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Abstract

We consider three types of multivariate records in this paper and derive the mean and the vari-
ance of their numbers for independent and uniform random samples from two prototype regions:
hypercubes [0,1]¢ and d-dimensional simplex. Central limit theorems with convergence rates
are established when the variance tends to infinity. Effective numerical procedures are also pro-
vided for computing the variance constants to high degree of precision .
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1 Introduction

While the one-dimensional records (or record-breakings, left-to-right maxima, outstanding ele-
ments, etc.) of a given sample have been the subject of research and development for more than
six decades, considerably less is known for multidimensional records. One simple reason being that
there is no total ordering for multivariate data, implying no unique way of defining records in higher
dimensions. We study in this paper the stochastic properties of three types of records based on the
dominance relation under two representative prototype models. In particular, central limit theorems
with convergence rates are proved for the number of multivariate records when the variance tends
to infinity, the major difficulty being the asymptotics of the variance.

Dominance and maxima. A point p € R is said to dominate another point q € R? if p—q has only
positive coordinates, where the dimensionality d > 1. Write q < p or p > q. The nondominated
points in the set {py,...,p,} are called maxima. Maxima represent one of the most natural and
widely used partial orders for multidimensional samples when d > 2, and have been thoroughly
investigated in the literature under many different guises and names (such as admissibility, Pareto
optimality, elites, efficiency, skylines, ...); see [[1, 5] and the references therein.

Pareto records. A point p, is defined to be a Pareto record or a nondominated record of the se-
quence py,..., Py if
prAp;forall 1 <i<k.

Such a record is referred to as a weak record in [[17]], but we found this term less informative.

In addition to being one of the natural extensions of the classical one-dimensional records, the Pareto
records of a sequence of points are also closely connected to maxima, the simplest connection being
the following bijection. If we consider the indices of the points as an additional coordinate, then the
Pareto records are exactly the maxima in the extended space (the original one and the index-set)
by reversing the order of the indices. Conversely, if we sort a set of points according to a fixed
coordinate and use the ranks as the indices, then the maxima are nothing but the Pareto records
in the induced space (with one dimension less); see [[17]. See also the recent paper [[5] for the
algorithmic aspects of such connections.

More precisely, assume that py,...,p, are independently and uniformly distributed (abbreviated as
iud) in a specified region S and qg,...,q, are iud in the region S x [0, 1]. Then the distribution of
the number of Pareto records of the sequence pq,...,Pp, is equal to the distribution of the number
of maxima of the set {q,...,q,}. This connection will be used later in our analysis.

On the other hand, we also have, for any given regions, the following relation between the expected
number E[X, ] of Pareto records and the expected number E[M, ] of maxima of the same sample of

points, say pi,.-.,Pns
E[M;]
E[Xn] = Z k ’

1<k<n

see [[5]].
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Dominating records. Although the Pareto records are closely connected to maxima, their proba-
bilistic properties have been less well studied in the literature. In contrast, the following definition
of records has received more attention.

A point p; is defined to be a dominating record of the sequence py,...,p, if
p; <prforalll <i<k.

This is referred to as the strong record in [[17] and the multiple maxima in [21]].

Let the number of dominating records falling in A C S be denoted by Z,. Goldie and Resnick [[18]]
showed that

E(Z,] = J (1 - (D)™ du(x),
A

where D, = {y : y < x}. They also calculated all the moments of Z, and derived several other results
such as the probability of the event {Z, = 0} and the covariance Cov (Z,, Z3).

In the special case when the p;’s are iid with a common multivariate normal (non-degenerate)
distribution, Gnedin [[16] proved that

A, :=P{p, is a dominating record} < n~*(log n)@=P)/2,

for some explicitly computable a > 1 and 8 € {2,3,...,d}. See also [20] for finer asymptotic
estimates.

Chain records. Yet another type of record of multi-dimensional samples introduced in [17] is the
chain record

P1 =< Pi, XPi, X < Pip>
where 1 <i; <iy <--- < and there are no p; > p; withi, <j <igy; ori, <j<n. See Figure
for an illustration of the three different types of records.

