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RENORMALIZATION OF THE VOTER MODEL IN EQUILIBRIUM!

BY ILJANA ZAHLE

Universitit Erlangen-Niirnberg

We consider the d-dimensional voter model for d > 3. Our interest is
the large scale limit of the equilibrium state of the voter model, where we
prove the d = 3 results of [1] for d > 4, which turn out to be of a different
nature than for d = 3. For this purpose we use the historical process. We
establish some surprising facts about the Green’s function of random walks
in dimension d > 4, which lead to the different features in d = 3 versus
d > 4. Secondly, we prove an analogous result for the voter model on the
hierarchical group.

1. Introduction and the main result. In this paper we study the struc-
ture of invariant measures of the voter model (cf. [8] and [11]). In contrast to
other situations (e.g., the exclusion process), where we have a good charac-
terization of the invariant measures (e.g., product measure), we do not have
an explicit representation of the invariant measures of the voter model. The
dependence between components is only slowly decaying so that we do not
expect simply classical fluctuation behavior. However, since dependence of the
components in equilibrium is induced by a local interaction, we can try a
renormalization scheme. Rescaling in other contexts was investigated, for ex-
ample, by Holley and Stroock; see [9]. Bramson and Griffeath investigated
renormalization of the voter model on Z3, [1]. They studied the discrete time
voter model which is defined with respect to a local symmetric random walk
with finite second moments. The proof of their renormalization result is based
on the methods of moments.

Major gave another proof of their result in [12] based on the historical
process in today’s terminology. The idea of his proof is easy to grasp; however,
essential parts of the proof are not correct. The claim in [12] is also that these
results hold on Z¢ with d > 4; however, this is based on wrong assumptions on
the behavior of the Green’s function of random walks. Major’s idea works in
case of finite moments of order 3d — 1 of the underlying random walk, which
is in fact not necessary.

The generalization to the cases d > 4 is more subtle and uses some obser-
vations on random walks recently made by Lawler [10]. This paper contains
the right assumptions on the model and the right formulation of results for
the continuous time voter model. Furthermore, we establish the result for the
voter model on the hierarchical group. In a self-contained section we state the
asymptotics of the Green’s function of random walks. Similar questions and
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problems arise in branching models, which are studied by rescaling from a
different point of view by Dawson, Gorostiza and Wakolbinger, see [4].

We hope that the techniques used here for the voter model can be refined in
order to study limiting states of branching evolutions and interacting Fisher-
Wright diffusions in randomly fluctuating media. In fact, more generally lo-
cally interacting systems for which a historical process can be defined should
be accessible and shall be treated in a forthcoming paper.

1.1. The model. We consider the voter model (&), on a countable Abelian
group S, which we shall later specialize to the two cases Z¢ and the hierarchi-
cal group Z(N). (For a survey see [11], Chapter V.) It is an interacting particle
system with state space {0, 1}5. Each site j € S is occupied by an individual.
The value 0 or 1 denotes for instance the political opinion of the person (the
individual). The transition mechanism is specified by the function

(1.1) o(i, &) = ip(i’ DL—E()],  if &) =1,

where p(i, j) >0 for i, j €S and
(1.2) > op@i, =1 fori e S.
Jjes
The function ¢ represents the rate at which the coordinate £(7) flips from 0 to
1 or from 1 to 0 when the system is in the state ¢£. That means

(1.3) PEL£,(i) # £(0)] = c(i, £)t + o(t)

as t | 0 for each i € S and ¢ € {0, 1}°. Furthermore, we require that in each
transition only one coordinate changes, that is,

(1.4) PELE(D) # £G); £(J) # E()] = o(2)

as t | 0 for each i, j € S with i # j and ¢ € {0,1}5. An equivalent way
of describing the rates of the voter model is to say that a site i waits an
exponential time with parameter one; after that time it flips to the value it
sees at that time at a site j which is chosen with probability p(z, j).

Let us consider the translation invariant setting, that is, p(i, j) = p(0,
J —1). We define p(i) = p(0, i). We will need the symmetrized kernel

p() + p(-i)
5 .
For 0 < A < 1 let the initial distribution #[£,] = v be a translation invari-
ant, ergodic measure v with intensity
(1.6) v{ne{0,1}5:n(i)=1}=1 VieS.

The following basic result can be found in [11], V.1.13 or [8], Section 5. Liggett
only does this for Z¢ but the same proof works in the general Abelian case.
Holley and Liggett do not restrict to Z¢.

(1.5) p(i) =
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BASIC ERGODIC THEOREM. In the translation invariant setting of the voter
model on a countable Abelian group there is the following dichotomy in p
concerning the longtime behavior:

(a) If p is recurrent:
where 0 (resp. 1) denotes the configuration with all sites 0 (resp. 1).

(b) If p is transient, there exists a unique probability measure u,, depending
only on A, such that

(1.8) /V[ft]HZOZM,\-

This ), has the following properties:
(i) w, s an invariant measure of the process (&,).
(ii) u, is ergodic.
(iii) Let &, have the distribution w,, then for all i, j € S:

E[£..()] = A,
(1.9) CENOENE) NS
i—j[|—o0

The symbol = denotes weak convergence.

REMARK 1. We want to mention that the convergence in (1.9) is polynomial
and not exponential.

1.2. Main result on Z%. Our goal is to study the regime in the transient
case by means of renormalization of the random field under the equilibrium
distribution. Here renormalization means forming sums over spatial blocks
and rescaling their size.

Let ¢ be a random variable with distribution u, given in (1.8). (We omit
the index oo in &,.) Now we define the rescaled field. As mentioned at the
beginning, we are interested in the group Z¢ and the hierarchical group. We
have to distinguish between these two cases.

If S =79 (d > 3), we define for a test function ¢ € ./ (Schwartzian space
of rapidly decreasing functions) the following random variable

(1.10) Fi(e) = Y [G) — E&()]e(@) = X [£G) — Ale(d).

iezd iezd
This random variable will be rescaled now. For sums of independent random
variables one chooses the classical rescaling of the central limit theorem. There
are results that this rescaling can also be used in the case of dependent ran-
dom variables, if the correlations are weak enough, for example, if they are
exponentially decreasing. This means that the correlation function p of the
distribution u, (recall that Z[¢] = u,) defined by

(1.11) p(A)=P[&(i)=1forallic A]
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fulfills
(1.12) |p(AU B) — p(A)p(B)| < Cye Cd4B),

where C; and C5 are constants depending only on the cardinality of A U B,
and d(A, B) = min{|i — j|:i € A, j € B} is the distance between A and B.
This result can be found in [13].

However, since the process has positive spatially slowly decreasing correla-
tions (cf. Remark 1), a classical rescaling as for i.i.d. random fields does not
work. We choose

(1.13) F)\,r(QD) = F)‘(QDr),
with
(1.14) or(®) = h(r)e ().

where we have to choose the function A(r) depending on the Green’s function
of the underlying random walk and decreasing much faster than the classical
rescaling

1
J#i ez i <r}

(1.15)

Let Z® = (z”, ..., Z")) denote a random variable with distribution p.
We assume:

(1.16)  The group ¢ generated by {i : p(i) > 0} is d-dimensional,

(1.17) Z(P) has finite second moments; E[ZEP)Z(kp)] =0, lLk=1,...,d

The first assumption ensures transience of p. Let @ = (Q, k)Z z—1 denote the
matrix of second moments, that is, @; , = 0, ;. Let |Q| denote the determi-
nant of @. From (1.16) one can derive that @ is positive definite. Hence @ is
invertible. Let @(x) denote the following quadratic form

(1.18) Q(x) = x"Q 1x, x e RY,

Note that the bar above @ indicates that the quadratic form is defined in
terms of the matrix @ ! and not of Q.
Now we formulate the main result.

THEOREM 1. Assume S = 7% with d > 3. Then under assumptions (1.16),
(1.17) and for d > 3 under the additional assumption

1
(1.19) ford=4: n’P[|ZP)|=>n] :°<1ogn)’
(1.20) for d >5: finite moments of order d — 1,

and with the choice
d+2

(1.21) h(ry=r"z=
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we obtain weak convergence

(1.22) L1F) (9)] = #(0,C,B(¢. 9)).

Here B is the bilinear functional

_e()(y)
(1.23) B(e, ¥) :/ /R Ter )i dx dy,
with Q(x) defined in (1.18). C, has the form
d—2
(1.24) CA=A(1—)\)27Td/;|/Q|1/2I‘< 5 )

where T denotes the Gamma function and vy denotes the escape probability of
the discrete time random walk Y with kernel p(i) = 1(p(i) + p(—i)), which
starts in O:

(1.25) vy=P|Y, #0Vn >1].

One can formulate Theorem 1 in terms of generalized random fields. The
concept of generalized random fields has a physical motivation. Every actual
measurement is accomplished by means of an apparatus. It is often impossible
to measure the value of the random variable X(s) at the instant s. Instead
of this one gets a certain averaged value F(¢) = [ ¢(s)X(s)ds, where ¢ is a
function characterizing the apparatus.

