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Consider the partial sums {S;} of a real-valued functional F (P (z)) of a
Markov chain {®(#)} with values in a general state space. Assuming only
that the Markov chain is geometrically ergodic and that the functional F is
bounded, the following conclusions are obtained:

Spectral theory. Well-behaved solutions f can be constructed for the
“multiplicative Poisson equation” (e*F p) f =X f , where P is the transition
kernel of the Markov chain and « € C is a constant. The function f is an
eigenfunction, with corresponding eigenvalue A, for the kernel (e*F py =
P FO)p(x, dy).

A “multiplicative” mean ergodic theorem. For all complex « in a
neighborhood of the origin, the normalized mean of exp(«.S;) (and not the
logarithm of the mean) converges to f exponentially fast, where f is a
solution of the multiplicative Poisson equation.

Edgeworth expansions. Rates are obtained for the convergence of the
distribution function of the normalized partial sums S; to the standard
Gaussian distribution. The first term in this expansion is of order (1/4/7)
and it depends on the initial condition of the Markov chain through the
solution F of the associated Poisson equation (and not the solution f of the
multiplicative Poisson equation).

Large deviations. The partial sums are shown to satisfy a large deviations
principle in a neighborhood of the mean. This result, proved under geometric
ergodicity alone, cannot in general be extended to the whole real line.

Exact large deviations asymptotics. Rates of convergence are obtained for
the large deviations estimates above. The polynomial preexponent is of order
(1/+/t) and its coefficient depends on the initial condition of the Markov
chain through the solution f of the multiplicative Poisson equation.

Extensions of these results to continuous-time Markov processes are also
given.

1. Introduction. Consider a Markov process ® = {®(¢r):t € T} taking
values in a general state space X and with time being either continuous, T =
[0, 00), or discrete, T = {0, 1,...}. Let F:X — R be a given functional on the
state space of ®.
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Our interest lies in the long-term behavior of

(1) St :/ F(®(s))ds, teT,
[0.0)
where, in discrete time, the integral is a sum and S; are simply the partial sums
n—1
) Sp=Y_ F(®@), nx=1.
i=0

1.1. Multiplicative ergodic theory. For simplicity we first discuss the case of
a discrete-time Markov chain ® with a countable state space X. If ® is positive
recurrent with invariant probability measure 7, then for any F' with finite mean

m(F) =3, m(x)F(x),
3) %Ex[Sn]—HT(F), n— 00,

where x = ®(0) is the initial condition, S, are the partial sums defined above, P, is
the law of @ conditional on ®(0) = x and E, is the corresponding expectation.
Often we can quantify the rate of convergence in (3) by showing that the limit

(4) F(x) = lim E[S, —nm(F)]

exists where, in fact, the function F solves the Poisson equation
(5) PF=F —F +n(F).

Here P denotes the transition kernel of ®, P(x, y) :=Pr{®(1) =y | ®(0) = x}
and P acts on functions f:X — R via Pf(x) = Zy P(x,y)f(»). Results of this
kind hold for a wide class of Markov chains on a general state space, as shown
in [37] in discrete time and in [36, 38] in continuous time.

In this paper we seek multiplicative versions of the ergodic results in (3)—(5).
Let @ € C and consider the product

n—1

[ ] exp(aF (i) = exp(aSy).
i=0
For countable state space chains in discrete time, multiplicative results correspond-

ing to the ergodic theorems (3)—(5) were established in [2] when « is a real number.
The mean ergodic theorem (3) corresponds to the multiplicative limit

(6) %log E.lexp(aS,)] = A(x), n— 0o,

for some analytic function A(x) € R, and the stronger limit theorem (4) has the
multiplicative counterpart

(7) fat0) = lim Ei[exp(asS, —nA@)],
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where fa solves the natural analog of (5), the multiplicative Poisson equation
(8) P foy =exp(—aF + A(@)) fa.

Our first aim is to provide natural conditions under which the multiplicative
ergodic results (6)—(8) hold. As we indicate in several instances, our conditions
(and the results obtained under them) are often optimal or near optimal (see
Proposition 6.2 and the examples in Section 7). Equipped with these results, we
g0 on to prove precise expansions for some classical probabilistic limit theorems
satisfied by the partial sums S,. Specifically, the multiplicative mean ergodic
theorem (7) leads to Edgeworth expansions for the central limit theorem and to
exact large deviations asymptotics.

There are numerous approaches to multiplicative ergodic theory and its related
spectral theory in the literature; a brief survey is given at the end of this
Introduction. The conditions given in this paper considerably extend known
criteria for the existence of solutions to the multiplicative Poisson equation and
for the validity of the multiplicative mean ergodic theorem.

Most closely related to the approach taken here are the results of [2], developed
for discrete-time Markov chains ® on a discrete state space along the following
lines. For any real «, define the new kernel Py by

) Py(x,y) =exp(@F(x))P(x,y),  x,y€X,

where P (x, y) is the transition kernel of the Markov chain ®. In this notation, the
multiplicative Poisson equation (8) can be rewritten as

(10) Py fou =hafa

with A, = exp(A(«)). That is, the solutions fa of the multiplicative Poisson equa-
tion (8) are eigenfunctions for the new kernel ﬁa with associated eigenvalues Ay .
[Throughout this paper, we try to maintain the convention that lowercase letters
denote quantities that are exponential versions of the corresponding uppercase let-
ters; e.g., A = exp(A).]

Under a monotonicity assumption on F, it is shown in [2] that well-behaved
eigenfunctions for (10) exist for real « in a neighborhood of zero. Based on such
an eigenfunction fa with corresponding eigenvalue X, the twisted kernel Py is
defined as

(11) Po(x,y) =23 £ 100 Py (x, ) fa ()

and the convergence in (7) is deduced from the properties of By.

For bounded functionals F and assuming only that ® is “geometrically
ergodic,” results corresponding to (6)—(8) are obtained in Section 4 of the present
paper for Markov processes @ on a general state space, in continuous or discrete
time and for complex «. For our purposes, a Markov chain ® is geometrically
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ergodic if it is ¥-irreducible, aperiodic and a Lyapunov function V : X — [1, o]
exists such that the following condition holds:

(V4) For a “small” set C C X and constants § > 0, b <00, PV< (1 —38)V + blc.

Precise definitions and a more general version of condition (V4) for Markov
processes in discrete or continuous time are given in Section 2.2.

Geometric ergodicity for @ is our main assumption and it will remain in effect
throughout the paper. Section 1.3 offers a discussion comparing (V4) to several
of the standard assumptions in the relevant literature and in Section 7, geometric
ergodicity is verified for several classes of important examples. Note also that
what we call geometric ergodicity here is equivalent to the notion of geometric
ergodicity used in [37], where it is stated slightly differently.

In the following section we briefly describe the probabilistic implications of the
spectral theory outlined above. Along a different direction, in [26] we extended our
present results to the case of products of random matrices. This extension leads to
an interesting and nontrivial application of the present ideas to a stability question
arising from systems theory.

1.2. Probabilistic limit theorems. The multiplicative mean ergodic theorems
in (6) and (7) offer precise information about the asymptotic behavior, as n — oo,
of

my (o) := Ex[exp(aS,y)], aeC.

When o = iw is imaginary, m,(«) is simply the characteristic function of the
partial sums S;,, and it is well known that information about the convergence of the
characteristic functions leads to Edgeworth expansions related to the central limit
theorem [17, 24, 46]. Similarly, when « is real, m, («) is the moment-generating
function of the partial sums S, and the precise convergence of the corresponding
log-moment generating functions to a smooth limiting A («) as in (6) leads to exact
large deviations asymptotics; see [13, 7].

Suppose @ is a geometrically ergodic Markov chain and let ¥ be a bounded,
nonlattice, real-valued functional on the state space of ®. In Section 5, we obtain
an Edgeworth expansion for the distribution function G,(y) of the normalized
partial sums [S, — nw (F)]/o\/n,

Sy, —nm(F) <y}

o/n

where o2 is the asymptotic variance of S, /+/7. In Theorem 5.1 we show that, for
all x € X,

Gn(y):Px{ y €R,

_ Y[ p3
Gun(y)=§() + —[@

o (1-— yz) — f(x)] + o(n_l/z), n— 0o,
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uniformly in y € R, where y(y) denotes the standard Normal density, §(y) is the
corresponding distribution function, F is the solution to the Poisson equation (5)
given in (4) and ps is a constant related to the third moment of S,,//n.

A similar expansion is obtained in the case of lattice functionals F'. These results
generalize the Edgeworth expansions in [41, 30, 8], where they are derived under
much more restrictive assumptions. In particular, in all these papers the conditions
given are stronger than Doeblin recurrence, which is significantly stronger than
the form of geometric ergodicity assumed in this paper; see the discussions in
Sections 1.3 and 7.

In Section 6 we discuss moderate and large deviations for the partial sums S,,.
Under geometric ergodicity, the multiplicative mean ergodic theorem (7) implies
that a moderate deviations principle (MDP) holds for the partial sums S,,. Note that
geometric ergodicity is essentially equivalent to the weakest conditions known to
suffice for the MDP [10, 11] (although weaker assumptions can be used to obtain
the MDP lower bound).

By standard large deviations techniques [13], the convergence of the log-
moment generating functions in (6) to a smooth limiting A(«) can be used to
prove large deviations estimates for the partial sums S,: Suppose ® is a Doeblin
chain and let F be a bounded, real-valued functional on the state space of ®. In
Proposition 6.2 we show that under the stationary distribution 7 of @, the partial
sums S, satisfy a large deviations principle (LDP) in a neighborhood of the mean
m(F), that is, for any ¢ > m (F) close enough to the mean 7 (F),

1
(12) —logP.{S, > nc} - —A*(c), n— 00,
n

where A*(c) is the Fenchel-Legendre transform of A(-). (A corresponding result
holds for the lower tail.)

Note that this result cannot in general be extended to a full LDP on the whole
real line. For example, Bryc and Dembo [5] have shown that the full LDP may
even fail for the partial sums of a Doeblin chain with a countable state space.

Furthermore, the more precise convergence result (7) leads to exact large
deviations expansions analogous to those obtained by Bahadur and Rao [1] for
independent random variables: For geometrically ergodic chains and nonlattice
functionals F', in Theorem 6.3 we obtain the following: For any ¢ > 7 (F) close
enough to the mean 7 (F) and all x € X,

Ja(x) e_"A*(C)
a,/2mno?

where a € R is chosen such that A’(a) = c, fa(x) is the solution to the
multiplicative Poisson equation (10), A*(-) is as in (12) and oaz = A'(a).
A corresponding expansion is given for lattice functionals.

(13) P{S, = nc} ~ n— 0o,
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These results generalize those obtained by Miller [39] for finite-state chains and
those in [30], proved under conditions stronger than Doeblin recurrence (in [30]
a version of the domination assumption in (15) below is assumed, together with
additional regularity conditions).

The problem of obtaining exact large deviations asymptotics [such as in (13)
above] has been considered in [28, 42] using a “pinned” multiplicative mean
ergodic theorem for a i -irreducible and aperiodic Markov chain. It is shown that
for a “small” set C C X,

(14) nll)rréo % log Ex[exp(aS,)I(P(n) € C)] = A(w),

and from this, under additional conditions [assuming a variant of the “uniform
domination” condition (15) discussed in the following section], large deviations
expansions are proved along the same lines as indicated above. The difference here
is that, because of the additional constraint imposed by the small set C in (14), the
resulting expansions are not for the probabilities P, {S, > nc} as in (13), but for the
“pinned” probabilities P {S,, > nc and ®(n) € C}.

Finally note that authors of much of the relevant literature often consider a
Markov additive process model instead of simply the partial sums of a given
Markov processes. For simplicity (and without loss of generality), we restrict our
attention to the asymptotic behavior of the partial sums themselves.

1.3. Related approaches. In this paper we attempt to place within a single
framework results from two previously disparate research areas: The theory of
positive operators as developed in [45, 44], where ry, = ()W)_1 is the convergence
parameter for the semigroup generated by P,, and from the theory of positive
harmonic functions for diffusions, where A(«) = log(Xy) is known as the
generalized principal eigenvalue [47]. The reason that the constant A, is given two
different names is that, so far, the discrete-time theory of yr-irreducible Markov
chains and the related continuous-time theory of positive harmonic functions have
been developed independently. Looked at together, many of the results of the
latter continuous-time theory can be replicated, improved or generalized by lifting
results from the discrete-time setting.

These and some other relevant approaches in the existing literature are
summarized below. Whereas this literature is very extensive, the following
discussion is not intended to be a complete review.

A. Y-Irreducible operators. The most general approach to understanding the
eigenfunction equation (10) has been developed for discrete-time Markov chains,
based on renewal theory and the theory of positive, -irreducible operators; see
Nummelin’s monograph [45]. In this framework A (o) = —log(ry), where ry is
the convergence parameter for the semigroup generated by the kernel P, defined
in (9).
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Although, in general, useful solutions to (8) cannot be constructed, if @ is
aperiodic and ry > 0, then from the definitions it can be shown directly that for
any “small” set C,

lim —log(P”(x 0)) = Ala) = —log(ry) a.e.x €X,

n—-oon
where ﬁo’} denotes the n-fold composition of the kernel ﬁa with itself. From this,
the “pinned” multiplicative mean ergodic theorem (14) is easily obtained. The
drawback to this approach is the restriction imposed by the small set C in (14).
As we will see, this restriction is not necessary when @ is geometrically ergodic.
Nevertheless, in the case of first-order large deviations [as opposed to more precise
estimates as in (13)], these methods provide what appear to be the most general
large-deviations results to date [9, 12].

B. Lyapunov functions and compact sublevel sets. A well-behaved solution to the
multiplicative Poisson equation (10) can be shown to exist under suitable bounds
on the transition kernel P. For example, (8) will admit a bounded solution fva
under the “uniform domination” assumption of [51], Section 6: For some ¢ > 0
and all measurable A C X,

(15) P(x,A)>¢eP(y, A), x,yeX

Condition (15), as well as its variants in [28, 16, 30, 13], are significantly stronger
than geometric ergodicity and are rarely satisfied for noncompact state spaces.
In particular, they imply that the process is Doeblin recurrent, a property that is
equivalent to geometric ergodicity with a bounded Lyapunov function V; see [37],
Chapter 16.

