate that
the distribution of X is in the domain of attraction of an a-stable law with
normalizing constants a,. Convergence in distribution is denoted by —; for
random variables and by —,, for probability measures. Then B(¢), 0 < ¢ < 1,
will denote a Brownian bridge process, that is, a centered Gaussian process
with continuous sample paths and covariance EB(s)B(t) = s A ¢t — st.

THEOREM 1.1. Let X, X;,i € N, be a sequence of independent random vari-
ables with a differentiable distribution function F and let @ be the associated
quantile function. Assume that X € DA (a,) for some 1 < o < 2 and let vy be
the a-stable limit law of {3°} (X, —EX)/a,}> ;. Then:

(a) In the case a = 2;
(al) If, in addition, [*. /F(¢)(1 - F(t))dt < oo, then

00 1
(16) V[ P, = F@)ldt -, [ [B0]dQ()

and
(a2) If X is symmetric, has a positive density and satisfies Pr{|X| >
t} ~ 1/t2, then there exists a constant D such that

1 2 ([ 1R - Foldt—E( [ [F.(t) - F@®)ldt)) —>q &
JDa, o -

where g is standard normal.
(b) If 1 < a < 2 and y = cPois u(cq, ¢y, @), then

1 C1

IR0 - Plde a5 ()

1 l/a o0
+ _(c_2> / |Ny(s) —s|s 1Y ds,
0

a\ o

l/a

/ IN,(s) — s|s" Ve ds
(1.8) 0

where {N;(t): 0 < t < oo}, i = 1,2, are independent Poisson processes with
intensity 1.

We should recall that the centered compound Poisson measure with
Lévy (or driving) measure u satisfying /% 1 A x®du(x) < oo, u{0} = 0 and
f[_l’ 1y |x| du(x) < o0, is defined as the probability measure with characteristic
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function
(1.9) (cPois )" (¢) = exp(/OO (exp(itx) — 1 —itx) du(x)>;

we will also use below the partially centered Poisson measure

(1.10) (csPois w)™(t) = exp(/oo (exp(itx) — 1 —itxl |, 5) d,u(x)),

needed when u does not integrate |x| at infinity or is not symmetric. The Lévy
measure u(cq, ¢y, @), whose corresponding compound Poisson is a-stable, is
defined as

“lrag if 0
(1.11) d/u(cl,c2,a):{clx x, ifx>0,

colx| 717, ifx <0

[cf. Araujo and Giné (1980), Chapter 2]. It is also convenient to note that the
condition [ /F(¢)(1— F(¢))dt < oo implies finite second moment for X
but not conversely [this condition defines the Banach space Ly 1(Q, X, Pr) [cf.
Ledoux and Talagrand (1991), page 10]. In particular, the previous theorem
is far from covering the basic case EX? < oo [or, more generally, the case
X € DA,(b,,) for general b, ].

Here is a brief description of the contents of this article.

1. Parts (al) and (b) of Theorem 1.1 are proved without assuming F' differ-
entiable and, moreover, the type of convergence is improved in the sense
that it is a consequence of convergence in law of certain processes in L;(R);
stochastic boundedness for larger classes of distributions is also considered
(Section 2).

. Two converses of (al) are obtained [Theorem 2.1(b) and Corollary 4.5].

3. A limit theorem is proved for the partially centered Wasserstein distance
when X is in the domain of attraction of a 1-stable law, with E|X| < oc;
this generalizes Theorem 1.1(b) to this case (Section 3).

4. We show that the centered and normalized Wassertein distances,
{nb,;Y(d{(F,, F) — Ed{(F,, F))}>,, are stochastically bounded for all
X € DA,(b,) (Section 4) and prove that they actually converge in law
for EX?2 < oo and also for X € DAy(b,) with b, ~ /n(logn)@tD/2
-1 < a < o0, and b, ~ \/ nloglog n, significantly expanding the scope
of (a2), which corresponds to @« = 0 (Sections 5 and 6). Other norming
sequences {b, } are possible, but we restrict to these for simplicity.

5. All the above theorems are shown to hold with convergence of moments as
well.

[\

These results constitute an essentially complete description of the first-
order asymptotics for the Wasserstein distance d(F,,, F) or, what is the same,
for the L, norm of the empirical process, at least for X € DA, « € [1, 2].

The results for the uncentered Wasserstein distance [corresponding to (al)
and (b)] are all obtained from the central limit theorem in the Banach space
L,(R) for adequate processes. This CLT, obtained in the seventies, is relatively
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elementary (as L; is a well-behaved Banach space in this regard) and the
proofs straightforward. We believe this method is more elementary than the
one based on approximation of the weighted empirical process by the Brownian
bridge, particularly if based on KMT. It has the added advantage of providing
convergence of moments as well.

We devote Sections 4 to 6 to the more delicate case of the domain of attrac-
tion of the normal law, with X not in L, ;. In Section 4 we obtain stochas-
tic boundedness plus uniform integrability of up to the second moments by
means of a new, very powerful, exponential inequality of Talagrand (1996) for
empirical processes (Section 4). We should remark that this inequality, whose
original proof is quite difficult, has now a simple proof based on log Sobolev
inequalities (Ledoux, personal communication). Section 5 contains the conver-
gence result for the finite variance case. The tools used are the aforementioned
Talagrand’s inequality and the Borell-Sudakov—Tsirel’'son concentration in-
equality for Gaussian processes (in the simpler version of Maurey and Pisier).
Section 6 is devoted to the central limit theorem in the infinite variance case.
Because the norming constants are not determined by integrals over bounded
intervals, but by the integrals at infinity, it does not seem that this result can
be obtained using the previous inequalities in combination with approxima-
tion by integrals over bounded intervals. Here, not only strong approximation
seems unavoidable, but it is perfectly suited to reduce the limit theorem for
the empirical process to one for Gaussian processes. For this, we use a result
of CCHM (1986a) on weighted approximation of the uniform empirical process
by Brownian bridges; this result has a relatively elementary proof based on
Skorohod embedding [Mason (1991), Csorgé and Horvath (1986)]. Talagrand’s
inequality is still helpful to obtain convergence of moments (which play an im-
portant part in the proofs). After this article had been written, Mason (1998)
improved the weighted approximation from a probability statement to one on
exponential moments; if we used his result in the present analysis we could
avoid Talagrand’s inequality. However, since Mason’s result is based on KMT
and there exists a simple proof of Talagrand’s inequality, it is unclear whether
this would amount to any real simplifications.

The derivation of (1.7) in, for example, Csorgé and Horvath (1993) uses
a central limit theorem for integrals of centered functionals of stationary
Markov processes with respect to Lebesgue measure [Mandl (1968)], applied
to the Ornstein—Uhlenbeck process. In order to extend it, a limit theorem for
integrals with respect to measures other than Lebesgue (thus, not tied to sta-
tionarity) has had to be derived, which may have some independent interest.
[See Csorgo and Horvath (1988b) for limits of integral functionals of other
Gaussian processes.] Our approach is quite indirect and takes most of Sec-
tion 6. We view this proof and the extensive use of Banach space methods in
the problem at hand as the main technical innovations in this article.

The results for the L, norm of the empirical process presented here have
natural analogues for the L, norm; since the changes in the proofs would
only be formal, we refrain from pursuing this subject [see, e.g., Csorg6é and
Horvath (1993), Theorem 3.1, pages 316 and 317, for statements on the L,
norm, p > 1, corresponding to Theorem 1.1(a) above].
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CCHM (1986b) obtained two very useful explicit formulas for the norming
constants b, in DAy(b,), which we use in Sections 4 and 5. Because of their
interest, we rederive them, directly from first principles of classical central
limit theory, in an Appendix.

2. The uncentered Wasserstein distance. In this section we study con-
vergence in distribution of the normalized but uncentered Wasserstein dis-
tance between the empirical and the true probabability measures. We derive
results related to (al) and (b) in Theorem 1.1, in fact stronger, by means of sim-
ple proofs based on techniques from probability in Banach spaces. These tech-
niques are definitely more elementary than those used in Csérgé and Horvath
(1993). Since part of the statements that follow are in terms of weak conver-
gence of probability measures in L; := L,(R), we should recall that (1) if Y is
a jointly mesurable process with almost all its trajectories in L;(R) then Y can
be identified to a Borel random variable in L;(R) and conversely [Byczkowski
(1977)], and (2) if Y,,, Y are processes with almost all their sample paths in
L,(R), then the processes Y, converge in law to Y in L;(R), A(Y,) =, £(Y)
in Ly, if lim, , (Ef(Y,) = Ef(Y) for all functions f: L; — R which are
bounded and continuous; in particular then, |Y, |z, =4 [|Y|z,- We also de-
note this convergence by Y, — , Y in L;.

We also observe that, if X has distribution F', then the condition

(2.1) [ JFoa - F@ydr < oo

is equivalent to the condition

(2.1) Ag1(X) = /Oo,/Pr{|X| - 1Y dt < oo

The functional A, ; is equivalent to a norm defining the Banach space
Ly 1(, %, Pr), dual of the weak-L,, space Ly ,and we have Ly, 5 C Ly 1 C Ly
for all & > 0, as is easy to check [e.g., Ledoux and Talagrand (1991), page 10].
We mention this because this quantity appears in several other instances in
probability.

THEOREM 2.1. Let X, X,;, i € N, be i.i.d. random variables with common
distribution F. Let
(2.2) Y():=1x.,—Pr{X > t}, —00 < t < 00,

and let Y;, i € N, denote the processes obtained by replacing X by X, in (2.2).
Then:

(a) The processes Y ;21 Y;//n = n(F, — F) converge in law in L,(R) to
the process B(F(t)), t € R, where B is a Brownian bridge, if and only if
Ay 1(X) < oc.

(b) The sequence

Z

is stochastically bounded if and only if Ay 1(X) < cc.

=V [ IF.()-F@)ldt, neN,
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PrROOF. It is known that a mean zero process Y with sample paths in
L, (R) satisfies the /n central limit theorem if and only if

(2.3) [ JEx@)2de < .

[Jain (1977), Theorem 11; see also, e.g., Araujo and Giné (1980), Exercise 14,
page 205; this is a direct consequence of the central limit theorem in cotype
2 spaces and can also be directly obtained from probability inequalities as,
e.g., in Giné (1983) where the case of L, with p < 1 is considered.] For the
process Y (¢) defined by (2.2), condition (2.3) is nothing but condition (2.1) and
therefore the sequence {>." ; Y;/\/n} converges in law in L;(R) if and only
if Ay 1(X) < oo, and the limit is Gaussian. The limiting Gaussian process
is B(F(t)) because this Gaussian process has the same covariance as Y (¢),
hence (Y (¢1),...,Y(¢;)) —4 (B(F(t1),...,B(F(t;))) for all ¢;,...,¢, in R
and all % € N by the central limit theorem in R”, and it is known that, if there
is weak convergence in L, then the limit in law of the finite-dimensional
distributions corresponding to any ¢;,..., {; outside a set of measure zero,
and all £ € N, is the law of the corresponding finite dimensional distributions
of the limit [Lawniczak (1983)]. Part (a) is proved and so is the sufficiency
part of (b).

The proof of the necessity part of (b), which ultimately is an exercise on
Hoffmann—Jgrgensen’s inequality, requires some work, as follows. By consid-
ering Xt and X, we can assume X > 0. It is now convenient to write

Z(t) = IX>t? Zi(t):IXi>t’ LEN, tER,

so that Y (¢) = Z(t) —EZ(¢) and likewise for Y;. The stochastic boundedness
hypothesis simply asserts

1
2.4 li Pr{i—
@9 Jim supPr| T
Montgomery-Smith’s (1994) Lévy type inequality for i.i.d. random vectors then
implies, from (2.4), that

i(zi ~EZ)| = M} =0.
1

i=

L,

1
(2.5) im supPr{— max [|Z; —EZ;|;, > M} =0.

1
M—oo p \/ﬁl

The classical inequality for independent random variables, say ¢;,
Pr{miax|§i| > t} >1-— exp(—ZPr{|§i| > t})
then gives that there is a constant M < oo such that
1

sgpnPr{ NG

1Z -EZ|, > M} < 00,

or, equivalently,

(2.6) Ay oo(Z —EZ) :=sup*Pr{|Z —EZ|, >t} < co.
t>0
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As a consequence of (2.6) we have

E max 1Z;, —EZ;|l, i/“
1<i<n ﬁ \/ﬁ 0

<1+ «/ﬁ/fPr{HZi ~EZ;|,, > t}dt

Pr{max 1Z; —EZ;||,, > t] dt

1<i<n
(2.7)

<1+nAy (Z —EZ) /f t2 dt

=14 Ay o(Z —EZ) < .

Now, Hoffmann—Jgrgensen’s inequality for general independent vectors [e.g.,
Ledoux and Talagrand (1991), equation (6.8), page 156] in combination with
Montgomery-Smith’s (1994) Lévy inequality for i.i.d. vectors gives that for
every r > 0 there exist finite positive constants c;, i = 1, 2, depending only on
r, such that

n(Z. —RZI" Z;,—-EZ;|;
(2.8) E Lia(Z; i) <c Emaxw 0 nls
Jn L i<i<n n/2 "
where
" (Z,—EZ,
(2.9) to.n = inf[t: Pr{ I NG Mz, > t} < 02].
n

On one hand, the stochastic boundedness hypothesis (2.4) implies sup,, ¢, , <
0o, and on the other, inequality (2.7) asserts the finiteness of the sup over n
of the first summand at the right-hand side of inequality (2.8) for r = 1. We
thus conclude from inequality (2.9) for r = 1 that
IS (Z. _EZ)I
(2.10) supE| 2izi(Zi ‘)|
wo vn |
Let now ¢ be a binomial (n, p) random variable such that 4c,/n < p < 1/2,
c; as in (2.8). Then, inequality (2.8) (Hoffmann—Jgrgensen’s combined with
Montgomery-Smith’s) gives

”2—1’ < E(& — E€)? < ¢1[1 + (c; 'E|é — E€])?] <

Ly

np

C1 _ 2
1 +g(E|§ E¢|)".

In other words, there exist positive finite constants C; and C, such that
C 1

(2.11)  _Z(¢) = Bin(n, p) with — < p < 3 implies E|& — E¢| > Cy/np.
n

[This also follows from symmetrization and Corollary 3.4 in Giné and Zinn
(1983).] Inequality (2.11), applied to the empirical process, yields

1| Y x, —Pr{X; > t})
JPr{X >t} < C—QE' ! =

for med(X) <t < Q(1—C,/n).

