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1. Introduction. There are the p-variate treatment populations m; with the
cdf Fi(x),7 =1, -+, c and a p-variate control m, with Fy(x) where we assume
that Fo(x) = F(x), Fi(x) = F(x — 6;),08/ = (6,”, -, 0%),¢i=1,---, ¢
and F(x) is continuous, but unknown otherwise. Now set A, = ( A e
A, A® =a/8;,i=1,--+,¢,h =1,---,1for the l given constant vectors
a’ = (&, -+, &) where the matrix A = (a;, --+, a;) hasrank [, I < p.
Then the criterion for the goodness of the treatment is defined as follows:

(i) the control m is best if A; £ Ofors =1, -+, ¢;

(ii)  is better than the control m if A; = 0 and A; 7 0 hold;

(iii) =; is not better at the hth component than the control
h=(h, - ,h),1Sh< - <h=L1=t=LifA" <0and A" 20
hold fora = 1, --- ,tand 8 2{1, -- - , & where generally x < y means that each
component of x is not larger than the corresponding component of y and 0 means
the zero vector.

If I = p, and A = I, the identity matrix, then (i)-(iii) reduce to comparing
the p components of 8; with the p vector zero, 7 = 1, - - - , ¢. Then a multivariate
comparison problem to separate the better treatments than m from the not

better ones may be introduced. Some similar problems have been respectively'

dealt with by Krishnaiah-Rizvi [2] under the assumption of the normal popula-
tions, and by Tamura [4], [5] under the nonparametric circumstances. This
paper attempts some generalization for them. A formulation for the above prob-
lem and some lemmas are given in Section 2. The procedures based on (a) the
randomized normal score statistics, (b) the statistics of Wileoxon type, and (¢)
the classical sample means will be respectively proposed in Section 3 and their
properties will be also investigated in this section.

2. Some lemmas. Though the following Lemma, 1 is elementary, it plays an
important part for our formulation.

LemMa 1. Let the cdf of the random vector X of p-variates be F(x — 0) with the
pdf f(x — 8) and covariance matriz = where 8 = (6, -+, 6%). Then the pdf of
the random vector Y = (Y®, ..., Y®), Y® = X for b = 1, --+ , 1, is given
by the for,m g(y — A) where A = (AP, ..., AP, A® = a,'0 with the covariance
matriz A ZA.

Proor. Without loss of generality assume that [4:] = [a;®], 4, h =1, -+, 1,
and |44 # 0. Then by the transformation

B] B [3 Ip_z] X
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where Z' = (Z%P, ..., Z?),0is a (p — 1) X I matrix of zeros, and I,_; is the
identity matrix of order (p — 1). The pdf of (Y, Z) is given by

(mod [A1])7f(bu(y — A) + bra(z — 0%), -+, bhu(y — A) + bja(z — 6))

where by’s are some constant vectors depending on only a:™s and 0% =
(6%, ..., 6P). After integrating out z, the pdf of Y may be given by the
form g(y — A). That the covariance matrix becomes A'SA is trivial.

We may obtain a formulation of our problem from this lemma. Let the ran-
dom sample of size n; from the l-variate population =; with the cdf G;(y) =
G(Y - AJ')7 .7 = 07 L0 be {ley Tt anj}ina = (th(rl)’ R Yj('i))y
a=1,---,n;, where m is the control with A, = 0. Assume that G(y) is con-
tinuous and has the covariance matrix A"SA but unknown otherwise. Moreover
let @*(y) and @**®(y, z) be the marginal cdf of the hth and (&, k)th com-
ponents of G(y). When the criterion for the goodness of =; is given by the same
one in Section 1, our problem is to find the procedures how to separate the treat-
ments better than the control m, from the not better ones under the restriction

(1) Pr [m is selected as best when all A; = 0] = 1 — a.