Similar conditions are used in Donsker and Varadhan’s classic papers; see [52]
for a general exposition. Variations on their assumptions are used throughout the
large-deviations literature (including the recent work by Wu; see [56] and the
references therein) and they all imply the validity of a condition stronger than
geometric ergodicity, the multiplicative regularity condition (mV3), stated and
discussed in Section 2.2. In particular, Varadhan [53] assumes directly that (mV3)
holds.

C. Spectral gap. In all of the aforementioned works, only the case where
a € R is considered. Specifically, the positivity of the semigroup generated by the
kernel P, in (9) is exploited in constructing solutions (A4, fa) to the eigenvalue
problem (10). Nagaev [40] treated the special case of ergodic Markov chains that
converge to the stationary distribution at a uniform geometric rate,

(16) |P'(x,A) —m(A)| < Boe_b"t for all x = ®(0), all measurable A C X.

This condition is equivalent to Doeblin recurrence. A version of the multiplicative
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mean ergodic theorem is proved, under (16), for purely imaginary ¢ = iw in a
neighborhood of zero. The gist of this approach is to formulate the problem in
a vector-space setting similar to that considered here. Noting that the transition
semigroup {P"} of the Markov chain converges in operator norm to the invariant
probability measure (as n — oo, where P”" is viewed as a linear operator from
Lo = L), the continuity of the norm is exploited to obtain convergence of the
semigroup {1/50’}}.

Operator-theoretic approaches have been extensively used in the classical theory
of Markov chains, and the assumption of uniform geometric ergodicity (16) is
traditionally used to ensure a spectral gap, and hence convergence, as in [40].
Generalizations have typically involved an alternative vector-space setting, such
as an L, space for p < oo; see [54, 29, 4] and also [22, 21]. In particular, under
the assumption of hypercontractivity, Deuschel and Stroock [14] derived large
deviations properties for Markov chains. Note that, as hypercontractivity implies
L,-ergodicity at an exponential rate, it also implies that (V4) holds [37].

In a different vein, in [37, 38] the weighted-L~, space was considered,

X
Lgo = {g:X — C:sgp[%] < oo},

with V:X — [1,00) being the Lyapunov function in condition (V4). The
convergence of the semigroup {P"} in the induced operator norm on this space
is equivalent to geometric ergodicity [37, 38] and, based on this equivalence, we
show in this paper that (V4) leads to multiplicative mean ergodic theorems of
the type (6)—(8) for complex «, and also to criteria for the existence of solutions
to (10) under conditions far weaker than those used in, for example, [47, 52]. We
also substantially strengthen the conclusions of both [47] and [42, 43] since we
can apply the V-uniform ergodic theorem of [37] to obtain uniform geometric
convergence in (7).

In earlier work related to the ergodic theory of Markov processes (as opposed
to the multiplicative ergodicity and large deviations issues considered here),
Kartashov [31, 32] considered weighted norms and a version of the V-uniform
ergodic theorem for countable state space chains first appeared in [25].

D. Nonlinear semigroups. For a continuous-time Markov process ® (typically a
diffusion), Fleming [20] and Feng [18] considered a nonlinear operator J¢ defined
as a modification of the generator 4 of the process ®:

H(G) = log((g_l).Ag) where g = €.

For any function F € L, the multiplicative Poisson equation is given in

continuous time as 4 fvz exp(—F + A) f , where A = A (1) [recall the definition
of A(:) in (6)]. If g = f is a solution for a given F, then

H(G) =log[(g7 ) (e T g)]=—F +A.
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Define the functional § on Lo as $(F) = log(c f ), where f solves the
multiplicative Poisson equation and ¢ = 7 ( f )~ ! is a normalizing constant. The
operator § is an inverse of —J#¢ in the sense that # 0§ = —I on some appropriately
defined domain.

Under (V4), the results of the present paper imply that § is a bounded nonlinear
operator, whose domain contains an open ball in L, centered at the origin. In
particular, our results provide methods for verifying the structural assumptions
of [18, 19]. A thorough investigation of this nonlinear structural theory and its
intimate relationship to large deviations properties has been carried out in a
subsequent work [33] for Markov processes that satisfy the stronger assumption
of multiplicative regularity.

1.4. Organization. The rest of the paper is organized as follows. In Section 2
we collect the basic notation and definitions that will remain in effect throughout
the paper. We present background results from the ergodic theory of Markov chains
and processes, and briefly discuss several different conditions for ergodicity and
the relationships between them.

In Section 3 we collect some results about the convergence parameter of a
positive semigroup. Section 4 develops the spectral theory and multiplicative
ergodic theory along the lines discussed above. Analogs of (6)—(8) are proved for
geometrically ergodic Markov processes.

Sections 5 and 6 contain the probabilistic results outlined in Section 1.2. Finally
in Section 7 we give numerous examples of Markov chains and processes that
satisfy the assumption of geometric ergodicity.

2. Ergodicity. In this and the following section we review some necessary
background results from certain parts of the ergodic theory of Markov chains
and processes [37], and some results regarding the convergence parameter of a
positive semigroup as defined in [45]. All of this concerns a -irreducible and
aperiodic chain or process ® on a general state space X (see below for precise
definitions). We assume that X is equipped with a o-field 8 and that B is
countably generated. The distribution of @ is described by a transition semigroup
{P":1 € T}, where T is taken to be either the nonnegative integers Z. (in discrete
time) or the nonnegative reals R, (in continuous time), and where for each ¢,
P! is the transition kernel

Pl(x,A):=Pr{®(t) € A| ®(0) =x}, xeX, Ae B.
Recall that P’ acts on functions f : X — R and signed measures v on B via

a7n  PFO)= / P!(.dy)f(y) and vP'()= / v(dx) P (x. ),
X X

respectively.
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2.1. -Irreducibility. For any 0 > 0, we define the resolvent kernel Ry by,

o0
Z(l —e e 0 pn, discrete time,
(18) Rp:=1 0
/ 0e~ 0" Pt dt, continuous time,
[0,00)

and we write R for R;.
If for some o -finite measure ¢ on B, some & > 0, and all functions s:X —
[0, 00) with ¥ (s) = [ s(x) ¥ (dx) > 0, we have

Ro(x,s):= /x Ry(x,dy)s(y) > 0, x €X,

then the semigroup {P’:t € T} is called v-irreducible and v is called an
irreducibility measure. If the transition semigroup {P’} associated with the
Markov process @ is {-irreducible, then we say that @ is i -irreducible. The set
of functions s : X — R with ¥ (s) = [s(x) ¥ (dx) > 0 is denoted by B+ and all
such s are called ¥ -positive.

Throughout the paper, we will assume that ® is y-irreducible. Moreover,
without loss of generality we assume that v is maximal in the sense that any other
irreducibility measure v’ is absolutely continuous with respect to v [37]. We will
also assume that the semigroup {P’:t € T} is aperiodic, that is, for any s € 8
and any initial condition x,

P'(x,5)>0 for all ¢ sufficiently large.

If the semigroup associated with the Markov process ® is aperiodic, then we say
that & is aperiodic.

A measurable subset C of X is called full if 1 (C¢) = 0 and it is called absorbing
if Rg(x, C¢) =0 for x € C (for some 6). We recall that, for a ¥-irreducible @, a
nonempty absorbing set is always full ([37], Proposition 4.2.3).

A function s € BT and a measure v on B are called small if, for some 6 > 0,

(19) Ro(x, A) = s(x)v(A), xeX, AeB.

In [37], Proposition 5.5.5, it was shown that for a i -irreducible @, one can always
find a 0 and a pair (s, v) satisfying the bound (3.2), such that s(x) > O for all x and
v is equivalent to the maximal irreducibility measure ¥ (in the sense that they are
mutually absolutely continuous). A similar construction works in continuous time
as well.

If a small function s is of the form s = ¢ll¢c for some ¢ > 0 and C € B, then
the set C is called small. We denote by :B;“ the set of all small functions s € 8+
and we denote by M; the set of all (positive) small measures v which satisfy (19)
for some s € JB;. Both M; and 3;," are positive cones and they are closed under
addition.
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2.2. Ergodicity conditions. Let V : X — [0, oo] be an extended real-valued
function with V (xg) < oo for at least one xg € X. Let Sy denote the (nonempty)
set

(20) Sy ={x:V(x) <o0}.

In most of the results below our assumptions will guarantee that Sy is absorbing,
hence full, so that V (x) < oo a.e. [{].
Let LY, denote the vector space of measurable functions 4 : X — C satisfying

, |7 (x)]
IAllv :=sup <
xeX V(X)

Similarly, L{;o will denote the corresponding space for an arbitrary nonnegative
(measurable) function f on X. We define the V-norm || P||y of an arbitrary kernel
P = P(x,dy) by

IPhly
Al

where the supremum is over all & € L(‘;o with ||A]y # 0.

In what follows, it will be convenient to describe some important properties of ®
in terms of its generator 4 rather than in terms of its transition semigroup { P*}. For
a function g : X — C, we write Ag = h if for each initial condition ®(0) = x € X
the process {m(¢t) :t € T} defined by

(22) m(t) := /[.0 y h(P(s))ds — g(P(1)), teT,

1) Py := sup

is a local martingale with respect to the natural filtration {F; = o (D (s),
0 <s <t):t €T}. In discrete time the generator is simply A =P — I.

Next we introduce two different regularity conditions on ®, taken from [37].
As we will see, the first one guarantees the validity of ergodic results as in
equations (3)—(5), whereas the second one will be used to prove their multiplicative
counterparts (6)—(8); see Section 4.

Throughout this paper we assume that the function V is finite for at least one
x eX.

(V3) For a function f:X — [1,00), a probability measure v on 8B, a constant
b < oo, afunctions: X — (0,1]anda V : X — (0, oc],
AV < —f +bs,
R>s5s®v.
(V4) For a probability measure v on 8B, some constants b < oo and § > 0, a
function s : X — (0, 1],anda V : X — [1, o0],
AV < =8V + bs,
R>s®v.
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Note that condition (V4) is stronger than (V3): When (V4) holds, (V3) also
holds with f =V, V' =V/§ and b’ = b/§. The assumption that (V4) holds for a
Markov chain @ is the main condition required for most of our results and it will
remain in effect essentially for the rest of the paper. To formalize this assumption
we introduce the following definition:

GEOMETRIC ERGODICITY. A Markov process @ is called geometrically
ergodic (with Lyapunov function V) if it is y-irreducible, aperiodic and satisfies
condition (V4) (with this V).

In Section 7, numerous examples are given for which the validity of (V4) is
explicitly verified; see also [37], Chapter 16. For comparison, we also introduce
the following related condition for continuous-time Markov processes, which we
think of as the natural multiplicative analog of (V3):

(mV3) For a function f:X — [1,00), a probability measure v on 8B, constants
6>0and b <oo,afunctions:X— (0,1]anda V:§ — [1, oc],

log(e_VAeV) < —4&f + bs,
R>s5s®v.

As discussed in the introduction, condition (mV3) is very closely related to
the conditions in the well-known Donsker—Varadhan large deviations results. In
particular, under the conditions of [52], especially Assumption (3) on page 34,
it follows from Theorem 3.3 below that (mV3) is satisfied. Moreover, when the
state space is not compact, Varadhan’s conditions imply that (mV3) holds with
an unbounded f with compact sublevel sets, an assumption already stronger
than (V4) as the following proposition shows. A detailed study of the Markov
processes satisfying (mV3) is given in [33], where the analog of (mV3) for
discrete-time Markov processes is also given. In the context of diffusions, more
specific results can be found in [27]. Proposition 2.1 is proved in [33].

PROPOSITION 2.1. Suppose ® is r-irreducible and aperiodic. If (mV3)
holds, then so does (V4).

2.3. Ergodic theorems. Under either (V3) or (V4), there exists a unique
invariant probability measure 7 on 8B (see below). Given such a m, we define
[T as the kernel

Mn=1Qnr

so that IT(x, A) =m(A),x e Xand A € B. If (V) := [y m(dx)V (x) < oo, then
IT acts on LY, as a bounded linear operator.
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A fundamental kernel is a linear operator Z : Lgo — L XO (for some measurable
functions f > 1, V > 1) that satisfies

(23) AZ =—( —TI).

That is, for any F € L, the function F = ZF € LY solves the Poisson equation
(24) AF =—F +7(F),

where 7 (F) = [y w(dx) F (x). Equivalently, the stochastic process
(25) m(t) = F(® (1)) — F(®(0)) + /[0 (F@@)=m(B)dr, 120,
)t

is a local martingale with respect to {F;}.

The following two theorems give equivalent conditions for @ to be ergodic or
geometrically ergodic, respectively. Corollary 2.3 states that a fundamental kernel
exists and the ergodic results (3)—(5) given in the Introduction indeed hold as soon
as ® satisfies (V3).

For any C € 8B, let t¢ denote the hitting time

to:=inf{t > 1:P() € C}.

THEOREM 2.2 (Ergodicity). Suppose that ® is yr-irreducible and aperiodic.
For any function f:X — [1, 00) the following are equivalent:

(i) The process ® is positive recurrent with invariant probability measure 1
and 7 (f) < oo.
(11) There exists a small set C such that

sup Ey [/ f(CD(t))dt] < 00.
[0,z¢)

xeC

(iii) Condition (V3) holds with the same f .

If any of these conditions holds, then the set Sy defined in (20) is absorbing and
full, and

(26) sup |P'(x,g) —m(g)|— 0, t—> 00, x €Sy.
g:lgl=f

Moreover, for any small measure v there exists a fundamental kernel Z which is a
bounded linear operator,

Z:LL, — {heLl vn)=0).

If Z' is any other such fundamental kernel, then || ZF — Z'F|ly =0, F € LZ;.
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PROOF. The discrete-time version of (i)—(iii) is a consequence of the f-norm
ergodic theorem in [37]; the continuous-time version follows from [35], Theo-
rem 5.3. The construction of the fundamental kernel and the uniform bound is
given in [23], Theorem 2.3. [

Recall the definition of S; in (1).

COROLLARY 2.3 (Ergodic theorems). Let ® be a yr-irreducible, aperiodic
Markov process that satisfies (V3). If F € Lgo with f asin (V3), then for x € Sy:

(a) Ex[%S,] —n(F)ast — oo.
(b) There exists Fe Lgo with n(f ) =0, so that F solves the Poisson equation
AF = —F + 7 (F).
(¢) If, in addition, w (V) < o0, then F satisfies
27 F(x) = lim Ec[S; — 17 (F)].