(2.12)
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Then, if we integrate in inequality (2.12) and apply inequality (2.10), we obtain

QA-Cy/n) ———
sup/ \/Pr{X >t} dt

n  Jmed(X)
1 Q(1-Cy/n) | (I = Pr{X,; > t})]
1 [CO | BT PR )
Cy 7 Jmeacx) | vn |

Since Q(1 — C;/n) — esssup X as n — oo, this last inequality gives

/:o\/PI‘{X>t}dt<OO,

that is, Ay 1(X) < oo, proving the theorem. O

REMARK 2.1. Note, from Theorem 2.1, that condition (2.1) not only implies
convergence in law of {\/n|F, — F| ., }, but convergence in law, in the space
L, of processes that have these random variables as their L; norms, which
is a stronger form of convergence; also, stochastic boundedness of the set of
random variables {\/n||F, — F| } implies condition (2.1), without assuming
any a priori conditions on X. Thus, Theorem 2.1 considerably strengthens
statement (al) in Theorem 1.1.

If in Theorem 2.1(b) we consider variables not necessarily in DA (e, ), then
we also obtain necessary and sufficient conditions for tightness of the normal-
ized, uncentered Wasserstein distance. To keep things simple, we only deal
with power type normalizations.

THEOREM 2.2. Let X, X;, i € N, be i.i.d. with common cdf F and let a €
(1, 2). Then, the sequence

no o *©
(2.13) {nl/a /m \F,(t) — F(t)|dt}n=l
is stochastically bounded if and only if
(2.14) Ay oo(X) :=supt“Pr{| X| > ¢} < oo.
t>0

PROOF. Necessity. Let &; be Bernoulli (p) independent random variables,
and let £ = Y%, ¢;. Using the classical Marcinkiewicz inequality we obtain
that, if p € [1/n,1/2] and n > 2, then

1 n \ 1/2 1
Bl - Bel = 5 28| Ve - | 2 omma i -l

NG PRRE

That is, there exists C > 0 such that

(2.15) Z (&) = Bin(n, p) with % < p < = implies E|§ — E¢| > C.

DN =
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[This also follows from Corollary 3.4 in Giné and Zinn (1983).] Consequently,
since tightness of the sequence (2.13) implies boundedness of its first moments
by a proof entirely analogous to the proof of (2.10), we have

Q(1—-1/n) —med(X
sup QL= /) ~med(X)
n n
1 QU-1/n) Y% (Ix_,—Pr{X;>t
S o T —PrX = 1))
C »n Jmed(x) nl/«
So, there exists K < oo such that @(1 — 1/n) < Kn'/ for all n > 2, and
therefore, Pr{X > Kn'/*} < 1/n for all n, a condition equivalent to (2.14).
Sufficiency. Now we assume that condition (2.14) holds and that, without
loss of generality, X > 0. Setting

(216) Zn,t(t) = I[O, Xi/nl/”‘)(t)7 t> O,

< Q.

a simple change of variables shows that

n co| It

o [ 1F. = FO)ldt = [ 7| (Ix e = Pr{X > tn”"})\ dt

i=1

(2.17)

n

Z(Zn,i - IEZn,i)
i=1

Ly

The following computations are classical. We will use repeatedly that
1Zo i, = Jfo Tio,x,mvey(t)dt = X;/n'/* and similar computations. In
particular, for any M > 0,

n|EZ, 1 Iyz, 1, -y, = nfo Pr{X > n'/*(¢ v M)} dt

— nMPr{X > Mn'*} + n/ Pr{X > tn¥/*}dt
M

o [C gy | = % Bae(X)
SAQ,OO(X)[M +/Mt dt}_a_l e

Since this last quantity is smaller than M /2 for all M larger than some M, <
oo, we have, for such M’s,

PI‘{ Z(Zn,i _Ezn,i) = M}
i=1 L
n M
= Pr{ Z(Zn,i _Ezn,iIZn,iL1<M)l = E}
i=1 L
(2.18) n | d
E PI‘{ Z(Zn,illlzn,iHngM _EZn,iIZn,i||L1<M)' = Z}
i=1 b

+nPr{X > Mn'/*}
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Now,

Nl
T_) as —> OQO.

(219)  sup(Il,) = supnPr{X > Mn'/*} <

As for (I,)), we have

4 o |2
(Z,) = M/o E Zl(Zn,iIHznmlsM —Ezn,ilzn,ulsM)' dt

4 00 n 91,2
=M [E<izzl(z”’il"z">fLlfM_Ezn’ilnzn.inhsM)) } @

4nt/2 roo 12
=M /O[]E(Zn,llusz”ngM)] dt

4nt/2 M )

Jex11/2

<7 fo [Pr{X > tn!/*}]V2 d¢t

o, o(X) M 47, (X) 1
< Bel) My gy Mol X) 1

M 0 1—a/2 M2

Hence, it follows that

(2.20) A}im sup(l,) = 0.

Combining the estimates (2.19) and (2.20) with inequality (2.18) and the iden-
tity (2.17) gives stochastic boundedness of the sequence in (2.13). O

This theorem, together with Theorem 2.1, gives us estimates of the rate of
convergence to zero of d(F,, F') for relatively large classes of random vari-
ables. It also tells us that, if we exclude the L, ; case, domains of attraction of
a-stable laws, 1 < o < 2, are, in a sense, the natural classes of random vari-
ables for which to look for more precise results about the convergence rate to
zero of d(F,, F). The cases « = 1 with X integrable and, particularly, the
large class of random variables in the domain of attraction of the normal law
but not in Ly ; are extreme. In both cases the behavior of d;(F,, F) is radi-
cally different from the other cases, and will be treated in subsequent sections.
Next we look at the cases in between these two extremes.

Concretely, we prove a stronger form of Theorem 1.1(b) for X in the domain
of attraction of an a-stable law with 1 < a < 2. The limit will be given in terms
of generalized Poisson measures, thus obtaining another (arguably not as nice)
representation of the limit in Theorem 1.1(b). We begin with a simple argu-
ment showing that the limit law in Theorem 1.1(b), if it exists, corresponds
to the sum of the integrals of two-scaled independent Poisson processes. Let
X, X;, and a, be as in Theorem 1.1(b). By the change of variables already
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encountered in the previous proof,

n

n (* 0
[ A= POl de = [ [Y0x i, - PriX, < ta,))|de

©li=1

+/Oo°‘_

Y Ix,otq —Pr{X; > tan})l dt.
i=1

(2.21)

Since the integrands are (absolute values of) centered binomial random vari-

ables whose probabilities of success, respectively, Pr{X < —ta,} and Pr{X >

ta,}, satisfy

(2.22) lim nPr{X>ta,}=—~, limnPr{X< —ta,}=—2, ¢>0,
n—oo ate n—o00 ot®

by the stable convergence criterion in R [cf. Feller (1971) or Araujo and Giné

(1980)], and since the indicators in each integrand are disjoint, it follows from

elementary probability (the law of rare events, multivariate version) that the

finite-dimensional distributions of the processes

Y (Ix,<ta, — Pr{X; <ta,}), fort<0,
i=1

(2.23) K,(t):=10, for t =0,

Z(IXi>tan —Pr{X; > ta,}), fort>0
i=1

converge to the corresponding finite-dimensional distributions of the process

N1<i>—i, for t > 0,

(2.24) K(t)—-EK(t):=140, for t =0,

c c
Ny(—2)-—2, fort<O,
alt|*)  alt*

where N; and N, are two independent standard (intensity 1) Poisson pro-
cesses on [0, 00). Hence, the above-mentioned result of Lawniczak (1983)
shows that, if there is convergence in law in L; of the processes K,, then
their limit must be the process defined by (2.24), whose L; norm is precisely
the limit process specified in Theorem 1.1(b), so that, if this is the case,
Theorem 1.1(b) follows by continuous mapping. The next theorem proves
that the processes K, do indeed converge in law in L; to N (tightness of
{K,} would suffice, but proving convergence is equally easy). [See CCHM
(1986b), for a representation of all a-stable laws, 0 < a < 2, as integrals of
the processes (2.24) or modifications thereof.]
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THEOREM 2.3. Let X, X,,i €N, be i.i.d. and such that

1 n

(2.25) j<a— (X - ]EXi)> —,, cPois u(cy, ¢9, @)
n =1

for constants 0 < c;, ¢y < oo, but not both equal to zero, and 1 < a < 2,

where the a-stable law cPois u(cq, cq, @) is given by (1.9) and (1.11). Let K, (t),

—00 < t < 00, be the processes defined by (2.23) from these variables X;. Let

Wi, i1 = 1,2, be measures on L;(R), respectively, concentrated on the sets of

functions {Ijy ,: x > 0} and {I|_, o) x > 0}, such that
‘1 Co
au”

u > 0.

(226) /J“l{I[O, x): X > u} =
Then the measures u;, i = 1, 2, are Lévy measures on the Banach space L,(R)
and

(2.27) Z(K,) —,, (cPois u;) * (cPois uy) in L;(R).

Conversely, if the limit (2.27) holds with u;, i = 1,2, as in (2.26) and with
constants a,, regularly varying at infinity with exponent 1/a, then X € DA (a,,)
and the limit (2.25) holds.

> /'LZ{I[x,O): X < _u} = au®’

The proof of this theorem is based on the following Poisson convergence
criterion in Banach spaces [a consequence of the general CLT of de Acosta,
Araujo and Giné (1978), made explicit by Mandrekar and Zinn (1980); see
Araujo and Giné (1980), Theorem 3.5.9 on page 129 and Exercise 5 on page
134. In the second part of this exercise the conclusion should be tightness of
the laws of {S,, —ES,, ;} for all § > 0 instead of tightness of the laws of {S, }].

GENERALIZED POISSON CONVERGENCE CRITERION IN BANACH SPACES. Let
{Z,;:1i =1,...,n,n € N} be an infinitesimal array of row-wise indepen-
dent integrable B-valued random variables, where B is a Banach space (a
triangular array is infinitesimal if max; Pr{||Z,, ;|| > €} — 0 for all &£ > 0).
Then, in order that there exist a Lévy measure u such that

j(Z(Zn,i —EZ,U»)) —,, cPois u,
i=1

it is necessary and sufficient that the following three conditions be met:

(i) For all 6 # 0 in a dense set D of Rt,
Qj(zn’i”nxn» = s

1=
for some measure u on B.

(i) lim;_ o limsup, E|| 3371(Z,, 1)z, ,j<s —EZ, 1z, <)l = 0.

(iii) For some & € D (or for all § € D), the sequence {}/_EZ, ;1,5 -5}
converges in B. ’
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Moreover, conditions (i) and (ii) together are equivalent to
n
j( Z(Zn,i — ]EZn, iI”Zn,ifa)) —>w CgPOiS/.L
i=1
for all 6 such that u{||x|| =} = 0.

Let {Z, ;} be an infinitesimal array of row-wise independent vectors, as
above. Since, if u;, i = 1, 2, are Lévy measures then so is p;+py and cPois(pu;+
o) = cPoispu; * cPois uy, it follows trivially from this criterion that if for
disjoint measurable sets C, C B, i = 1, 2, we have

(228) j(Z(Zn,iIZnYieck — ]EZn,iIZ,M'ECk)> —>w CPOiS/.Lk, k= 1, 2,

13

then
(220) (S(Zuilz, coe,~EZn il cc0,)) ~u (cPois ) (Pois ),

a fact to be used below. The same comment applies to the second part of the
theorem.

To prove Theorem 2.3 we will freely use the properties of random variables
in domains of attraction (DA) of stable laws in R, as described, for example,
in Feller (1971) [or in Araujo and Giné (1980)].

PROOF OF THEOREM 2.3. We begin with the direct part. By [(2.28) = (2.29)]
we may assume X; > 0 and

(2.25") a—ln i_Xni(Xi —EX;) — , cPois u(c, 0, @).
Then,
K, ()= Y2, () ~EZ, /(). t>0.
i=1
and K, (0) =0, with
Z, i =1Iy x,a,) i=1,...,n, neN,

which are L[0, c0)-valued random variables. Since |Z, ;||,, = X,/a,, we
have max;_, Pr{||Z, ;|., > e} = Pr{X > ea,} — O for all & > 0, showing
that the array {Z, ;} is infinitesimal. So, we can apply the above generalized
Poisson convergence criterion for B = L;. Let u be the measure obtained from
M1 in (2.26) replacing c¢; by c. We must prove

(2.27) J( dY(Z, ;- ]EZ,“-)) —, cPoisp  in L4[0, 00),
i=1

which we do by checking (i)—(iii) above.
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PROOF OF (i). Since the map 7: RU{0} — L4[0, o) given by T'(x) = I}g
is an isometry and the image of T is closed in L, proving (i) is equivalent, by
the continuous mapping theorem, to showing

U A(Zn, iy =8) 0 T = w (ljay, =) 0 T, 6 >0,
that is, to showing
nj(X/an)|x>5_)/“L67 8>0>

where us{x > u} = ¢/(a(u v 8)*). This is equivalent to proving

c

nPr{X > ua,} —

au

for all u > 0, which holds because of (2.25') and the stable DA criterion in R.

PRrROOF OF (ii). First we observe that, by stable convergence in R and the
asymptotic properties of regularly varying functions [Feller (1971), Theo-
rem 1b, page 281],

w(Pr{X > u})"? S 1-2% asu— oo

(2.30) Jo Pr{X > s} 2 du 2

Then, this gives

n
Xi(zn,ifuzn,inhg& —BZ, 1z, 1, ,<5)
1=

)
:/OE

1 n 291/2
S /0 []E( Z Itan<Xi§5a,, — Pr{tan < Xi < 5an}> } dt
i=1

E

L,

dt

n
> L -x,<5a, — Prita, < X; < 6a,}
i=1

5
5/ n2(Pr{X > ta,})/?dt
0

n1/2 :San
- / (Pr{X > u})"%du
0

an

o
X1 a/2[n Pr{X > 8a,}]"?,
where A, < B, indicates that A,/B, — 1 as n — oo. Now, by the stable DA
criterion in R, the limit of the last sequence as n — oo is ¢¥/281%/2/(al/2(1 —
a/2)), which in turn tends to zero as 6 — 0, proving (ii).

PROOF OF (iii). We obviously can assume X is nondegenerate. Then, if X €
DA, the tail probability function Pr{X > u} is regularly varying at infinity
with exponent —a and the representation of slowly varying functions in, for
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example, Feller (1971), page 282, gives the existence of two functions c(y) —
c € (0,00) and &(y) — 0 as y — oo such that

Pr{X > u} = u‘“c(u)exp(/lu # dy).

As a consequence, given ¢ > 0 that we take to satisfy ¢ < a — 1, there exist
uy < oo such that

(2.31) Pr{X > u} < 2(%)_a+8 Pr{X > v}

for all u > v > u,. If, more concretely, X satisfies (2.25’) then, as mentioned
above,

c

(232) E Z Zn,iIHZn,iHL1>3 = nPI‘{X > (t Vv 5)an} — _a(t v 8)&

i=1

as n — oo. In order to prove (iii), we must show this limit holds in L; for some
8 > 0. We show it does for 6 = 1: by (2.31), for n large enough independently
of t > 1, we have

2nPr{X > a,} - K

tO[—E ta—a

nPr{X > ta,} <

for some K < oo, also independent of ¢, because a,, — oo and the sequence
{nPr{X > a,}} converges. Since K/t* ¢ is integrable on [1, c0), the domi-
nated convergence theorem and (2.32) show that

r

as n — oo, proving (iii) and hence the direct part of the theorem, by the
generalized Poisson convergence criterion in L.