The distribution of a generalized random field is a probability measure on
the o-algebra of Borel subsets (with respect to the weak topology) of the dual
space .’ of .7 (cf. [7], Chapter III). Since ./ is a normed space the dual ./
is a Banach space. The convergence statement can be easily extended to the
whole random field and its rescaled versions F, ,. Then we have:

COROLLARY 1. Let d > 3 and consider the generalized random field F, ,.
Under the assumptions of Theorem 1 and with h(r) = r~(2+2)/2;
(1.26) L1F, )= Z[C,V],

where C) > 0 is given in (1.24) and V is the Gaussian self-similar generalized
random field with covariance functional

(1.27) E[¥(e)¥(4)] = B(e, ),
with B given in (1.23).
The convergence in (1.26) is weak convergence of probability measures on

/'. Tt is well-known that the function class {¢(¢) = e!*!; x € R} is separating
for the probability measures on R. In the case of probability measures on ./’
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the class {®(F) = e!F(®); ¢ € ./} is separating. That means to get (1.26) one
needs to show

(1.28) E[e/fr®)] — exp{-1C,B(¢, ¢)}.

This in turn is the assertion of Theorem 1.

We want to interpret the rescaling factor A(r). If the {£(i);i € Z¢} were in-
dependent random variables, one would have to choose the classical rescaling
one over the root of the volume of the ball with radius r. But the £(i) are not
independent. We will define a subdivision in families of the {£(i);i € Z%}, to
which 0’s or 1’s are assigned independently. To be more precise, all members
of a family are assigned the same value and the values of different families
are independent. Supposing that there are N, families in the ball with radius
r and a typical family has a size of order M ,, we have to choose the following
rescaling term

_ 1 1 1

MJN, M, JN,
The second factor is the classical rescaling. The first factor is the correction
term. We observe that the correction factor is one over the root of the size of
a typical family. For a more precise explanation we refer to Remark 2.

The main idea of cluster decomposition and the interpretation of the cor-
rection factor in terms of the historical process can be tested on other groups.

An interesting candidate for that is the hierarchical group. We are able to
establish the analogous result to Theorem 1 on the hierarchical group.

(1.29) h(r)

1.3. Main result on the hierarchical group. The hierarchical group plays
an important role in spatial models in population genetics. It was introduced
by Sawyer [14] and has appeared recently, for example, in [3], [6] and [5]. The
hierarchical group E®) is defined by

2 =i = (), i € {0,..., N — 1},
(1.30)
i(m) £ 0 only for finitely many m}

with addition componentwise modulo N and distance |i| = max{k : i(®) #
0} v 0. We are interested in transition kernels with the property that p(i)
depends only on ||i|. Let r be a distribution on {0, 1, ...}. Define an associated
probability law p on E®) by setting

(1.31) pi) = L

Ry’
where
(1.32) R, =#{i e E™ . |i|| = k}

is the number of elements in the kth level set EZN) ={i e E™ :||i| = k}.
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We consider the geometric kernels p, (¢ > 1/N) of the form (1.31) with

(1.33) ry =10, (Nc)™*

with the normalizing constant 6, = ¥<1. We assume ¢ < 1 to get transience

of p.. (One can easily verify that p, is transient iff ¢ < 1.)
The rescaled field is defined by

(1.34) Fy,=h(r) Y [£()—B&@)] =h(r) Y [£G)— Al

ieEM icEW)

lill<r lell<r

We formulate the main result on the hierarchical group.

THEOREM 2. Assume the voter model on the hierarchical group with geo-
metric transition kernel p, (1/N < ¢ < 1). With the choice

(1.35) h(r)y=N"Tc"/?
we obtain weak convergence

(1.36) LIF) 1= #(0,C))
with

(N3¢ — N2¢2 — N%2¢c+ N¢) N-1
(N2c—1)(1-c¢) N2(Nc¢c—1)

Here vy is the escape probability of the discrete time random walk Y with kernel

D., which starts in 0:

(1.38) y=P[Y, #0Vn > 1].

(137)  C,=A1-A)y

The interpretation of the rescaling factor is the same as in the lattice case.
We refer to Remark 3.

2. The asymptotic behavior of the Green’s function on 7Z?. The ba-
sis of the proof of the main result is the asymptotics of the Green’s function
G(x, y) of random walks. In particular the question arises under what condi-
tions does G(x, y) behave for |x — y| — oo as the Green’s function of Brownian
motion which decays like |x — y| (¢~ for |x — y| — oc. The first guess is that
it should suffice that the random walk is in the domain of normal attraction.
However, this is only true for d = 3. In d > 4 this is false; here one needs
stronger moment conditions. Since these facts are of independent interest, we
state them here.

We consider a discrete time random walk (Y,,) with kernel ¢ which starts in
the origin. We assume (1.16) and (1.17) (with ¢ instead of p) and in addition
EZ@ = 0. That means @ is the covariance matrix of q. Let G(x) be the
expected number of visits in x, that is,

@.1) G = au(x).

n=0
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where g,, denotes the n-step transition probability of the kernel g. G is called
the Green’s function of the random walk Y. We want to establish the asymp-
totics of G(x) as |x| — oo.

First of all we consider the case 4 = 7Z%. Y is an aperiodic random walk on
7% (aperiodic means ¢ = Z%). We have to distinguish the three cases d = 3,
d =4 and d > 5, where only the first case is well-known.

CASE 1 (d = 3). Here we use [15], 26.P1, to obtain a statement about the
asymptotic behavior of the Green’s function [recall (1.18) for @(x) and that
|| denotes the determinant of Q1I:

1
27| Q2

We want to generalize this result to dimension d > 4. First we consider the
case where Y is a strongly aperiodic random walk. That means

(2.3) £{yeZ?: y=x+z where p(z) > 0} =7¢ for all x € 7%,

where Z{- - -} denotes the group generated by {- - -}. For instance, the symmet-
ric nearest-neighbor random walk is aperiodic but not strongly aperiodic.

(2.2) ll‘im Q(x)2G(x) =

CASE 2 (d =4). Assuming only (1.16) and (1.17), the above asymptotics do
not hold (cf. [10]).

In [10] we find the result that under the slightly stronger boundedness as-
sumption (1.19) (with g instead of p) one can guarantee the following asymp-
totics

(2.4) lxl‘iinoc Q(x)G(x) = SO

CASE 3 (d > 5). We obtain an analogous result under the stronger assump-

tions (1.20) suggested by Lawler. Since he did not write a paper about it, we
want to establish this result.

THEOREM 3. Let d > 5. Suppose (Y ,,),~¢ is @ mean zero, finite variance,
strongly aperiodic random walk on 7% with covariance matrix Q. Assume also
that the moments of order d — 1 are finite, that is,

(2.5) 3 nd?P[|Y,| > n] < oo.
n=1
Then
Lo I(%%)
(2.6) \x1|11>noo Q(x) 2 G(x) = 27Td/2|Q|1/2

as |x| — oo.

Now we summarize the results of the three cases d =3, d =4 andd > 5
and we extend it to aperiodic random walks on <.



1270 I. ZAHLE

COROLLARY 2. Let Y be the random walk defined at the beginning of
this chapter. Under assumptions (1.16), (1.17) and the additional assump-
tions (1.19) for d = 4 and (1.20) for d > 5 (each with q instead of p) we have
the following asymptotics of the Green’s function:

- s '
(2.7) G(x) ~ C-Q(x) ) C.ts |x| = o0; x € £,
0, if x € 70\,
where
7% 2|T(%2
(2.8) C=| /ZI0(57)

272| QL2
and 4 is the group generated by {i € 7% : q(i) > 0}.

ProOOF OF THEOREM 3. The transition probabilities are given by q. Let ¢,
denote the n-step transition probabilities. The finiteness of the moments of
order d — 1 and the local central limit theorem ([2], Corollary 22.3) give us

RS o )
ol(n) o ena(
(2.9) ( d-3 B x
w (145 n-h2p (_))'
LW
= O(n_(2d_3)/2),

where P, is a polynomial of degree 3k, and ¢ ¢ is the density of the normal
distribution with expectation 0 and covariance matrix @,

1 _
_ ~QW)/2
(2.10) QDO,Q(y)— (27T)d/2|Q|1/2e (»)/2

Let

) ) 1 Q
211 g (x) =n""enq (%) ~ @enyi Qe P {‘ o )}'

To prove the asymptotics of the Green’s function we write (consider x # 0)

G(0) @) ED2= Y G(x) 4, (x)
(2.12) =l
Y Q) D2 g (x) - Gu(x)].

n=1
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We can calculate the first sum on the r.h.s. of (2.12) as follows (let A = @(x)1):

0

i — ) i
Q" 0,(3) = G L QP exp {_ Q(x)}

2n
1 oo 1 d/2
-~ Al = e~ 1/(2nd)
(2.13) (277)””2|Q|1/2,§1 (m)

— —1 /oo s 427129 g g
(2m)d2|Q|1/2 Jo

B 1 (d-2
- 27Td/2|Q|1/2 2
as |x| — oo.

