A NOTE ON WILKS’ INTERNAL SCATTER!

By H. ROBERT VAN DER VAART

North Carolina State University, Raleigh, N. C.

0. Introduction and summary. Let ¥; and Y, be two real valued, independently
and identically distributed random variables with variance o¢. Then
0’2 = S(Yl - 8Y1)2 = 2—1'8(Y1 - Yz)z. Note that

1 1
Y, Y,

is the square of the length of the interval [Y;, Y3]. Given a sample of size n, a well
known unbiased estimator for ¢ is given by

(02) n(n — D] Digicign (Y — Vi)' = (n — 1) (Vs — 7).

The present note will discuss a k-dimensional generalization of this situation.
Throughout our discussion we will assume that the following condition is satisfied.
ConprTioN 4. X1, X2, -+, X, are n(>k) independently and identically
distributed, k-vector valued random variables with (unknown) expected vector u and
covariance matrix 2.
One natural generalization of the above parameter ¢ then is (the X in the
following formulae being understood as one-column matrices with k£ components)
1 1

the parameter 6 defined as follows:
(0.3) 0=[k+1)1" ('1 1 2).
X1 X - Xi Xin

Theorem 1 will show that § = det ¥. Note that the absolute value of the deter-
minant in the second member of (0.3) is known to be k! times the k-dimensional
content of the simplex (for a definition e.g. see [4], p. 10) which has the (k + 1)
points (i.e., the (k 4 1) k-tuples) Xy, X,, -+, Xx41 for its vertices (an en-
lightening discussion of determinants as connected with volumes can be found
in [3], pp. 152-162). This furnishes a geometric interpretation to the parameter
6 = det Z. .

By an argument well known from the theory of U-statistics and using the
equality :t)-(k+ 1)!=n(n —1)---(n — k) = n441, say, one finds (see

Corollary 1.1) that an unbiased estimator for § = det ¥ is given by 8, where 6
is defined by:

2

(0.1) (Y1 = Yy)' =

_ 1 1 e 1 P
(04) é = nkil- .
X Xip o Xuy,
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where summation is over all (41, %2, **+, 1) With 1 = 4 < 5 < -+ <
ik+1 = n.

Theorem 2 will point out a simple relation between § and Wilks’ internal scatter
Si.zn = det U (cf. Wilks [5], equations (4.8), (4.2) and (4.3); Wilks [6],
equation (18.1.23); and Section 2 below):

(0.5) (n—=1)(n—2) - (n— k)b = Sz = det U.

This solves a question, left open by Wilks [5], p. 493, namely: under which
conditions is it true that

(0.6) &Sk gm=(Mm—1)(n—2) -+ (n—k)det T?

Corollary 2.1 shows that equality (0.6) is true as soon as the trivial Condition ¢
is satisfied. This clearly constitutes a much stronger result than Wilks’ pre-
liminary statement. In fact, equation (0.6) is a full generalization of the equality
£>.:(Y; — ¥)? = (n — 1)d°, and valid under conditions of the same scope.

1. A generalization of the parameter 36(Y, — Y3)? = o? to k-variate distri-
butions.

LemMA 1. If the random vectors X; (¢ = 1,2, - -+, k + 1) satisfy condition 4,
then

(11a) &(X1i—p Xo—p -+ Xp—p’) = kldet Z;
(1.1b) &(X1—p Xe—nu 0 Xpa—p  Xi—ul
Xy —w Xo—p X1 — 1 Xk+1—M|)=0-
Proor. Define a function e on the set of all permutations
1 2 - Ek\.
rl 1‘2 LR rk °
¢ = +1 for even permutations, e = —1 for odd permutations. Then (see [2],
Theorem 3.6 in Chapter 10):

1 2 L k ‘e 1 2 e k = ¢ rL " s Tk
R P 1 S S cec S 1 2 ... K
‘e 1 2 ek = ¢ L Te v Tk
S S “es Sk S1 S eee Sk *
In the course of this proof Y., will indicate summation over all permutations

(1 2 k) and Y, over all permutations (1 2 k) ; X1-and
71 79 .o Tk S1 S2 Sk

ur will represent the rth component of vectors X; and u. Now the first member of
equation (1.1a) can be written as

1 .- k 1 - K
& Z' Z' e(h vee Tk) € (31 e Sk) (Xl'l - "‘fl) ot (kak - I-‘rk)