PROOF. The convergence in norm (26) implies the convergence,
Ex[F(®P(1))] = n(F), t — 00, x €Sy,
which gives (a). For (b) we can take F=ZF , where Z is given in Theorem 2.2.
When (V) < oo it follows that, for some b; < o0,

/yE (©(1))] — 7 (F)|dt <bi|F||sV(x),  xé€Sy.

This is given as Theorem 14.0.1 of [37] in discrete time. The continuous-time case
follows on considering the skeleton chain ®(8k), k = 1,2, 3, ..., as discussed on
page 247 of [36]. This implies that one version of the fundamental kernel may be
expressed as

Z(x,A):/ (P'(x, A) —m(A))dt, x €Sy, Ae B,
T
and Z is a bounded linear operator from Lf to L Xo This gives (¢). U

The solution F of the Poisson equation given in Corollary 2.3(b) arises in almost
every limit theorem considered below. In particular, it can be used to define the
asymptotic variance o' in the central limit theorem; see Theorem 17.4.5 of [37].
In the discrete-time case, 0% < 0o as soon as 7 (F?) < 0o, and equation (17.44)
of [37] gives the representation,

=nli)rréo%Varx{Sn} =E,[F(®m)’ — (PF(®m))’].  xeSy.

Next we obtain a characterization of the case when o2 = 0. In discrete time, a
similar result was derived in [3] using different methods.
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PROPOSITION 2.4 (Variance characterization). Suppose that ® satisfies (V3)
with w(V?) < 0o. Then, for any F € Lgo, the asymptotic variance

1
(28) o?:= lim — Var,{S;}
t—oo t

exists for any initial condition ®(0) = x € Sy. Writing F = F — n(F), o2
satisfies, forallt >0,

2 _ e (R - F 7 ’
(29) o’= tE,,[(F(CI)(t)) F(CID(O))+'/[OJ)F(CI>(S))ds> }<oo.

Moreover:

() If 6> =0, then there exists G € L Y. satisfying
(30) / F(®(s))ds=G(®(1)) — G(®(0)  a.s.[r]
[0,1)

When time is discrete, this can also be expressed as P(x, Sy) =1, x € Sy, where
Sy ={yeX:G(y)=Gx) — Fx)}.
(i1) Conversely, if (30) holds for some G € LXO, then o2 = 0.

PROOF. Result (i) is an immediate _consequence of (29), which follows
from the martingale characterization of F' [see (25)]. Result (ii) is immediate
from (28). [

THEOREM 2.5 (Geometric ergodicity). Suppose that ® is Vr-irreducible and
aperiodic. The following are equivalent:

(i) There exists a probability measure w and a V : X — [1, 0o such that P!
converges to 1 in the V -norm,

Pl 5> 1®m, t — o0.
(i1) There exists a small set C and € > 0 such that

sup Ex[exp(etc)] < o0.
xeC

(iii) Condition (V4) holds for some V : X — [1, oo].
If any of these conditions holds, then the set Sy defined in (20) is absorbing

and full for any function V satisfying (iii), and there exist constants by > 0,
By, B(, < oo and an invariant probability measure w on B such that

IP" —1®x|ly < Boe ™,  teT,
Ex[S; —tm(F)]— F(x)| < BY||F|lve ™,  FelL)

o XESy, teT.

PROOF. The discrete-time result is from [37], Theorem 15.0.1, and the
continuous-time version is the main result of [15]. O
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3. The generalized principal eigenvalue. As in the previous section, we
assume that @ is a geometrically ergodic Markov process. We fix throughout this
section a bounded (measurable) function F : X — R and a real number « € R, and
we define the semigroup {130’[ :t € T} by

(31) P!(x, A) = E,[exp(a@S)Ia(®(t))], €T,

where S; is defined as before by (1). In this section we consider the general
properties of this positive semigroup; we therefore suppress the dependency on «
and F and simply write {P } for {Pt reT}.

We say that an arbitrary positive kernel Pis probabilistic if P(x X) =1 for all
x € X. Similarly, a semigroup {P"} is called probabilistic if P! is probabilistic
for all 7. Clearly, the semigroup {P’'} = {P}} is, in general, nonprobabilistic.
The definitions of ¥ -irreducibility and aperiodicity carry over to nonprobabilistic
semigroups immediately. (Further extensions to kernels defined for complex
numbers « € C will be treated in Section 4.) Note that { P’} is irreducible al}\d
aperiodic as soon as {P’} is. We alﬁo define a family of resolvent kernels Ry
for & > 0 exactly as in (18), with P’ in place of P’. To ensure that these are
finite for all x € X and a suitable class of A € B, we usually consider 6’s in the
range 6 > |a||| F||oo (and as before, we write R= R1) With Rg replacing Ry, the
definitions of small functions, measures and sets carry over verbatim.

Finally, we define the generator Aofa general semigroup {P":t € T}: We write
Ag = h if
(32) Plg(x)=g(x) +/[0 )ﬁSh (x)ds, teT, xeX

N
The following resolvent equations will play a central role in a lot of what follows:
33) TF { (eeA— D(Ry — 1), discr'ete tirne',
O(Ry — 1), continuous time.

In continuous time, the resolvent equation can be used to establish the identity
(34) ZR" —n / exp(—(1—z~Y0r)B'dr,  zeC,
[0,00)

whenever the sum and integral converge absolutely. This is tremendously valuable
in consolidating continuous- and discrete-time theory.

Since the semigroup {P"}is Y-irreducible, the kernel Ry satisfies the following
minorization condition: There are s € 8, and v € M} such that

R\QZS@U.

(Note that, since the semigroup { p! 1 is derived from { P}, the above domination
condition is satisfied with s and v that are small with respect to {P’}.) Let
{x, :n > 1} denote the positive sequence defined by

kn = v(Rp)" s, n>1.
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This sequence is supermultiplicative,
Kntm = vﬁg_lk\gﬁg_ls
> v(Re)" (s @ V)(Re)" s
= KnKm,

so there exists some L(6) € (—o0, 0o] such that
1 ~ 1
—log(vRjs) = —log(ky+1) = L(0), n— oo.
n n

The constant

(35 ro :=exp(—L(0))

is called the convergence parameter for the kernel Ry [45]. 1t satisfies
o0, forallx e X, if r > ry,

(36) SR sl |~

b < 00, fora.e. x e X[y], if r <rg.

To move from the resolvent back to the original semigroup, we apply the
resolvent equations (33). These relationships establish the major part of the
following theorem.

THEOREM 3.1 (Generalized principal eigenvalue). Suppose ® is yr-irreduc-
ible and aperiodic. Then there is a A, € (0, o0] such that, for any s € :8;,":

(1)
N = 00, forall x e X, A < Ao,
/ AP s (x) dt
T < 00, fora.e. x e X[{], A > Ao;
(i1)
1 —~
; log(P's(x)) = Ao :=log(o) ae.x eX[Y], t = oo.

PROOF. Result (i) follows from Theorem 3.2 of [45] for discrete-time chains
and follows from (34) for the continuous-time case, where we may translate to the
discrete-time case using the resolvent Ry. Then with A9 =7, 1,

e + (1 — ey, discrete time,
(37) o= ~1 ) )
exp(6(1 — 24y ), continuous time.
The second part follows from an argument similar to that used in the proof of
Lemma 3.2 of [2]. [

We call the constant A, the generalized principal eigenvalue (g.p.e.) of the
semigroup { P’ :¢ € T}. This generalizes the corresponding definition of [47] and,
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as we will see in Theorem 3.3, A, does indeed play the role of an eigenvalue.
The interpretation of (ii) is the pinned multiplicative mean ergodic theorem (14)
discussed in the Introduction,

(38) ;log Exlexp(@S)Ic(® (1)1 — Aw), t — 00,

for a.e. x € X [¥]. This follows from taking s = ¢l¢ in (ii) with C small and ¢ > 0.
_Theorem 3.1 leaves open what happens in (36) when A = A,. The semigroup
{P!} is called:

1. Ao-transient if
/ AZTwP s dt < oo;
T
2. Ao-recurrent if
/ AZ'WP s dt = oo;
T
3. Ao-geometrically recurrent if the function

(o —2) / (wP's)z 7" dt
T
is analytic in a neighborhood of z = A..

In (1)-(3), (s,v) is any pair with s € CB;: and v € eM;,L. The particular small
function or small measure chosen is not important [45].

The construction of 4 in part (ii) of the following lemma is an extension of
the minimal harmonic function in [45], Proposition 3.13, where here we allow the
semigroup { P’} to possibly be transient.

LEMMA 3.2. (i) Suppose that (P':t € 7.4} has g.p.e. Ao < 00 and suppose
that the following minorization condition holds for some s € £;{ and v € M;r:
1’5 >sQv.

Then

0 —~~

ZA;’_lv(P —s®v)s<l1

t=0
with equality if and only if the semigroup is A,-recurrent.

(i) Ifin (i) we take {P":t € 7.} to be the probabilistic semigroup {P' :t € 7.,.},
then

h(x):=) (P —s®v)"s(x) <1,
0

Z(P —s®V)"Ps(x)=—s(x)+ (1 + v(s))h(x) <2 forall x e X.
0

In this case, if {P':t € Zy} is 1-recurrent, h(x) = 1 for a.e. x € X [¥].
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PROOF. Part (i) is Proposition 5.2 of [45]. The essence of this result is the
inversion formula

(39) [Iz—ﬁ]_l=[Iz—(ﬁ—s®v)]_1<l+1i/{s®v>,
where
k=v[Iz—(P—s® v)]_ls.
From (39) it may be seen that, for z > 0,
(40) k=1 if and only ifv[lz—ﬁ]_1s=oo.
The proof of (ii) is by induction. Define, for n > 0,
h, = 2":(}) —s®v)'s.
t=0
Forn =0, hg = s and s < 1 by assumption. If true for n, then
hpt1(x) = (P — s @ v)hy (x) +5(x)
< (P-5s®v)1x)+s)
=[P(x,X) —s(x)v(X)] + s(x)
=1,

where in the last equation we have again used the fact that s < 1. It follows that
h(x) =limh,(x) <1 for all x.
To see the second bound, write

(P—s®V)"Ps=(P—s@v)" s+ (P —5s®v)"[s ®v]s.

Summing over n gives the desired result. []

The reason we call the constant A, a generalized eigenvalue is clarified by the
next theorem, where it shown that if the semigroup { P’ : ¢t € T} is A,-recurrent, then

there is a function f : X — [0, 00) so that ( f , Ao) solve the eigenvalue problem
(41) Pf=2xf.

Equation (41) is an instance of the multiplicative Poisson equation. Conditions for
the existence of a solution to (41) based upon Lemma 3.2(i) are well known in the
discrete-time case. A candidate solution is given by

[e.e]
(42) f=Y"riRy(Ry —s @v)"s,
n=0

where (6,s,v) satisfy 8 > A, s € :B;,L, Ve :M;,L, Ry > s ® v and rg is the
convergence parameter defined in (35).
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THEOREM 3.3 (Existence of an eigenfunction f ). Suppose that ® is
Y-irreducible and that the g.p.e. Ao of the positive semigroup { P} is finite. Then
the function f given in (42) is finite a.e. [{] and the following statements are
valid:

) If {ﬁt :t € T} is Ao-recurrent, then f solves the multiplicative Poisson
equation

(43) Pf=xf  teT.

@) If {P':t € T} is ho-transient, then for any small function s € B}, there
exists § > 0 such that

(44) Pf=iof —6s.
Hence, in the \.-transient case there is a solution f to the pointwise inequality
(45) PT<hf

with f finite a.e. [] and where the inequality is strict whenever f(x) < 0.

(iii) The solution (42) is minimal and essentially unique: If f :X — (0, 00) is
any solution to the inequality (45), then there exists ¢ € Ry such that f(x) >
cf(x)for all x.

If{ﬁ’ :t € T} is Ao-recurrent, then we have f = cf a.e.[Y]and f(x) > cf(x)
forall x.

PROOF. These results are all based on Theorem 5.1 of [45] in the discrete-time
case.

If 6 > 0 is taken large enough, then the resolvent Ry satisfies vRys < oo for any
small s, v satisfying the domination condition Ry > s ® v. We then set

fo= iré’(ﬁe —s®v)"s,
n=0
where ry is the convergence parameter for Ry. We have
ro(Ro —s®v) fo = fo —s
and hence
(46) f=Rofo=ry"fo— s,

where 8o =71, T fg) > 0. This constant is strictly positive if and only if the
semigroup { ﬁg’} isry !_transient [see Lemma 3.2(1)].

Results (i)—(iii) then follow from the resolvent equation in discrete or continu-
ous time. [J
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4. Spectral gap and multiplicative mean ergodic theorems. The following
assumptions will be held throughout the remainder of this paper:

ASSUMPTION 1. The Markov process @ is geometrically ergodic with a
Lyapunov function V : X — [1, 0o) such that 7(V?) < o0.

ASSUMPTION 2. The (measurable) function F:X — [—1, 1] has zero mean
7 (F) = 0 and nontrivial asymptotic variance 02 :=1im, Var, {S, //t} > 0.

Note that the additional assumption 77 (V?) < oo can be made without any loss
of generality: (V4) implies (V3) with f = V as discussed above, which implies
that w(f) < oo ([37], Theorem 14.0.1). Moreover, Lemma 15.2.9 of [37] says
that (V4) also holds with respect to +/V (and some, possibly different, small
function s), so we can always take V in (V4) such that 7(V?) < o0.

Until Section 4.2 we specialize to the discrete-time case for the sake of clarity.

With V as in Assumptions 1 and 2, the spectrum § (13) C C of a bounded linear
operator P: LY. — LY is defined to be the set of nonzero A € C for which the
inverse (A — P) I does not exist as a bounded linear operator on LV

Recall that an arbitrary kernel P acts on functions (on the rlght hand side)
and on signed measures (on the left-hand side) as in (17). With that in mind, we
think of a kernel P as an operator acting on an appropriate function space. The
kernel P is a bounded linear operator on Lgo provided its V-norm |||1,5 llv is finite,
since this is precisely the induced operator norm. For an arbitrary linear operator
P: LV - LV we continue to define the norm |||P|||V as in (21). Also we re-
call that P acts on a suitable space of measures (on the left) as

vP(A) = v(P]IA), AeSsB.