It is convenient to define the following decisions,
D’: the control m is best

D;iil‘»;;"---jsms): migfor 8 = 1, .-+, 7,1 = r = ¢, are better than =, and =;,
fory =1, - - -, s are not better than m at the h, component where (7, < - -+ < %y,
1<+ < J), r+s=c¢ is a permutation from (1,---,c¢) and h, =
(h ™+, A7), ¢, = 1, - -+, 1. We here notice that the notations s, 7, and

h; will be used in the same sense above in later statements although we shall
omit their explanation without confusion. Thus our purpose is to select one of
the above decisions by a process satisfying the restriction (1).
Now we define some statistics which will be used in the selection procedures.
DeriniTioN 1. The randomized normal score statistics.

(2) T/ =n7" 2 Ma V(R(YR)), h=1--,, j=0,1--,¢;

where R(Y{?) is the rank of Y§¥ among the combined sample of the Ath com-
ponent {Vi% o = 1,--+,n;,7 =0,1,--+, ¢ and V(1) < -+- < V(N),
N = D 5_on;, are the order statistics from the standard normal population
with the cdf ®(x). We also define some random vectors.

T® = ((nens/ (ne + n:) (TP — To™),
(3) i=1,-,c¢), h=1,---,1
T = ((ngns/ (e + ns) )%(Tz'(h) — T,"),
h=1--,1), t=1---,¢
DEeriniTiON 2. The statistics of the Wilcoxon type.

(4) Wi(h) = (Nn.i)—l zilR(Yﬁ)), h = 17 ] l, .7 = O, 1: ccry G
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W = (12 ngni/ (o + n) P(W® — W), 0 =1, -+, ¢),
(5) h=1,---,1
W = ((12ngn/ (o + n:) (WP = WoP), b =1, -+, 1),
t=1,-+,¢
DzeriniTion 3. The sample means.
Y = ((nne/ (no + na) (TP — 7o)/ (ad'San), i = 1, -+, ¢),

6) h=1,-,1
= ((nns/ (no + ) (V¥ — To®)/(a'San), b = 1, -+, 1),

1 =1, , €

where ¥,® =n; > 2, ¥® 7=0,1,---,¢,h =1, ---,land S is a consistent

estimate of X.

LemMA 2. Under the hypothesis that all A; = 0, the exact distribution of T™ is
the c-variate normal N (0, A) and the statistics W® and ¥ are asymptotically
distributed according to N (0, A) where A = [pi], pij = (pips/ (pi + po)(pi + o) )*
(or1)forixj(ori=j)andp; = nj/N,j =0,1,---,¢

Lemma 3. Under all A; = 8;/N?, the asymptotic distribution of [T, - -- , TV,
w® ..., WP and [T, ... Y(”] are respectively the normal N (p, A ® r),
NGO, A® M) and N (v, A® Q) wherey = [®], 2 = (\P], v = :P), 6 =

1,...,c,h=]_’...,l,

»

(7) = (oopi/ (o + pi))*s fwg—cb‘l(G"‘)(y)) aG™ (y)

(8) A" = (12p00:/ (o0 + ps )iﬁ(h)f g W) dg®(y), ¢® () = (%G(h)(x)
(9) vi® = (popi/ (oo + pi))'8: %/ (arSan)t
and T' = [’th], = [mm], @ = lom], B, b =1, -+- 1,

(10) vm = [Zo JZ0 7@ (2))37(@® (9))dG" P (2, ) (or 1)
for h <k (orh = k),
(11) m = 12 [Z, [2, GP(@)G® (9)d@*® (z,y) — 3 (or 1)
' for h =k (orh = k),
(12) wm = ax Zar/(as'Zan) (aw'Zar)? (or1)  forh X<k (or h = k).

The proof of Lemma 2 or 3 immediately follows from the results of Bell-Doksum
[1] and Tamura [3].

3. Selection procedures and their properties. In this section, we shall propose
three selection procedures and investigate their properties.
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Randomized normal score procedure M : .
Accept D°if T; < z,fori = 1, ---, ¢ and accept Di'u.i%..j .y if Ty > za

for=1,---,rand
T8 <z, for 6=1,--,ty; v=1,--,s
>z, for degfl,---,t}; v=1--,s

where z, is the constant vector whose components are equal to z, determined by
the following

(13) if'w s ff."‘wn((), .A.) dy =1—- a/l.