For the converse, we still can asume X > 0, and we just note, from the
proof of (i) and the convergence criterion in L, that, if the limit (2.27) holds,
then

" c
i:ZIZn,iInZn,iHml “ a0

nPr{X > ua,} — ¢

au”

for all u > 0, which ensures that X satisfies (2.25’) [by Lemma 3 in Feller
(1971), page 277, and the stable DA criterion in R]. O

Theorem 2.3 thus improves on the type of convergence in Theorem 1.1(b).
Note that the proof we just gave consists of a relatively simple exercise on the
stable convergence criterion in Banach spaces, a result known since 1978. In
view of the comment that follows, it is the change of variables in (2.21), which
yields the definition of the processes K, , that makes this reduction possible.
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REMARK 2.2. Next we comment on a curiosity, but skip details. The pro-
cesses K, defined by (2.20) are not the most natural ones satisfying

n
1Kz, = —IIF, — Fl,;
an
the first choice for such processes being, for example, for X > 0,

. n &
B, =Y (Ix.,—Pr{X > t}).
n =1
It is easy to see that, under the conditions of Theorem 2.3, the sequence of pro-
cesses {K,} is not uniformly tight in L,[0, co). Hence, these processes provide
an example of a sequence of B-valued random variables {K,} which is not
uniformly tight while the sequence of their norms, {||K,,| 1, ), does converge
in law. They also provide an example of two sequences of random vectors
{K,} and {K,} which have the same norms, but one of then converges in law
whereas the other is not even tight.
Theorems 1.1(al) and (b) can be improved in another direction, namely,
convergence of moments.

THEOREM 2.4. Let X, X, be i.i.d., with common distribution F, and let F,

denote the empirical distribution based on X, ..., X,, n € N, as usual. Then
the following holds:

(@) If X € Ly 1 and E|X|P < oo for some p > 2, then

(2.33) ,}HEO]E[*/E/_Z IF, () — F(2)| dt}r - E[/_Z \B(F(2))| dt}r

forall 0 <r < p.
(b) If X € DA _(a,) for some a € (1,2) and K is the Poisson process defined
by (2.4), then

(2.34) JL%E[GE /Z \F, (t) — F(t)| dt]B - E[f_z \K(¢) — EK (1) dtr

forall 0 < B < a.

PROOF. Part (a) follows from general principles. Theorem 5.1 in de Acosta
and Giné (1979) [cf. Araujo and Giné (1980), page 1361, applied to the processes
Y; in the proof of Theorem 2.1 above, asserts that, if E||Y || fl < oo for some
p > 2, then the pth moment of || 3-I"; Y;[|,, converges to the pth moment of
the limit since Y; satisfies the central limit theorem in L; by Theorem 2.1;
this result applies to give part (a) because, as a simple computation shows,
1Y)z, < 1X|+EIX].

In order to prove part (b), by Theorem 2.3 and uniform integrability, it
suffices to show that

(2.35) supIE(l /000

an

n B
Y Ux. —Pr{X > t})l dt> < 00
i=1
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and

(2.35") sup]E(

1 I (1 Pr{X < )| dt) < oo
il - < — <
a, Jo |\ X

n

for all 1 < B < @. Both bounds having similar proofs, we will only consider the
first. We can assume without loss of generality that X > 0 and that ¢ # 0 in
(2.25'). By the generalized Minkowski inequality,

[ﬂ«:(i /mli(lx L PrX > t})|dt)ﬁ]1/ﬁ

a, li=1

< _f []E Z(IX L, —Pr{X > t}):B]W dt

(2.36) Q(1-1/n) n 1/2
< [ B - ] dt
i=1
1 n l/B
- E|Y (Ix.,—Pr{X >t }
a, Q(l—l/n)[ i;( xi=0 = Pr{ })I
=A,+B

Boundedness of A, is a trivial consequence of regular variation of the tail
probabilities Pr{X > ¢}; by (2.30),

A

n —

1 ,Q1-1/n)
< — / (nPr{X > t})"2dt
0

1
a/2a

which is uniformly bounded. By definition of @, nPr{X > Q(1 —1/n)} <1,
and moreover, since n Pr{X > ua,} — c¢/(u®a), we have that Q(1 — 1/n) is
bounded by 2a,(a/c)"* from some n on.

To prove boundedness of B,,, we first note that if E; are independent events
with PrE; = p, thatis,if Z =3}, Iy isa b1nom1a1 (n, p) random variable,
and if np < A < oo, then there are constants C(A, r) such that

(2.37) E|Z —EZ|" < C(A, r)np

~
=~

—Q(l —1/n)(nPr{X > Q(1 - 1/n)})"2,

for all » > 1. To see this, we apply Hoffmann—Jgrgensen’s inequality in com-
bination with Montgomery-Smith’s inequality, precisely, inequality (2.8) with
L, norms replaced by absolute values, and bound ¢ ,, in (2.9) using Markov’s
inequality, to obtain

E|Z —EZ|" < ¢;(nE|I g, — PrEy|" + (E|Z —EZ|) /c})

< (12 'n(p+ p") + 3" (2np)")
< C(A, r)np,
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where the last inequality follows because p” < p and (np)” < A" np.
Since n Pr{X > ¢t} <1if ¢t > Q(1 — 1/n), inequality (2.37) then gives
1 o0
B, < — C(1, B)nPr{X > t}]"/F dt.
0= o o [ CO B PHX = )]

The properties of regular variation [Feller (1971), page 281], then imply that
the integral at the right-hand side of this inequality is asymptotically of the
order of

(/B =1)7'Q( - 1/n)(nPr{X > Q(1 - 1/m}H) " /a,.
Here Q(1 — 1/n) cancels with 1/a, (as shown above, when bounding {A,})

and nPr{X > Q(1—1/n)} <1, proving that sup B,, < oo, and concluding the
proof of (2.35). O

Theorem 2.4 cannot be improved since, for X € Ay ; or X € DA, (n'/), it
gives convergence for the moment of order r if and only if E(||F,— F|| )" < oo.

3. Integrable random variables in domains of atraction of 1-stable
laws. The Wasserstein distance d(F,, F') is defined if and only if E|X| <
0o, hence, in particular, it is defined for integrable variables in domains of
attaction of 1-stable laws. However, the limit law in Theorem 1.1(b) does not
exist if X € DA, since |[N(t) — t|/¢? is just 1/t for the a.s. positive amount of
time that N(¢) is zero. It turns out that we still have convergence, with the
same normalizers, provided we choose the right centerings. We begin with an
analogue of Theorem 2.3.

THEOREM 3.1. Let X, X,,i €N, be i.i.d. integrable random variables such
that

12 .
G0 (o T EXTx ) )~ esPois pe 1)
n =1

for constants 0 < ¢y, ¢y < 00, but not both equal to zero, and 6 > 0, where the
1-stable law csPois u(cy, ¢y, ) is given by (1.10). Let

IXi>ta,La fort >0,
(3.2) Z, (t):=40, for t =0,

Ix.ta,, fort<0,
as above. Let w;, 1 = 1,2, be measures on L,(R), respectively, concentrated on
the sets of functions {I|_, ¢: x > 0} and {I|y ,): x > 0}, such that

c c

(3.3) i{ljo, vy x> u}f = ;1, pol{l[x, 0 X < —u}= ;2, u > 0.

Then the measures u;, i = 1,2, are Lévy measures on the Banach space L,(R)
and, for all 6 > 0,

(04) £ XZni=5201811,.1,,29) o caPois i) (esPois o) i Li(R)
i=1
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Conversely, if X is integrable and the limit (3.4) holds with p;, i = 1,2, as in
(3.3) and with constants a,, regularly varying with exponent 1 at infinity, then
X € DA (a,) and the limit (3.1) holds.

PROOF. As in the previous section, there is no loss of generality in assum-
ing X > 0 and nondegenerate. In this case, the processes Z, ; are as in the
proof of Theorem 2.3. Proceeding as in the proof of that theorem, we see that
the triangular array {Z, ;} satisfies conditions (i) and (ii) of the Poisson con-
vergence criterion in L. [However, it does not satisfy (iii); while there is point-
wise convergence of E} " ; Z, ;I Z,.l,,~6> convergence in L, fails because it
involves the nonintegrable functions c¢/¢.] Moreover, the measure pu = p, gives
mass zero to all the sets {f: |f||,, = &}. Hence, by the Poisson convergence
criterion, second part, the limit (3.4) is satisfied. The converse is also as in
Theorem 2.3. O

THEOREM 3.2. Let X, X, be be i.i.d. integrable random variables in the
domain of attraction of a 1-stable law, with normalizing constants a, and
parameters cq, ¢y for the limit law, as in (3.1). Set

(3.5) B, = /:oPr{|X| > 1y dt.

Then, "
(a)

6O Jmpi=0 Jim oo and Jim =
(b) The sequence

(3.7) LA 10 - Fola - g, }1

converges in distribution to the law of the random variable
2
00 dt ¢ dt
(38) el [TV -+ N0 -0 |
where N; are two independent standard Poisson processes.

PrRoOOF. Without loss of generality, we restrict the proof to the case X > 0,
which means in particular that ¢; # 0 and ¢y = 0, and take ¢ = ¢;. Then
B, — 0 because a,, — oo and X is integrable. Also, since n Pr{X > a,} — ¢,
if liminf, n/a, < oo, then tPr{X > t} 4 0, hence EX = oo. So, n/a, — oc.
Finally, since the function Pr{X > ¢} is regularly varying at infinity with
exponent —1, we can apply Theorem 1(a) in Feller [(1971), page 281] with
y=—1and p = 0 to obtain

lim & Pr{X > a,} _

n—o00 ’Bn

0,
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or, since {n Pr{X > a,}} converges to a positive number,

. a
lim —2 =0,
n—o00 an

which completes the proof of (a).
To prove (b) we first observe that, in Theorem 3.1, we can replace the trun-
cated moments 3>} EZ, ;I o, <1 at the left of (3.4) by the set of centerings

C,, defined as
C,(t) = nPr{X > ta,}I|y 1)(?), teR,

and still have weak convergence [to a shift of the limit in (3.4)], that is,

(3.4) {Z Z, - Cn} converges in law in L4[0, c0).
i=1

n=1

This is so because the difference between these centerings and the original
ones, n Pr{X > a,}I[y 1)(¢), converges in L, [to the function cI, 1,(¢)]. We
can write

n

[ IR0 - Fo]dr -,
- zlux ~Pr{X > tan}>| ar
([, P = t0,1)| = nPeX > 10, )
-2

S Z, (1) cn(t>|1m, ()
i=1
+ ( |

Xn:(Zn,i(t) —Pr{X > tan})' —nPr{X > tan})I[L Oo)(t)] dt
i=1

= @) + Y2 (t)) dt.

By the multidimensional version of the law of rare events, the finite-

dimensional distributions of the processes Ysll)(t) + Yﬁ?’(t) converge in law to
the corresponding ones of the process

()t ()

where N is the standard Poisson process on [0, c0). Hence, by Lawniczak’s
(1983) proposition, already mentioned above, in order to prove that the vari-
ables in (3.7) converge in law to the variable in (3.8), it suffices to show that

the processes YELI) + Yﬁf), n € N, are uniformly tight in L{[0, co). [As, if this is

C
_ Z)I[L oo)(t), t>0,
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the case, we have convergence in law in L, of YV + Y% to Y and the contin-
uous mapping theorem yields the result.] The proof thus reduces to showing
that each of the two sequences {Ygf)}, i = 1,2, is uniformly tight.

Since the map 74(f) := |f|I4 of Ly into L4[0, c0) is continuous for any
measurable set A C [0, 00), it follows from (3.4) that the sequence YE,I) =
[>71Z,,i — CylIp, 1), n € N, converges in law in L, hence is uniformly tight
in L.

The fact that ¢/t is not integrable complicates the issue of tightness for
the second sequence, but it can be dealt with by approximation due to the
cancellation occurring in the limit; (|[N(u) — u| — u)/u? is integrable at zero
because N(u) = 0 for an a.s. positive amount of time immediately following
zero. So, we set

(3.9) Yo=Y Iy M>1
Continuity of the map ;3 plus the fact that
nPr{X > ta,} 11, p)(t) — ¢y p(t)/t  in L4[0, 00)
as n — oo imply, by Theorem 3.1 and the continuous mapping theorem, that

(3.10) Yy .-, Yy inL0,00)

ruo= ()

[The limit Y ,; is determined by the law of rare events via Lawniczak’s propo-
sition, whereas the convergence in law of Y, ,, follows from convergence in
law in L; x L, of the random vectors

as n — oo, where

c
- E)I[l, my(2).

(( Xizn,i - Cn>l[1, my> nPr{X > ta, |, M))

together with the continuous mapping theorem.] Setting

YOy = (|N(E) =€
=(|¥(5)-
we have

Aﬁ|Y@U)—YMUﬂdt=ﬂ:HN(;>_§

c/M dt
=CA IN(t)—t] |7 — 0 as.

C
— Z)I[l’ 00y (2)s t>0,

dt

c
t

as M — oo because maxy_;.. N(t) = N(c) < oo a.s. and N(¢) = 0 on [0, ¢;)
with ¢; > 0 a.s. That is, [|[Y® — Y /||, — 0 a.s. In particular,

(3.11) Yy—,Y® in L [0, 0).
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Because of (3.10) and (3.11), a typical 3& approximation argument, concretely
Theorem 4.2 in Billingsley [(1968), page 25] gives

(3.12) Y? =, Y® in L]0, )
provided we show that

(3.13) lim limsupPr{|[Yy,, - Y|, =6} =0

n—oo

for all & > 0. Now, for M > 1, and letting Y be a process whose law is the
limit law of )} (Z,, ; — EZnﬂ:IHZn,i”Llfl) (Theorem 3.1), we have

fODO|YM,n_Y£3)}dt

-Is

<[ Y Zy iyt

Xn:(Zn’i(t) —Pr{X > ta,})| — nPr{X > ta,}| dt
i=1

=f0 iZ(Zn,i _Ezn,ilZ,H-||L1§1)!I[M,oo)(t)dt

~ [ 1Toldr,

where in the first inequality we use that ||a — b| — b| < a for a, b > 0, and the
limit follows from Theorem 3.1 and continuous mapping. Hence,

limsup Pr{|[Y ., — YD, = &) < Pr{/ Y ()| dt > g}.

n—00 M

By dominated convergence, f;j |Y(t)| dt — 0 a.s. as M — oo, and this proves
(3.13), hence the theorem. O

For example, if Pr{X > t} < 1/[t(log¢)'*°], then n/a, = (logn)*® and
» = 1/[8(log n)’].