'(Xhl - l‘q) e (chak - ”'ll;)y

(1.2)
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which by equation (1.2) and by the definition of covariance is equal to

Zf Z. € ( rk) Oris; *°° Orpsp — Zr det E = k! det zo

1
sl oo sk

For the first member of equation (1.1b) we find in a similar way:

1 -k 1 - Kk
SZ'Z‘e(rl )e( sk)(Xl'l_“"l)'”(Xk—l»'k_l_”'ﬂ;_:)

Tk S1
’(Xkrg - I‘r;)(qu - Ihl) e (Xk—l,q,_l - I‘ay,_l)(Xk+1.cg - Mcb)-

Since the vectors X; and Xy are independent, it is obvious that
8[(Xiry — i) (Xit1,00 — bs)] = O for all pairs (i, s¢). This proves equation
(1.1b).

Now we can prove

TaeorEM 1. If the random vectors X; (v = 1,2, --- k + 1) satisfy Condition
g, then

as3) s(l v 2) = (k+ 1)! det 2.
Xl X2 cet Xk Xk+1
Proor. By elementary results from the theory of determinants we have
1 .- 1 1 1 1 1 X i1
X: -0 Xk Xk+1—‘X1"‘Il s X — o Xk+1—p,—,-_zl(_1) i

where D; is the determinant of the matrix obtained from the matrix
(X1 —wn cee X —u X1 — u) by deleting the jth column. So

1 e 1 - EHL k1 .
(14) ‘ - =2 D +22 2 (-1)"D;D:.
X1 - X Xen = o e 81

Since the vectors X; are identically distributed, &D;* = k!det ¥ for all
j=1,---,k+ 1, as a consequence of equation (1.1a), and (since in addition
D; and D, have all columns in common but one) €D;D; = 0 for allj # I, as a
consequence of equation (1.1b). Taking expected values in equation (1.4),
Theorem 1 follows immediately.

Theorem 1 establishes det ¥ as an estimable parameter. Since (k -+ 1)
numbers 4 < %, < -++ < %41 can be chosen from n numbers in (;};) different
ways, the sum in equation (0.4) contains (x¥1) terms, all of which have expected
value (k + 1)!det Z. Hence concerning the statistic § defined in equation (0.4)
we have:

CoROLLARY 1.1. If the random vectors X; (¢ = 1, - - -, n) satisfy Condition 4,
then

(1.5) 80 = det %.

2. Wilks’ internal scatter. Wilks [5], equation (4.8), introduced a statistic
Si.2,n , which he called the internal scatter of the sample X1,X5, - -, X . In the
following formulae the X; and X are still understood to be one-column matrices
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vs_fith k components, the X, and X' one-row matrices with %k components;
X =n" 20 X, . Wilks’ definition is:

21) Sra=20X,-X X,-X - X,-XP),
where summation is over all (41,42, -+, %) with 1 S 4 <5 < -+ <% = n;

n > k. By the theorem of Binet-Cauchy (e.g. see [1], p. 9) Sk z,. is equal to the
determinant of the matrix

X, - X ,.
(22) X;— XX, - X) =2 (X -X&X -X)=U,
X, -Xx/)

say, where, except for a multiplicative constant, U is the sample covariance
MAatrix; upy = Jorm1 (Xip — Xp) (Xig — X,). It follows that

(2.3) Sk.zn = det U,

a result cited by Wilks, but proved in a different manner, namely as a corollary
of the minimum property of the internal scatter among a set of sample scatters
(with other pivotal points than X). Now we can prove

TaEOREM 2. The following identity is true for all values of the random vectors:

(2.4) E 1 e 1 1

= n-Skx.. = ndet U.
1561< * <ip 150 X‘l “e Xik Xik+1

Proor. By elementary results from the theory of determinants and by the
Binet-Cauchy theorem the first member of equation (2.4) equals

1 RS 1 1 _2
X, - X - Xi,,—X’ X¢k+1—X

!’ o/

= det (1 _o 1 _>1 on-X

Xx-X - X,—-X 1 X/ — X'
=det(n 0)=ndetU.

0 U

CoroLLARY 2.1. If the random vectors X; (i = 1, --- ,n) satisfy Condition d,
then 8S¢.2,, = &det U = (n — 1)(n — 2) --- (n — k) det Z.
Proor. By Theorem 2 and equations (2.3) and (0.4),

Sign=detU=(n—1)(n —2) --- (n — k).

Corollary 2.1 then follows by applying Corollary 1.1.
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