Procedure W of the Wilcoxon type or Procedure U by the classical sample
means is obtained by using the statistics W; or Y; instead of T; in the Pro-
cedure M.

TuEOREM 1. Procedure M satisfies the restriction (1) and also Procedure W and
U asymptotically satisfy the restriction (1).

Proor. We first prove this result for the Procedure M. That is,

Pr [D° is accepted when all A; = 0]
=Pr[Ti<z, for i=1,---,clalA; =0]
=Pr[T® <z, for h=1,---,1|all A; = 0]
1 — Y haPr[T® £ z,.|all A; = 0]

where the last line has been derived from Bonferroni’s inequality and £ means ’
the negation of =.
Then the last line of the above is transformed by using (13) to

DaaPr[T? <z, ]alla; =0 — (I —1)=1— a.

v

The result for Procedure W or U is similarly derived from Lemma 2.
TueoreM 2. Each procedure asymptotically satisfies the following:

(14) Pr [D° is accepted when all A; = 8;/N* 8 0] = 1 — a.
Proor. By the same considerations as the proof of Theorem 1,
Pr [D° is accepted | all A; = 8;/N*, 5; < 0]
21— 2 PriT® £z.] A = 5/N, 5 < 0],
Using Lemma 3, the right hand is asymptotically equal to
2t [Z o [Zon(u®, A)dx — (1—1)
= 2hy R ® o [rgre® 0, A)dx — (1 — 1)

where 4 = (1™, -, u™) and u® = Osince 8; < 0. Thus the last expression
is larger than (1 — «) from y® < 0 and (13). We also get the same result for
the other procedures.

Secondly let the probability that the decision Dﬁi};};ff.. js(ny 18 accepted under
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the assumption A; = %/N' i = 1,---, ¢ in the procedure S be denoted by
o, (). We here notice that this probability is an analogous notion to
the power under the Pitman alternatives in testing hypothesis.
THEOREM 3.

(15) Ao g (M) ~ [Run(0,A ® T)dv
where Ry is the domain determined by the following,
V> za— oy for =1, and wo= (w® o, w®),

® ®
o ey —ui? for §=1,---,t,; y=1,-,s

Iy = fa Iy
>za—/.z,<-'7‘7<“> for sz{1, --,t}; y=1+,s
(16) sy (W)~ [ryn(0, A ® I) dv
(17) ot me (U) ~ [zyn(0, A ® Q) dv

where Ry or Ry express the domain obtained by setting N’s or »’s instead of u’s
in RM .
Proor.

Piasteiag (M) = Pr[Tiy > 2z, for §=1,---,r and
(nans,/ (o + g )VP(TE — T ) < 24 (or > 24) fors =1, ,1,
v Y k]

(ordg{l,---,t});y=1,--,s8|A;=8/Ni=1---,¢
Using Lemma 3, we get

right hand side ~ /; n(u, A ® T')dy

where the domain E is determined by the following: y:; > z,forg = 1, -+, r
a,ndy,(};*(a)) S 2o (or >2z.)ford =1, -+, ¢, (ordegfl,---,t}),vy=1,---,s.
Thus we may obtain the expression (15). The other (16) and (17) are similarly
proved.

CoROLLARY. If the marginal cdf G (x, y) is the bivariate normal distribution
ah'Zah ahlzak

’

, , the Procedure M
ap Za, aj =ar

with zero mean vector and covariance matrix <

s asymptotically equivalent to the Procedure U.
Proor. Since we may get @ (z) = &(z/(a'=as)) and

(18)  w™ = (popi/po + p:)%8:P/ (as'Zan)}
v = an'Za;/(ay'Zan ) (ar'Zax ) (or1)  for hxk (orh = k),

it holds that 1, = »; and ' = @ and these show the result.
The author wishes to express his gratitude to the referee for his helpful sug-
gestions.
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