Weak convergence of (normalized, centered versions of) | ¥, — F|; in the
case of variables in domains of attraction of 1-stable laws does not seem to
have been treated before in the literature. Theorem 3.2 completes the picture
on the asymptotic behavior of the Wasserstein distance between the empirical
and the true distributions from the side of weakest integrability.

As in the case of domains of attraction of stable laws with index « € (1, 2),
we also have convergence of moments in Theorem 3.2.

THEOREM 3.3. Let X, X;, i € N, be i.i.d. integrable random variables in
DA (a,), that is, satisfying the limit (3.1) for some cq,cy > 0. Let B, be as in
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Theorem 3.2. Then,

lim E[i( [0 - Fo] e - Bn)]B

n—o0o a,

_ E[iéci (/:Q IN,(t) — t|% + /:i(|Ni(t) —t] - t)%)}ﬁ

forall 0 < B < 1.

(3.14)

PROOF. Proceeding as in the proof of Theorem 2.4 and assuming (w.l.0.g.)
that X > 0, it suffices to show that

1
3.15 E| —
(3.15) sup [a fo

n

i([bt —Pr{X > t})‘ dt]B <0

i=1

and

B

(3.16) supE < 00.

Zn:(IXi>t —Pr{X > t})' —nPr{X > t}> dt
i=1

1 o
A

It is easy to check that (3.15) holds, exactly the way boundedness of {A,} is
established in Theorem 2.4:

1 ron
il E

To prove (3.16) we just note that, using that (3 a;)? < Zaf for a; > 0 and
0 < B < 1, regular variation and that n Pr{X > a,} — ¢,

| 1 poe
E|—f (
[Qn Ya, i

n B
> (Ix,.;—Pr{X > t})' —nPr{X > t}) dti
i=1 |
1 00
ol

n “0n

n

S (Ix,.; —Pr{X > t})l dt < ai /a"(n Pr{X > t)2dt — 2./c.
1 0

i= n

n B
<E nPr{X >t} -> Iy, I

i=1

1 oo R B 1 B
_/ ZIXi>t dt' = E<a_ Z(Xl - an)+>

An Jay i n =1

—nPr{X > t}l dt

<E

12 B n
S]E<_2:‘XiIX~>a ) S_B}E‘XBIX>a
an = i n an n

ar

=pnPr{X >a,}+ pn / tP1Pr{X > t}dt

1 1
= (1+m)BnPr{X>an}x <1+m)ﬂc. O
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4. The domain of attraction of the normal law I: rates. It will be
shown that, for X in the domain of attraction of the normal law, with nor-
malizing constants b,,, the Wasserstein distances between the empirical and
the true distributions, centered at expected values and normalized by b, /n
are indeed stochastically bounded; actually, that their pth moments are uni-
formly bounded for 0 < p < 2. Stochastic boundedness is proved by applying
a recent exponential inequality of Talagrand (1996). The sizes of the center-
ing and norming are then compared and this gives, as corollaries, both, a law
of large numbers for the uncentered Wasserstein distance and a variation on
Theorem 2.1(b).

Let X, X;, i € N, be i.i.d., with X € DA4(b,,). We recall from the theory of
domains of attraction [Feller (1971) or Araujo and Giné (1980)] that, setting
U(t)=EX?I 1x|<¢> the function U(%) is slowly varying, that, equivalently,

_ 2Pr{X| >t}
D PR
and that, if
(4.2) Tim b%U(bn) ~1

and EX?2 = oo, then 3" | (X; —EX,)/b, is asymptotically standard normal; in
fact we can take the sequence in (4.2) to be constantly 1. In what follows we
will take b, satisfying (4.2) if EX? = oo and b,, = /n if EX? < co. We also set

(4.3) Q(y) =inf[t: Pr{X <t} > y], y € (0,1),

to be the quantile function of X, as in the introduction, and recall that, if F
is the distribution function of X,

(4.4) F(Q(y)-)=y=F(Q(), ve€(0,1)
and
(4.5) Q(y) < x if and only if y < F(x), y€(0,1), x eR.

The following lemma allows for truncation of the domain of integration in
nd,(F,, F)/b,. Equation (4.6) was obtained by CCHM (1986b), (A.5), (A.20),
using a particular form of b,,.

LEMMA 4.1. If X € DA,(b,), then
(4.6) i QA= 1/0)| v Q/)| _

n—o0o bn

0

[CCHM (1986b)] and
n

4.7 lim ]E|:
(+.7) n~oc | b, /(Q(l/nw(l—l/n))c

|F,(t) — F(t)] dt]r =0

forall0 <r < 2.
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ProoF. Since nPr{|X| > b,} — 0 [by (4.1) and (4.2)] whereas n Pr{|X| >
|Q(1—1/n)| v I|Q(1/n)|} = 1 [by (4.4)], it follows that eventually b, > |Q(1 —
1/n)| v |®Q(1/n)|. The limit (4.6) is obvious if EX? < oco: if X is bounded then
the numerator is bounded and the denominator is /7, whereas if, for example,
X is unbounded then y, := @(1 — 1/n) — oo and

y% < 2 P

Sy Pr{X =y}~ 0
and likewise for @(1/n) if X~ is unbounded. If EX? = oo, also, for example,
assuming y, = Q(1 —1/n) — oo, the limits (4.1) and (4.2) together with the
previous observation give

2
B_aUG)  UG) UG
y2 y2 T y2Pr{X>y,} ~ »2Pr{X>y,} ’

proving (4.6).
The limit (4.7) is equivalent to

1 n r
lim Ef — Iy _,—Pr{X >t})|dt
n—o0 [bn /Qu—l/n) izzl( x-t — Pri })' }

_ 1 Q/n)
= lim E[b— /;oo

n—oo
n

(4.7)

n

YUy —Pr{X < t})l dt}r - 0.

i=1

Since both limits in (4.7’) have similar proofs, we only prove one of them and
assume 1 < r < 2. By (4.5), if ¢t > @Q(1 — 1/n) then nPr{X > ¢t} < 1 so that
we can apply inequality (2.37) to >°/"_; (I x,., — Pr{X > t}) for ¢ in this range.
This and the generalized Minkowswki inequality give

ST~ Pr{X > t})' ar| )

1 00
El —
< [bn /Q(lfl/n) O

(4.8) L (Eii(lbt _Pr{X > t})|r>1/rdt
|

S_
b, Jeqa-ym\ |5

1/r

1/r o0
_ca,n

—=7 Pr{X > t})V" dt.
- b, /Q(l—l/n)(n X >

Now we decompose these last integrals into two parts, from Q(1 — 1/n) to
b, and from b, to oco. For the first, since nPr{X > @Q(1 —-1/n)} < 1 and
nPr{X > b,t} - 0 as n — oo by (4.1), (4.2) and regular variation of U(¢), it
follows by bounded convergence that

1 bn 1

(4.9) —/ (nPr{X > t))/" dt =f (nPr{X > b,t)" dt — 0
b, JQa-1/n) QUL-1/n)/b,

as n — oo. For the second integral, setting 5, = sup;.;, 2Pr{X > t}/U(¢),

which tends to zero as n — oo by (4.1), and using regular variation [Feller
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(1971), Theorem 1(a) applied to U(¢)] and the limit (4.2), we obtain

by [X(Pr{X > t})V7 dt

bi [boo(n Pr{X > ()" dt =

(B2 /n)1r
b [(Pr{X > t})Vr dt
4.10) - @)
S & on /OO(U(t))l/’ 5
@GN b, \ ¢
= z/rl— 1% =0

Now, combining (4.8)—(4.10), we obtain that the first limit in (4.7’) is zero. O

As indicated above, the main result of this section will be proved by appli-
cation of an inequality of Talagrand (1996). For ease of reference we state it.

TALAGRAND’S EXPONENTIAL INEQUALITY. Let X; be independent random
variables with values in a measurable space (S, .”), let . be a countable
class of measurable functions on S and let

(4.11) Z :=sup)_ [(X)).
fe7 i=1
Let
(4.12) U:=sup|fle and V:i= E[sup > fz(Xi):|.
fesF fe i=1

Then there exists a universal constant (independent of X;, n and S) such that

(4.13) Pr{|Z —EZ| >t} < Kexp(—%%log(l—i—%)).
THEOREM 4.2. Let X € DA,(b,) and set

(4.14) Z, = n/jo |F,(t)— F(t)|dt, neN.

Then,

(4.15) sng‘w ' 00

for all 0 < r < 2. (In particular, the sequence {(Z, —EZ,)/b,},. ; is stochas-
tically bounded.)
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PROOF. We can decompose each variable Z, into the sum of two, one for
which the integral runs from 0 to co and the other with limits —oco and 0. Each
of the two resulting sequences can be treated in the same way, hence we will
only consider the first. We may as well assume Q(1 — 1/n) > 0. Lemma 4.1
allows reduction of the domain of integration of theses variables to (0, (1 —
1/n)) [resp. (Q(1/n), 0)]. Hence, defining

QU-1/n)
(4.14) - /

Z(IX o —Pr{X > t})' dt,
i=1

where { X} is as usual an i.i.d. sequence with #(X;) = Z(X), we must show
that the rth moments of the variables in the sequence

Z —-EZ, %
(4.15) {u}
b n=1

n

are uniformly bounded. For ease of notation we set @, = Q(1—1/n). To apply
Talagrand’s inequality, we define

S:=8,:={h, e Li(R): x>0, h ()=, —Pr{X >t}I__q }
7 as the restriction of the Borel sigma algebra of L;(R) to S, and
X;(8) :=hx,(t) = Ix,-e —Pr{X >t} q,

Since L{(R) is separable, there is a countable family .7 of elements of the unit
ball of L, (R) such that

21z, —Sup(f h) =sup|(f, h) I—Sup

fes

/ F(t)h(t) dtl

for all 2 € L. We take .7 in Talagrand’s theorem to be this class, more exactly,
the functions that acton 2 € L as h — (f, h), where f € ¥ (since these maps
are continuous in Ly, they are Borel measurable). Note that esssup |f| < 1 for
all f € 7. Next we estimate U and V from (4.12) in our case,

U = sup |flloc = sup sup [{f, 7.)|
feF feF h.eS,

= supsup
(416) feF x>0

Qn X n
/ £(t)dt —[ f(H)Pr{X > t} dtl
0 0

= sup sup
fes x>0

<@,

Qn/\x Q".
/ ()1 —Pr{X > t})dt —/ F(O)Pr{X > ¢} dt
0 Q, Nx

n
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and

V= 5[sup 3 (7.%,)?]

fe7 ;-1

=E[supi(/o(XiVO)AQn f(t)dt—/oQ" f(OPr{X > t} dt)2]

fe7 =1

(4.17) <2E [sup i ( /0 o f(t) dt)j

fes i=1
n Q, 2
+ 2?:5 Zl(fo f(H)Pr{X > t}dt)
<2nE[(X VO)A Q,]% +2n[E((X vV 0) A Q,)T?
< 4nE(|X| A b,)? < 5b;,

for all n large enough [recall (4.1), (4.2) and (4.6)]. Taking into account that the
function —u ! log(1+ u/c?) is nondecreasing for u > 0, plugging the estimates
(4.16) and (4.17) into Talagrand’s inequality (4.13) gives

1 ¢ t

for all n satisfying (4.17). Then, if n, is such that (4.17) and 0 < @,, < b,, both
hold for all n > n, [recall (4.6)], we have

supPr{|Z, -EZ,| > tb,} < Kexp(—%tlog<1+ é))
n>n,

This implies that supnzno]E|(Z~n —EZ,)/b,|” < oo for all » > 0. Since the

essential supremum of the variable max,_,, |Z, —EZ,| is finite, this proves
the theorem. O

REMARK 4.1 (The order of magnitude of EZ,). If Z is a binomial (n, p)
variable, then Holder’s inequality gives

E|Z -EZ| < ,/np(1 - p),

which is of the right order for np(1 — p) large. Therefore, assuming, as in the
previous proof, that X > 0, we have

- Q(-1/n) —————

(4.18) 0<EZ,<vn [ JPr{X > 1} dr.
0

In particular, if X € Ly 4, the centering in (4.15') satisfies

0<EZ, <Ay (X)Vn.
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Hence, the centering in (4.15) is not needed in the L, ; case, and the above
theorem recovers the sufficiency part of Theorem 2.1(b). Next we bound EZ,,
from below. The case X € L, ; has already been considered in Section 2. By
Theorem 2.4 and Lemma 4.1, if X € L, | then
. EZ, . EZ, 00 2 (> o
lim =t = lim 7 = /_OO B|B(F(t)] dt =/ = /_m JEOQ-FQy)dt.

So, we can assume A, 1(X) = oo, and, without loss of generality, X > 0. The
binomial estimates (2.11) and (2.15) give

Q(1-1/n)

n

EZ, > E|Y (I, —Pr{X > t})|dt
med(X) i1 !
QU-Cy/n) Q(-1/n)
>C Pr{X >t} dt + Cdt
B 2\/ﬁ/med(X) \/ = /Q(lfcl/n)

_ Q(-1/n) j—
> (Cy+C/VCVr [ JPr{X >y,
med(X)

If Ay 1(X) = o0, [y VPr{X > tydt/ [P /Pr{X > t}dt — oo and
therefore, for all n large enough,

. _ Q-1n) ————
EZ, > 3(Cy + C/\/Cl)«/ﬁ/ \/Pr{X > t}ydt.
med(X)

This and (4.18) give

1-1/n) ———
(4.19) EZ, ~ ﬁ/Q( / )\/Pr{X > t}dt.
0
Here the exact meaning of ~~ is that the quotient of the two quantities becomes
bounded and bounded away from 0 as n — oo, with bounds independent
from X. In connection with (4.19), we should mention that this estimate is
improved to the limit (5.18) in Corollary 5.4 below, in particular showing that
the centering EZ, in (4.15), Theorem 4.2, can be replaced by the easier to
compute

2n (QA-1/n) ———————
(4.20) v, \/ - /Q(l/n) JE@ - F(t))d.

Theorem 4.2 determines the size in probability of the centered Wasserstein
distance for X € DAy \ Ly ; (Ly 1 is considered in Theorem 2.1); in order to
retrieve information from Theorem 4.2 about the size of the uncentered Z,
as well, we must compare the sizes of the centerings EZ, and the normings
b, occurring in (4.15) for all X € DAy \ Ly ¢, and this is done in the next
proposition. The norming constants b, admit several forms besides the implicit
one in (4.2), as shown in CCHM (1986b); in particular, b, can be taken to be

(4.21) b, = ﬁ( /1 Z” " Q2(t)dt>1/2
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if EX? = oco. [See the Appendix for an alternative proof of (4.21)]. Recall that
we take b, = /n if EX? < oo.

PROPOSITION 4.3. Let X € DAy(b,)\ Ly | and let
7z = n/o; F,(t)— F(¢)|dt, neN,
as in (4.14). Then,
(4.22) lim B2, = 00

n—o00 bn

PROOF. Almost as in (4.14), we set

- Q(1-1/n)
7, = n/ |F, (t)— F(¢)| dt.