It remains to show that the second sum on the r.h.s. of (2.12) goes to 0 as
|x| — oo. By (2.9) we know

3 Q) 922 g, (x) — G (x)]
n=1
E(n, x)

d-1
(1)

1 9=

d—3
- % -k2p (%
@it L k(ﬁﬂ’

where E(n, x) — 0 as n — oo uniformly in x. We investigate the second sum
on the r.h.s. of (2.14). It suffices to consider

_ o ¢\ (d-2)/2
(2.14) EQ(X) [

(2.15) i Qyeor___ 14 Y
n=1

(2mn)d2| Q12 ¢ w2

for multi-indices B with |8| =7 and 0 <[/ < 3k; 1 < k < d — 3. Analogously to
the calculation in (2.13) we obtain

1 Q) _po xB

o0
S(\d-22_ L e
nX::lQ(x) (27Tn)d/2|Q|1/2e mon /2

(2.16) ~ O(xPQ(x)"27%) / §—(d+h+1)/25-1/(29) g
0

< O(lx|™) = 0.

Here we used that @' is positive definite and thus Q(x) > c|x|?, where c is
a constant independent of x.
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Finally we investigate the first error sum on the r.h.s. of (2.14)

o _ B E(n, x) 1= E(n,x)
(d-2)/2 1 L, x)
Q(x) n(2d73)/2((%)d—1 1) <O(|x| )HX::I (@272

2.17) =t
=0(|xI*1)|T> 0.

The sum on the r.h.s. of the first inequality is uniformly bounded since the
error term E(n, x) goes to 0 as n — oo uniformly in x.

Equations (2.13), (2.16) and (2.17) lead to the assertion. This completes the
proof. O

PROOF OF COROLLARY 2. First note that G(x) =0 for x ¢ 4.

At the last step of the proof of [15], 26.P1, we find an argument for the
extension of the result from strongly aperiodic random walks to aperiodic
random walks on Z¢. This argument works also in dimension d > 3. Hence
we obtain (2.7) for aperiodic random walks on Z¢.

It remains to consider the case of an aperiodic random walk on . By
assumption (1.16)  is d-dimensional. Hence there exists a bijective linear
mapping A: & — 7¢. We know that |[A~1| = |Z9/4)|.

We are given a random walk on ¢ with transition kernel q. We define the
following transition kernel ¢ on Z%:

(2.18) G(x) = q(A 'x).

For y € 4 we obtain G(y) = G(Ay), where G is the Green’s function of the
kernel g.
Since g is aperiodic on Z¢ we know from the first part of this proof that

(2.19) G G P
° (x) 277d/2|Q~|1/2 Q(x) )

where Q(x) = x"Q 'x. Obviously @ = AQA', hence |Q| = |A|?|Q| and

Q(x) = Q(A'x). Thus by (2.19),

N(42) - s [29/5T(%2)

277_(1/2—|Q|1/2Q(AyyT =5 —22Q(y) 7.

(2.20) G(y) = G(Ay) ~ 274/2|Q|1/2

This completes the proof. O

3. Proof of Theorem 1 (voter model on Z%). The proof is based on the
characterization of the equilibrium u, as the limit of ./[¢,;] as ¢ — oco. From
[11], V.1.13, we know that the limiting distribution w, is the same for all initial
distributions » which are translation invariant and ergodic and have property
(1.6). Thus it is enough to consider the special initial distribution v, being the
product measure on {0, 1}2* with intensity A.
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The proof is split into four parts. The first part contains the basic idea.
We construct the historical process of the voter model, that is, we define a
richer structure containing a family structure, which explains all dependencies
of the components. This allows a cluster decomposition of the equilibrium
state. Namely we can view it as an infinitely old system and decompose the
components into clusters belonging to the same family. Then 0’s and 1’s are
assigned in an i.i.d. fashion to the families, and we can apply the central limit
theorem. In the second part we check the assumptions of the central limit
theorem. The crucial quantities for this, as moments and covariances, can be
expressed in terms of random walk quantities. The lemmas of the second part
are proved in the third part, and some more technical facts are collected in
the fourth part.

PART 1 (Representation via historical process). Our goal here is to write
the random variable F, ,(¢) as a functional of the historical process associated
with the voter model.

First we formulate a graphical representation of the voter model which
allows the definition of the law of the historical process in a very natural way.
Let {X(j); j € Z?} be a system of coalescing continuous time random walks.
They move according to the transition kernel

.. ad t" ..
(8.1) pi, j)=>_ e_t; p"(i, Jj),
n=0 :

where p(™) denotes the n-step transition probability of the kernel p. The ran-
dom walk X(j) starts in j. Any random walk X(j) evolves independently
of each other except for the following collision rule. Whenever two or more
random walks attempt to occupy the same site at the same time they merge
into one.

Moreover let {a(j); j € Z¢} be i.i.d. random variables, which are indepen-
dent of the random walks {X(j); j € Z?} and have marginal distribution

(3.2) Pla(j)=1] =1 —Pla(j) = 0] = A.

To determine the “opinion” &,(j) at site j at time ¢ we follow the sites where
the “opinion” came from. Define

(3.3) £(J) = a(X ()
for j € Z?. The following duality equation is valid for j;,..., j, € Z% ke N:

B4 P& =1.... &) =1 =Pl&U1) =1,..., &) = 1],

which means that the common distribution of {£,(); j € Z?} and the common
distribution of (£,(); j € Z¢} are equal. (For a treatment of duality of a voter
model or more general of a spin system see [11], Section III.4.) Note that the
process in (3.3) can be defined for all ¢ > 0.
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In the -process we can define “one”-opinions of the same family which come
from the same ancestor at time 0. We are even able to define the depth of the
relationship of two “one’s.”

At time ¢ we partition Z¢ in families of components which have the same
value at time ¢ and where the values in different families are independent. The
configurations in one family are dependent. These families are determined by
the coalescing random walks.

We define the time ¢ and the equilibrium decomposition of the state in
family clusters. This is obtained by partitions B(¢), B(co). Two sites j and j’
belong to the same family cluster, that is, to the same element of the partition
B(t) if the random walks X (j) and X (') coalesce by time ¢, that is, if X,(j) =
X,(J'). Analogously we can define partition B(co) in the equilibrium. Two
sites j and j’ belong to the same element of the partition B(co) if the random
walks X(j) and X(j') coalesce eventually, i.e., if there exists a ¢ such that
X.(J) = X,(J)

Now we are going to analyze the rescaled process by means of the clus-
ter decomposition. First of all we consider the case of a test function ¢ with
compact support, that is, ¢ € €*°(R%). Let D(r) be the d-dimensional ball

(3.5) D(ry={jez%:|jl <r}.

For ¢ there exists an A > 0 such that supp(¢) C D(A), hence D(Ar) contains
the support of ¢,.

Since ¢ vanishes outside D(Ar), we are only interested in those elements
of the partition which intersect D(Ar). The partition B(r, ¢) [resp. B(r, co)]
is generated by B(¢) [resp. B(co)] by taking the intersection of the elements
of B(t) [resp. B(oc0)] with D(Ar). These elements are denoted by By(7, t), ...,
Bg(ry(r, t) [resp. By(r,0), ..., Bg(ro)(r,o0)]. The number of elements is
random. (Capital letters stand for random variables, small letters stand for
fixed quantities.) For abbreviation we omit the sign co.

With the duality equation we establish the following equation:

Y16 — Me (NS X [E3) - Ale())

Jjez? jezd
K(r,t) R
(3.6) =2 2 &) —Ale())
k=1 jeB,(r,t)
K(r,t)
= Z [ak - /\] Z QDr(j)a
k=1 JeBy(rt)

where {«;; & € N} are i.i.d. random variables being independent of the parti-
tion and satisfying P[a;, = 1] = 1 — P[a;, = 0] = A. The last equality in (3.6) is
valid since &,(j) = £,(j') if j and j’ are of the same element of the partition,
and since ét( Jj)and ét( J') are independent if j and j’ are of different elements
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of the partition. Define

(3.7) o(B,r)= Z ®-(J)-
JjeB
Thus
K(r t)
(3.8) Y [£() — Me(NE Y [ay — Ale(By(r, t), 7).
jezd k=1

Let &, , be the distribution of B(r, ¢) and let #, be the distribution of B(r).
Since B(r t) — B(r) a.s. we obtain weak convergence

(3.9) P = P

t—o00
By (3.9) and by Z[¢,] = lim,_, . Z[&y|é_; i.1.d. configuration], we derive
from (3.8) the main result of part 1, namely
K(r)

(3.10) F, (o) L Y lag — Ale(By(r), r).
=1

REMARK 2.  We observe that our rescaling is classical rescaling times a
correction term, namely

11 12
(3.11) =

Vrd  Jr?
The correction factor to the classical rescaling is 1 over the root of the expected
size of the family which contains the origin and which lies in the ball with
radius r. The expected size of that family is }"|; ., G(7), where G is the Green’s
function of the symmetrized kernel p. It turns out later that >, G(i) =
const r2.