For o € C the kernel P, defined in (31) yields an operator P,:LY, — LY.
acting via

(47) Pyg (x) = exp(aF (x)) Pg (x), xeX, gelLl.

Its spectrum is denoted 4, = 4 (ﬁa). The n-fold composition of the kernel ﬁa with
itself acts on LY, as

Plg (x) =E.[exp(@S,)g(®(n)], xeX, gell, n>1,

where {S,:n > 1} denote the partial sums (2). Letting MY denote the space
of signed and possibly complex-valued measures p satisfying |u|(V) < oo, we
obtain analogously

,uj’:f (A) = / Ex[exp(aS,)I(P(n) € A)|u(dx), Ae B, ne eMY, n>1.

In this section we identify a region €2 C C such that, for geometrlcally Markov
chains, eigenfunctions fa € LV and (positive) eigenmeasures [iy € Ml exist
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for Py, corresponding to a given eigenvalue A, € 8, and o € Q2. Suppose that
such fy, [ are found and assume that they are normalized so that

(48) o (far) = f1a(X) = 1.
We then let O, : LY, — LY. denote the operator Oy = fy ® jla.

Qag (x) = lia(g)fva(x), g€ Lgo, xeX.

Note that Qa is a projection operator, that is, Qg = Qa.

The main results of this section are summarized in the following two theorems.
In particular, the multiplicative mean ergodic theorem given in (50) will play a
central role in the proofs of all the subsequent probabilistic limit theorems.

THEOREM 4.1 (Multiplicative mean ergodic theorem). Assume that the
Markov chain ® and the functional F satisfy Assumptions 1 and 2. With § and
b as in (V4), define

(49) 7= (;b__13>5 0.

Then there exists @ > 0 such that, for any o in the compact set

Q={ao=a+iweC:la|l <a, and || < ®},
there is an eigenvalue L, € 8, which is maximal and isolated, that is,
|Ao| =max{|A]: A € 8} and 8, N {23 1z] = [Aal — 80} = {Aqa}

for some 8o > 0. 5
Moreover, for any such a, there exist fy € LXO and [y € MY , satisfying (48),
and the following statements are valid:

(1) The functions fa solve the multiplicative Poisson equation
Pofoy=lafa
and the [14 are eigenmeasures for the kernels Py:
flaPo = hafla-

(i) There exist constants by > 0 and By < oo such that for all « € 2, x € X,
n>1,

(50) |Ex[exp(eS, —nA@)] — fu(x)| < Bola|V (x) exp(=bon),

where A(a) :=1log()\y) is analytic on 2 and S, are the partial sums defined in (2).
More generally, for any g € L(‘)/o,

|Ex[exp(aS, —nA(@)g(®())]—0ug (x)| < Bollgllv V (x) exp(—bon).
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PROOF. The existence of an isolated, maximal eigenvalue A, is given in
Proposition 4.12. It is nonzero for « = a € [—a, a] by Proposition 4.3, and since it
is analytic in « (by Proposition 4.12), we can pick @ > 0 small enough such that
Ay 18 NONZero on 2.

The existence of an eigenfunction and an eigenmeasure as in (i) follows from
Proposition 4.12 combined with Proposition 4.8. To see that a > O note that,
under (V4),

(51) a(V)y=a(PV) <1 —-38)a(V)+bn(s).
Hence, b > én (V) /m(s) > 6.
To prove the limit theorems in (ii), consider the linear operator
15 A -l
Uy =12 = (' Pu = Q)]
From Proposition 4.8 we can find gy > 0 such that U ; ) is an analytic function of
two variables (z, @) = (z, a + iw) on the domain
D ={lz| >1—¢p, lal <a+ e, |w| <@+ €o}.

We may also assume that gy > 0 is suitably small so that, for some b < oo, we
have (U ollv < b forall (z,a) € D.

Set bg = —log(1 — gg9) > 0. The following bound then holds for all (z, ) € D,
ge LY, x eXandn > 1 by representing U(; o) as a power series and using the
fact that Qg is a projection operator:

_ 27
bV(x) > ‘/(; eXp(i(n + 1)¢)U(exp(—bo+in¢),a)g(x) d¢

= exp((n + Dbo)| (g Py — 0a)"g (x))|
= exp((n + Dbo) |2, P g (x) — Qag ().
This gives the second bound in (ii). The first one follows from the second since,
whenao =0and g =1,
he" Peg(x) — Qag(x)| =0
foralln>1, xeX. O

Next we give a weaker multiplicative mean ergodic theorem for all o =a + iw
in a neighborhood of the iw axis. A function F': X — R is called lattice if there are

h>0and 0 <d < h, such that
F(x)—d
(52) % is an integer, x eX.

The minimal 4 for which (52) holds is called the span of F. If the function F can
be written as a sum,

F=Fy+ Fy,
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where Fy is lattice with span & and Fy has zero asymptotic variance [recall (28)],
then F is called almost-lattice (and h is its span). Otherwise, F is called strongly
nonlattice.

Although these definitions are somewhat different from the ones commonly
used when studying the partial sums of independent random variables, in the
Markov case they lead to the natural analog of the classical lattice/nonlattice
dichotomy. This dichotomy, which is close in spirit to the discussion in [50], is
stated in Theorem 4.13.

THEOREM 4.2 (Bounds around the iw axis). Assume that the Markov chain ®
and the functional F satisfy Assumptions 1 and 2.

(NL) Suppose that F is strongly nonlattice. For any 0 < wy < w1 < 00, there
exist bg > 0 and By < oo ( possibly different than in Theorem 4.1) such that

(53)  |Ex[exp(aS, —nA(a))]| < BoV (x)exp(—bon), xeX, n>1,

foralla =a+iw with |a| <a and wy < |w| < w1.

(L) Suppose that F is almost-lattice with span h > 0. For any € > 0, there
exist bg > 0 and By < oo (possibly different than above and in Theorem 4.1) such
that (53) holds for all o = a + iw with |a| <a and € < |w| <2m/h — €.

PROOF. By Theorem 4.13 we have the bound éa < éa = M, for the range of
a € C considered in the theorem. This implies that there is an &y > 0 and b; < 00
such that

{7z = e ] lly <1

for all |z|] > 1 — ¢; and all ¢ in this range. An argument similar to the proof of
Theorem 4.1(ii) then gives the desired bounds. [J

4.1. Spectral radius and spectral gap. Recalling our standing assumptions,
Assumptions 1 and 2, we fix the Lyapunov function V :X — [1, co) throughout
this section.

For complex « we wish to construct A(x) € C satisfying the multiplicative
mean ergodic limit,

1
Alx) = nll)rrgo p log Ex [exp(a@Sy)], x eX.
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This requires a generalization of the notion of the g.p.e. in Section 3. The
previous definition is meaningless when o ¢ R, since the definition of a small
set depends on the linear ordering of R.

Spectral radius. For a bounded linear operator P:LY, — LY, we define the
spectral radius of P by

£ 15 pn I/n _ : l pn
(54) .= lim (1P"1v)"" =exp( fim ~loglIP"llv ).

Note that in the above definition P is not assumed to be a positive operator and
it is possibly complex-valued. Since || - ||y is an operator norm, the sequence
{log (|l pr llv):n > 1} is subadditive [48]. Therefore § always exists, although it
may be infinite.

We let éa denote the spectral radius of the operator P, defined in (47). When
a = a is real, from the definitions we have that &, > A4, where A is the g.p.e. of
the positive kernel P,. One of the main goals of this section is to show that the
spectral radius £, coincides with Ay for real « in a neighborhood of o = 0. We
first establish upper and lower bounds:

PROPOSITION 4.3. Under Assumptions 1 and 2, the spectral radius éa of P,
is finite and
Eu < (b+ De!
forallo =a +iw € C. Moreover, for o =a € R,

A~

E,>e 9 >0.

PROOF. The function s in (V4) is necessarily bounded by 1. Consequently,
under (V4) we have forany g € LY, and e =a +iw € C,

|Pyg (x)| < eglly PV <eglly (1 +b)V.

This implies that || ﬁa llv < ell(1+b). The operator norm || - ||y is submultiplica-
tive,

122l < WPy, < e (1 +b)",  n=1,
giving the upper bound.

When « = a is real, for any g € LXO, g >0, we have
Pllg (x) = e P"g(x).

It follows immediately that §a > §0e_a =e 4 [
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Spectral gap and V -uniform operators. Recall the following classical result
from [48], page 421:

THEOREM 4.4 (Decomposition theorem).  Let P: LY, — LY. be a bounded
linear operator and suppose that zg € 4 (P) is isolated, that is for some &g > 0,

S(P)N D = {z0} where D = {z € C:|z — zo| < &o}.

Then, the bounded operator on L XO is well defined,

~ 1 ~
O0=—1| [Iz- P] "dz,
27i Jop

and moreover:

) Q LV — LV lsapm]ectlon operator, that is, Q2 Q,
(i) PO = 0P =100 ~
(iii) J(Q) = {1} and S(P — z00)N D =a.

We say that zg € 4§ (P) is a pole of finite multzplzczty if zg is an isolated point in
$(P) and the associated projection operator QO can be expressed as a finite linear
combination of some {s;} C Lgo and {v;} C MV.

n—1
(55) 0= > mijlsi®v;l.

i,j=0
In particular, we call zg a pole of multiplicity 1 if (55) holds for n = 1 and also
there exists gy > 0 such that

8(P —200) C{z:z| <& — &0},

where £ is the spectral radius of P.

We say that P admits a spectral gap if there exists &g > 0 such that S$(P)N
{z:]z| = E — g} 1s finite and contams only poles of finite multiplicity.

Furthermore, we say that Pis V-uniform if it admits a spectral gap and also
there exists a unique pole A, € 4§ (P) of multiplicity 1, satisfying |A.| = 5 In that
case, A, is called the generalized principal eigenvalue, generalizing the previous
definition. In particular, if ﬁa is V-uniform for some « € C, then we write A, for
its associated g.p.e.

Much of the development of this section, is based on properties of rank-one
operators of the form M= 50 ® vg for some s¢ € L XO and vy € M Y . The associated
potential operator is defined as

(56) O.=[Iz—(P-M]"", zeC,

whenever the inverse exists. The potential operator is used to construct eigenfunc-
tions and eigenmeasures for a V -uniform operator:
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PROPOSITION 4.5. Suppose that Pis V -uniform with g.p.e. A, and suppose
that the associated so and vg in (55) are chosen so that the potential operator U -
in (56) is bounded for z in a neighborhood of |z| > |Ao|. Then, setting f = ﬁxoso
and L = Voﬁxo, we have f €LY and i € MY,

Pf=xf and RP=2Aof.

PROOF. From V-uniformity we know that there exists &g > 0 such that the
inverse [Iz — P 17! exists and is bounded as a linear operator on Lgo for all
|z| > & — &0, z # Ao. Moreover, for such z we may apply the inversion formula (39)
to obtain the identity

(ﬁzSO) ® (Voﬁz)

57 Iz— P '=U, + A
(57) e =PI = 0+ =2

Since 2, € 5(13) and A, ¢ )S(I’5 — 50 ® vp), it follows from this equation that
voUj,s0=1. R
Applying [1z — P] to (57) on the left and s¢ on the right then gives

D177 — (U,s0)(voU,s
so= Iz — Pl0,so + 1z — P U250 (0Uzs0)
1_U0UZS0

Multiplying both sides by (1 — voU.s0) and then setting z = A, gives 0 =[IA, —

-~

P]U,_so, which shows that f is an eigenfunction.
The proof that [t is an eigenmeasure is completely analogous and follows by
applying [/z — P] to (57) on the right-hand side and vg on the left-hand side. []

The following proposition provides useful characterizations of V -uniformity.
PROPOSITION 4.6.  The following are equivalent for an operator P with finite

spectral radius &:

@) P is V -uniform. A
(ii) There exists A € C satisfying |A| =&, and g9 > 0, 5o € LXO and vy € MY
satisfying
sup{|z — Alll/z — Plly :|z] = & — &0} < 00

and _ A
sup{llU.llv : 1z| = & — &0} < o0,

where U . 1s the potential operator defined lAI’l (56) vvvith M= S0 ® vg.
(iii) There exists X € C satisfying |A\| =&, and f € Lgo and 1 € MY such that

k‘”ﬁ”—)f@ﬁ, n— oo,

where the convergence is in the V -norm.
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PROOF. If (i) holds, then the matrix-inversion formula (39) gives
- v o ~_ Ao
[Iz—P+rf@ul '=[Iz— P! mf@’li-

The left-hand side is bounded for |z| > é — go under (i). Hence we may set f =50
and [t = vy to obtain (ii).

The implication (ii) = (i) also follows from the matrix inversion formula (39)
since (57) then holds for all |z] > & — g0, z Z ). This implies the limit

(Uzs0) ® (voUs)
voﬁfso

(58) 0:= lim (z — M)[/z — P! =

and (i) holds with this Q, and A, = A.
The equivalence of (i) and (iii) follows exactly as in Theorem 4.1(1i). U

For a probabilistic kernel P, the following proposition says that V -uniformity
implies that the chain with transition kernel P is geometrically ergodic. The
converse is also true; see Proposition 4.10.

COROLLARY 4.7. Ifﬁ is a V-uniform, probabilistic kernel, then the Markov
chain with transition kernel P is geometrically ergodic.

PROOF. Since P is probabilistic, applying the limit result of Proposi-
tion 4.6(iii) to the constant function 1 implies that > = 1 and that f is constant. By
rescaling we can take f =1 and & to be a probability measure. From Theorem 2.5
it the follows that P is geometrically ergodic. [J

Proposition 4.5 applied to the family of kernels (P} gives the following:

PROPOSITION 4.8.  Suppose that Pao is V-uniform for a given ag € C. Then
there exists eo > 0 such that Pa is V-uniform (with associated g-p-e. Ao for
all @ € C, o — ap| < &9. Moreover, for each such o there exist fa € Lgo nd
oy € M Y such that:

@) fa solves the multiplicative Poisson equation, ﬁa fa =y fa;
(il) fiy is an eigenmeasure for Py, [y Py = hgfla; 5
(iii) the g.p.e. Aq is an analytic function of o and so is fy(x) for any fixed
x eX.