Py Py
Py _I
P p
*Ps ° *Ps Ps3 *Ps _I ’
* Pq *Pe Ps
P: —P ]
P4 P1 .p, P4
P2 3 ) P2
*Pg *Ps *Ps j

Figure 1: In this simple example, the dominating records are p; and p- (left), the chain records are p1,
p; and p; (middle), and the Pareto records are p1, Py, P3, Pg and p; (right), respectively.
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Some known results and comparisons. If we drop the restriction of order, then the largest subset
of indices such that

Pi, X Pi, < 2DP; D

is equal to the number of maximal layers (maxima being regarded as the first layer, the maxima of
the remaining points being the second, and so on). Assuming that {p;,...,p,} are iud in the hyper-
cube [0,1]¢, Gnedin [[17] proved that the number of chain records Y,, is asymptotically Gaussian
with mean and variance asymptotic to

E[Y,] ~d 'logn, V[Y,]~d 2logn;

see Theorem [4] for an improvement. The author also derived exact and asymptotic formulas for the
probability of a chain record P(Y,, > Y,,_;) and discussed some point-process scaling limits.

The behavior of the record sequence in R? are studied in Goldie and Resnick [[19], Deuschel and
Zeitouni [[10]. The position of the points converges in probability to a (or a set of) deterministic
curve(s). Deuschel and Zeitouni [[10] also proved a weak law of large number for the longest
increasing subsequence, extending a result by Vershik and Kerov [24] to a non-uniform setting;
see also the breakthrough paper [3]]. A completely different type of multivariate records based on
convex hulls was discussed in [23].

Chain records can in some sense be regarded as uni-directional Pareto records, and thus lacks the
multi-directional feature of Pareto records. The asymptotic analysis of the moments is in general
simpler than that for the Pareto records. On the other hand, it is also this aspect that the chain
records reflect better the properties exhibited by the one-dimensional records. Interestingly, the
chain records correspond to the “left-arm" (starting from the root by always choosing the subtree
corresponding to the first quadrant) of quadtrees; see [6, [11], [13] and the references therein.

DOMINANCE

/ \

MAXIMA RECORDS
T Pareto

‘ /
- records / \ \
maximal

layers . I
Y chain dominating
‘ records records

depth

Figure 2: A diagram illustrating the diverse notions defined on dominance; in particular, the Pareto
records can be regarded as a good bridge between maxima and multivariate records.

A summary of results. We consider in the paper the distributional aspect of the above three
types of records in two typical cases when the p;’s are iud in the hypercube [0,1]¢ and in the d-
dimensional simplex, respectively. Briefly, hypercubes correspond to situations when the coordinates
are independent, while the d-dimensional simplex to that when the coordinates are to some extent
negatively correlated. The hypercube case has already been studied in [[17]; we will discuss this
briefly by a very different approach. In addition to the asymptotic normality for the number of
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Pareto records in the d-dimensional simplex, our main results are summarized in the following
table, where we list the asymptotics of the mean (first entry) and the variance (second entry) in
each case.

Records Models Hypercube [0,1]¢ d-dimensional simplex
Dominating records Hr(ld),H,(ld) — H,(fd) (115|), (]16|)
Chain records 1logn ilogn [17] Llogn Hilogn
d " d? dHy " dH3
Pareto records % (log n)d , (% + Kd+1) (log n)d [17] | mynt@-1/d y, pld-1/d
| Maxima || = Pareto records in [0,1]97! [17] | fgnt@—D/d 5 pld-1/d |

Here Hl()a) = Zibzl i~9, x4 is a constant (see [1]), my := ﬁl“ (%), v, is defined in , My = 1"(%),

¥4 is given in (@), and both and are bounded in n and in d; see Figure[3]

From this table, we see clearly that the three types of records behave very differently, although they
coincide when d = 1. Roughly, the number of dominating records is bounded (indeed less than two
on average) in both models, while the chain records have a typical logarithmic quantity; and it is
the Pareto records that reflect better the variations of the underlying models.

1.6 7

13l E # of dominating records (d-dim simplex)

E # of dominating records (hypercube)

1.0

0.7 1

0.4+t # of dominating records (d-dim simplex)

01! YV # of dominating records (hypercube)

Figure 3: The mean and the variance of the number of dominating records in low dimensional random
samples. In each model, the expected number approaches 1 very fast as d increases with the correspond-
ing variance tending to zero.