PART 2 (Assumptions of the CLT). The idea is to fix a partition, to condi-
tion on this partition and to apply the following version of the central limit
theorem. That makes sense because given a particular partition we have a
sum of independent random variables in (3.10).

CENTRAL LIMIT THEOREM. Let {Z, ;;n € N,1 < k < k,} be a system of
random varzables where the Zn k=1, .,kn, are independent for each
n. Let s2 —Var[Zk 1Z, ) If 2 — ¢ and if the system {Z, ,} satisfies the
Lyapunov condition

k,
(3.12) 36 >0: lim Z El|Z,,—-EZ, ,|*]=0

n—oo

k=1
then

,
(3.13) < |:Z(Zn,k - Ezn,k)] = (0, c).
k:l n—oo
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We consider the expectation and the variance, and we check the Lyapunov
condition for 6 = 2.

STEP 1 (Expectation). Since E[a,] = A and since {«;; & € N} are indepen-
dent of the partition we have

K(r) K(r)
(3.14) E|: > (e —N)e(By(r),r) B:| =" @(By(r), r)E[(a; —A)]=0 a.s.
k=1 k=1
STEP 2 (Variance).
K(r) | K(r)
(3.15) Var|: > (o, — N)e(By(r), r) i B:| =M1-21) Y o(By(r), r)%
k=1 k=1

We have to investigate the expression " ¢(B,(r), r)?. In Lemma 1 we prove

K(r)
(3.16) Var[ 3 o(By(r), r)2:| —0.
k=1 o0

With Chebychev’s inequality and with (3.16) we can then conclude

K(r) K(r) P
(3.17) > @(By(r),r)* - E[ 2. #(Bi(r), ”2} =0
k=1 k=1

P . - .
where “—> ” denotes convergence in probability. Lemma 2 provides

(3.18) E[Kz(r:) (By(r) ﬂ (457 ) B e
. (2] r),r — T 4 ©, Q).
=R oo glQlint \ 2

Thereby we have

(3.19) S By s F<d_2
. 10 r), r)" —
= e 2|Qlint \ 2

) B(e, ¢).

From (3.15) and (3.19) we can conclude

K(r)
(3.20) Var|: S (o — N)(By(r), ) B} :P;CAB(% ©).
k=1

STEP 3 (Lyapunov condition). In Lemma 3 we show

K(r)
(3.21) 3 @(By(r), 1)t —> 0.
k:l r—0o0
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Hence with the independence of {«;,} and B again we get

K(r)
E[ > (ap — A e(By(r), r)* ' B]
=1

K(r)
(3.22) =Y @(Bu(r), r)*E[(e}, — M)* | B]
k=1
K(r) p
=[(1 =V A+ A A= 1)] 3 @(By(r), 1)* — 0.
k=1

STEP 4 (Application of the CLT). Now we are able to deal with the expres-
sion

K(r)
(3.23) Y (e, = Ne(By(r),r),

k=1
since it satisfies (3.14), (3.20) and (3.22). We want to show
K(r) B
(3.24) E [exp {i > (g — Ne(By(r), >” — exp (-0,
k:1 r—o0

First of all we prove

K(r)
(3.25) E[exp!i > (ax ~ Ne(By(), r)} | B} o exp (-5
k=1

2

For that purpose we fix a subsequence (r;) of () with r; — co. Then there
exists a subsequence (7)) of (r;), such that by (3.20)

K(r}) a.s
(3.26) Var[ S (ay — Ne(By(r)), ) B} =5 C,B(e, ¢)
k:l — 00
and by (3.22)
K("}) i a.s
(3.27) E|: S (@ — Mio(By(r), r))* | B] 0.

By (3.14), (3.26) and (3.27) we obtain that for Pg-a.e. B,

k(rp)
(3.28) { > (o, — No(by(r)), ), L e N}

k=1
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is an array of independent random variables, which satisfies the assumptions
of the central limit theorem. If we apply this theorem we get

K(rp)
(3.29) E|:exp{i 3" (e — N@(By(r)), ’"/l)} 'B:| as, exp(— C,B(e¢, 4’))

1 l—>00 2
That means for every subsequence there exists an a.s. convergent subsequence
such that all limits are the same and deterministic. Hence we obtain (3.25).
We observe that the following set of random variables
;> O}

is uniformly integrable. Hence (3.24) holds.

We finally proved for ¢ € €°(R?) that F, .(¢) converges in distribution
to a normally distributed random variable with expectation 0 and variance
C\B(¢, ¢).

This statement is also true for ¢ € . by Lemma 6. Thus the proof of
Theorem 1 is complete. O

(3.30) {

K(r)
E|:exp[i > (ap — A)e(By(r), r)} ‘B:|
k=1

PART 3 (Proofs of the lemmas). We establish the lemmas used in part 2.
For notation recall the definition of the partitions of Z¢ as well as the defini-
tions of ¢(B,r) given in (3.7). Recall also that D(r) is the ball with
radius r.

The lemmas in this part are used to check the assumptions of the central
limit theorem.

LEMMA 1 (Variance estimate). Under assumptions (1.16), (1.17), (1.19)
and (1.20),

K(r)
(3.31) Var|: > o(By(r), r)2i| —0
k=1

holds for ¢ € €>°(R?) with supp(¢) C D(A).

ProoOF. With the help of the hitting probability of the random walks and
the notation

(3.32) Vi . =1{X(1)s ..., X(Jj) all coalesce eventually}

.....

we can write

K(r)
(333) E|: Z QD(Bk(r)’ F)Z] = Z P[Vi,j] @r(i)gpr(j)'

k=1 i, jeD(Ar)
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Hence

K(r) 2
(E[ Y @(Bg(r), r)2D
(3.34) k=1

= Z P[le,jz]P[Vj3,j4]¢r(j1)%(h)%(is)%(h)-
J1sees Jja€D(Ar)

Analogously we write

k=1

K(r) 2
E[ Y @(Bg(r), r)z}
(3.35)

= Z P[thjz N ng,j4]@r(jl)q)r(jZ)QDr(j?;)(Pr(jéL)'
J1s-J4€D(Ar)

Then by (3.34) and by (3.35),

Var[% (B |

k=1

3.36
( ) = Z <P[Vj1aj2 N Vj37j4] - P[ J1» J2] P[VJ3 J4]>

X qpr(.jl)gpr(j2)¢r(j3)()0r(j4)'
Let V j1....j, denote the event that the random walks X(j;) and X(j,) coalesce
and so do the random walks X(j;) and X(j,) but the random walks X (j;)
and X(j,) do not meet the random walks X (j3) and X(j,). Then

(3.37) P[V, . NV,

J1,J2 Jss J4]

Let {X'(j); j € Z%} be a system of independent continuous time random
walks evolving as {X(j); j € Z¢} but running independent also after hitting.
Let 7; ; denote the first hitting time of the two random walks X'(i), X'(j).
With this notation we write

P[V; =P[r; ; <oo;

J1,Je > Tjgrjy =

3T jjs = O Tjujs = Tjsje

> T g)

(3 38) sz’-j3 = le’jz; szaJ4
P[ 11 Je < 0% TJs Ja < OO] = P[T < OO]P[T

=P[V; ;,IP[V

IA

Jivde Jais < ]

Ji,J2 Js» j4]'

From (3.37) and from (3.38) we conclude

(3.39) P[Vjp]z N V]3 ]4] P[Vh Jz] P[Vj3vj4] + P[le
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Hence applying (3.39) to (3.36) we obtain

K(r)
Var|: > o(By(r), r)2:|

k=1
(3.40) < > PV,

< llellr™@® 3 P[V;
i JaeD(Ar)

since ¢ is bounded. From Lemma 5 below we know > P[V; . ]= O(rd+$).

Hence Var[zk=1 o(By(r), r)?] = O(r~9+2). Since d > 3 this leads to the
assertion. O

LEMMA 2 (Variance convergence). Recall C, from Theorem 1. Under the
assumptions of Lemma 1 and for ¢ € €>°(R?) with supp(¢) C D(A) we have

K(r) d—-2
. B r T B(e, ¢)-
(3.41) LEIQD( #(r), 7) ]Hoo 2|Q|zw% ( 2 ) (¢, #)

PrROOF. With the help of the hitting probability we can write [cf. (3.33)]

v Eoninrer]- 5 v arens(e()

k=1 i, jezd r

We want to show that

~(d+2) J
R e )e()

_e(x)e(y)
r:;constfRd /Rd Oz — y) 27 dxdy.