PROOF. The existence of elgenvectors in (1) and (ii) is 1mmed1ate from
Proposmon 4.5 when o = «g. Define U = Uza by (56) with P = Pa, and
M = 50 ® vg:

(59) Oew:=[Iz— (Py —s0®@v0)] "



332 1. KONTOYIANNIS AND S. P. MEYN

From V -uniformity we know that M can be chosen so that ﬁz,ao is a bounded
linear operator for z in a neighborhood of 44,. Since ﬁa is continuous in V-norm,
it then follows that ﬁz,a is a bounded linear operator for (z, &) in a neighborhood
O of (Ay,, ap). This combined with Proposition 4.5 proves (i) and (ii).

Write (z, ) = vo(ﬁz,aso), z€C,ua € 0, so that

FOa, ) =1,

9 . .
PR . =w(U2 )50 = fla(fo) #0,  a€O,
I=Ay

where fa and fi, are the eigenfunction and the eigenmeasure given in Propo-
sition 4.5. We conclude that A, is an analytic function by the implicit function
theorem.

The proof that fa (x) is analytic in « for x € Sy = X follows from the expansion

0
(60) Ja=Uy, a5 = Z A" (Py — 50 ® v0)"s0.
n=0

This expression for fa converges uniformly for « € O and for each n, the finite
sum is analytic, which completes the proof of (iii). U

The eigenfunction (60) will not in general satisfy the required normaliza-
tion (48). The following eigenfunction and eigenmeasure do satisfy this condition,
and are the unique solutions:

. Uoﬁxa, x ﬁxa, S0
(61) [La_iaEMY, fa:v/\ia
MaU)\a,aSO

= eL)
l)OU)W,(,\tl

[o. ok

Given such fa and A, for some real a, we define the twisted kernel P, by
Pa(x,dy) =27 fi7 () Pa(x, dy) fu(y)

[cf. (11) in the Introduction] and we let Va =V/ fa (As we will see below,
fa is bounded away from zero for real a in the range of interest.) The
following proposition describes the relationship between the transition kernels, the
eigenfunctions and the eigenmeasures (P,, fa g :a € R}.

PROPOSITION 4.9. Suppose that ﬁao is V-uniform for a given real ay. Then
there is an open set O C R containing ag such that, for all a € O, with fa and i,
given in (61) and with P, equal to the associated twisted kernel, we have:

(1) The operator 15a is va—uniform;
(ii) %A(a) = %log()»a) = 77,(F), where 7, is the invariant probability
measure for };a;
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(ii1) Fa =1 log( fa) is a solution to the Poisson equation,
(62) P F,=F, — F 4+ m,(F).

For a =0, this is the unique solution satisfying 7(F) =
(V) g fa € L%, dfta € M.
(V) F LH—log(Va)

PROOF. The existence of O follows from Proposition 4.8, and from its proof
we know that |||ﬁxa,a|||v < oo when a € O, where ﬁz,a is given in (59).

The linear operators P, and P, are related by the scaling A, and a similarity
transformation,

Po=2; 1(1 )~ 1PIf,

where I, for an arbitrary function g, denotes the kernel /g (x, ) := g(x)d, ().
Hence ﬁa is V-uniform if and only if 15a is (IfT_lV)—uniform. Result (i)
immediately follows.

Consider the unnormalized eigenfunction given in (60). Differentiating the
expression fa =U 10.a50 and applying the quotient rule gives

fr= %ma — Py 450 ® vol 'so

(63) = —Us,allhy = Ir Pl U, a0
= Ul Oy = %aF) ful = 2aUsyal 1 [F = A (@)].
The right-hand side of (63) lies in LY, since F € Loo, fy € LY, and Uy, 4:
LY — LY is a bounded linear operator. This proves the first bound in (iv) since
the two versions of f, are related by a smooth normalization. The proof that
% a € MY is identical.
Differentiating both sides of the eigenfunction equation gives
F}\afa + i)\a]i: = )‘;fa +)\af;:-

Dividing this identity by A, fa shows that (62) does indeed hold. To conclude
that 77,(F) = A’(a) we will show that 7,(|F,|) < 0o. The invariant probability
measure 77, may be expressed as

g =kattal fa?
where k, is a normalizing constant. Hence,

fa

~

na<F>—na( )=ka;2a<|ﬂ:|><oo.

a
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Finiteness follows from (iv) and the fact that the eigenmeasure fi, lies in MY . This
proves (ii) and the identity in (iii).

To complete the proof of (iii) we must show that n(fo) = 0. This follows from
the normalization (48) (assumed to hold for all @) which implies the limits

fa—>1, g —> T, a—0.

To prove (v) we obtain an alternative expression for Fa. We again consider the
unnormalized eigenfunction (60). Observe that a fundamental kernel is derived
from U, , through a scaling and a similarity transformation

Zo= xalglﬁxa,alﬂ =[I — Py +54®va]"!
with s, = Aa_lfa_lso and v, = volfa. We have P,Z,G = Z,G — G whenever

m,(G) =0.
Using (63) then gives

Fu="3=7,(F = N()) = Z4(F — 7,(F)).

It again follows that F, solves the Poisson equation: It is the unique solution in LY,
with v, (F,) = 0.

The desired bound on F, is obtained as follows. Using Jensen’s inequality we
know that \70, = log(V/fa) = log(Va) solves a version of (V3),

ﬁaVa < Va—e-l—bs,

where ¢ > 0 and b is a finite constant. Using the bound fa el Xo it follows directly
that the function V, is uniformly bounded below. The bound on F, then follows
from [23], Theorem 2.3. [

PROPOSITION 4.10.  Suppose that Assumptions 1 and 2 hold. Take P = Rand
define the potential operator U, as in (56) with M = s @ v. Then By :=||U1]||ly <
268~ and

WOy <Bi(1—1z—1B)~",  |z—1<B" zeC.
Hence both R and P are V -uniform.

PROOF. Under (V4) we have, by (18),
(e—1D)((R—I1)V=R(P—-1)V<—8RV +bRs.

Rearranging terms then gives

) 1
R-NHNV<———|)V+bl—)Rs,
( V= (e—1+8> + (e—1+8> S
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which we write as
(R—s®v)V<V-§V—-—v(V)s+bRs,

where §; =8(e — 1 +8) ' and by =b(e — 1 +68)7\.
Iterating gives, for all n > 1,

n—1 n—1
(R—s@v)'V=V-58Y (R-—s®V)'V+> (R—s®v) (b1Rs — v(V)s).
i=0 i=0

Letting n — oo and applying Lemma 3.2(ii) yields
81UV <V —v(V)42by <2b1V
or [|Usllv < 2b1 /81 =2b/8.
To obtain a bound for z ~ 1 write
O =[Iz-D+U-R-s@wl] " =[0ic-1+1]""0.

Provided ||Ujlly|z — 1| < 1, we can write U, = ¥_,,(1 — 2)"U!"™! and ||U, Iy <
Bi/l1—|z—1|B1]. O

PROPOSITION 4.11.  Suppose that Assumptions 1 and 2 hold, let a € R satisfy
lal <|log(l — 8)| and suppose that there exists g : X — (0, 00), satisfying g € Lgo
and ﬁag <XAq&. Then P, is V -uniform.

PROOF. The conditions of the proposition imply that there exists b; < oo such
that
P,V <el(1—8)V +elvlbs <V + bys.
From the resolvent equation (18) we then have, for some b, < oo,
RoV <V +byRys,

where ﬁg is the resolvent kernel defined through 13a

We also have Aa) >0 for all @ # 0 under Assumptions 1 and 2 and hence
the g.p.e. yp for Ry is also strictly greater than 1 when 6 > |a| > 0 [see (37)].
Choosing sg € CB;: and vy € M; so that Ry > so ® vg, we find that

Vo '(Rg —so @)V <V — eV + by Ryso,

where ¢ =1 — ye_l > (. Exactly as in the proof of Proposition 4.10 we conclude
that

8(7y9 V< bzﬁyg E@So < 2b2l7ygsO,

where U, = Y. 27"~ (Ry — 50 ® vo)".
From Theorem 3.3(iii) and the conditions of the proposition we know that
f Uygso satisfies f < cg for some constant ¢ and hence f € LV It follows

that |||Uy9 llv < oo, from which V -uniformity of Rg, and hence of Pa, immediately
follow. [
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PROPOSITION 4.12. Suppose that Assumptions 1 and 2 hold. Then there
exists g9 > 0, b < oo such that:

() SoN{zeC:lzl =1 —eo}={1}
(i) [[[/z— (P =1@m)] Iy <b when |z| > 1 — e;
(iii) Py is V-uniform for all « = a + iw € C satisfying

e—1
lw| <&y and Ialfﬁzz( )8;
2b—34
moreover, the associated g.p.e. Ay is an analytic function of « in this range, and
so is the corresponding eigenfunction fo(x) (for each fixed x € X);
(iv) the eigenfunctions f, are (uniformly) bounded from below when a is real.:
inf fa(x) >0, x eX.

—a<a<a

PROOF. Results (i) and (ii) follow immediately from Proposition 4.10. To
prove (iii) we must establish an appropriate range of real a for which P, is
V -uniform. From Proposition 4.10 we know that P = Py is V-uniform.

For any function G € L, set gg = exp(Go) and consider the kernel Iy R,
where, as before, Iy, denotes the kernel I,,(x, -) := go(x)dx(-). We assume that
the convergence parameter for this kernel is equal to 1. It then follows from
Proposition 4.10 that the function

o0

G0 = [Igy(R — s @0)] Igys
k=0

lies in Lgo provided || go ||go1 >1— Bl_1 and itis clear that Ig R is in fact V -uniform
in this case. Applying Lemma 3.2(i) we know that v(g,) = 1.
The function g, solves the eigenfunction equation

[lo(R—s®V)]& =8 — Igys = R& = g()_lév'r'
Setting ¢ = Rg, = 8r8o ! and applying the resolvent equation (18) then gives
(P=Dg=P —DRgr=(—DR—-Dg =(e—1)g — (e —1)g08g.

Hence ¢ is the solution to the multiplicative Poisson equation for the function
G =log(g) := —log(e — (e — 1)gp). The map go > g is one to one.

We have already remarked that g, € L Xo provided || go ||go1 >1— Bl_l, and hence
gelL XO whenever go satisfies this bound. If B; < e, then this constraint is trivially
satisfied. For B; > e, equivalently the function g must satisfy

1 _Bl—l

64 - = :
9 lel Se—(e-DA-B ) B¢




GEOMETRICALLY ERGODIC MARKOV PROCESSES 337

From the inequality log(1 + x) < x, x # 0, we obtain

B —1 —1 —1 —1
o( =) =re(1 - 5=5) = (520) = (55 )2
By —e B —1 B —1 2b—§

where the last inequality uses the bound B; < 2b/6.

This gives the sufficient condition |G ||oc < a. Proposition 4.11 implies that I, P
is V-uniform and ¢ € LY, when this uniform bound holds.

The function G falls outside of the class of functions F satisfying Assump-
tions 1 and 2, since A(a) > 0 for all @ ## 0 when 7 (F) = 0, and we have already
noted that the spectral radius £(g) of I, P is equal to 1. However, given any a, the
function G = aF — A(a) satisfies £(g) =1 and G(x) < |a| — A(a) < |a|, x € X,
so that the normalized function satisfies (64) when |a| < @. This transformation
immediately gives the desired conclusion in (iii).

To see (iv), take any A satisfying A > max(Az, A_z) and set

=~ i ——n—1 35y
Ga=) L P
0

By irreducibility we can find sg : X — (0, 1) and a probability distribution vy on 8
satisfying the uniform bound,

Ga(x, A) > Ro(x, A) = 50(x)10(A),  x€X, A€ B, acl—a,al,

where 0 =@ + log(X). We may assume that vy is equivalent to the irreducibility
measure .
It follows that for all a € [—a, @] and all x,

O = 2a) " fa(x) = Ga fa (x) = s0(x)v0(fa) > 0.

By continuity of ﬁ, we obtain the desired uniform bound. [

We now develop the consequences of the lattice condition. Our main conclusion
is contained in Theorem 4.13: The function F is almost-lattice if and only if the
spectral radius §iw attains its upper bound (i.e., §iw = 1) for some w > 0.

Some of the spectral theory for complex « is most easily developed in a Hilbert
space setting. Define L, := {f : X — C such that ||f||% =7(|f]?) < oo} with the
natural associated inner product (h, g) = w(h*g), h, g € L,. We note that V € L,
under our standing assumptions, Assumptions 1 and 2. For any n, the induced

operator norm of ﬁ;‘ : Ly — L> may be expressed as
1Py gl
lgll2
= sup{|Ex[A*(®(0)) exp(aS,)g(®m)]|: Ikll2 < 1, llgl2 < 1}.
We let y, denote the Lj-spectral radius,

Il P ll2 = sup

T pnyl/n
o= lim PRI
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When o« = iw, the linear operators {131.’6’0} are contractions on L,, so that
);iw =< 1.

Theorem 4.13 provides several characterizations of the almost-lattice condition.
It is analogous to the variance characterization given in Proposition 2.4.

THEOREM 4.13 (Characterization of the lattice condition). The following are
equivalent under Assumptions 1 and 2 for any given v > 0, —a <a <a:
1) &iw=1,
(ii) )fiw =1; R
(i11) Eatio =&a;
(iv) there exists a bounded function © : X — [0, 27) and dy > 0 such that for
a.e.x € X [y],

exp(z’a) /[ |, (F@) =) ds)
=exp(iQ(P (1) —iO(P(0))) a.s. [Pxl;

(65)

(v) F is an almost-lattice function whose span is an integer multiple of 21 /.

PROOF. We first note that by Proposition 2.4 the existence of ®, w and dj
satisfying (iv) is equivalent to the almost-lattice condition (v). To prove the
proposition it remains to show that (i)—(iv) are equivalent.