Q(1/n)
A slight modification of the arguments in Remark 4.1 shows that
- Q-1/n) ——————— 1-1/n
(4.19)) EZ,~Jn JEOQ-F(t))di= Vi [ Jui-0dQ).
Q(1/n) 1/n

In particular, if EX? < oo and Ay 1(X) = oo, then EZ, /\/n — oc. So, we can
assume from now on that EX? = co. Then, by (4.21) and (4.19'), (4.22) reduces
to showing

S JH =D dQ)

4.23 i
(429 ”3;<ﬁﬁ“Q%mwyﬂ

Integration by parts yields

/;:m \/t(l—t)dQ(t) z\/ﬂ(é@<1— %> ~ Q(%))

1-1n (L —pHo(t
1-0Q) .
n Jt(1—1t)
By (4.6) in Lemma 4.1, the first summand at the right of this identity is of a
smaller order than b, and, therefore, it suffices to prove

1-1/n _ —1/2
(4.24) lim 117 [1t_(11 HI71Q)ldt _ N
e (fi " Q2(t) dit)Y/2

Set
1-x
)= 1QUIA -] ds

and

g(x) = (/:_x Qz(t)dt)m, 0<x<1/2
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and note that lim,_ , g(x) = oo (as EX2 = c0). Both f and g are absolutely
continuous and their a.s. derivatives are, respectively,

_ QA —x)| +|Q(x)| Q-2+ @%x)

f(x) = DT and gl(a) = - T
V=) 2,/ /17 Q¥(s)ds
We claim that
f'(x)
(4.25) lim ()

To see this we write

VI—xfi(x) \/fj"‘ Q2(s)ds
2 g(x)  Vx(Q(1-x)|+(Q*x)/|Q(1—x)))

VI Q) ds
T A(Q(1 - 0)/1QM)) + Q)]
= by(x) + by(x).

Let {x;} be a sequence of positive numbers converging to zero such that |Q(1—
x)/1Q(xp)| — ¢ €0, 00] as & — oco. If ¢ < oo then, for & large enough,

c+1vm(QUL -2l + Q)

as k — oo because of (4.1) and (4.4) [see also (4.6)]. Likewise, if ¢ = oo then
bi(x;) — oo, which proves (4.25).

If @ were continuous, f and g would be everywhere differentiable and the
result would follow from (4.25) by 'Hopital’s rule. The general case requires
a simple extra argument. By absolute continuity of / and g we have

f(x) = f(xo) _ Ji"f'(s)ds
g(x) —g(xo) [ g'(s)ds’
For M > 0 fixed, we can choose x, satisfying f'(x)/g'(x) > M for all 0 < x <
x. Now we fix £ > 0 and choose x; < x; such that
1 (x0) <& and 8(xo) <&
f(x) 8(x)
for all 0 < x < x4. Then, if x < x4,
F() — Fx0) _ f(x) A= f@0)/f(x) _ f(),,
g(x) — g(xo)  g(x)(1—g(xo)/g(x)) &(x) *
for some 6, € (1 — &)/(1+ ¢), (1 + £)/(1 — &)). Therefore, by (4.26),

f(x)/g(x) > M(1—¢)/(1+¢),

by(xp) >

(4.26)

proving (4.24). O
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Combining Theorem 4.2 and Proposition 4.3 yields some interesting conse-
quences. First we will focus on a law of large numbers for Z,.

COROLLARY 4.4. Let X, X, i €N, be i.i.d. random variables in DA4y(b,) \
Ly, and let Z,, n €N, be as defined in (4.14). Then

Zn
EZ

-1

n

in probability.

PROOF. By Theorem 4.2 and Proposition 4.3,
b, Z,—EZ,

£z, b, "

in probability. O

Note that, by Lemma 4.1, the size of EZ, is determined up to constants
by equation (4.19'), assuming X ¢ L, ;. Actually, the approximation (4.19) is
asymptotically correct (Corollary 5.4 below).

Theorem 4.2 also implies the following version of Theorem 2.1(b) (here X
is restricted to be in DA, but we consider more general normings).

COROLLARY 4.5. Let X, X;, i € N, be i.i.d. random variables in DAy(b,,)
and let Z,, n € N, be as defined in (4.14). Then the sequence {Z,/b,};> ; is
stochastically bounded if and only if Ay 1(X) < co.

ProOOF. Sufficiency is already contained in Theorem 2.1 and necessity is
an immediate consequence of Theorem 4.2 and Proposition 4.3. O

5. The domain of attraction of the normal law II: limit theorems,
finite variance case. Theorem 4.2 suggests that if X € DA4(b,) then the
centered and normalized Wasserstein distances, {(Z,—-EZ,)/b,}>.;, converge
in law. Such a result would constitute the central limit theorem associated to
the law of large numbers in Corollary 4.4 and would basically complete the
weak limit theory for the Wasserstein distance between the empirical and the
true distributions. Here we prove this CLT in the finite variance case.

An important tool we will use here and in the next section is the Borell-
Sudakov-Tsirel’son concentration inequality for Gaussian processes [Sudakov
and Tsirel’'son (1974), Borell (1975)]. Since we do not need its full power,
we state and use the Maurey—Pisier version, which has an elementary proof
[Pisier (1986); see also Ledoux and Talagrand (1991), page 57].

GAUSSIAN CONCENTRATION INEQUALITY. Let Z be a centered Gaussian E-
valued random vector, E a separable Banach space, and let

(5.1) o® =supE(f, Z)?,
feD
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where D is a countable subset of the unit ball of E’ such that |x| =
supscp [(f, x)| for all x € E. Then, E||Z| < co and

2 2
(5.2) Pr{[|1Z) ~ EI Z|| > ¢} < zexp(——z—z).
T2
Given a random variable X we let, as usual, F' and @ be respectively its
cumulative distribution and quantile functions, and we also set, as in (4.14),

Z,=n|F, - F”Ll:

where F,, n € N, are the empirical cumulative distribution functions associ-
ated to a sequence of i.i.d. random variables {X;} with the same law as X.
As usual, B(t) will denote the Brownian bridge process. Theorem 2.1(a) shows
that

Zn 00 1
T—a [ IBEO) A= [[1BO]4Q()
whenever X € Ly ;. Moreover, by moment convergence [Theorem 2.4(a)],
EZ,/Jn — [y E|Bt)|dQ(t) = /2/7 [} /t{(1— ) dQ(t). The following theo-
rem generalizes this to X € Lo, although in this case we do not have separate
convergence of Z,//n and EZ,/./n [see, e.g., Proposition 4.3].

THEOREM 5.1. If EX? < oo then, for any sequences c, \, 0 and d, /' 1,
c, #0,d, # 1, the sequence

d,
(5.3) [ UB®I-EIB®)dQE).  neN,

is Cauchy in L, for every p and, moreover, if we denote its limit by

(54) [ (B - BIBO) dQ(),
then
(55) B 2En oy [ B - BIBO) dQ()

as n — oo, with convergence of moments of order p < 2.

PROOF. We can and do assume X is nondegenerate [otherwise, both sides
of (5.5) are zero]. First we show that the sequence (5.3) is Cauchy in L. To
prove this we use Gaussian concentration. Let n < m, and let D denote an L,
norm determining countable subset of the unit ball of L ([d,,, d,,], d Q). Then,
the Gaussian concentration inequality applies with £ = L,([d,,, d,,], dQ) and
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Z ={B(t): d, <t <d,}. The parameter specified by (5.1) in this case is
dp 2
72 = sup( [ F(©B(0) dQ())
’ feD d,

dy pdm
—sup [ [ F(&)F(OE(B(s)B(2) dQ(s) dQ(1)

feD

d”l dm
=/ / (snt—st)dQ(s)dQ(2).
d, “d,

It is well known that if K is a function of finite total variation on (0, 1) and
if U is uniform on (0, 1), then

1 ,1
Var[K(U)]:fO /O(sAt—st)dK(s)dK(t)

[e.g., Shorack and Wellner (1986), page 43]. Applying this to
K(u)=Qu)lg, 4,)(w)+ Q(d,)1, g, + Q(dn)]ya,,

we obtain from the above that
on m = Var[@Q(d,) v (X A Q(d,))]
= Var[0 v (X — Q(d,)) A (Q(d,,) — Q(d,))]
< 2Var(XIX>Q(dn)),

where we use that Z(X) = Z(Q(U)) in the first identity and that |¢(x) —
é(y)| < |x — y| for all x, y implies Var ¢(Z) < 2Var Z in the inequality.
Therefore, the concentration inequality (5.2) gives that, for all ¢ > 0,

2
Pr{ > s} < 2exp<—22%> -0
ar O-n,m
as n Am — oo. A similar inequality holds for | ["(|B| — E|B|) dQ|. Hence,
the sequence (5.3) is Cauchy in L, for all p. Actuglly, it is Cauchy in some
exponential Orlicz norms as well.
Without loss of generality, we will assume X > 0 for the rest of the proof.

Also, by Lemma 4.1, we can replace Z, —EZ, by Z,—EZ, at the left side of
the limit (5.5), with Z, as defined in (4.14'). Next we prove the limit (5.5) with

this replacement. We consider the truncated variables X, X Er), defined by
truncation of the X’s as follows:

d,
[, (Bl -E|B)d@

XM :=XAQ(1-1/r),

and likewise for X §’) , and denote F"), @) and F\, respectively, their com-
mon cdf, quantile function and empirical cdf. We also set

ZY =n|FY - FO|,.
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As indicated above, by Theorem 2.1(a) and moment convergence [Theo-

rem 2.4(a)], since X(") € L, ,,

AL YA
Jn

Also, since this last integral is just fol_l/r(|B(t)| —E|B(¢)|) dQ(?), the first part
of the proof shows that

1
(5.6) ~a [ (IBO] ~E|B@O))dQ ().

(G7) 2= [ (B~ EIBOD QW) 4 Z:= [ (B®)| ~EIBO) QD).

Hence, by the usual 3¢ argument [e.g., Billingsley (1968), page 25], it suffices
to prove that

7 -EZ, ZzV-EzY
Jn Jn

o 1| Qa-1m)
(5.8) = lim lim sup —— /Q(l_lm (
n

n— 00 n
YUy, —Pr{X >t}) ) dt‘ =0 inL,
i=1

n

lim lim sup
r—o0 n—00

n

S (Ix oy~ Pr{X > t})'

i=1

—E

for all p. This is achieved by means of Talagrand’s exponential inequality, as
in the proof of Theorem 4.2. Just as in that proof, (4.16) and (4.17) in the
present case become

U<Q(1-1/n)—Q(1-1/r) and V <2nEX’*Iyx_ g 1/»-
Using this and that, by Chebyshev’s inequality,
Q2(1 — l/n) < nEXZI‘Xle(l_l/n),

Talagrand’s inequality gives

| 5 (r) 5 (| 2
Pri|(Z, - 2i) - B(Z, - Z) > uJnEX2I . gu_1/r)

< Kexp[—%ulog(l + %>i|

for all u > 0. Now (5.8) follows since EX2IXZQ(1_1/r) —0asr—oo0. O

We should mention that EZ,,, which may be difficult to compute, satisfies
EZ
lim — 1, z =1
o ny/2/m [y, VH1 - 1) dQt
an estimate more precise than (4.19), (4.19’). This is proved in Corollary 6.3.
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6. The domain of attraction of the normal law III: limit theorems,
infinite variance case. In this section we prove a central limit theorem for
|F, — Flz, — E|F, — F|, under the assumption that the tail probabilities
of X are smooth and of the order (log#)*/t2, —1 < a < oo [the case a =
0 is Theorem 1.1(a2)]. By weighted approximation of empirical processes by
Brownian bridges, this will reduce to proving a central limit theorem for

[ ave -zvonizar,

where V is the Ornstein—Uhlenbeck process and s — oo. [The case a = 0
is known: Mandl (1968), page 95.] Whereas we conjecture that the central
limit theorem to be proved in this section holds for any X in the domain
of attraction of the normal law and with infinite second moment, our method
would only give the CLT for a subset of these (smooth, regularly varying tails);
for this reason and for convenience, we restrict ourselves to the simpler tail
probabilities Pr{|X| > t} < (logt)*/t?, —1 < a < oo, which, at any rate,
basically cover all the tail sizes for DA, with infinite variance.

Whereas the proofs of the results in Sections 2 to 5 do not use approxima-
tion of the empirical process by Brownian bridges, the results in this section
are based on such representations. The value of the normalizing constants is
determined by the integrals at the tails and therefore we cannot approximate
the L; norm of the empirical process by integrals with bounded range, as done
in Theorem 5.1. We use Mason’s (1991) and Csorgo and Horvath (1986) ver-
sion of the weighted strong approximations, which has an elementary proof
based on Skorokhod embedding [as opposed to the deeper and more difficult
Komlés—Major-Tusnady (KMT) strong approximation]. This approximation is
as follows, and was originally stated [with a proof based on KMT] in CCHM
(19864a).

WEIGHTED APPROXIMATION OF THE EMPIRICAL PROCESS BY BROWNIAN
BRIDGES. There exists a sequence of independent uniform (0,1) random
variables U;, i € N, and a sequence of Brownian bridges B,,, n € N, sitting on
the same probability space, such that, for all 0 <v < 1/4,

(6.1) sup  n”|a,(s) — B,(s)|[s(1 - )" 2 = Op(1),

1/n<s<1-1/n

where

(6.2) H,(s) := % Y Iy, and a,(s):=n(H,(s) - s), neN,
i=1
are respectively the uniform empirical distribution functions and processes.
We are interested in the following corollary of the weighted approximation.
CCHM (1986b) state a formally weaker result [their Theorem 2.1; see also
CCHM (1986a), Theorems 3.1 and 3.2], but their methods also give it. We
present it with a short proof for the reader’s convenience.

COROLLARY 6.1 [Essentially contained in CCHM (19864, b)]. With «, and
B,, as in the weighted approximation theorem, if @ is the quantile function of
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a random variable X in DAq(b,), then

1-1/n
(6.3) tim ¥ [ (1) - B,(0)]d@() = 0

in probability.