Note that the integral on the r.h.s. is well defined.

Fix & > 0. In order to employ the asymptotics on P[V; ;] for |i — j| large, we
split the sum into two parts depending on whether |i — j| < M or |i — j| > M.
Here M = M (¢) is a constant that depends only on ¢ and will be chosen below
in (3.46).

In order to show that the sum over |i — j| < M is negligible the crude
estimate P[V; ;] <1 is sufficient to get (recall supp(¢) C D(A))

(3.43)

< r?2@2M) (24)e|%.

(3.44) 3 P[Vi’j]r_(d"'z)go(;)go(%.)

li—Jjl<M
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It remains to investigate the sum over |i — j| > M on the r.h.s. of (3.42).
Obviously for (i — j) ¢ &, P[V; ;] = 0. Hence we get

=PIV @2 )e(2)

li—jl=M r r
(3.45) ; .
-y P[Vi’j]r(‘ﬂz)(p(—)go(l).
i—jesg; r r
li—j|=M

Let £ > 0. By Lemma 4 there exists a constant M (&) such that for (i — j) ¢
Zili = jl > M(£)

P[V,; ;
(3.46) #—1 <&
where
d _
(3.47) c=2 {‘i'r(d 2).
2|Q2m: 2
We write
; .
X PRIV (1 )e(2)
i-jed; r r
li—jl=M
(3.48) = Y (P[V; .]__; rod+ g, ! ® J
i*jE.f/' b Q(l —_— J)(diQ)/Z r r
i jl=M
C i J
S SR WV RS DY L VY )
ﬂéj.(c@(i—j)(d—w)r ¢<r>¢<r).
li—Jjl=M

We investigate the two sums on the r.h.s. of (3.49). For the second sum we
observe that

1 i\ (J
I R (¢ 2 ) - A
JZ; QG — jyaore” ""()‘P()

(3.49) ji—jl=M -
_ aa 2(H)e(d)
B ZJ ’ Qi — L) 7% [29/.9]

li-jl=M

B(e, ¢).



1282 I. ZAHLE

For the first sum on the r.h.s. of (3.49) we get by (3.46)

(g ()|
I
N ,;%E:j Q-(L - J.)(d72)/2

o o

for M > M(&). The sum on the r.h.s. of (3.50) converges to B(|¢|, |¢|)/|Z%/ <
as r — oo [analogously to (3.49)]. For the given & we choose & such that
§C B(|o|, |¢])/|1Z?) 4| < &. Hence the Lh.s. of (3.50) is less than & for M >
M(e) = M(é(¢)). Combining this fact with (3.49) we obtain

(3.50)

<iC ; ~(d+2)

K(r) c
(3.51) Z ¢(By(r), r)? %1732 B(e, ¢).
This leads to assertion (3.41). O

LEMMA 3 (For the Lyapunov condition). Under the assumptions of Lemma
1,

K(r)
(3.52) Z (B (r), r)* —> 0

for ¢ € €2°(R?%) with supp(¢) C D(A).

PROOF. Similarly as in (3.33) we write

K(r)
(353) E|: Z (:D(Bk(r)’ 7')4:| = Z P T1seees j4]¢r(jl) e (pr(.]4)
k=1

.....

We estimate as in (3.40), hence by Lemma 5,

K(r)

(3.54) E[ 3 o(By(r), r)4:| = O(r~4*?).
k=1

Since d > 3 this completes the proof. O

PART 4 (Some tools). The following lemmas are auxiliary lemmas for the
previous results.

LEMMA 4 (Used in Lemma 2). Recall V; ; from (3.32). Under the assump-
tions of Lemma 1 there exists a constant C > 0 such that

d—2
2

(3.55) PV, ;] ~ C-(RQi—J) %, i—jed,
0, i—j¢d,
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for |i — j| = oco. Moreover C has the following form:

7d o
(3.56) c= {{'r(d )
2(Q|zm: 2

with vy defined in (1.25).

PROOF. Recall that {X'(j); j € Z%} is a system of independent continuous
time random walks evolving as {X(j); j € Z¢} but running independent also
after hitting. Recall that V; ; is the hitting probability of X (i) and X (j). Note
that the random walks X (i) and X (j) coalesce if and only if the difference
random walk X'(i) — X'(j) hits the origin. The difference random walk runs
according to the symmetrized kernel p defined in (1.5) at double speed. Due
to the symmetry we have P[V; ;] =P[3¢: X, =i — j], where X starts in the
origin and it runs according to p at double speed, that is,

oo

(3.57) P[X Z zt(2t) ™0, x).

Using the Markov property it is easy to verify P[3¢ : X =i—j]= G(i —
7)/G(0), where G is the Green’s function of p. Hence P[V i il= G(i— j)/G(0).

It is well-known that G(O) = y~l. This relation 1mmed1ate1y implies that in
order to prove the asymptotics of the hitting probability we need the asymp-
totics of the Green’s function. However such an asymptotics was established
in Corollary 2, namely [observe that the covariance matrix of p is @ given in
(1.17)]

C-Q(x)"@22 as|x| - o0; x € 4,

(3.58) G(x) ~
() 0, if x € 79\ 2,
where
742\ (%2
(3.59) 12/ (%)

= 2|Q| 27z

This completes the proof. O

LEMMA 5 (Used in Lemma 1 and Lemma 3). Recall V; . from (3.32)

.....

(3.60) > P[V; i.]1=0(@%).

PROOF. In order to apply Lemma 9 we have to check assumptions (5.1)
and (5.2). A

Concerning the first assumption we observe the following. Recall that G is
the Green’s function of the symmetrized kernel p. By Corollary 2 we find a
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constant C’ such that for all i € Z¢

3.61 Gli) < ——.
(361 O = G
Hence G(i) = O(r—(@-2) for all |i| > r. That means condition (5.1) is fulfilled
with f(r) = r (-2,

The second assumption is satisfied with g(r) = 2. Namely we perform the
following short calculation. Define

. r } r
(3.62) D(r, k) ::{zeZd:W§|L|<ﬁ}.
We can estimate
N 1
G(i) = 0(1) Y ERERYE]
ie%(:r) ie%(:r) (|i] +1)4-2
ad 1
—o(1) o+
,g) id%k) (Ji] +1)4-2
(3.63) N 1
<0(1 D(r,k)|———F—7= +1
M) 2 1D I 5

o /1 k
—0e X (4) -
o4
where we used (3.61) in the first inequality.
By Lemma 9 we obtain [note |D(r)| = O(r9)]
(3.64) > P[V = O(r+%).

J1s-s Ja€D(1)

Jireees J4]
This completes the proof. O
Now we have to generalize the result for ¢ € gc"c(Rd ) to the result for ¢ € 7.

LEMMA 6 (For general test functions). If
(3.65) A1F, (&) = (0, C,B(¢, ¢))

is valid for ¢ € €*(R?), then the statement is true for ¢ € /.

PROOF. Let ¢ € .. For & > 0 there exists a ¢, € €°(R?) such that

(366) B(|¢_¢s|’|¢_§0s|) < é&.
Recall
(3.67) EF, (¢)= Y PIV, jle.(De.(j).

i, jezd
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Using Lemma 4 we find a constant K such that
a2
2

(3.68) PV, 1<K-(Qi-J)

for all i, j € Z¢. Now we can estimate as in the proof of (3.43). Note that we do
not have to take the constants M and |Z?/#| into account since we are only
interested in an estimate of the limit

lim sup B[ F, ,(¢)* < limsup 3PV ;]]¢,(i)] ¢, ())|
r—oo r—0o0 l,]

v sl D) )
r—o0 r r r r
< KB(|¢l, |#]).

By the last equation applied to ¢ — ¢, we can estimate

hm SupE[F)\,r(qo) - F)‘,r(goe)]z :111'1’1 SupE[F/\,r(QD - ‘)Ds)]z
(370) r—>00 r—o00

<KB(l¢ — .|, l¢ —¢.]) < Ke.

From this and the assumption

(371) “/[F/\,r(qos)] 3'/1/(07 C)\B(qoe’ qu))>

we can conclude

(3.72) A1F, ()] = #(0,C,B(9, 9)).

This completes the proof. O

4. Proof of Theorem 2 (The voter model on E(N)). Now we come to the
proof of Theorem 2. Note first that the reason behind the nonclassical scaling
is as before. Namely:

REMARK 3. As in the case of the group Z¢ we observe that the correction
factor to the classical rescaling is 1 over the root of the expected size of the
family which contains the origin and which lies in the ball with radius r. The
expected size of that family is 3_ ;. G.(i). One can verify that 3, _, G.(i) =
const(Nc)". Hence the correction term together with the classical rescaling
factor is given by

1 1
VNT JN7¢

This is exactly the rescaling we chose in (1.35).