The implications (iv) = (i), (ii), (iii) are obvious since, under (iv), we have for
alln > 1,

P (x, ) =expindo) ;o Pl (x, ;g forae x €X [yl

We now establish implication (i) = (ii). We first note that if éiw =1 then, from
the fact that the V-norm is submultiplicative (as it is an operator norm), we must
have || P/} lv > 1 for all n. Note also that for any g € LXO,

[P g (x)] = |Ex[exp(@Sn)Eam)[ exp(@Sm)g (P m))]]|
< Ex[|Eom[exp(eS,)g(®(m))]|]

< / I, [exp(aSm)g (@ (m))]| 7w (dy)
+ O(V (x) exp(—bon)), n,m>1, x €X,

where by > 0 exists by V-uniformity of P. This implies the bound

2
lim inf(sup{|Ex [ ((0)) exp(S)g (P (m))]|: 1[I0 < 1. lIgllv < 1}).

i
m

1
(66)

=

We have already remarked that ﬁa is a contraction on L. It follows that either
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l P\O’Z [l — O geometrically fast or || ﬁéf [l =1 for all n. We may conclude the latter
using (66), and this establishes the implication (i) = (ii).

We now show that (ii) implies (iv). The supremum in the definition of || EZ)|||2
is attained since 9, = 1. To see this, construct for any N > 1 functions 4 and gV
with L,-norm equal to 1 with

12 1RVl Piyg™ o = (0", Pre™) = 1Pl — 1/N =1—1/N.
Part of the construction ensures that the inner product above is real-valued. These

bounds imply that ||2Y — P ¢V ||, — 0, N — oo, which is equivalently expressed
as

Ex[|(h" (®(0)))" exp(iwS,)g" (®(n)) —1]] -0, N — oo

It then follows that exp(iwS,) € o (®(0), ®(n)) and that there exist h,, g, € L2
such that

67) h(®(0)) exp(iwSy)gn (P (n)) =1 a.s. [Px].

We may assume without loss of generality that |g,(x)| = |h,(x)| = 1 for all x
since | exp(iwS,)| = 1.

Note that (67) is almost the desired conclusion (iv). In particular, on dividing
the expressions for #n and (n 4 1) we obtain the suggestive identity

hn+1(<1>(0)))< gn(P(n)) )
ha(®(0) /\gns1(@(n+1)))/

To establish (iv) we show that {g,,h,} may be chosen as follows: {g,} is
independent of n, with common value g € L, and we may construct 8y € R such
that h,, = ¢'f0" g for all n. The required function ® in (iii) can then be taken as a
version of —log(g).

Applying (67) and appealing to stationarity, we conclude that for any n, m > 1,

Byt (®(0)) exp(i @ Spm)&ntm (P (n +m)) =1 a.s. [P;]

> 0.

68)  exp(ioF(P(n))) = (

and
n+m—1

h;@(n))exp{(iw > F(dD(k)))gm(CD(n+m))}

k=n
=0"[h},(®(0)) exp(iwSy)gm (P (m))]
=1 a.s. [Pr],

where ©" denotes the n-fold shift operator on the sample space.
Combining (67) with these two identities then gives

By s (@ (0)) 1 (P(0)) g5 (P (1)) 1y (P (1)) g (P (12 + 1)) 8o (P (n + m)) = 1.
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On taking conditional expectations with respect to ®(0) = x we see that for a.e.
x e X [y],

By o ()R (X)
= Ex [0 (@)1, (1)) g (P (1 +m)) gir 1 (P (1 + )]
+ O(V (x) exp(—bon))
=1 (gnhp )T (8m&nim) + O(V (x) exp(—bon) + exp(—bom)), n,m>1.

Since |g, (x)| = |h,(x)| = 1 for all x we conclude from Jensen’s inequality that for
alln, k> 1,

&n Ok () = (g hntk) + €1(x),
by Oy (x) =7 (hyy hy) + €2(x),

where |€1(x)| + |e2(x)| = O(V (x) exp(—bgn)). This, combined with (68), shows
that the desired expression can be obtained as an approximation: For any € > 0 we
can find a function ® [of the form —log(g,) for large n] and 6y € R such that for
ae. P0)=xeX,

lexp(ioF (®(0))) — exp(i (6p + O (P (1)) — O(D(0))))| < eV (x) a.s. [Py].

This easily gives (iv).

Finally we show that (iii) implies (iv). Observe first that we have already
established the equivalence of (i) and (iv). Moreover, (iii) is equivalent to
the statement (i) for the transition kernel P,, from which we deduce the
implication (iii) = property (iv) for the Markov chain with transition law P,. This
is equivalent to (iv) for the original Markov chain. [

4.2. Continuous time. We now translate the definitions and results of the
previous section to the continuous-time case. Suppose that {Pt teRy}is a
semigroup of operators on LY with generator A and with finite spectral radius
given by

1
§:= lim IP"|Iy/".

[Note that the definition of the generator of a positive semigroup given in (32)
immediately generalizes to general (not necessarily positive) semigroups.]

Consider the eigenvector equation Ah = Ah. The functions i we consider will
always be of the form h = ﬁgho, usually with hg > 0, where ﬁg is defined as
in (18). When all the integrals are well defined we have the resolvent equation (33),
so that

Ah = 0(Ry — Dhy.
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This identity allows us to lift all of the previous results to the continuous-time
setting. In particular, under (V4), Fatou’s lemma implies that the resolvent R = R
satisfies

RV <(1—681)V +DbiRs

with 81 =8(1 + 8)~! and by = b(1 4+ 8)~'. It then follows as in the discrete time
case that

I —R+s®v] vy <2b1/8.

Recall the definition of the semigroup {ﬁO’l :t € Ry} from (31), where we now
allow « to be possibly complex. The next lemma offers an expression for the
generator of this semigroup, analogous to the classical Feynman—Kac formula for
diffusions. The result is easy to check via the martingale representation (22).

_LEMMA 4.14 (Feynman—Kac formula). The generator e of the semigroup
{PL:r € Ry} satisfies

(69) Ay = A+ aF,

where A is the generator of { P'}.

Although none of the generators we consider is a linear operator on LY, we
may still deﬁne the spectrum of .A 5(.}4») C C, as the set of z € C such that the
inverse [[z — A] I does not exist as a bounded linear operator. However, we relax
the definition by restricting the function space on which the inverse is defined: We
sayze 4 (.fi) if and only if [/, — .fi]_l does not exist as a bounded linear operator
on the range of the resolvent {Rg:g € LY }. We have the generalized resolvent
equation

z[lz—g@]_l =§Z=/ ze‘”ﬁtdt, ze€C,
[0,00)

where the 1ntegral converges in norm for z ¢ & () such that le?| = é The
generator A is called V-uniform if it admits a spectral gap and there is a unique
pole A, € 8(A) of multiplicity 1, satisfying |Ao| = exp(Ao) =£.

PROPOSITION 4.15. If{ﬁt :t € Ry} has finite spectral radius é, then:

(1) The following statements are equivalent:

(@) The generator A has eigenvalue A, € C and associated eigenfunction
feLl.

(b) For 6 > E, the resolvent ﬁg has eigenvalue Ay = 0~ 1A, — 1 and
eigenfunction f .

(ii) The following statements are equivalent:
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(a) egg is V-uniform.
(b) Ry is V-uniform.

The proof of Proposition 4.15 is obvious from (34).
Using these identities, the following results may be proved as in Theorems 4.1
and 4.2. The definition of @ is given in (49).

THEOREM 4.16 (Multiplicative mean ergodic theorem). Suppose that the
Markov process ® = {®(t):t € Ry} and the functional F satisfy Assumptions 1
and 2, and write a = (zeh;_ls) as before. Then there exists w > 0 and 8y > 0 such
that for any o« = a + iw € C with |a| <a and || < @, there exists A(a) € 4,
which is maximal and isolated.

Re (A(a)) = max{Re (A): A € 8y} and
84N {z:Re (z) <Re (A@)) — 8o} = A(a).

Moreover, for any such o, there exist fa € Lgo and [y € MY, satisfying (48),
and the following statements hold:

(i) Forallx eX,Ae Bandt e Ry,
Py fa(00) = 3 fa (),
fio Py (A) = M [l (A).
The function fa is also an eigenfunction for ey
Ao fa = A@) fa-
(ii) There exist by > 0 and By < 0o such that for all x € X, t > 0,
[Ex[exp(as: —1A(@)g(®(1))]-0ag(x)| < Bollgllve ™"V (x),
E.[exp(aS; — 1A (@)] — fou(x)| < Bolale 0"V (x).
THEOREM 4.17 (Bounds around the iw axis). Assume that the Markov
process ® = {®(t) :t € Ry} and the functional F satisfy Assumptions 1 and 2.

(NL) Suppose that F is strongly nonlattice. For any 0 < wy < w| < 00, there
exist bg > 0 and By < oo ( possibly different than above) such that

(70)  |Ex[exp(aS; — A (a))]| < BoV (x)exp(—bot), xeX, t>0,
foralla =a+iw with |a| <a and wy < |o| < wy.

(L) Suppose that F is almost-lattice with span h > 0. For any € > 0, there
exist by > 0 and By < oo (possibly different than above) such that (70) holds for
alla =a+iowith |al| <aande < |w| <2m/h — €.
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5. Edgeworth expansions for the CLT. Here we show how the multiplicative
mean ergodic theorems of the previous section can be used to obtain Edgeworth
expansions for the central limit theorem (CLT) satisfied by the partial sums of a
geometrically ergodic Markov chain; see, for example, [37], Chapter 17, for the
standard CLT.

Throughout this section we consider a discrete-time Markov chain @ and a
bounded functional F :X — R. Recall our standing assumptions, Assumptions 1
and 2, about ® and F'. To avoid repetitions later on, we collect below a number of
properties that will be used repeatedly in the proofs of the results in this and the
following section. They are proved in the Appendix.

Properties. Assume that the discrete-time Markov chain @ and the function
F :X — R satisfy Assumptions 1 and 2 and let S,, denote the partial sums as before.
Choose and fix an arbitrary x € X and let

(71) my (o) 1= Ex[exp(@Sy)], n>1, aeC.

P1. There is a sequence {€,} such that
ma(@) = exp(nA@)[ foa () +lale,],  n=1,

and |e,| — 0 exponentially fast as n — 0o, uniformly over all « € 2 (with Q
as in Theorem 4.1).

P2. If F is strongly nonlattice, then for any 0 < wg < w; < oo there is a sequence
{€,} such that

my(a) = exp(nA(a))e,, n>1,

and |e,| — 0 exponentially fast as n — oo, uniformly over all @ = a + iw
with |a| <@ and wg < |w| < w1 (with @ as in Theorem 4.1).

P3. If F is lattice (or almost-lattice) with span & > 0, then for any € > 0, as
n— 0o,

sup |my(iw)| — 0 exponentially fast.
e<|w|<2m/h—e
P4. The function A(-) is analytic in  with A(0) = A’(0) =0 and A”(0) =
0% > 0. Moreover, 62 := A" (a) is strictly positive for all real a € [—a, a].
P5. The third derivative p3 := A”’(0) can be expressed as

p3 = Ex[F?(®(0))] +3 i Ex[F*(®(0)F(® ()]

i#£0
+6 Y Ex[F(PO)F(®W)F (PG + )]
i,j=1
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P6. Let F be the solution of the Poisson equation given by (27) and write
Ay = Ex[S,] = F(x).

Then |A,| — 0 exponentially fast as n — oo.

P7. The eigenfunction fa is analytic in « € €2, it satisfies fa] _o=1landitis
strictly positive for real «. Moreover, there is some @g € (0, @] (depending
on x) such that

§(iw) :=|10g fiw(x) — iwF (x)| < (Const)e?,
for all || < wg, where F is as in P6.

The following two results generalize those in [41, 30, 8].

THEOREM 5.1 (Edgeworth expansion for nonlattice functionals). Suppose
that ® and the strongly nonlattice functional F satisfy Assumptions 1 and 2 and let
G (y) denote the distribution function of the normalized partial sums S, /o \/n:

S
Gn(y) ::Px{ . fy}, yeR.

o/n
Then, for all x € X,
y()

(72) Guly) = 9<y)+7[ (- 2)—F(x>]+o<n—”2> 1 = 00,

uniformly in 'y € R, where y (y) denotes the standard Normal density and §(y) is
the corresponding distribution function.

It is perhaps worth noting the way in which the convergence in (72) depends on
the initial state x of the Markov chain: This dependence is only manifested via the
solution F (x) to the Poisson equation. Also observe that, since (72) holds for all
y € R, the restriction on F being |F| < 1 can clearly be relaxed to || F| o < 00.

For the proof of the theorem—given in the Appendix—it is convenient to
consider the zero-mean version of the normalized partial sums,

En . Sn - Ex{Sn}
oJn  oyn

Let G,(y) denote the corresponding distribution function. In the proof we show
instead that

73)  Ga(») =9®) +2

1=y +om %,  n— oo,

\/—

uniformly in y € R. From this it is a straightforward calculation to deduce (72) via
a Taylor series expansion and using property P6.

Before stating our next result we recall the following notation. If G is the
distribution function of a lattice random variable with values on the lattice
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{d + kh, k € Z}, the polygonal approximation G* to G is the piecewise-linear
distribution function G#(y) that agrees with G (y) at the midpoints of the lattice,
y=d+ (k+1/2)h, k € Z, and is linearly interpolated between these points. The
function G* is precisely the convolution of G with the uniform distribution on
[—h/2,h/2].

THEOREM 5.2 (Edgeworth expansion for lattice functionals). Suppose that
F is a lattice functional with span h > 0, and assume that F and ® satisfy
Assumptions 1 and 2. With G,(y) as in Theorem 5.1, let Gﬁ(y) denote its
polygonal approximation. Then, for all x € X,

Y[ p3 2 B ~12

T4 Gy =90+ G—ﬁ[@u =)= Feo | +ow P 0 oo,
uniformly in y € R. In particular, writing h, = h/o/n, (74) holds with G,(y)
in place of Gﬁ(y) at the points {y = (k + 1/2)h,, k € Z} and with [G,(y) +
G,(y—)]/2 in place of Gﬁ(y) at the points {y = kh,, k € 7}.

The proof is given in the Appendix. As with Theorem 5.1, it is more convenient

to prove a version of (74) in terms of ﬁ(y) rather than Gﬁ(y), where 63 is the
polygonal approximation to G,. In the proof we show that

—# 3
a5  G,(»=90)+ 603
uniformly in y € R. Then (74) follows from (75) in the same way that (72) follows
from (73).