PrROOF. The approximation of «, by Brownian bridges (6.1) gives that, for
any ¢ € (0, 1/4),

1-1/n
[ (o) - By(0)] (o)

nl/2—¢ 1-1/n
< t(1—t)]V**dQ(t
==, [a-01"7de

X sup nslan(s) - Bn(s)l[s(l - s)]‘g_l/2
1/n<s<1-1/n

nl/z_s Q(1-1/n) e

= [F(t)(1 - F(£))]V>* dt x Op(1).
no Jeam)

We can decompose the integral in the last term into two parts, from Q(1/n)
to the median of X, and from there to @(1 — 1/n). Since both integrals can
be treated in the same way, we only consider one. By the properties of regular
variation [Feller (1971)] applied to U and by (4.1), (4.2) and (4.6), setting
M :=sup,_, t2Pr{X > t}/U(t), which is finite, we have

n1/27£ Q(l*l/n) e
— [ IR - F(o)]V* 0 de
n med(X)
1/2—¢ ,.Q(1-1/n)
< ”b / [Pr{X > t}]"/2* dt

med(X)

M1/276 1/2—e .Q(1-1/n) Ut 1/2—¢
M ),
bn med(X) 12

Ml/Z—a 1/2—¢
b—n%w( Q(L—1/n)]"**[Q(1 — 1/n)]*

X

n

MY2¢ (qUb)\? [ Q(1 - 1/n)\*
e (Tw) (TR o

LA

asn—oo. O

Let X be a random variable in DA,(b,,) for some admissible sequence {b,}
of normalizing constants. We keep the notation of previous sections, and also
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set

9 QQ-1n) —
y, = ﬁ\/%/ 11 K JEOQ - FQy)de
6:4) Q/m)

— a2 [ opzaaeen - va [ B aQe)
7 Jim 1/n

Then, Lemma 4.1 and Corollary 6.1 show that the sequences
Zn ~—Yn \/ﬁ 1-1/n
(6.5) Sz It oand (X2 [ (B8] - EIB()) Q)
bn bn 1/n
are weak convergence equivalent. If X is symmetric and has tails of the order
t=2, concretely, if
cdt
[t(1—¢)]/2

then, transforming B into the stationary Ornstein—Uhlenbeck process V(t),
—00 < t < 00, by the equation

dQ(t) =

(6.6) B(¢) = £12(1 — t)1/2V<% log - - t),

yields

1-1/n
[ B - BB aQ()
(67) _ c log(n—1)/2
-~ Jlog(n —1) /flog<n—1>/2

for a specific constant ¢, and convergence in distribution follows by a central
limit theorem for stationary Markov processes [Mandl (1968), page 951, as ob-
served by Csorgo and Horvath (1993). However, we have been unable to find in
the literature any central limit theorems for integrals of centered functionals
of stationary processes with respect to measures other than Lebesgue. On the
other hand, by the tightness result of Section 4, the Csérgé—Horvath result
[Theorem 1.1(a2) above], and the CLT in Section 5, it is natural to conjecture
that the sequences in (6.5) converge in distribution for general X € DA,(bd,,).

As mentioned above, we will prove convergence in law of the sequences in
(6.5), but only for random variables X with smooth tail probabilities of the
order of (log#)*/t2, —1 < a < oo. This shows, in particular, that Lebesgue
measure d¢ can be replaced in the second sequence in (6.7) by other measures
and still have a central limit theorem. However, our method of proof does not
seem to extend to all of DA,(b,).

Here is how we attack the problem. Application of the Borell-Sudakov—
Tsirel’son inequality, as in the proof of Theorem 5.1, yields that the second
sequence in (6.5) is tight with subsequential convergence of moments as well
and that all its subsequential limits have tails of the order of c; exp(—cyt2);

(V@) -E[V(@)])dt
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hence, if these limits are infinitely divisible, they are normal [Horn (1972)].
Then, convergence follows by showing that the limits are indeed infinitely di-
visible and that the second moments do converge. We prove that the second
moments converge by direct computation and prove that the limits are in-
finitely divisible by showing that the sequences in (6.5) are equivalent to the
sequence of row sums of an infinitesimal triangular array.

To carry out this program, we need some lemmas and propositions. We begin

by applying the Gaussian concentration inequality to the second sequence in
(6.5).

PROPOSITION 6.2. Let @ be the quantile function of X € DAy(b,) and let B
be a Brownian bridge. Then, there is c € (0, o) such that

| r1-1/n |
(6.8) Pr{}:—ﬁI/ (IB(¥)| — E|B(¢)) dQ(t)| > u} < 2exp(—cu?)
n [Y1/n |
for all u > 0 and n € N. In particular, the sequence
n rl-1/n
©9) =" (BOI-EBONAQ®.  neN.

is stochastically bounded; all its subsequential limits in law G satisfy
(6.10) Eexp(AG?) <

for all A < ¢, and if G,, —4 G, then also E|G,, |" — E|G|" for all r > 0 and
Eexp(AG},) — Eexp(AG?).

PrROOF. As is well known [CCHM (1986b)], the norming sequence b, can
be taken to be

1-1/n ,1-1/n 1/2
(6.11) b, = ﬁ(/l/ NS uv)dQ(u)dQ(v))
(see also the Appendix for another proof). Now, we apply the Gaussian con-
centration inequality as in the proof of Theorem 5.1. Taking d,, = 1/n and
d,, = 1—1/n in the computation of o, ,, in that proof, we get o2 , = b%/n,
which gives (6.8) with ¢ = 2/#2 and, in particular, stochastic boundedness
of {G,}. The rest of the statements of this proposition follow from (6.8) by
uniform integrability. O

At this point we should slightly depart from our program and compare
Theorem 4.2 and Proposition 6.2. To begin, note that, because of the weak
convergence equivalence between {G,} and {(Z, — v,)/b,}, Proposition 6.2
provides an alternative to Theorem 4.2 for proving stochastic boundedness of
a suitably centered and normalized version of {Z,}. Although the normings
are the same (b,,), the centerings are not; they are EZ, in Theorem 4.2 and
v, here. While EZ, is quite difficult to compute, 7y, is a simple function of
the distribution of X; hence, it may be of practical interest to compare these
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centerings. The comparison done in Remark 4.1 gave EZ, ~ vy, only in the
sense that the lim sup and liminf of their quotients are finite, but not neces-
sarily equal, constants. In order for us to be able to interchange EZ, by v, in
Theorem 4.2, in Corollary 4.3, in Theorem 5.1 and in the limit theorem to be
proved in this section, it is necessary that

IEZn —Yn

(6.12) lim =0,

n—oo
n

which, at this point, we only know for X € L, ; (in this case the numerators
are bounded). This is what we observe now as a consequence of both Theo-
rem 4.1 and Proposition 6.2. Note that, since EZ, /b, — oo and v, /b, — oo if
X € DAy(b,)\ Ly 1 by Proposition 4.3 [see also (4.23)], the limit (6.12) implies
in particular

(6.13) lim EZ, =1,

n—oo ’yn

a substantial improvement on Remark 4.1 [which is, however, used in the
proof of (6.12) and (6.13)].

COROLLARY 6.3. Let X € DAy(b,)\Ly 1 andlet Z, and vy,, n € N, be respec-
tively defined by equations (4.14) and (6.4). Then, the limit (6.12) is satisfied
[and therefore so is (6.13)].

PROOF. Proposition 6.2 implies that any subsequential limit in law G of
the sequence {G,} satisfies EG = 0, by convergence of moments; together
with the weak convergence equivalence of the two sequences in (6.5) (which
follows by weighted approximation), it also implies that the sequence {(Z, —
v,)/b, } is stochastically bounded and has the same subsequential limits G
as the sequence {G,}, hence, also centered. By Theorem 4.2, the sequence
{(Z,-EZ,)/b,} is also stochastically bounded. Tightness of the two sequences
implies sup, |[EZ, — v,|/b,, < co. This and Theorem 4.2 once more then imply
that

-7
2l < o0

s ]E' Zn

u ———
e I
for 0 < r < 2. Hence, by uniform integrability, if {(Z,, — v,,)/b,,} converges
in law to G then

Z _
lim E(”’“—ynk> _EG = 0.
k—o0 bnk

Now the corollary follows because this happens for a subsequence of every
subsequence. O

Back to the central limit theorem in the infinite variance case, we show
next that the second moment of G, converges, but only in the particular case
when the tail probabilities of X are regularly varying.
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PROPOSITION 6.4. Let @ be the quantile function of a random variable X in
DA,(b,,). Assume X has regularly varying tails with exponent —2 and EX? =
oo. Let B be a Brownian bridge and let G,, be as defined by (6.9). Then

(6.14) lim EG2 = 1 + 21082 _ 13

n—oo ar 377'.

PrROOF. We will assume for simplicity that X has a symmetric distribu-
tion [equivalently, that @(1 — x) = —Q(x), x € (0,1)] and that @ has a
continuous derivative g. Integration by parts and the type of reasoning in
the proof of Proposition 4.3 extend this proof to general Q. Let (Z,, Z5)
be a centered random vector with bivariate normal distribution such that
Var(Z,) = Var(Z,) = 1 and Cov(Z,, Zy) = p. Set K(p) := Cov(|Z4|,|Z4])-
Then, an elementary but cumbersome computation that we omit yields

2 . 1 9
K(p) = ;parcs1np_7_7p2 /1—P2+;(\/1—p2—1),

Therefore, if we take b, as in (5.17), we have

1-1/n ,1-1/n
EG2 :[ /1/n Jul = w1 —v)

1/n
UNU—UL
<K () aqu daw)]

1-1/n

y [/;nl/” S uv)dQ(u)dQ(v)r.

Set
2 .
Ki(p)= —parcsinp,
1
Ky(p) = —;PZ\/l - p?
and
2
Ky(p) == (,/1-p2 - 1).
Then,
- Z o (—1/2) (=1)" 2n+2
(615) K =23 (0 g™
12 /1/2
(6.16) KZ(P) — _; Z ( r/L )(_1)np2n+2’
n=0
_ z g 1/2 _1\" 2n
(6.17) Ko =22 (), )1

n
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for all |p| < 1. We further define

I—x el-x UAU—uv k
fao=[ [ (uw—uv)(w(l_u)v(l_v)) dQu)dQ(). k=1

and
1-x ,l—x
g(x) = [ / (unv—uv)dQ(u)dQ(v),
and set
fr(1/n)
= M o (Um)

Then, using (6.15), we obtain
1-1/n ,1-1/n
’}1_{1010[/1 /1/n \/u(l—u)v(l—v)

w =) 1w

[/11 " [11 l/n(u/\v—uv)dQ(u)dQ(v)]_l

25 (V)

n

(6.18)

[It is straightforward to see that the left term is bounded from below by the
right term, since all the terms in the series expansion are positive. The fact
that (6.15) is valid for p = 1 suffices to conclude (6.18).] In order to compute
ay, recall that symmetry of X implies @(1 —x) = —Q(x) and q(1 — x) = q(x).
Thus,

xk/2+1 k/2+1
g'(x) = —4X(I(x)Q(1 - x)
and, consequently,
/ X2 (11— u)*2 dQ(u
lim fi(x) = lim fl/Z ( u) ( )
20 g/(x) a0 QI —x)
Integration by parts yields

2 fip Q- w Q@) Rt " QA —wyE  du
Q(1 —x) 2 Q(1—x)

Since X has regularly varying tails with exponent —2, @(1 — u) is regularly
varying at 0 with exponent —1/2 [see, e.g., Resnick (1987)]. Now, since, if
a function L(x) is regularly varying at 0 with exponent o then L(1/y) is
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regularly varying at oo with exponent —o, the usual properties of regular
variation [Feller (1971)] give

. xk/2 1/2 Q(u)(1 - u)ik/271 du 2
lim

20 Q(1—x) R ES

Therefore, lim,_,, /7, (x)/g'(x) = 1/(k + 1) and, by 'Hépital’s rule,

fr(x) L

1) ~ln G T

Plugging (6.19) into (6.18), we obtain

I}Lngo[/ll Un /11 n \/u(l e —v)

<¢u(L1L - Z)v(ulv— )) dQ(u)dQ(U)]

(6.20) o .
[/1 /1 (u/\v—uv)dQ(u)dQ(U)]

__2(1/2>(—1)n 1,2

n 2n+12n+2 T

The last identity follows upon noticing that

1 ] 2 ] 2n+2
n+’ < I‘

We can apply the same reasoning to Ky and K3 to obtain

r}ggo[/; 1/n /11 1n \/u(l o)

<Ko i i) 19120

(6.21) o .
|:/1 [1 (u/\v—uv)dQ(u)dQ(v)]

:_E Z (1/2>(_ )n2n+2 %
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and
r}l_}rgo[/ll " /1;1/” \/u(l —u)v(l—v)
UAU—U
(\/u(l —u)v(1 - )) dQ(U)dQ(U)]
(6.22)

[/11 " /11 v — ) dQ(u)dQ(v)]l

1/2 y 1 2
__Z( ) %_;(logﬂ 1).
Now, (6.20), (6.21) and (6.22) complete the proof. O

By Propositions 6.2 and 6.4, all the subsequential limits in distribution G of
the sequence G,,, which are centered, have the same second moment. Hence,
if they are Gaussian, they coincide and convergence follows.

The next proposition shows that if an infinitely divisible distribution has tail
probabilities of smaller order than those of a Poisson random variable, then
it must be normal, a result due to Horn (1972), who gave an analytic proof
and placed unnecessary restrictions on the function H in (6.23). The proof we
give here, entirely probabilistic except for use of unicity in the Lévy—Khinchin
formula, seems to be the simplest for the particular statement that interests
us. Csorg6é and Mason (1991) obtain general and quite precise integrability
results, with yet different proofs, and give many references to the extensive
literature on integrability of infinitely divisible distributions.

PROPOSITION 6.5 [Horn (1972)]. If X is infinitely divisible, ¢ € (0, c0) and
H(t), t > 0, is a positive function such that, both
H(t
(6.23) limsup . ( )t =00 and Pr{|X|>t}<cexp(—H(t)) forall t>0,

t—00 1

then X is normal (or degenerate).

PROOF. We first prove the proposition assuming X is symmetric. Then, by
Lévy—Khinchin for symmetric variables,

Z(X) = N(0, 0) % Pois p,

where o“ is a nonnegative number and u is a symmetric Lévy measure [see,
e.g., Araujo and Giné (1980), Chapter 2, for this and for several properties
of general Poisson measures to be used below. In the proof of unicity of the
Lévy—Khinchin formula, page 56, Exercise 4, the order of the integral and the
exponential in the hint’s second line should be reversed]. If u = ad,, then
Poisu = §, and £(X) = N(0,02). If u # ad, there is an interval [a, b],
0 < a < b < o0, such that u[a, b] = A € (0, 00). Let

2

My = /-'L|[a,b]a Mg = M|[—b, —a]> M3 =0 — B — Mo
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and let X;, i =1, 2, 3, be independent random variables such that
L(X,)=Poisu;, i=1,2 and £(X3)= N(0,c?)x Poispus.