Organization of the paper. We derive asymptotic approximations to the mean and the variance
for the number of Pareto records in the next section. Since the expression for the leading coefficient
of the asymptotic variance is very messy, we then address in Section [3| the numerical aspect of this
constant. The tools we used turn out to be also useful for several other constants of similar nature,
which we briefly discuss. We then discuss the chain records and the dominating records.
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2 Asymptotics of the number of Pareto records

Assume d > 2 throughout this paper. Let
Sqg:={x:x;>0and 0 < ||x|| <1}

denote the d-dimensional simplex, where ||x|| := x; + -+ x4. Assume that p,...,p, are iud in
S4. Let X,, denote the number of Pareto records of {p;,...,p,}. We derive in this section asymptotic
approximations to the mean and the variance and a Berry-Esseen bound for X,,. The same method
of proof also applies to the number of maxima, denoted by M,,, which we will briefly discuss.

Let q,...,q, be iud in S; x [0, 1]. As discussed in Introduction, the distribution of X,, is equivalent
to the distribution of the number of maxima of {q,...,q,}.

For notational convenience, denote by a,, ~ b,, ifa,, = b,, + O (n‘l/ d).

Theorem 1. The mean and the variance of the number of Pareto maxima X, in random samples from
the d-dimensional simplex satisfy

d—-1 . +1 d )

0<j<d-2 2)
+(-1)*" (logn+7),
V[X,] = (vq +0(1) n' 14,
where
d ( 1 ) , d\ ([d—-2
vgi=—T1|= +2d(d—1)2 ()( )
d-1 \d S\ -1
1l pooprooroo d d d

o yd= 1yl omu(xty ) —vixtw) (evx _ 1) dwdy dx dudv

0JvJO JO JO (3)

1p,1p00 poo ;
d d
+2dzf JJ f wd—lemuxf=v(x+w) (e"x —1) dw dx dudv
oJvJo Jo

1p,1po00 o0 4 .
—ZdZJ J f J yd=le=ulxty) =vx" 4y dx dudv.
0JvJo Jo

Proof. The method of proof is similar to that given in [I]], but the technicalities are more involved.
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We start with the expected value of X,,. Let G; = 1¢q. is a maximum}-

E[X,]=nE[G,]

1
=d!nff (12— [xDY)"" dxds
0JS,

1
~ d!nf f e ==X gy 4y
0Js,

1,1
= dnf f e—nz(1_y)dyd—1 dy dz (y —s ||x||)
0JO

d—1 N :
=dn Z ( . )(—1)JJJ e ™Y yldyds
0<j<d \ J 0Jo
fd—1 i . .
-3 n(d—l—n/d( J_ )(_1)1 J f o= 3 (+i-d)/d~G+1/d gy dg
0JO0

0<j<d
.y (d—.l)(_l)jr (j+1) e
o<j=d—2 N J d jd-1-j
+ (=141 (logn+7y).

This proves (2).

For the variance, we start from the second moment, which is given by
E[X2] =E[X,]+n(n—DE[G,G,] .

Let A be the region in R? x [0,1] such that q; and q, are incomparable (neither dominating the
other). Write q; = (x,u), @2 = (¥, V), [Ix[l. := (l|x]| A1) and

va:: (xl V.yla'” > Xd \/yd) .
Then by standard majorization techniques (see [[1]])
n(n—1)E [G,G, ]

=n(n— 1)d!2J (1—u@—IxID* = v — ||y|p + @Av)@ - x vy *)d)”‘z dxdydudv
A

~ n2d12 f e~ nluC=ID (= [IyD] 4x dy du dv
A

+ ledlzf e luC=lxD+v(1-|ly|p] (en(u/\v)(l—HxVyH*)d — 1) dxdydudvy
A

d
EEI:XI%:I —Juo+ Z (K)Jn,f-i_‘]n,ds

1<l<d
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where

1p1
Jno = 2nd!? f J J e~ luC=IxID*+v(=[lYIDY] gy dy du dv,
0Jv

X<y
X,yGSd

1p1
Tne = nzngJ f J e~ nLuC =l +v(1=|[ y[)] (en(uAv)(lfovyH*)d _ 1) dxdydudv,
0J0

x>y, 1<i<¢
X <yi,l<i<d
X,yES

1p1
Tpg = 2n2d1? f J J e~ nluC =[x +v(a=||y]])] (en(uAvxl—Hxvyn*)d _ 1) dxdydudz,
0Jv

y—<X
X,y€Sq

for1<{<d-1.

