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CONDITIONS FOR METRIC TRANSITIVITY FOR STATIONARY
GAUSSIAN PROCESSES ON GROUPS

By JuLius R. BLuM' AND BENNETT EISENBERG
The University of New Mexico and Lehigh University

Grenander and Maruyama independently proved that a stationary
Gaussian process on the line or the integers with continuous covariance
function is ergodic if and only if its spectral measure has no atoms. In this
paper this theorem is extended to processes parameterized by locally com-
pact Abelian groups.

Introduction. Grenander (1950) and Maruyama (1949) independently proved
that a stationary Gaussian process on the line or the integers with continuous
covariance function is ergodic if and only if its spectral measure has no atoms.
More recently [1], [6] there have been studies of stationary Gaussian processes
parameterized by R"and Z", the so-called homogeneous random fields, and pro-
cessed parameterized by more general groups. Many results for processes on the
line generalize easily to results for processes on groups. But results about
ergodicity depend on order properties of the real line and are not as easily ex-
tended to the group context.

In [2] it is shown that if a stationary Gaussian process X = (x,, P, Q, F)ona
locally compact Abelian group G is metrically transitive, i.e., has no non-trivial
sets A in F such that T,4 = A for all g € G then its spectral measure must have
no atoms. Classically this result depended on ergodic theorems for such pro-
cesses, theorems nonexistent in the general case.

In this paper the converse question is attacked. It is shown that if the spectral
measure of X has a density with respect to Haar measure on the dual group G
of G then X is metrically transitive. It is also shown that if G is of the form
R® x Z™ x K where K is any Abelian compact group then if the spectral mea-
sure of X has no atoms, X is metrically transitive.

1. A covariance condition for metric transitivity. Since the theorem in this sec-
tion follows directly from Grenander’s work for processes on the line, the proof
will only be sketched. The diﬁ‘iculit}" comes in applying the theorem when the
group involved is not the real numbers.

Throughout the paper let X be a mean zero real-valued Gaussian process with
continuous covariance R(g) = E(X,X,,), where R(g) is a continuous function
onG.
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1738 JULIUS R. BLUM AND BENNETT EISENBERG

THEOREM 1. If Ve > 0 and all finite sets {g,} in G there exists some g in G such
that |R(99;)| < ¢ then X is metrically transitive.

Proor. If Bisa set of the form {x, € b,, h € G} denote by T,B or B, the set of
the form {x,, € b,, k€ G}. Then T, extends to a transformation on sets 4 in
F. Let A be a set in F such that 4 = T, 4 modulo a null set for all g in G.
Then for any ¢ there exists a set I depending on finitely many Xpo i = 1, ..., m,
such that P(4 A I) < 9/8. Since T, is measure preserving, |P(4A,) — P(I1,)| <
d/2 for all.g in G. The characteristic function C, of I depends only on - PRI
and the characteristic function C,, of I, depends only on x,,, ---, x, ,. The
covariances E(x, x,.) equal R(gg,;9,") so that if for all ¢ there exists a g such
that |R(g9g,9,7")| < ¢ then by the continuity of matrix inversion there exists a g
such that the joint density f(x,, .-, x, , ..., x,, ) is arbitrarily close to a
product density f(x,, ---, x, )f(Xyg,5 -+ +). It follows that for the proper g,
|P(I1,) — P(I)Y < 9/8.

Now using the fact that P(44,) = P(A,),

[P(4) — PA) < |P(44,) — PUL)| + |PUL) — PX0D)|
+ |P*(I) — P*(A)| £ 0/2 + 0/8 + d/4.
But g isarbitrary. Hence P(4) = P(A)* = Oor 1. Thus X is metrically transitive. []

If X is a process on the line with continuous spectral function, it follows that
for any finite set ¢,

lim, 1 §7 . [R(; + 0 dr = 0

and hence lim inf, 3}, |[R(¢; + #)|* = 0. This part of Grenander’s argument does
not generalize as easily.

2. Spectral conditions for metric transitivity. If G is compact it is known [2]
that no non-zero stationary Gaussian process on G is metrically transitive.
Therefore, in the rest of this section assume G is locally compact, but not
compact.

THEOREM 2. If X has spectral measure dF which has a density with respect to
Haar measure on G then X is metrically transitive.