Then X5 is symmetric, X; > 0, Xy < 0 and ./ (X,) = £ (—X,); in fact, we

can take

N, N,
X1=Z§i and Xz=—z7}i
i=0 i=0

with N;, i = 1,2, independent Poisson random variables with parameter A,
&, m; iid. with law )\‘1,u|[a’ p; for 1 > 1, independent of N; and N,, and
&9 = mo = 0. Therefore,

Pr{{X|>¢t} =Pr{|X;+ Xo+ X3| >t} >Pr{X, + Xy > ¢, X3>0}
1 1
2 5PI‘{X1+X2 2 t}z QPI'{XI 2 t, X2=O}

1
= EPI‘{XI z t}PI‘{N2 ZO}

e~ N, e~
= —Pr{z & > t} > —Pr{aN; > t}.
2 = 2

Now, assuming ¢/a € N, we have that for all ¢ > 1/a there is ¢, < oo such that

t/a

Pr{aN; >t} >Pr{N,=t/a} = e_A(?/a)' = exp(—ctlogt), t>tg,

by Stirling’s formula. Therefore, there exists a constant c¢; such that
Pr{|X| > t} > exp(—c;tlogt)

for all ¢ large enough, contradicting (6.23).
If X is infinitely divisible but not necessarily symmetric, the Lévy—Khinchin
formula for its distribution is

Z(X) =8, % N(0, 0?) % csPois u

for some a, o € R and Lévy measure w, and if X’ is an independent copy of
X, then

Z(X — X') = N(0, 20?) % Pois(u + 1),

where (A) = u(—A) for all Borel sets A. In particular, the exponent of the
characteristic function of X — X' is —o2¢? + [ (costx — 1)d(p + p)(x). If X
satisfies (6.23), so does X — X’ because Pr{|X — X'| > 2¢} < 2Pr{|X]| > ¢}.
Then, X — X’ being symmetric and infinitely divisible, the first part of the
proof shows that X — X’ is in fact normal, say with variance 72. Therefore,
the exponent of its characteristic function satifies

o8} ’Tth
—a?t? + f (costx — 1)d(p + p)(x) = - teR.
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Since the integral is not positive for any ¢, it follows that 52 = 72 — 202 is
nonnegative. Hence,

Pois(u + i) = N(0, n%),

which contradicts the unicity of the Lévy—Khinchin formula unless u + g =
2¢6, for some ¢ > 0; that is, unless u = ¢d,, implying that X is normal and
proving the proposition. O

We will apply this proposition with H(¢) = K¢2.

For our final step, we consider symmetric random variables X such that
log t)~

Pr{|X| > 1} ~ P8
for large t, and with « > —1. Such variables are in the domain of attraction of

the normal law, have infinite variance and their corresponding norming con-
stants are, up to a multiplicative constant that we can ignore for the moment,

b, = n(logn)“tV?ifa > -1 and b,=+/nloglogn ifa=—

as is easily checked. Actually, we modify the law of X a little bit in order to
produce a less cumbersome proof (although these modifications will not alter
the essence of the proof). To wit, we take a differentiable quantile function @
with @(1/2) = 0 and derivative

|3 log(¢/(1 — )
t3/2(1 _ t)3/2 ’

for « > —1. It is not difficult to see that such @ is the quantile function of
a symmetric distribution as specified above, with normalizing constants b,
proportional to «/7(log n)@+tY/2 if « > —1 and to \/nloglogn if a = —1.

(6.24) Q'(t) = 0<t<l,

LEMMA 6.6. Let G,, n € N, be the random variables defined by (6.9)
with quantile function @ as given by (6.24) for some o > —1, and b, =
Vn(logn) @72 for ¢ > -1, b, = \/nloglogn for a« = —1, n € N. Then, all the
subsequential limits in law of the sequence {G,} are infinitely divisible.

PROOF. The proof of this lemma will take a few sublemmas. We begin
by setting up the appropriate stage. Using the equivalence (6.6) between the
Brownian bridge and the Ornstein—Uhlenbeck process and with the change of
variables u = 2 3 log[t/(1 —¢)], we have

_f log(n—1)/2 et e
625) G, /log( RR(4C = EIV@D o 4Q( 11 ) v

With a further change of variables

» e’ eZs
- — a/2
(6.26) dq, <s + = log(n + 1)) — dQ(l - eZS) 2)s|*/2 ds,
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and, using the stationarity of V, (6.25) becomes
, ﬁ log(n—1) -
(6.25) G, = b_/o (IV(s) = E[V(s)]) dQ,(5).

In a way similar to Mandl [(1968), page 95], we fix § > 0 and define stopping
times

7o = inf{u > 0: V(u) =0},
T = lnf{u > To- V(u) = 6}, ooy
To, = inf{u > 79, _1: V(u) = 0},

Topp1 = nf{u > 19,: V(u) =6}, n=1,2,....

(6.27)

Since the Ornstein—Uhlenbeck process V can also be represented as V(¢) =
W(e?')/e!, —oo < t < oo, with W a Brownian motion, these are actually stop-
ping times for Brownian motion. In particular, by the strong Markov property,
T, Tp — Th_1, £ € N, are independent, and so are the integrals

[ FvendQuo. [ Fv)d@.o

_ /72 f<W(exp(2t)) — W(exp(27y))
7 exp(2t)

)dan),

0

/;TZ(kH) f(V(t)) dQn(t)’ ke N>

2k

since W(exp(27g;)) = exp(79,)V(79,) = 0. Moreover, V(¢) being stationary,
To(k+1) — Toks k € N, are i.i.d. We will show below that

(6.28) my:=Ery <oo and my:=E(ry — 79) = E(79; — To;_1)) < 00.
Then, defining

(6.29) k, :=max{k € N: m; + kmgy <log(n — 1)},

we have

6. = L [ [ [ v - mveonaa,o

bn k=1 " T2k T2ky,

where (II), is a sum of independent not necessarily identically distributed
random variables. Hence, by the converse part of the general central limit
theorem in R [e.g., Araujo and Giné (1980), page 61], in order to prove that
the subsequential limit laws of {G,} are infinitely divisible it is sufficient to
show that

(6.31) (I,,)) > O0in pr., (I111,)) - 0 in pr.

(6.30)
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and that the triangular array of row-wise independent random variables
}f—ﬁf VO -EBIVO)dQu(t),  0<k <k, neN,
n T2k

is infinitesimal; that is,

(6.32) max Pr{ﬂ f V@ =EIV@)) A, (8)] > g} -0
1<k<k, b, |y
as n — oo for all & > 0.
CLAIM 6.6.1. The stopping times 7., £ = 0,1, ..., have finite moments of

all orders.

ProOF. The distributions of 7y and 79, — 79;,_; are easy to obtain, using
that the distribution of supy_,., W(s) is that of /u|g|, g standard normal
[e.g., Billingsley (1968), page 72]. Here is how to obtain the latter: we recall
also that W(uyv) — W(u,) has the same law as ,/ugW(v — 1), and get

Pr{ry, — 7951 > t}

ZPT{TZ—’TI > t}

- EPr[ Jnf W(exp(2(s + 1)) > 0| W(exp(2ry)) = 5 eXp(Tl)}
= Pr{ oi<rsl£t W(exp(2(s+ 7))) — W(exp(27)) > —6 exp(T)]
= Pr{ Oinf;t W(exp(2s) — 1) > —6}

- Pr{ sup [— W (exp(2s) — 1)] < 5}

O<s<t

— Pr{|g| < 5/, exp(2t) - 1}.
Similarly,

Pr{r, > t} = 2Pr| sup W(s) <0, W(1) < 0}

l<s<e2t

- 2PrHW(1) + sup (W(s)— W(1)) <0, W(1) < 0]

l<s<e?!
_ a1
Jexp(2t) — 1
Therefore,
2 26
Pr{70>t}x—t, Pr{Tzk—72k71>t}X—t
e e
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as t — 00. On the other hand, 79;,_; — 79;_5, Which is equal in distribution to
T1 — Ty, has to do with the exit time of Brownian motion from the one-sided
barrier 6+/¢. Concretely,

Pr{r, — o > t} = ]EPr{ sup V(s + 7o) < 8|V(ry) = o],
O<s<t

and for 7, fixed, this equals

25,27 | 27
Pr{M < 8e® for all s < t| W(e™) = 0}
e’ | eT

= Pr{W(e*) < d¢° for all s < {]/W(1) = 0}.

This probability is shown in Uchiyama [(1980), Theorem 1.1] to be of the order
of ¢/eM for some ¢ < oo and 0 < A < 1 as t — oo, thus concluding the proof of
Claim 6.6.1. O

CLAIM 6.6.2. We have that lim,_, (I),, = 0 in probability.
PrROOF. First we show that the centering is not relevant for the evaluation

of (I),. For a > 0 and n large enough so that log(n — 1) < log n is much larger
than 2a, in the case o > —1 we have

NG - 2/2/m (log(n—1))/2
X2 EI V()] dQ,(t) = /2 dt
b, /0 V(©)d@n(?) (log n)(et1)/2 /(log(n—l))/Q—a

_ 1 2.2/

" 1+ a/2 (log n)tD)/2

x [(% log(n — 1)) e (% log(n — 1) — a> HM]

3a\/2/m (1 /2
= Togmyeri (31080~ D)

[ 0
= (ogmyz >

where K is a constant that depends on a and o but not on n. The same
computation for « = —1 gives

SR i K
By EVO14Qu) = G

Now, given £ > 0 and M > 0, then, for all n large enough,
Pr{(I), > &}

< Pr(n, = M)+ Prf sup [ (V0] - BV 4@t

O<x<M

. A &
\;nﬁfo (V@) +EIV(®)])dR,(t) > 5}‘

- o}

<Pr{ry > M} + Pr{
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Since the first summand at the right tends to zero as M — oo, it suffices to
prove that the second tends to 0 as n — oo for all M < oo and all £ > 0, and
this follows from the previous computation and Markov’s inequality. O

CLAIM 6.6.3. We have that lim,_, (III), = 0 in probability.
Proor. By Claim 6.6.1 and the definition of %, (6.29), the central limit

theorem in R implies that the sequence {(79; —log(n—1))/ VE, ¥, is stochas-
tically bounded. Therefore, it follows from

Pr{(1Il,) > &} < Pr{

-1 -1
T2k, Og_(n )I > M}
VEy
| x\/k—nJrlog(nfl)
+ Pr{ sup ﬁI/
|/

—M<x<M bn

2
(VI-EIV)dQ, > }

og(n—1)
that it suffices only to prove that the second summand at the right tends to
0 asn — oo for all £ > 0 and M < oco. The previous proof still works here for
a = —1, but it doesn’t for « > —1 because /%, is of the order of (log n)'/?; thus,

we resort to the theory of Gaussian processes and metric entropy bounds. We
set,forn >2and -M <x <M,

xy/k, +log(n—1) -
Lo(x)= Y2 [V 0y Zgivag,

bn log(n—1)

Jn xy/k, +log(n—1)/2

b, Jog(n-1)/2

(V)| - EIV(&))e? dt.

So, if for —-M < x < y < M we denote by || - || the L; norm for the measure
t*/2d¢t on the interval [x/k, + 3 log(n — 1), y\/k, + 3 log(n — 1)], we have

1

L,(y)—L,(x)= W

(IVIF=E[VI)

[we are only considering @ > —1, hence b, = n'/?(log n)(“*1/2]. We apply the
Gaussian concentration inequality to estimate the size of L, (y) — L,(x). To
this effect we must compute o%((f, V)) for |f|l < 1. For such f, 0 <a < b
and a > 0 we have

5[ voroerar) = [ [ e is—ubfows e asdy

b s
— a/2 a/2
(6.33) =2 /a /a exp(—s)s*“exp(u)u’“ duds

b
< 2b® / exp(—s)(exp(s) — exp(a)) ds
< 26%(b — a),
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and, likewise, if -1 < a < 0,
b 2 b
(6.33) E( / V() f ()t dt) < 2¢° [ e5(e° — ) ds < 2a%(b — a).

Taking into account that %, ~ (log(n — 1) — m;)/ms, these two estimates give,
for n large enough,

v/ Fntlog(n—1)/2 2

(. v <5 V(e dt)

x«/k_n+log(n71)/2

< C(y — x)(log n)**'72,

for some C < oo independent of n, x and y. Then, the Gaussian concentration
inequality gives

Pr{|L,(y) — Lo(x)| > 1} < 2exp(—

tz(log n)a+1
c(log n)1/2|x — y|

2 1/2
— penp( )
cly — x|

for some ¢ € (0, 00) independent of n and ¢ > 0. This implies, by a simple
computation that we omit, that there exists D > 0 such that

Eexp<D(Ln(y) — L,(x))*(log n)”z) -3,
lx — vl

with D independent of n. Then, if ¢ is the Young modulus ¢(x) = (exp(x?) —
1)/2 and || - [|,, is the Orlicz seminorm ||¢[|,, = inf{c > 0: E(|£|/c) < 1}, the
increments of the processes L, satisfy

(6.34)

r I N et d
[ L,(y)— n(x)”lp_m

for all x, y € [-M, M] and n > 2. This inequality allows us to apply Pisier’s
modification and extension of Dudley’s entropy theorem [Pisier (1983), Theo-
rem 1.1] to get

=d,(x,y)

9
E sup |L,(x) <K [ Jlog@N([-M, M), d,. &) + 1) de,
—M<x<M 0
where N(¢, d, ¢) is the e-covering number of the pseudometric space (7', d)
and 2 is the d,-diameter of [-M, M]. In our case,
2M (2M)1/?
N([-M,M],d X— 7Vl d 9= ——"—+—
which, plugged into the previous inequality gives that there exists K < oo
such that
K

E L —_—
Sup | n(x)| S (10gn)1/4 -

—M<x<M
This shows (II1,,) — 0 in probability. O
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CLAIM 6.6.4. The limit (6.32) holds.