Consider first J,, 4, 1 < { < d. We proceed by four sets of changes of variables to simplify the integral
starting from

xi—&, yi—&l-mn), forl1<i<{;
xp—&(1-m), y;—§&, ford<i<d,

which leads to

1r1 % d / d
T :(nd!)zf J f f e—n[u(l—ZE#rZ Ei’fh') +V(1—Z€i+z 51‘771‘) ]
’ 0Jo Js;J[0,1]4
% (en(u/\v)(l—ZEi)d _ 1) (l—[ 51‘) dédndudy,

d d ¢ d
where Zgl = Zi:l &, l_lgl = l_[i:1 &, Z/ Xi = Zi:1 x; and Zﬁxi = Zizé—i—l X;.
Next, by the change of variables
1 ~1/d ~1/d
S g —&m 7, mp—dnint

we have

1,1
Jne =d!2J J J J 6_[”(Ziﬂrzﬁm(l—dii"‘l/d))d*"(z5i+2/’7i(1—d5i“_1/d))d}
0 Jo Jsym)Jon1/d/dd
% (e(uAv)(ZEi)d _ 1) l_[ (1 — dgin_l/d) d&dndudv,

where S4(n) ={§ : £, <n'/?/d and ||| > 0}.

We then perform the change of variables

ni = MN; (1 - dgin_l/d) )
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and obtain

1 1 /1 d / d
Jn,f — (d!)2J J f f e—[U(ZEi‘*‘Z T)i) +v(Z£i+Z 771‘) }
0o Jo Jsin) J[o,nt//d]d

% (e(um(z &)’ _ 1) dédndudv.

Finally, we “linearize” the integrals by the change of variables

X'—’Z‘Ei, y— Hni, W”’Z/Tli’

d-d! 11/dlloooooode1e1 (x ) vt
S ! RE —0=1 =1 p—u(xty ) —vOetw
L7 d—e=10e -1 JOJ;)JOJOJ;) g

X (e(“/\")xd - 1) dwdy dx dudv,

and get

since the change of variables produces the factors

R1-1/d yd—t-1 Wil
d-rd—i-n Mg

Now by symmetry (of u and v), we have

d) d 2d - d! Lplroorooroo
e 3 (9 e [ e
1;(1(@ 1;«1 ¢)(d—t—1—-1) o to Jo Js

X e—u(x+y)d—v(x+w)d (evxd — 1) dwdy dxdudv.

Proceeding in a similar manner for J,, 4, we deduce that

1,1
Jnd = 2d!2J f f f e—[u(ZEi)dw(ZEﬁZm)d} (e(u/\v)(ZEi)d — 1) d§dndudv.
0 Jv JSy(n)J[0,nt/d/d]4

By the change of variables x — Y. &;, w — Y.m);, we have

2d1?
1 1/d d-1 e UxX d_y(x4w)d wAv)x?
Ind > " jJJ J ( 1) dw dx dudv

= 2d2n1_1/df f f f wd_le_”xd_v(x+w)d (e”d — 1) dw dx dudv.
oJvJo Jo

Similarly, for J, o, we get

1p,1 d d
Jn,O = 2dlzf f f f e—[U(ZEﬁ-Zm) (X&) } dg dndudv.
0 Jv Jsy(n)J[o,n1/d/d]d

The change of variables x — Y. &;, y — Y. m; then yields

N2d2 1- 1/dJ J‘f f d-1 —u(x+y) —vxd ddedUdV

This completes the proof of the theorem.
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Remark. By the same arguments, we derive the following asymptotic estimates for the number of
maxima in Sy.