Proor. By the Riemann-Lebesgue lemma Ve > 0, there is a compact K such
that for 2 e K°, |R(h)| < ¢. Choose any ¢ and any finite set {g;}. Now consider
the set S = {g|gg; € K for some i}. Then § = |J, 9,7'K which is compact.

Since G is not compact there exists some g € §¢ and for this g, gg, € K°, for

all i. For this g, |R(g99;)| < eall i and by Theorem 1, X is metrically transitive. []
For the next theorem we use the following well-known facts:

%S{e‘"dt 1 if s=0

—0 if s+0

1 . .
Wz‘\"_‘(’,v—le“”—>1 if s=0
—0 if s+0.
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If x is a character on a compact group K, then
$x x(9)du(g) =1 if x=1
where p is Haar measure.

THEOREM 3. Let G = R" X Z™ X K, where R is the real line, Z is the set of
integers, and K is any compact group. If X is a process on G with continuous spec-
tral measure then X is metrically transitive.

LEMMA. Let G = R* X Z™ X K, then

Sz X(9) dp(g) — 1 if x=1

(EN) o
— 0 if x+1,

where Ey = [0, N]" X {1, 2, ---, N}™ X K.

Proor. By Fubini’s theorem

iy Yo KO )

1 o 1 ) ,
= (ILgs yy §8 € dr)(TT3m1 o Zher €7 (3 X'(0) dp(@)) -
If x = 1 then all factors are 1. If x = 1 then for some j, s; = 0 or for some k,

r, # 0 or x’ == 1. In that case one of the factors in the above expression goes
to zero and the rest are bounded by 1 as N — co. Hence

2y X(9) dp(g) — 0.
(EN)S x(9) du(9) 0

ProOF OF THEOREM 3.
IR = § §any BOY™) dF(x) dF(3) + § §.cy dF(x) dF()) -
Since dF has no atoms
§ § Cumy(x: ) dF(x) dF(y) = §0dF(y) = 0.

Choosing E,, as in the lemma it is seen

ey IR 1q
(EN)S |R(99.:)|* di(9)

= §Sosy ( § ey 9:(Xxy7)g(xy™") dp(g))dF dF .

t(Ey)

But by Lemma 3, as N — o,

$ey 9(xy~") dp(9) — 0, for each x = y.
(EN)
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Hence for any finite set {g,}
L
#(Ey)
It follows that for any ¢ > 0, there is a g such that

2 [R(9g9)* < e
Hence by Theorem 1, X is metrically transitive. []
It is seen in the above argument that the crucial reason a continuous spectral
function implies metric transitivity is that there exists a sequence of sets E, on
the group such that for any character x # 1 on the group

1
—— ey d — 0.
(Ey) § 2y x(9) dr(9)

It is an open question as to whether there exists such a sequence on an arbi-
trary group. As a step toward answering this question we offer the following:

SEN Zi |R(gg¢)|2 d#(g) — 0 as N> oo.

PRrRoOPOSITION 1. Given any sequence of compact sets E, in a locally compact
Abelian group G with p(E,) — oo, where p is Haar measure, there exists a sub-
sequence E, such that

1

-\ d —0
#(En,,)s n, X(9) d1(9)

for almost every x in G.

Proor. Let f,(x) = (1/(E,)) \z, x(9) dp(9). Then f,(x) is the Fourier trans-
form of Cy (9)/(E,), where C, is the characteristic function of E,. By the
Plancherel theorem,

Cuy(9) 1
$o lfa(0))dx = §; X2 dp(g) = —0.
‘ ° WE,) #(E,)
Hence there is a subsequence f, (x) — 0 a.e. dx. []
A curious consequence of this proposition is the following:

CoROLLARY. Let E, be any sequence of sets of integers with $E, increasing.
Then there exists a subsequence E, , where

#%” ZpeEnk e{“" —0 a.e.

Added Note. Since this paper was first written this open question has been
completely answered. Namely, there is a sequence of sets of the above type
existing on a locally compact Abelian group if and only if the group is sigma-
compact. It follows that Theorem 3 holds for all sigma-compact groups. This
result along with some new ergodic theorems will appear in a paper entitled

“Mean Ergodic Theorems for Unitary Groups.”’
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