PROOF. Since the variables 7y, — 79,_5 are i.i.d. and, setting
my =m; + kmz,

the sequence {(19;, —m})/ «/%}20:1 is stochastically bounded by Claim 6.6.1 and
the central limit theorem, it follows that for all » > 0 there is M < oo such
that, both

(6.35) I]gl;}lei(PI‘{Tzk —T9p_9> M} <mn and Ilga}eicPr{ L\/%mk > M} <.
As a consequence, the proof of (6.32), reduces to showing that

ﬁ mk+xﬂ+y ~
6.36 max E sup -—— V| —-E|V]d -0
(636)  max B swp 3= [ (IVI-EV)AQ,

0<y=<M

as n — oo. In analogy with the previous case, we can define

ﬁ mn,k-&-x«/%-‘ry N
(6.37) L, 1 (x,y)=—7— (IV ()| = EIV (&)t dt,

bn mn,k-&-xﬂ

where m,, , :=m; — %log(n — 1) [hence, |m,, ;| < %log(n -1l

We assume first that « > 0. In this case, in analogy with the proof of the
previous claim, we first apply the Gaussian concentration inequality to the
increments of this process, L, ,(x) — L, ,(x'), with x = (x, ), X' = (¥, ),
and then the entropy bound. Just as in the proof of inequality (6.34), it is easy
to see that, for all £ < &, and n > n, independent of &, |L,, ,(x)—L, ,(x')| has
tail probabilities dominated by 2 exp[t?(log n)'/2/(c|x — x|)], for some ¢ > 0
independent of %, n, x and X', where [x —X'| := |x — x’| V |y — »'|. Hence, there
exists D € (0, o), independent of n and %, such that

D(Ly, (%) = Ly, 1(x))*(log n) V2 _ 3
x — x| ) T

]Eexp(

for all £ < &, and n > n(. If we then set
x — x|
D(log n)/2’
since a rectangle of sides parallel to the axes, repectively of sizes M and 2M,

contains about 2M?2 /8% squares of side §, the e-covering number of [—M, M| x
[0, M] for d,, is

dn(x,x)) =

2M?
D2gtlogn’
Then, the entropy bound used in the proof of the previous claim now gives
that the expected values in (6.36) are all bounded by a fixed constant times

N(e) ~



1062 E. DEL BARRIO, E. GINE AND C. MATRAN

(log n)~'4, and therefore their maximum tends to zero, proving the claim for
a>0.
We now consider the case —1 < a < 0. Let 8 > 0 be such that
a+1

= —-&6>0.
Y1 «t2 >

Then, we observe that if [m, , + xvk| < (logn)", 0 <y < M, and n is large
enough so that M < (logn)", we have

f

9 1 /(log n)"+M

m, p+x +
E|V (¢ ta/zdt<\/——
[ s EIVOIAde s S

|¢]*/2 dt
—(logn)"1—M

8 \/
< 1 ((a+2)/2)y1 =%
<13 (logn)

" 2\/ (logn) (22 - 0

as n — oo uniformly in x and y. Hence,
n
E vn

sup -—

by

mn,k+x\/%+y a/z
/ (VO] ~EV@)D dt‘
1, g2 E|<(log )1 m, itk

O<y<M

\/ (10g I’L) 8(a+2)/2

T a+2
mn‘kerﬂer
vE s YRS |V(t)||t|“/2dt|
o gt evEl<(lognyn On | Imu st
0<y<M

iz\/g(logn)ﬁ(aﬂ)ﬂ - 0.
w

Then, in order to conclude the proof of this Claim for —1 < « < 0, it suffices
to show

u+y
(6.38) lim2E  sup vn [ (|V(t)|—E|V(t)|)|t|“/2dt' —0
n—ee Llogn)" <u<2logn bn u
O<y=M
Since
. Jno oM a2 J2/7 M2 w2 g,
}LIIgoigﬂgEL E|V(t)||t| dt<'}1m W./M2|t| dt—O

we may add the centering to the integral in (6.38), use positivity of |V| to
replace the variable y by M in the upper limit of integration and then subtract
the centering, to conclude that the limit (6.38) is equivalent to

(6.39) lim 2 sup @

n—ee 1(logn)1<u<2logn b,

u+M
[ aveen-eveead ~o
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Redefining
n u+M
Lo =Y [ vl -mvepi

and bounding |L,(v) — L, (u)| <|L,(w)| + |L,(v)| from above by |v — u| > M,
and by (v71/b,)(| [, (IV ()| =EIV(O)DIE[2 dt|+] [, 53 (V) =BV ())IE[2 dt])
for [v — u| < M, the Gaussian concentration inequality, together with the
estimate in (6.33'), gives

82(10g n)a+1

c(Jv —u| A M)(log n)“‘h)
£%(logn)”

c(lv—u| A M))’

Pr{|L,(v) — L,(u)| > &} < 4exp(—

= 4exp(—

where c is a finite positive constant independent of n, u and v, and vy, :=
a+l—ay;=2(a+1)/a+2)+ ad > 0. As an immediate consequence, there
exists D > 0 independent of n, u and v, such that

D(log n) ) <6

E
eXp<|v— ulnM

which, by Pisier’s entropy bound [Pisier (1983)], gives

E  sup  |L,(u)|< K/O@ JIog(5N(e) + 1) de

1(logn)1<u<2logn

for some universal constant K < oo, where N(¢) is the e-covering num-
ber of the interval [27!(logn)", 2logn] for the distance d,(u,v) = (Jv —
u| A M)2/[D(log n)2]"/2, and Z is the d,-diameter of this interval. Since
9 = MY2/[DV%(logn)"/?] and N(e) is dominated by a constant times
log n/[£2(log n)*2] for ¢ < 2, we obtain

E  sup |Ln(u)|sc(

1(logn)<u<2logn

loglogn 172
(log n):

for some constant C independent of n. This proves the limit (6.39), and there-
fore the claim for —1 < a < 0.

The case @ = 1 can be treated in complete analogy with the case —1 <
a < 2. Now, since b, = \/ nloglog n, the threshold (log )" can be replaced by
(loglog n)” for some (any) y € (0, 1), as for such v,

ﬁ mn,k+x«/;+

bn my, p+x

9 1 (loglog n)’+M
5\/_—/ t|"Y2 dt — 0.
T (log log n)1/2 —(loglogn)y—M

TRV (e)||e] V2 de
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Then, Gaussian concentration followed by Pisier’s entropy bound now give
C

E sup |L,(u)| < W -0

1(loglog n)r<u<2logn

for a constant C independent of n. We skip the details as they are similar to
those for —1 < a < 0.
This completes the proof of Lemma 6.6. O

REMARK 6.1. We should mention that symmetry is not essential at all in
the previous proof. We only had it there in order to produce a nice change
to the Ornstein—Uhlenbeck process; also, the values of @' in (6.24) are only
relevant for ¢ close to O or to 1 but its values on the midrange ¢ € (a, 1 —a) for
any fixed 0 < a < 1 are not important. Verification of these facts is elementary
and is omitted.

Summarizing, we give the following theorem.

THEOREM 6.7. Let @ be a differentiable quantile function whose derivative
Q' is bounded on any interval [a,1 —a], 0 < a < 1, and such that

B20/(¢ 1320/(1 — ¢
t—0 |§10g t|04/2 t—0 |§10gt|a/2

for some a € [—1,00). Let F be the corresponding cumulative distribution
function, let

on [QA-1n) ——————
5.9 n=\/— F(t)(1 - F(t))dt
(5:9) Y=y o [ VO F@)
and let

8.2«
b, \/ Vn(log n) V2 for a > -1,
a+1

(6.41)

8.2« — —
b, \/ Jnloglogn for a=—1.
a+1

Let X;, i € N, be i.i.d. with commmon cd.f. F, let F, be the corresponding
empirical c.d.f. and let

(4.14) Z, = n/ |F,(¢t)— F(t)|dt, neN.
Then,
Z, - 2log2 13
(6.42) Zn o \/1 L2082 O
b 37

n

where g is a standard normal random variable, with convergence of the ab-
solute moments of any order 0 < p < 2. Moreover vy, can be replaced by EZ,
in (6.42).
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PROOF. By Remark 6.1, we may as well assume that @' has the form
(6.24). A simple computation using the form c, of the normalizing constants
b, in Proposition A.1 shows that X; € DA,(b,) with standard normal limit
for 37 (X, —EX,)/b,, b, as in (6.41). Now, as mentioned above, Lemma 4.1
and the weighted approximation of the uniform empirical process by Brownian
bridges (Corollary 6.1) imply that the sequences in (6.5) are weak convergence
equivalent; that is, the sequence at the left side of (6.42) is weak convergence
equivalent to the sequence {G,} in (6.9). The sequence {G,} is stochastically
bounded and the pth absolute powers of its terms are uniformly integrable
for any p > 0 by Proposition 6.2. All of its subsequential limits in law have
Gaussian-like tail probabilities by Proposition 6.2 and are infinitely divisible
by Lemma 6.6; therefore, by Proposition 6.5, they are normal. But then, by
Proposition 6.4, they all coincide with the variable at the right of (6.42). Con-
vergence of moments in (6.42) follows from the uniform integrability result in
Theorem 4.2 and the limit (6.12) (Corollary 6.3). It also follows from Corollary
6.3 that vy, can be replaced by EZ, in (6.42). O

Obviously, the integral [*_|V(¢)|(]¢|*/? A1) d¢ exists for @ < —2. The Gaus-
sian part of Theorems 5.1 and 6.7 give central limit theorems for the Brownian
bridge, or, what is the same, for the Ornstein—Uhlenbeck process. The state-
ments for this last process have a particularly nice form and are somewhat
surprising. Thus, we single them out in the following theorem.

THEOREM 6.8. Let V(¢), t € R, be a stationary Ornstein—-Uhlenbeck process
and let a € [—2, o0). Then:

@ Ifa> -1,
1 s/2
7—/ (IV(®)| = E[V($))|¢|** dt
(6 43) %s(oﬁrl)/Q —s/2
(b) For a =1,
1 s/2 3
[ (vl - BV de
(6.44) V% (log sy =
2log2 13
—)d \/1 + og - _g
T 3

(¢) The integrals
/ (V@) —E|V@)|t2dt for —2 <a<—1
as well as

/,O;(|V('f‘)| ~E|V(@)D(t| ™t A1) de
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exist in the sense of convergence of all moments as the limits of integration
expand to +o0o and to —oo.

For a = 0 this result follows from Theorem 9, page 94, in Mandl (1968).

APPENDIX

We have used several times in this article two explicit formulas for the
norming constants in the domain of attraction of the normal law, based on
quantiles, and due to CCHM (1986b). Their proof of the equivalence of these
two formulas is analytic (Propositions A.1 and A.2), but then, consistent with
their approach to the central limit theorem, they show that these formulas
work by means of the weighted approximation of the uniform empirical process
by Brownian bridges. Because these formulas are so useful, we believe it is
worthwhile that they be incorporated into the classical approach to the central
limit theorem and, for this reason, here we give a direct proof of the fact that
these expressions do satisfy the classical defining relation for the norming
constants, namely, nb,? Var(XI x|, ) — 1 (or nb,2U(b,) — 1if EX? = c0).

PrOPOSITION A.1 [CCHM (1986b)]. Let X, X;,i € N, be i.i.d. random vari-
ables in DA,(b,,)) and let @ be their quantile function. Set

o ﬁ(/;/” Q(t)dt - ( [ :W Q(t)dt>2)1/2

and
1-1/n ,1-1/n 1/2
d, = (/ (sAt— st)dQ(s)dQ(t)) .
1/n 1/n
Then
(1) Jim 5t = Jim 5 =1
or, equivalently,
(A1) lZ(Xi—IEX)—mg and diZ(Xi—EX) -4 &,
Cn =1 ni=1

where g is a standard normal random variable.

Note that, since X =; Q(0), 6 uniform on (0, 1), we have fll/;l/n Q(t)dt —
EX and [} " Q2(t)dt — EX2. Hence, if EX? = 0o then

1/n
1-1/n 1/2
¢, < n(/ Qz(t)dt> ,
1/n

which is the expression in (4.21).
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PROOF. It can be easily seen that
2
e (0(3) 0 (-2)-3(o(2) o)
n n n n n
1 1 1-1/n
+2<Q<;) ; Q(l - ;)) [, ewa

[see, e.g., Shorack and Wellner (1986), page 43]. Now, (A.2) and (4.6) imply
that

(A.2)

and, therefore, it suffices to prove the first limit in (A.1). The result is trivial
if EX? < oo, since then lim, . n~Y2?c, = Var(X). Hence, we can assume

EX? = oo and then replace c, by \/ﬁ(fll/;l/n Q?(t) dt)Y?, which we will also
denote by c, for ease of notation. Set y,, = |Q(1/n)| v |Q(1 —1/n)| and 2z, =
|Q(1/n)|A|Q(1—1/n)|. Since EX? = oo, we have y,, — co. We will also assume
z, — 00. Otherwise, @(1/n)or @(1—1/n)is bounded and a slight modification
of the reasoning below provides the same result. Set U(t) = EX?I_,_x_,, ¢t > 0
(note that this definition of U differs slightly from that in Section 4, but, by
slow variation, both share the same asymptotic properties). We recall from the
theory of domains of attraction [Feller (1971) or Araujo and Giné (1980)] that

U is slowly varying,

. x2Pr{|X| > x}
e MU
and (A.1) [or (A.1)] holds if and only if
.. n
r}Lngo cn_2U(c”) =1.

Observe that (4.5) and the facts that X =; Q(0), 6 uniform on (0, 1), imply
F
U(t) = [5}) Q%(3)dy. Now

F(c,
fF((fci) Q*(y)dy

n
—U(c,) = P e as—
€’ ST Q2 (y) dy
&4 Il @Wdy [ @) dy
D @edy [V QUy)dy
= 1+81,n +82,n’

Therefore, it suffices to prove that lim, , e, , = 0, i = 1,2. We prove first
that

EX2] _
QU/m)<X<Q(-l/n) _

Uly,) !

(A.5)
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as n — oo. To see this, suppose |Q(1/n)| > |Q(1—1/n)|. Then using (4.4), (4.5)
and the fact that X =; @, we obtain

EX*Iqam<x<qu-ym | _ [ @D ea 1ym=em=eumP
U(yn) U(yn)
_ [ W aa-ym-eu=—aam D
U(yn)
(A.6) n Q*(1-1/n)Pr{X = Q(1 - 1/n)}
U(yz)
_ A APX] 2z
nU(yn) U(yn)
_Pr{IX] > y,} 2z Pr{|X|>z,}
N U(yn) U(yn)

and the same inequality holds if |@Q(1/n)| < |Q(1 —1/n)|. Now (A.3) and (A.6)
prove (A.5). As a consequence,

1-1/
&l @O 1 foam-q-qa-ym ()b

y2 y2 y2

(A.7)
2
_ Jewm-a-eu-ym @ EX*I4/m)-x-0u-1/m)
y2Pr{|X| = y,} ya Pr{|X| > y,}
by (A.3) and (A.5). Therefore, F(c,) > 1—1/n for n large enough, which implies
g9, > 0. Then

F(c,) n2
nJy 1 Q (y) dy n F)
0= ey, = 005 = J,, QW
A n n rl
(A.8) < o [ QR ga-1/n)<@=c, ¥ + o /_un QY g(y)=@1-1/n) WY

QU -1/n)

n
= Z / QR ga-1/n)<@=c, ¥ +

Note that the last inequality in the first line already shows that &, , <1 and,
likewise &; ,, < 1. This proves

(A.9) C%U(cn) <3

n

for n large enough, a fact that will be used later. In order to estimate the
bound given by (A.8) observe that

/aPr{X > t}dt:/[ YdF(y) +aPr(X > a}
0 0,a
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and therefore

n
o [ QT auvm-g=e, &

no (o
A.10 = — Pr{X > t}dt —nPr{X > ¢,
(4.10) o PrX = {X > c)

n CEQ(l ~1/n)Pr{X > Q(1 - 1/n)}.

Then, (A.3), (A.9) and slow variation of U show that for all x > 0,

2Pr{X 1
0= r}LIEo njzn/Z?L{)U(znc;;C} > ghr,fljolclp nx?Pr{X > c,x};

that is,
(A.11) nPr{X >c,x} - 0

for all x > 0. Moreover, since n Pr{X > @(1 —1/n)} < 1, dominated conver-
gence gives

c, 1
a1z L Pr{X > t}dt = / nPr{X > xc,}dx — 0
Cn JQ(1-1/n) Q(1-1/n)/c,

as n — oo. Now (A.7), (A.10), (A.11) and (A.12) prove that the upper bound in
(A.8) tends to O; that is, &5 , — 0. Similarly, &; , — 0, which completes the
proof. O
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