— N7,

(4.1)
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First of all we want to mention that is suffices to consider r € N, since the
distance between two points in E(V) is always integral.

The proof of Theorem 2 is similar to the one of Theorem 1 except the ran-
dom walk estimates and the coalescing random walk estimates. Hence only
the Green’s function, which will have another asymptotics, and the coalesc-
ing probabilities have to be analyzed. We want to sketch the modifications
of the arguments needed in order to transfer the argument from Z¢ to the
hierarchical group. Analogously to (3.10) we obtain

K(r)
(4.2) F, .= (a—Ah(r)|B,(r)|
k=1

The term ¢(Bj(r),r) has here the form A(r)|B,(r)|. We have to prove the
versions of the lemmas of Section 3 part 3 on the hierarchical group. That
means we have to deal with Lemma 1, Lemma 2 and Lemma 3. Let D(r) be
the ball with radius r

(4.3) D(r)={i e E™ . |ji| < r}.
4.1. Modification of Lemma 1. The proof of this lemma for the hierarchical

group works exactly the same as in the lattice case until equation (3.40). Then
we can use Lemma 8. We obtain

K(r)
(4.4) Var|:z <p(r)2|Bk(r)|2] <N¥c® Y PV, 1=0().
k=1 J1reees Ja€D(r)
Since ¢ < 1 this leads to the assertion
K(r)
(4.5) Var | 3 o(r)?|By(r)|* | — 0.
k:l r—00

4.2. Modification of Lemma 2. By Lemma 7 we know that
(4.6) P[V, ]=vC(N,c) cli=ill,
where
N3¢ — N2¢2 — N2¢+ Ne

4.7) CN.) = " me—Da—a

since P[V; ;] =yG.(j —i). Hence

54 2 2
E| > A(r)*|By(r)|
k=1
=N%c” > PV, ;]
i, jeD(r)
(4.8) =yC(N,c)- N Zcm Y clil

i, jeD(r)
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r—1
=yC(N,c)N~2cmy Y
k=01, jeD(r),
li—Jjll=F

r—1
= yC(N,c)N % ¢" |:(N —1)N™ LY AN 4 N’1:|

k=1
= yC(N, ¢)(N — 1)N-’-1c—’+1(N]i,')g—__11_1 +yC(N, )Nt
This leads to
K(r) ) N-1
(4.9) E [g(h(r)lBk(r)l) } et L L Ty v v

4.3. Modification of Lemma 3. By Lemma 8 we know

(4.10) > PV, . ;]l=0{NYe).
Jis-s J4€D(T)
Hence
Ko 4 4 4
(4.11) E| Y h(r)*|Bp(r)|* | = h(r) > PV, .1=0(").
k=1 Jis-s Ja€D(T)
This leads to
K(r) P
(4.12) 3 h(r)Y|B(r)|* — 0.
P} r—oo

4.4. Tools. We want to investigate the asymptotics of the Green’s function
as the argument tends to infinity. We need the following formula:

LEMMA 7. The Green’s function of a random walk on the hierarchical group
with geometric transition kernel given in (1.31) and (1.33) has the following
form:

2 _ N2¢2 — N%2¢+ Ne¢
(N2¢—-1)(1-c¢) ’

3
(4.13) G, (i) = it N°¢ i #0.

PrOOF. From [6] (2.10) we know
414 p{(0) = —[1 - 8o(IN (1) + (N 1) ¥ NHF)",
k=il
where

Ty
N-1

(415) fk=r0+r1+...+rk_1—



1288 I. ZAHLE

and (r;) given by (1.33). A short calculation shows

1\" N%c-1

One can verify that |f,| < 1. Hence we obtain for i # 0

=Y P = Y [(N=1) ¥ NH(Fur = NG )]

n=1 n=1 k=7

417) =(N-1) 3 Nk(l 1f —1)—Ni”< 1 _1>
— Ik

k> L=Fy
_(N (N =DNe 3\ _ (g =DNe
=(N-1) k;‘;” <c Ne 1 N ) (c Neo 1 N ) .

By a straightforward calculation we get (4.13). This completes the proof. O

LEMMA 8. Recall V ;.
2 the following holds:

- from (3.32). Under the assumptions of Theorem
Ja

.....

(4.18) > PV,

Jiis] = O(NE).

PROOF. In order to apply Lemma 9 we have to check assumptions (5.1)
and (5.2).

Concerning the first assumption we observe the following. By Lemma 7 we
know

(4.19) G.(i) = O(clih.
Hence G.(i) = O(c") for all |i|| > r. That means condition (5.1) is fulfilled
with f(r)=c¢".

The second assumption is satisfied with g(r) = N"¢", since one can easily
check

(4.20) Y il = o(N"e).

ieD(r)
Furthermore note |D(r)| = O(N"). Hence by Lemma 9,

(4.21) > PV

J15- Ja€D(r)

Jisee 14] = O(N4r03r)-

This completes the proof. O
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5. A coalescent random walk estimate. Let S be a countable Abelian
group with a metric |- |. Let D(r) denote the ball with radius r in S.

We consider a system {X(j); j € S} of coalescing random walks with con-
tinuous time kernel p and Xy(j) = j for all j € S. We define V; ; for a
k € N as the event that the random walks X(j;), ..., X(Jj;) coalesce eventu-
ally.

LEMMA 9. Assume for the Green’s function of the symmetrized kernel p
that

(5.1) G(i) = O(f(r)) forall |i|>r

for some function f. Furthermore assume

(5.2) > GGi)=0(g(r))
ieD(r)

for some other function g. Then

(5.3) > PV, 0= 0(ID(M) &) IDMIF() + &(r)P)-
J1>e Ja€D(r)
PrOOF. First of all we want to distinguish whether the indices j;,..., j4

are different or not. We split the sum

J1e5 Ja€D(r) J1se J4€D(r)
J1FFJa

(5.4) +6 Z P[Vjpjzdé]
J1:J2,J3€D(r)
J1#JeF T3

+7 > P[le,jz]—f- > 1L
J1,Je€D(r) J1€D(r)
J1#J2

In step 1 we will show

(5.5) Y PV, 1= 0(IDM) &) IDMIF(r) + g(r)F).
J1sees Ja€D(r
Jﬁéu-?ﬁjf )
In step 5 we prove
(5.6) > PV 500 = 0(IDM) &) IDMIF(r) + &(r)]).
J1.J2:73€D(r)

J1#J2#J3

For the sum with two different indices we observe the following. It is well
known that

(5.7) Z P[le,jg] < 0(1) Z é(]2 - Jl)
jl.,éz;e./,l;r) J1,J2€D(r)



1290 I. ZAHLE

The assumption (5.2) then justifies
(5.8) > PV, 1= 0(ID()l &(r)).

J1,J2€D(r)
J1#J2
Since g is obviously increasing in r, (5.5), (5.6) and (5.8) lead to assertion (5.3).
It remains to prove equations (5.5) and (5.6).

STEP 1. In order to establish (5.5) we consider in which order do the ran-
dom walks meet each other. If two of the four random walks have coalesced
we have two general possibilities for the second coalescing event. Either the
two other walks coalesce or the two coalesced walks meet one of the remaining
walks. That means there are the following two general coalescing orders:

First order: (i) X(Jj;) < X(J2),
(5.9) (i) X(j1) < X(Js3),
(iii) X(Jj1) < X(Js)-

Second order: (i) X(j;) < X(Jj3),
(5.10) (i) X(J3) < X(Js),
(iil) X(Jj1) < X(J3)-

,,,,, ;, resp. VS?M We
can change the roles of the j; in each case. There are twelve combinations of
the j; to obtain the first coalescing order and six for the second one. Since we
sum over all ji, jo, j3, ja € D(r); j1 # ... # js and we have symmetry we can

write

Jis-s Ja€D(T) J1s-s Ja€D(r)
(5.11) Jr## s Jr#e# s
(2)
#o5 [V ]

,,,,,

,,,,,

(613) X PVY 1= 0(ID() g [IDMF(r) + g()P).

This leads to the assertion (5.5). It remains to prove (5.12) and (5.13).
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STEP 2. Here we want to establish the basic techniques and the basic es-
timates we will use in step 3 and 4 repeatedly. The basic technique which will
be used is the following. Assume that we have to deal with an expression of
the form

(5.14) > G-y, Jj),
i, jeS

for some function ». We want to distinguish between the cases “large distance

between i and j” and “small distance between i and j.” In the first case we

want to exploit the assumption (5.1) on the Green’s function of (i, j). On the

other hand there are not too many pairs (i, j) fulfilling the second condition.
Denote for i € S:

(5.15) D;(r)y={jeS:|j—il<r}.
We use the following splitting technique for (i, j)
Y GG -, J)
i, jeS

=3 > G-l N+Y X G-y, )).

ieS j¢D;(r) ieS jeD;(r)

(5.16)

Then we treat the two sums separately. For the first sum we will use that
|j —i| > r, thus by (5.1)

(5.17) G(j—i) = O(f(r)).