Before moving on to large deviations we note that, although we shall not
pursue these directions further in this paper, using the multiplicative mean ergodic
theorems of Section 4 it is possible to prove higher order Edgeworth expansions,
as well as precise local limit theorems for the density (or the pseudo-density,
when a density does not exist) of S,,. The Edgeworth expansion proofs follow the
same outline as those in the case of independent random variables; compare [17],
page 541. For the local limit theorems, one can apply directly the general results
of [7], Section 2.

(1=yHy(+om ),  n— oo,

6. Moderate and large deviations. In this section we use the multiplicative
mean ergodic theorems of Theorems 4.1 and 4.2 to prove moderate and large
deviations results for the partial sums of a Markov chain. As in Section 5, we
consider the partial sums {S,} of a bounded functional F of the discrete-time,
geometrically ergodic Markov chain ®.

First we note that the multiplicative mean ergodic theorem together with the
analyticity of A(x) in a neighborhood of the origin (see properties P1 and P4 in
the previous section) immediately imply that the partial sums S, satisfy a moderate
deviations principle. We state this MDP, without proof, in Proposition 6.1. Its proof
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is based on an application of the Gértner—Ellis theorem, exactly as in the proof of
Theorem 3.7.1 in [13].

PROPOSITION 6.1 (Moderate deviations) [10,11].  Suppose the Markov chain
® and the functional F satisfy Assumptions 1 and 2, and let {b,} be a sequence of
constants such that

b

n n
— 00 and — —0, n— 0o.

Jn n

Then, for all x € X and any measurable B C R,

2
— inf (y—> < liminf

loeP. ! = ¢ B
i (55 = imint 7oz 2 € 5]

. 1 Sn . y2
<limsup ———logP1-—€ B <—inf ( =— ),
n—oo b5/n by, yeB \20
where B° denotes the interior of B and B denotes its closure.

Note that the same result holds for the centered random variables [S,, —
Ex{S»}1/by in place of S, /b,,.

6.1. Large deviations for Doeblin chains. Suppose that ® is a Doeblin
recurrent chain, that is, suppose that for some m > 1, ¢ > 0 and a probability
measure V', we have that P™ > €’v'. Equivalently, the Doeblin condition can be
stated as

(76) R>ev for some € > 0 and a probability measure v

and this, in turn, can be seen to be equivalent to geometric ergodicity with a
bounded Lyapunov function V in (V4); see [37], Theorem 16.0.2. Then the state
space X is small and the results of [43] can be applied to get large deviations
results for the partial sums S,,. For example, for a Doeblin chain with a countable
state space X and with ¥y = counting measure, the partial sums S, satisfy a large
deviations principle under the distributions P, for any x € X.

However, the situation is more complicated when @ is stationary, that is, when
®(0) ~ 7. In the following proposition we consider the LDP for the partial
sums S, under the stationary distribution P,.

PROPOSITION 6.2 (Large deviations). Suppose the Doeblin chain ® and the

functional F satisfy Assumptions 1 and 2, and let @ = (£=1)e, where € is as

2—e
in (76).
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(1) The partial sums S, satisfy an LDP in a neighborhood of the origin: For
any ¢ € (0, A’(a)) and any ¢’ € (A'(—a), 0), we have

.1 *
Jim ;log Pe{Sn > nc} =—-A%(0),

1
lim —logP,{S, <nc'} =—A*(),
n—>oo n
where

A*(c):= sup [ac— A(a)].

—a<a<a

(ii) Part (i) cannot in general be extended to a full LDP on the whole real line.

PROOF. Integrating the multiplicative mean ergodic theorem in (50) with
respect to 7 and noting that 7 ( f,;) € (0, oo) for all |a| <@, we get that

1
—logE, [exp(aSy)] — A(a), n— 00,
n

for all real a € [—a, a]. Since A(a) is analytic, (i) follows from the Gértner—Ellis
theorem ([13], Theorem 2.3.6). To see that in the Doeblin case a = (%)e, note
that in (V4) we canset V =1 and s = ¢, take 0 < § < 1 to be arbitrary and define
b = §/e. We then have a version of (V4),

PV=V=(-8V +bs.

Using the definition of @ given in Theorem 4.1 then gives

_ e—1 e—1 e—1
=
2b— 3§ 2(8/e) — 6 2—c¢
Part (ii) follows from the counterexample in Proposition 5 of [5]. [

6.2. Exact large deviations for geometrically ergodic chains. Next we con-
sider the more general case of geometrically ergodic Markov chains, satisfying
our standing assumptions, Assumptions 1 and 2. With @ as in Theorem 4.1, let
(A’, A) denote the interval

(A", A):={A(a):—a<a<a)

and note that 0 = w(F) = A’(0) € (A, A). Recall the definition of A*(¢) in
Proposition 6.2.

THEOREM 6.3 (Exact large deviations for nonlattice functionals). Suppose
that ® and the strongly nonlattice functional F satisfy Assumptions 1 and 2, and
let c € (0, A). Then, for all x € X,

Ja(x) e_nA*(c),

/ 2
a,/2mwno;

P {S, > nc} ~ n— 00,
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where a is chosen so that A’ (a) = ¢ and o, := A" (a). A corresponding result holds
for the lower tail.

It is perhaps worth pointing out that the way in which the large deviations
probabilities P, {S,, > nc} depend on the initial state x of the Markov chain is via
the solution fa (x) to the multiplicative Poisson equation.

Although the proof (given next) relies on an application of a general result
from [7], the main idea is similar to the proof of the corresponding result for
independent random variables [1]: First, as in the case of finite state space [39],
we perform a change of measure that maps the transition kernel P to the twisted
kernel P,. Since @ is geometrically ergodic, by Proposition 4.12, P, is V -uniform.
Therefore P, is V,-uniform by Proposition 4.9 and hence it is geometrically
ergodic by Corollary 4.7. Therefore we can apply the Edgeworth expansions of
Section 5 and complete the proof along the lines of the corresponding argument in
the case of independent random variables; see, for example, [13], Theorem 3.7.4.

PROOF. Choose and fix an arbitrary x € X. The result of the theorem will
follow by an application of [7], Theorem 3.3. We consider the moment-generating
functions m, («) of S, defined in (71) for « in the interior of the compact set <2
in Theorem 4.1. [Note that, although our 2 is different from the open disc used
in [7], a close examination of the proof of [7], Theorem 3.3, shows that the result
continues to hold when the open disc of radius @ is replaced with the interior
{a=a+iw:|a|l <a, |w| <} of the strip €2, as long as @ > 0.]

We will make repeated use of properties P1-P7 stated in Section 5. From the
definition of m,, () it is easily seen that it is an analytic function of «, and from P1
and P4 it follows that m, («) is nonzero on 2 for all n large enough (uniformly
in o).

Let A, () be the normalized log-moment generating function

1
Ay (a) :=;logmn((x), o€,

and

Ay(c):= sup [ac— Ap(a)l, ceR.

—a<a<a

The main step in the proof is the verification of the assumptions of [7],
Theorem 3.3. Most of them, plus some other technical properties, are established
in the following lemma (proved in the Appendix).

LEMMA 6.4. Under the assumptions of the theorem:

(i) For n large enough there is a unique a, € (0, a) such that A (a,) = c and
Ay () = ane — Ay(ay).
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(ii) Similarly, there is a unique a € (0,a) such that A'(a) = ¢ and A*(c) =
ac — A(a).

(i) a, — a asn — oo and, in fact, a, —a = O(%}.

iv) A (an) — o*a2 as n — 00.

(V) A(c) = A*(c) as n — oo and, in fact,

1 - 1
Aj(c)=A"(c) — - log fa(x) + 0(;).

The theorem follows from [7], Theorem 3.3, upon verifying condition (c) of [7],
page 1685. For that, it suffices to show that for all 0 < wg < w; < o0,

my(a +iw) _ o1

s o (a')

wy<|w|<w)

uniformly in @’ in a neighborhood of a. However, the above convergence actually
takes place exponentially fast, as can be easily verified using properties P1 and P2
from Section 5. [

THEOREM 6.5 (Exact large deviations for lattice functionals). Suppose that ®
and the lattice functional F satisfy Assumptions 1 and 2, and assume that F has
span h > 0. Let {c,} be a sequence of real numbers in (¢, A — €) for some € >0
and assume (without loss of generality) that, for each n, c,, is in the support of S,,.
Then, for all x € X,

Pe{Sn > ncy}
77 h

T (= exp(—hap)yZen i@y 7

where each ay, € (0,a) is chosen so that A}, (a,) = c,. A corresponding result
holds for the lower tail.

(—nAk(cy)), n— 0o,

Note that in the lattice case we have given a slightly more general version of the
result given in Theorem 6.3. If it turns out to be the case that the ¢, converge to
some c € (¢, A — ¢€), so that the corresponding a,, converge to some a € (0,a) ata
rate O(1/n). Then applying Lemma 6.4 as before, from (77) we obtain,

h fa(x)

(1 — exp(—ha)),/27no?

P{S, > nc,} ~ exp(—nA*(c)), n— 0o,

where 62 = A" (a).

PROOF OF THEOREM 6.5. Choose and fix an arbitrary x € X. The proof
parallels that of Theorem 6.3, relying on an application of Theorem 3.5 from [7].
A close examination of its proof in [7] shows that, as in the case of Theorem 3.3
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above, Theorem 3.5 remains valid if we replace the open disc of radius a by the
interior of the strip 2. Proceeding as in the proof of Theorem 6.3, we now need to
verify condition (c’) on page 1686 of [7]. For that, it suffices to show that for that
for all wg € (0, 7w/ h),

ma(@ Fiw)| i
mpy(a’)

)

sup
wo<|w|<m/h

uniformly in a’ € (¢, A — €). Using properties P1 and P3 from Section 3, it is easy
to see that the above convergence actually takes place exponentially fast, and this
completes the proof. [

7. Examples.

7.1. Countable state space models. Let ® be a discrete-time Markov chain
with a countable set X of states and let ¥y be counting measure. Suppose @ is
irreducible in the usual sense that R(x, y) > O for all x, y € X. Then Iy is a small
function for any 6 € X, with associated small measure v = P (@, -). Using this
small function and measure in Lemma 3.2(i) leads to the characterization of A (a)
for real a,

9—1
(78) A(a)=inf{A:E9|:exp<Z[aF(CI>k)—A]>:| < 1};

k=0

see [2] for details. When the infimum is attained and we may justify differentiation
with respect to a, then

T9—1 T9—1
1=Ep {exp( > [aF(®p) — A(a)])} = 0= EQ[Z [F(®p) — A’(@]}.

k=0 k=0

This gives a more transparent proof of the identity A’(0) = 7 (F).

The simple queue. For our purposes, the simplest interesting example of a
countable state space chain is the M /M /1 queue. This is the reflected random
walk ® on X=1{0, 1,2, ...}, with

Px,x+1)=p, P(x,(x—1)4)=q, x eX,

where p + g = 1. We assume that p = p/q < 1 so that the chain is positive
recurrent. As we show next:

1. @ is geometrically ergodic.

2. It is not Doeblin recurrent.

3. With F = Tpc — 7 (0°), the multiplicative mean ergodic theorem (50) does not
hold for all real «.
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It is also not hard to show that ® does not satisfy (mV3) for any f with finite
sublevel sets, so that, in view of the discussion in Section 2.2, the Donsker—
Varadhan conditions do not apply. More importantly, as Wu [56] recently showed,
not just the conditions but also the large deviations conclusions of the Donsker—
Varadhan theory fail in this case. Therefore, this example does not fall under any
of the standard conditions known to imply large deviations results.

Below we also show that our central technical result, the multiplicative mean
ergodic theorem (50), cannot in general be extended to hold on the entire real line.

First note that one can compute directly the expectations

<00, 0<r<B8,

(79) Ex[r™] {

= 00, r>B,

where B = (4g p)_l/ 2 > 1. To construct a Lyapunov function, consider V (x) = r}
forrg > 1:

(pro+qrg YV(x),  x>1,

80 PV =
(80) 0 Lmn+mvmx x =0.

Choosing a minimal value for (1 — §) := (pro + qro_l) gives rg = ,0_1/2 and a
solution to (V4):

PVx)=vApgV(x) =B 'V(x), x>1.

It easily follows that with r = 8, E,[r®] =V (x) = ,o_x/ 2 x > 1. This gives the
finite bound in (79) and shows that ® is geometrically ergodic with Lyapunov
function V.

The easiest way to see that @ is not Doeblin recurrent is to notice that, in k time
steps, ® cannot visit more than its 2k neighboring states, which implies that the
state space is not small; see [37], Theorem 16.0.2.

Now let F = Ipc — 7 (0°). Using the characterization (78) with 8 = 0, we find
that A(a) is the unique solution to the fixed-point equation

Eo[exp{(moa — A(a))t0}] =€,

where 7 := 7 (0). It follows from (79) that exp{mga — A(a)} < B for all a € R.
Also, from the fixed-point equation it follows that if a* := logEg[B™], then
A(a*) = moa* — log B. However, since exp{moa* — A(a*)} = B and (wpa —
A(a)) is nondecreasing in a, from (79) we conclude that A(a) = a — logf
for all a > a* and hence A”(a) = 0 for a > a*. [To see that (wga — A(a))
is nonincreasing, simply recall from Proposition 4.9 that A’(a) = 7 (a) so that
A’(a) < sup, F(x) = mp.] However, as we saw in property P4, the multiplicative
mean ergodic theorem (50) implies that A”(a) > 0 for all a for which it is valid;
therefore it cannot be valid for real a > a*.
A plot of A(a) for F =1y — (0°) is shown in Figure 1.
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log((4pq) %)

FI1G. 1. The solid curve shows the log-moment generating function A(a), a € R, for the M/M /1
queue with F =1Tgec — 7 (0°). It is strictly convex for a < a* and it is linear for a > a™*.

7.2. Diffusions. Consider an elliptic diffusion on a manifold X. We assume
that @ is nonexplosive, so that the sample paths are continuous on [0, co) with
probability 1. It is then strong Feller and -irreducible, where v is Lebesgue
measure on X (see, e.g., [47]) and compact subsets of X are small.