EM,]~ Y (d ; 1)(—1)1r (W;Tl) pd=1-)/d,

0<j<d
V[M,] = (¥; +o(1)) n' 714,

1 d dd!
we=r(a) s 2,0
I;d (d—k—1)(k—-1)
J J f wk_le—(X+Y)d_(x+W)d (exd - 1) dwdy dx 4
2 d—1,—x%—(x+y)?
—2d f J yi e dxdy.
o Jo

Theorem 2. The number of Pareto records in iud samples from d-dimensional simplex is asymptotically
normal with a rate given by

(Xn—E[Xn] )
Pl oy | —ax)|=0
VIX,]

where ®(x) denotes the standard normal distribution.

where

sup
X

(n_(d_l)/(d'd)(logn)2 + n_l/d(logn)l/d) , (5)

Proof. Define the region

4 _ 2logn
D,:={(x,2):x€S4,z€[0,1] and 2 (1 — |Ix|)* < ——}.

Let X, denote the number of maxima in D,, and X, the number of maxima of a Poisson process on
D, with intensity d!n. Then

‘IP (X—”_E[X"] <x) —o(x)| < |P (X—"_E[X"] <x) —P (—_ X.] x)|
VVIX,] - VVIX VVIX,]
) (et )l

+ |P <Xx (6)

V[X ]
T P( E[X] ) ()| +

|®(y) -

for x € R, where
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We prove that the four terms on the right-hand side of (6)) all satisfy the O-bound in (5). For the
first term, we consider the probability

P (Xn # )?n) <nP(q; ¢ D, and q;is a maximum)

:nd!J (1—2(1—||x||)d)”‘1 dxdz
$4x[0,11-D,,

2logn\"!
< nd! 1- dxdz
$4%[0,1]1-D, n

<o(n™).

For the second term on the right-hand side of (6]), we use a Poisson process approximation

) =0 (n_l/d(logn)l/d) .

P(Xn<t) ~F(Fu<t)| <0

Dn

sup
t

To bound the third term, we use Stein’s method similar to the proof for the case of hypercube given
in [[1]] and deduce that

X:n - E[}’En] (E[X:n])l/an>
P| ———— - =0 ——————
( N Al ) v )‘ ( (VIX, D

=0 (n—(d—l)/(4d) (logn)z) ,

sup
y

where Q,, is the error term resulted from the dependence between the cells decomposed and

Q=0 ((logn)?).

Finally, the last term in (6)) is bounded above as follows.

|VVEG] = VVIE,]

VIX,]

‘q>(y)_q>(x)| _0 +{E|:Xn] _E[)’Zn”

= 0 (n-@h/eD),

This proves (6) and thus (5). |

The Berry-Esseen bound in is expected to be non-optimal and one naturally anticipates an opti-
mal order of the form O(n~'/271/24)) but we were unable to prove this.

Remark. By defining
g _ 2logn
D,:=4{x:x€S;and (1-|x])* < —

instead and by applying the same arguments, we deduce the Berry-Esseen bound for the number of
maxima in iud samples from S,

P (w < x) — q;(x)
V VIM,]

sup =0 (n_(d_l)/(4d) logn + n_l/d(log n)l/d) .
X
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3 Numerical evaluations of the leading constants

The leading constants v4 (see (3)) and ¥, (see (4)) appearing in the asymptotic approximations to
the variance of X,, and to that of M,, are not easily computed via existing softwares. We discuss in
this section more effective means of computing their numerical values to high degree of precision.
Our approach is to first apply Mellin transforms (see [12]]) and derive series representations for the
integrals by standard residue calculation and then convert the series in terms of the generalized
hypergeometric functions

r(By---1( TG +ay) T+ ) i
Fq(alz cey p,ﬁl,...,ﬁq;z) = [51 ﬁq Z JTay J] ap Z

Tay)---Tlap) 4 TG+ 1) STG+B) It

The resulting linear combinations of hypergeometric functions can then be computed easily to high
degree of precision by any existing symbolic softwares even with a mediocre laptop.

The leading constant v; of the asymptotic variance of the d-dimensional Pareto records. We
consider the following integrals

B d (d—1)!
Ca= 2 (m)(m—l)!(d—l—m)!