Hence we obtain

(5.18) > GG -, ) < O(F(r) Y w(i, ).
ieS j¢Di(r) i, jeS

For the second sum we will use that j —i € D(r) for all j € D,(r), hence

(5.19) SO GU-iwGE N Y G WG, j+i).

ieS jeD,(r) jeD(r) ieS

STEP 3a. In order to prove (5.12) we establish first of all the following

estimate: for j;,... j, different in pairs
1
P[V_(Il)am]ll]
520 =00 T | dtpi(iv.®)pua %) P s y)

x [ dspy(x.2)p(y. 2)pee(aow) [ dupa(zw).

This can be seen by the following argument. We have to subdivide the coa-
lescing event in all possible coalescing times and locations.
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As in the proof of Lemma 1 we introduce the following notation. Let { X'(j);
J € S} be a system of independent continuous time random walks evolving as
{X(j); j € S} but running independent also after hitting. First of all we turn
our attention to the coalescing times. Let 7; ; denote the first hitting time of
the two random walks X'(i) and X'(j) and let o; ; =inf{t > 0; 3k #1:
X,(jr) = X,(J;)}. We rewrite

.....

J =P

----- J4 OO]

Q1. dodssda = i bz Qi dssda = Tinsds? Tirsda =
00
:/0 P[ijjz,je.,h:q-h,jzEdt’Qh,J’g,Jé:Th,je.’Tj1,j4<OO]‘

Now we sum over all hitting locations. Due to the Markov property,

o0
= Z / P[Qj1,j2,javj4:7-j1,jzEdt;ijf:hh=Tj1,13;7j1aj4<OO;
Xi(J)=X(J2)=xX1(J3)=y; X\ (Js)=2]

(5.22) .
= ¥ [ Plr, ,edtX,()=X(j2)=x;

X,(js)=y:X,(js)=2]

XP[0y.y 2 =Ty y3Tr , <00

Here we estimate P[7; ; € dt;...] by P[...]dt. This can be justified by
the following argument. The event {7; ; € [s,¢]} N A (with A = {X(j;) =
X,(J2) =x; X(Jj3)=y; X,(js) = 2}) is less likely than the event that there
is a jump of one of the random walks X'(j;) and X'(js) in the time-interval
[s, ] intersected with A. Since A is independent of the jump event this leads
to

P[{ﬂrjl’j2 €[s, t]}NA]<(1— e 2=9)P[A]

(5.23)
<4(t —s)P[A] for all 0 < (t —s) < 1/4.

This estimate gives us

PV )
G24)  =0() ¥ [ dPIX ()= X (i) =% Xi(js) =y Xi(ji)=2]

x,y,z€8S

XP[0yy =Ty y3 Te . <00
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We treat the remaining expression PJ[...] on the r.h.s. of (5.24) in the same
way as the expression in the middle of (5.21). Hence we obtain

PV ]
<0(1) > S/OOO dt p,(Jj1, x)pi(J2> ) Pi(Js> ¥)Pe(Jas 2)
X,Y,2€
(5.25) X D[] ds pleo)pi( (e w) [ du (o )
—01) Y S]()wdtpt(jl,x)ptuz,x)pt(.fg,y)
X,¥,0,WE

x [ ds py(x, )Py, V)Prs(as w) [ dut Po (v, w),
0 0
This completes the proof of (5.20). O

STEP 3b. Return now to inequality (5.20). Estimating the integral over u
by the Green’s function we obtain

> PVY =0 ¥ Y Gw-2)

J150J4€D(r) J1s- Ja€D(r) x,y,2,weS

(5.26) X /0 dt p,(J1, x)pi(J2s )P (Js5 )

X /0 d.S' ps(xa Z)ps(y’ z)pt+s(j4a LU)

Now we use the splitting technique given in (5.16) for (z, w). Hence

1
(5.27) X PV 1= 0 [ L) + ),
Thd
where

L= X Y Y Gw-2)

J1seJa€D(r) x,y,2€S wg D,(r)

(5.28) x /0 dt p,(j1, 2)pi(ja» ) Pi(Js» ¥)

x [ ds py(x. 2)py(3: D) Preslin w)

and
Lin= Y Y Y Gw-2)
Tiseees Js€D(r) x,y,ze S weD,(r)
(5.29) x /0 dt p,(j1, 2)pi(ja» ) Pi(Js» ¥)

x /O ds py(x, 2) py(ys 2) Prss(Jar W)
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For I,(r) we use the estimate (5.18), hence

L0 X X [ dt pGn0pde pis ¥)

Jis-s Ja€D(r) x,¥,2,weS

x [ ds py(x, 2)Pu(¥: 2)Presl s w)
(5.30) °

SO X X [ dt pln0pn ©)pss )

J1s-s J4€D(r) x,y,2€8

x/ ds py(x,2)py(y, 2),
0

where we performed the sum over w. There is no occurrence of j, in the sum
any more. We can estimate the sum over j, by | D(r)|. Furthermore we perform
the sum over z. We get

(o]

L(r)<Oo(D()f(r) X % [ dt b1, %)y 2) Py s ¥)
(5.31) J1sdasj3€D(r) x,y8 "0

X/(‘) ds ﬁZs(x7 y)

Return to (5.27). To I5(r) we apply (5.19), hence

ILin=01) ¥ ¥ Gw) [ dt pjr, x)pilja 9)pi(iss ¥)
(5.32) Jisees Ja,WED(r) x,y,2€8 0

[09]
< [ ds py(x. 2Py D)Pryslisn w + 2).

Now we estimate 3 ;, . p(r) Pris(J4» w + 2) < 1. We obtain

Iy(r<0(1) ¥ Gw)

weD(r)

(5.33) x X X [ dt s 0pie 2P )

J1,J2,J3€D(r) x,y,2€8

x / ds py(x, 2) py(y, 2).
0

Using (5.2) and performing the sum over z we end up with

IL(rn=0(gr) Y X / dt p,Cit, 2)Py (s )Py Jss ¥)
(5.34) J1,J2,J3€D(r) x,yeS 0

X/O ds ﬁQs(xa y)
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We combine (5.31) and (5.34), thus

(1)
2 PV il
J15J4€D(r)
J17F#J4

= O(ID(MIf(r) + g(r)

o0
X > Z/ dt p,(Jj1, x)pi(J2» ) p:(Js35 ¥)
.4 0
J1>J2,J3€D(r) x,y€S

(5.35)

S /0 ds ﬁQs(xa y)

In step 5, (5.75), we prove

Y X [ dt pn 0pie P 3) [ ds balx, )
(5.86) J1:J2:JseD(r) x.yeS 0 0

= O(ID(r)| (M IDCIF(r) + g(r)]).

Hence
631 ¥ PV 1=0(1D0) g [IDC)F() + g(r)F).

This completes the proof of assertion (5.12). O

STEP 4a. In order to prove (5.13) we can establish the following estimate
analogously to step 3a:

o0
X > > / dt p,(Jj1, x)pi(J2, X)Pi(Js, ¥) Pe(Ja» 2)
Jrrenda€D() %,3,5,0,wE8

x [ ds p(y,0)pa(z, 0)Ps(x, w) [ du oy (v, ).
0 0

STEP 4b. On the rh.s. of (5.38) we estimate the integral over u by the
Green’s function, thus

Y PVY 1o ¥ Y Gw-v)

1. 4€D() J1ees J1€D(F) x,y,2,0,wES

J1#-#J4

(5.39) x /0 dt pi(j1, ©)p:(Jo» 2) P (3 V)P (Jas 2)

x /Ooo ds ps(y, v)ps(z, V) ps(x, w).
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Now we use the splitting technique given in (5.16) for (v, w). Hence

2
(5.40) X PV 1= 0() [ 1) + L),
eThd
where

Iin= Y > Y Gw-v)

J1ren Ja€D(r) x,y,2,0€S wg D, (r)

(5.41) X /0 dt p(J1, x)p(J2, ) Pe(Js, ¥)Pi(Jas 2)

<[ " ds py(y, V) py(2, 0) o2, w)

and
I(r)= > > Y Gw-v)
Tiseees Js€D(r) x,y,2z,veS weD,(r)
(5.42) x [ dt pi(r 2 iz ©)Pis: ¥)Pils: 2)

x [ ds py(y.0)py(2. 0)Py(x. w).
For I5(r) we use the estimate (5.18) to find
I3(r) < O(f(r))

00
X > > / dt p,(J1, x)p(Jas ) P:(J3s ¥)Pe(Js» 2)
Jises J4€D(r) x,y,2,0,weS

<[ " ds py(y, V) py(2, V) oz, w)
(5.43)
= O(f(r))

o0
x X X [ dtpGn0)pa Opds )P 2)
e Ja€D(r) x,y,2€8 0

x [O ds Pas(y, 2),

where we performed the sums over v and w in the latter equality. Estimating
the integral over s by the Green’s function we get