Consider the special case where X = R" and the diffusion term is constant,

A=h-Vi+1o?A,

where A denotes the Laplacian. If fa € C? solves the multiplicative Poisson
equation for some a € R, we may consider the twisted process ®,, that is, the
Markov process with transition semigroup defined as before,

Bl dy) =" f ') Py, a0 fa(y), 1> 0.
If (69) holds, then the generator Aa of ®, is given by
Aa = (h+ V02 Fy) - Vi + 1o2A2

(81) .
= A+ 02V, F,-V,,

where F, = log( fa). Note that the twisted process has the same diffusion term as
the original—only the drift is affected by the twisting.

Reflected Brownian motion. Diffusions with reflection are currently a popular
model in the operations research area. Consider for example a two-dimensional
reflected Brownian motion (RBM) ® on X = Ri with normal reflection on each
boundary. We show below that (when the drift is negative) ® is geometrically
ergodic, but it is not Doeblin recurrent and it does not satisfy (mV3) for any f
with compact sublevel sets (for the same reasons as in the reflected random walk
example above).

Within the interior of X, the sample paths are identical to those of the affine
stochastic differential equation model,

dd; =—6;dt +dW;, i=1,2,

where W = (W;, W,) is a standard Brownian motion on R? and the drift term §;
is positive for each i. A characterization of the generator can be found in [55].
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Suppose that V : R? — R is smooth and suppose that the boundary conditions

d 0
a—V < a—V, X1 = O,
X1 b
(82) 3 5
—V>—YV, x2 =0,
0xq 0x2

are satisfied. Then, with L = —§ - V + %A, the process

m(t)=V(<I>(t))—/[O LV (@@)ds

is a supermartingale.

A candidate Lyapunov function is the quadratic Vp(x) = lx |12, since LVy =
—2§ - x 4+ 1 is negative for large x and the boundary conditions (82) are satisfied.
The supermartingale property implies that

Ec[Vo(®(1)] < —8o f[o | EL91(0) + @2(5)1ds +1.

where §o = 2min(d1, §2). This may be seen as a generalization of (V3), with f(x)
equal to a norm on R2. To obtain a version of (V4), first consider Vi = /Vy. We
have, for some §; > 0 and some B < o0,

Ex[Vi(®())] < =611, 0<t<1, |lx]| = B.

Finally, setting V (x) = exp(fV1(x)), we can find g > 0 sufficiently small such
that

Ex[V(®(®)] <exp(-BnHV(x), 0<t<1, |x]>B.

We conclude that the RBM is geometrically ergodic, provided the reflection is
normal and the drift is negative. Therefore, for any bounded functional F, from
Theorems 6.3 and 6.5 we get precise large deviations bounds for the time averages
{S;}, at least in some interval around the mean 7 (F) of F. Moreover, in view
of recent results in [6] [where a detailed study of large deviations properties of
RBM (in one dimension) is performed], we should not expect the limit theorems,
Theorems 6.3 and 6.5, to hold on the whole real line.

In general, geometric ergodicity depends upon the interaction of the drift vector
and the reflection vectors along the boundaries. In multidimensional models it
is not always obvious how to choose an appropriate Lyapunov function, but one
can devise numerical methods to search for a quadratic Vj satisfying the required
constraints; see [34, 49].
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APPENDIX

PRrROOF OF P1-P7. P1, P2, P3 and the analyticity of A(«) follow from the
multiplicative mean ergodic theorems in Theorems 4.1 and 4.2.

To establish P4, first note that A (0) = 0 follows from the uniform convergence
in Theorem 4.1. Similarly it follows that A’(0) = 7 (F) = 0 and that A”(0) =
lim, (1/n) Var, (S,) = o> Opy Assumptions 1 and 2 and Proposition 2.4.

On considering the kernel P, for real a € €2, since A”(0) > 0, A”(a) > 0 for all
such a and 7, (F) = A’(a) by Proposition 4.9, it follows that A’(a) = 7,(F) >0
for all nonzero a € . Now, if A”(a) = O’az is zero, then by (30) in Proposition 2.4
it follows that 77 (F — 77,(F)) = 0. This is impossible since 7, (F) > 0.

The exponential convergence in P6 is given in Theorem 2.5. The analyticity of
fa is stated in Theorem 4.12 and fala —o = 1 by P1. Proposition 4.9 combined
with Proposition 4.12 gives P7.

Property P5 requires more work. For a neighborhood @ of zero the function fa
given below is a constant times the normalized eigenfunction given in (61):

fu=H;'"l,  Hy=Ii—P,+1®7, «acO.
It is the unique solution in Lgo satisfying 7 ( f;) = 1. Hence, for all &,
d*
n(Wf(X):O, axe0.
We have a form of the quotient rule,
fo=—H, 'HyH, 'L,

and after repeated differentiation we obtain
3

d>
T3 fa= —6H,; "H H,'"H,H,'H H "1
-1 -1 -1
+3H;'H H;'H/H'1
-1 -1 -1
+3H;'H/H;'H H'1
—H'H"H 1.
Evaluating at « = 0, we have HO_1 =Z=1[I—-P+TI]"! and ddT;HaM:o =
[IA(()k) — (Ip)*P], k> 1. Using [T1Z =T and Z1 = P1 =1 then gives

a3 .
O=n|—-—fy)|=6IlIFPZIrPZF
do3

+3MIFPZ(F*— o)
+3T(I7 —o?)PZIF
+TI(F3 = Ay).
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The proof is then complete on interpreting these formulae, since A”'(0) = 1’ and
PZG (x)=n(G)+ Z E.[G(® (k) — 7(G)]
k=1
for any function G € LY,. O
PROOF OF THEOREM 5.1. We follow closely Feller’s argument in the proof

of Theorem 1 in [17], page 539, leading to the statement (73). Choose and fix x € X
arbitrary. For n > 1, define

(83) My (o) :=E; [eXP(OlEn)] =mpu (o) CXP(—“Ex{Sn}), a eC,

and the distribution functions

L3 2
84 v = — —1 , R,
(84) n(y) = §() 6U3ﬁ(y )Y () ye
with corresponding characteristic functions
2 c o \3
] — i)
(85) on(w) .=exp<7)<l + 603\/13)’ w e R.

Let € > 0 be arbitrary. Choose A large enough so that A > 24(emr) ! |W, (y)| for
all y e R, n > 1. From Esseen’s smoothing lemma given in [17], page 538, with
T = A\/n we get that

_ 1 fAVn
(86) |Gn<y>—wn<y>|5—/
T

- }’l

M, (G"”f) %(w)] —.  yeR

To prove (73) it suffices to show that this integral is o(n~!/?).

We first consider the integral in the range By/n < |w| < Ay/n, with 0 < B <
min{ocwy, A} to be chosen later (where wy is as in P7). Applying the change of
variables t = w /(o 4/n), this integral is bounded above by

=
Bt JBjo<|t|<A/o

The second integrand converges to zero exponentially fast, uniformly over ¢ in that
range, and the first integrand converges to zero exponentially fast by P2. Therefore,
the above expression is certainly no larger than o(n~!/?).

Next we consider the integral in (86) in the range |w| < B./n. From the
definition of M, and by properties P1 and P6, after the change of variables
t = w/(o+/n) this equals

1 A .
= . ‘exp(—itAn—itF(x))exp(nA(it))[fi,(x)+it6,,]—d),,(ta\/ﬁ)‘i—tl

Imp(it)|dt + —f |pn (o /nt)| dt.

B/o<|t|<A/o
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Expanding A(it) in a Taylor series around zero yields
B/o
— / exp( nt262>
B/o

X exp{—itAn + %(it)3A/”(it) +log(fir +itey) — itﬁ}

_ 3
()|t|

for some real s = s(¢) with |s| < B/o. Noting that

v ~ It
log(fir(x) + itey) — it F = 8(it) +log< ’fe)
it

where 4(-) is as in P7, the second exponent in the above integrand can be written
as

n . .\3 1 /. . . . 1 e
g(lt) AT(t) —itA, +083t) +ite, (it),
where €/ (it) := [log(1 + (it€,/ fir))1/(it) and
(87) |e,;’ (i) — 0 exponentially fast, n — oo,
uniformly in |¢| < B/o (by P1). Therefore, the integral we wish to bound is
B/o
—/ exp( nt262>
B/o
(88)
x exp{%(it)3AW(is) —itA, +ite]l(it) +8(it)} 11— ""3( 03| 4

Itl
To show that this is o(n~!/?) we will apply the simple inequality from [17],
page 534,
(89) le* — 1= Bl < (lae — Bl + 31BI7)e”
where y > max{|«/|, |8|}. First we choose B small enough so that the following
four bounds hold for all |t| < B/o:

(@) |A"(it) — p3| < 6€,

b) Z5IA"Gn] <3,

(c) |8GD)| <3,

B

@ B <1
where (a) and (b) are possible by the analyticity of A(-) and the definition of p3
in P5, and (c) is possible because of P7. Then, writing

n.. RN . L .
= E(ll‘) ANT(is) —itA, +ite, (it) +8(it)

and
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nps .. 3
= — (1t
B 6 (ir)
using (b), (c) and (87), we can bound

B
|| < ”’2"267 sup |A"@t)] + 2|l An] + €G]+ 18D
lt|<B/o

1 5 5 Jt] €
4 n+2
1

where the last two inequalities are valid after taking n large enough. Similarly,
using (a), (b), (87) and P7,

t
lo — B| < %It|3|AW(iS) — 3|+ % + (Const)r?

<en|t] + U + (Const)z?

for n large enough and, using (d),
|B] < tnt?c?.

Applying inequality (89) with y := 4 nt?’c? and in conjuction with the last three
bounds, the integral in (88) is bounded above by

o t 13
_/ exp(-—nt o +E>[E”|f|3+(C0nst)t2+u+ (n,o3| | >]
B/o . : : u

and changing variables back to w = 1 (o +/n),
€ rByn 2 1 5
e_/' e—w2/4|:e<w—3) + (Const) |a)|2 + =55+ p3lol ]dw
7 JoBym J/no no?  n32c  712no?

€ o0 1
< L<e—/ wle~ @14 da)) + O(—).
ﬁ T J—co n
Since € was arbitrary, this shows that the integral in (88) is o(n=1/2) and the proof
is complete. [

PROOF OF THEOREM 5.2. We follow closely Feller’s argument in the
proof of Theorem 2 in [17], page 540. Choose and fix an arbitrary x € X. Let
€ > 0 arbitrary and let ¥, be the distribution function (84). Recall that Gﬁ =

G, *xUl[—h,/2,h,/2] and 53 =G, U[—h,/2, h,/2]. Proceeding as in [17],
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page 540, along equations (4.9) and (4.10) (with ¥, in place of G and \Ilff =
W, s« U[—hy/2, hy/2] in place of G*), we obtain, after taking A > 0 large enough,

1 [AVE )
|5j(y)—llfn(y)| < ;/ M, (;;) () |s (a))|

—Ayn ||
+ - +0<1) eR
ﬁ n 9 y 9

where M,, and ¢,, are defined in (83) and (85), and

(90)

sin(%hna))

: , w € R.
éhna)

sp(w) =

To prove (75) it suffices to show that the integral in (90) is o(n~Y%). We separately
consider the integral over |w| < B4/n and over B\/n < || < A\/n for some
conveniently chosen B < min{o®, A}, where @ is as in P7. Noting that |s, (w)| <1
for all w, the integral in the former range can be shown to be o(n~12) as in the
nonlattice case.

Therefore, it remains to show that

M, (Uif) bn ()

|57 (w)l | ()]
©h S/BﬁﬁﬂsAﬁ <0f> d

dw
lw] v/l?ﬁswsAﬁ ||
= o(n_l/ 2).
The last integral above is easily seen to decay exponentially in n (as in the proof
of Theorem 5.1) and hence we concentrate on the former integral, which, after the
change of variables t = w/(0 /n), becomes
sin ( ht)

2
h Jpjo<itiza/o
Notice that | sin(%ht)l and m,, (it) are periodic functions of ¢ with period 27/ h.
Consider, without loss of generality, the range of ¢t € [B/o, A/o] (the case of
negative ¢ is similar). Let (k — 1) denote the number of full periods of length
27/ h in that interval. Then, since | sin(y)/y| < 1 for all real y,

2 ) (1 ) dt
— sin[ =ht )| —=
h JBjo<t<A/o 2 12

kO’ 2n/h—B/o ) ko-2 B/o )
<= ma@nld + - [ Gl ar

/ ’I sp(w)] d
B/n<|w|<An 9]

dt

I i0)| =

Imy, (i1)]|
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where the first integral converges to zero exponentially fast by P3. Using P1 to
bound m,, (it) and expanding A (i) in a Taylor series, the second integral is

4

1
exp{—intzaz} ’ dt = —,
n

B/o 00
[ illexpnniniidr<c’ [~
—B/o —00

for some constants C, C’ and C”. This establishes (91) and completes the
proof. U

PROOF OF LEMMA 6.4. Part (ii) is immediate by the choice of ¢ and
property P4. For part (i) note that by the uniform convergence of A,(a) to A(a)
(property P1), we also have convergence of their derivatives, so for n large enough
we can pick a, as claimed, and since A (a) eventually will be strictly positive for
all a € (—a, a), this a, is unique.

For part (iii) recall that A/, (a,) = ¢ = A’(a), so the fact that a, — a asn — oo
follows by the uniform convergence of the functions A). Moreover, expanding
A, (a) around a = a,, and using P1,

0=A'(a) — A)(ay)
=[A} (@) — Ay (an)] — [A'(a) — A (a)]

=[(a —an) A, (an) + O(a — an)z] + %[% log(fa(x) + ae, exp{—nA(a)})}

=[(a —an) A} (an) + O(a — an)z] + O(%) + O(ep),

where in the last step we used P7. Taking n large enough so that {A] (ay)}
is a bounded sequence, bounded away from zero from below, this implies that
(ap, —a)=0(1/n).

Part (iv) is an immediate consequence of P4 and of the uniform convergence
in P1. Finally for (v) we have from (i), (ii) and P1,

1 §
AL(c) = anc — A(an) — —log[ fa(x) +ae]

= A*(c) + (an — a)c + (A(a) — Aay)) — %log fa,

1
— log<1 + a,ien)
n f

an

and, using (iii) and P7,
* % 1 1 v 1
An(c):A (c)+0 ) ——log fa+ O — + O(ep)
n n n

as required. [
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