Iy(r)<O(f(r) Y > G(z-y)

(544) N J1se-s Ja€D(r) x,y,2€S
X /0 dt pi(Jj1, ) p:(J2, )P (Jss Y)Pi(Jas 2)-

Now we use the splitting technique given in (5.16) again but now for (y, z),

(5.45) I3(r) < Igq(r) + I39(r),
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where

Ii(r=0(f(r) > Y Y Gz-y

(5.46) J1s+»J4€D(r) x,y€S 2¢ D (1)
: 00
< [ dt pi(ir. %) Pz %) P s )P 2)

and

Iy(r=0(f(r) > X Y G-y

(5.47) Jiser J2€D(r) %, y€S 26D ()
x [T dt P P )P 9P 2)
For I3,(r) we use the estimate (5.18), thus
L) <0’ () Y %

J1sees Js+€D(r) x,y,2€8

(5.48) X /0 dt p,(Jj1, ) pi(J2, X)P:(Js, ¥) Pe(Ja» 2)

<0 ) X [ dtuin o),

J1s-5J4€D(T)

where we performed the sums over x, ¥ and z in the latter equality. We esti-
mate the integral over ¢ by the Green’s function and we apply (5.2), hence

LN <0(IDPFA) X Glia— i)
(5.49) J1,J2€D(r)
=0(ID(r)P f4(r) (1))
Return to (5.45). To I 5(r) we apply (5.19), hence
Iip(r)<O(f(r) Y G2

J1s-sJ1,2€D(1)

o0
x ) /0 dt p,(Jj1> x) (a2, ) e(Jss ¥)Pi(Jar 2+ )
x,y€S

<O(f(r) X G

J1,J2,J3,2€D(r)

(5.50)

o0}
x 3 [ dt prs ©)pias ©)Pils: 3),
x,yeS 0

where we estimated _;, p,(Jjs4, 2+ y) < 1. Performing the sums over x and y
we get

Ly =0 Y 6@ [ dtaliss o)
(5.51) J1,J2,J3,2€D(r) 0

=0(IDMI () ¥ G X Gla— ).

zeD(r) J1,J2€D(r)
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We apply (5.2), thus

(5.52) Iyo(r) = O(ID(M P £(r) 8%(r))-
Hence by (5.49) and by (5.52)
(5.53) Iy(r) = O(ID()2 £(r) g(r) ID(MIF (1) + 8(r)])-

Return to (5.40). For I,(r) we use the estimate (5.19), hence
L(m=01) ¥ G

J1sees JaswED(r)

x X [T dtpn P ¥ P 9P 2)

x,y,2,0€S
x [ ds (3. v)py(z. v)py(x. w0 + V)
<o) Y G

J1>Je»Jz,weD(r)

(5.54)

< X [T dtpn P P )

x,y,2,VES

x [ ds (. 0)py(z. )Py w0 + ),

where we used }_; p;(Js, z) < 1. Next perform the sum over z, thus

L0 Y 6w T [ dtp(in0pdin ©)pdis )

J1J2,Jg.weD(r) x,y,ves
o0}
X /0 ds ps(y, v)ps(x — w, v)

<0() ¥ Gw) T [ dtpi0plin ¥)ps )

J1>J2, J3,weD(r) x,y€8

o0 A
x [ ds Py, x — w),
0

where we performed the sum over v. Estimating the integral over s by the
Green’s function we end up with

IL(n=01) Y Gw) Y Gx-w-y)

J1>J2,J3,weD(r) x,y€8

(5.55)

x [ dt piir. ®)Plz ®)Pils. )

=0(1) Y  Gw) Y Ga-y)

J1sJos Jg,weD(r) x,yes

(5.56)

X [0 dt p,(j1, ) pi(J2, X)pi(Js, ¥y — w).
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Then we use the splitting technique given in (5.16) for (x, y). We obtain
(5.57) Iy(r) = Iy 1(r) + 1y9(r),

where

L;(rn=01) > GwY ¥ G-y

(5.58) J1,J2s J3,weD(r) xS y¢D,(r)

x [ dt P, ®)Plz ®)Pils ¥ = w)

and

Ix(n=01) Y GwY Y G-y

(5.59) J1,J2s J3,weD(r) xeS yeD,(r)

x [ dt pir. ®)pl iz %) Pl s ¥ = w).
For 1,,(r) we use the estimate (5.18), thus

I, (rn=<0(f(r) Y  Gw)

J1>J2, J3,weD(r)

(5.60) x Zfo dt p,(j1, x)pi(J2> ) Pi(Js, ¥y — w)
x,yeS

SO X G [ dtpulin o),

J1>J2, J3,weD(r)

where we performed the sums over x and y. We estimate the integral over ¢
by the Green’s function, thus, by assumption (5.2),

L =0(ID(MIF() X Gw) X Glia— )
(5.61) weD(r) J1,J2€D(r)

=0(ID()P f(r) €4(r))-

To I, 4(r) we apply estimate (5.19), thus

I,5(r)<0(1) > G(w)G(y)
J1,J2,Jsw,yeD(r)

(5.62) x ) fo dt p,(j1, x)p:(J2> X)Pe(Js, x — y — w)

xeS

<o) ¥ GG X [ dtplinx)pn ),

J1>Jo,w,y€D(r) xeS
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where we used 3 ;. p,(Jjs, x — ¥y — w) < 1. Next perform the sum over x, thus

Lyn=01) Y G [ dt bl o)

(5.63) 9D A A
=0(1) }» Gw) X G Y GUz2—J):
weD(r)  yeD(r) 1 JaeD(r)

We apply (5.2) and obtain
(5.64) Lia(r) = O(ID()| £%(r)).
Hence by (5.61) and to (5.64)

(5.65) L,(r) = O(ID()| (M) [ID(MIF(r) + &(1)])
Thus by (5.53) and (5.65)

(5.66) > PV 1=0(ID() g IDMIF(r) + 8(r)PF).

-----
J1574€D(r)
J17-F#J4

That means we proved assertion (5.13).

STEP 5. In order to establish (5.6) we first observe that, analogously to
(5.11),

(1)
(5.67) X PV,il=3 X PVl
J1:Jos js€D(r) J1:J2,J3€D(r)
J1#Je#Js J1#Je#Js

where V(Jll) j,.j, denotes the event that X (j;) and X(j;) coalesce at first. Anal-
ogously to (5.20),
1 0 . . .
PV, 1=0) X [ dtpi(ir. ¥)puia )Pz 9)
(5.68) *yes
x [ ds pay(x. ).

Hence
> PV, 5l
J1:J2,j3€D(r)
J1#J2#J3
(5.69) <01 ¥ Z[O dt p,(jr. 2)pil s )Py (jzs ¥)

J1:J2,J3€D(r) x,y€S

x [ ds pay(x. 9).
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We estimate the integral over s by the Green’s function, and then we use the
splitting technique given in (5.16) for (x, y), thus

XX [ dtpn ®)pin pliss ) [ ds pa, )

J1,Je,J3€D(r) x,y€S

J1,Je,J3€D(r) x,ye8S 0
= 15(7‘) + 16(7'),
where

In= Y Y Y Gy-=x

J1:Jo,js€D(r) x€S y¢D ()

(5.71)
x [ dt pins 2 puias D) P ¥)
and
Iin= ¥ ¥ ¥ Gr-x
(5.72) J1,Je,J3€D(r) xeS yeD (r)

X /0 dt pi(Jj1, ) p:(Jo, x)Pe(Jss ¥)-

For I5(r) we use the estimate (5.18), hence

(o¢]

Is(r) = O(f(r)) X Z/O dt p(j1, ®)pi(J2: ) P:(Js, ¥)

J1,J2,J3€D(r) x,y€S

(5.73) =0(f(r) Y /oodtﬁZt(jl’j2)

J1J2,J3€D(r)

=0(IDMIf(M) X GUa— ).

J1,J2€D(r)

To I4(r) we apply the estimate given in (5.19), thus

Lins X GOX [ dt plin0)piz )Pz 5+ )

jl’jZ’jfisyED(r) xeS
N e} . .
674 = X GOY [ dt plin0)pdia )
J1,J2,y€D(r) xes’0

< Y Gy X G- jy.

yeD(r) J1,J2€D(r)
Now we apply (5.2) to (5.74) and to (5.75), hence
> [ dt p 2o ©)pis ) [ ds pas(x. )

(575) J1,J2,J3€D(r) x,y€8

= O(ID(")| M IDCIF(r) + g(r)]).
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Thus by (5.69),
(5.76) > PV, )= 0(ID() M IDC)F(r) + g(r)]).

J1,J2,J3€D(r)
J1#Je#Js

That means we proved assertion (5.6). This completes the proof. O
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