1<m<d
r‘l 1 roo
y J J J d=1-m, m-1 —u(x+y)d—v(x+w)d( 1) dwdy dx dudv
Jo
1 d
N f J d—1,—uxd—v(x-+w) ( )dexdudv
JoJvJo Jo
rl roo [ele}
_ J J yile _“("ﬂ’)d_"xddydxdudv
Jo 0
=:(d-1) Z ( )( )Id,m+1d,d—1d,o-

1<m<d

Then C, is related to v4 by vy = ddTlF(%) +2d*C4. We start from the simplest one, I, , and use the
integral representation for the exponential function

1
e t=—1 T(s)t™*ds,
271
(c)

where ¢ > 0, R(t) > 0 and the integration path f © is the vertical line from ¢ — ico to ¢ + ioco.
Substituting this representation into I, 5, we obtain

1 1,1 poopro00 ,
Igo= gy F(S)f f f f u(x+y) ¥y le™* dy dx dudv ds.
(c) 0Jv JO JO
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Making the change of variables y — xy yields

1 1,1 pooproo
d
Id,ozr F(s)f Jf J u_sxd(l_s)(l +y)_dsyd_1e_"x dy dxdudvds
Tt J©o 0oJvJo Jo

1p,1 0 0
1
= F(s)f J u_S(J ya 11+ y)™E dy) (J xd(l_s)e_”ddx)dudv ds
271 (
c) 0Jvy 0 0

_dr(d-1) [ TENds =T+ 3 -s)
B I'(ds)(ds—1)

i S,
L ©)

where 1 <c <1+ %. Moving the integration path to the right, one encounters the simple poles at

s=1+ % +jfor j =0,1,.... Summing over all residues of these simple poles and proving that the
remainder integral tends to zero, we get

(1T +1+ r(dj+1)

Igo=T(d-1)) ] G+DIT(dj+d+1)

j=0

>

—d-1+1

where the terms converge at the rate j d. This can be expressed easily in terms of the general-

ized hypergeometric functions.

An alternative integral representation can be derived for I, ; as follows.

rd-1)—TG+1+3) (! i1 di
Ijo= = Z T (—1)JJ(1—X) x¥ dx

F d d
() (1+dx) dx,

X

which can also be derived directly from the original multiple integral representation and successive
changes of variables (first u, then x, then v, and finally y). In particular, for d = 2,

Iyo= ﬁ(\/ﬁ— 1+1log2+log(v2— 1)) .

Now we turn to I 4.

1,1 poopro0
Id,d :J J J J Wdflefuxdfv(x+w)d (evxd _ 1) dw doc dudv.
0Jv JO JO

By the same arguments used above, we have

r(d) [ TET(ds—dr(l+1-s)
2d mi I'(ds) Tgqds,

Igqa=
©)

1 1
I 4 :ZJ V_SJ ((u— v)s_l_i —us_l_i) dudv.
0 %

1875
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To evaluate I’

d.4> Assume first that % < R(s) <1, so that

1 1-v . 1 . u
I 4 =f v_SJ uwlTd du—f us_l_dJ v*dvdu
' 0 0 0 0
_d (TA-9T6-3) 1
T d-1 ra-1 1-s5)°
Now the right-hand side is well-defined for % < R(s) < 2. Substituting this into I; 4, we obtain

rd—1) [ TErds—drQ+:—s) (T1-(s—2) 1
— ds,
I'(ds) r(-3 1—s

I, =
d.d 27l ©

where 1 < ¢ < 1+ %. For computational purpose, we use the functional equation for Gamma
function

M =9s)F(s) = sinms’
so that
Lo r'd-1) nl'(ds —d) o1 N I'(s—1)
T 2mi ), r(ds)sin(a(s — 1) \ 11 - Dsin(rs) | D(ds)M(s — 1)

In this case, we have simples poles at s = j+1/d for both integrands and s = j for the first integrand
to the right of R(s) = 1 for j = 2,3,.... Thus summing over all the residues and proving that the
remainder integral goes to zero, we obtain

r(dj—-
Igq=T(d—1)r(3) rd-1)
a.d ; T ) ]Zz]

(1T -1+ )r(dj—d +1)
r(Hridj+1)

A similar argument as that used for I, gives the alternative integral representation

r(3) ! 1AL s —logl1-0) -t
Id’d:m(_l_’_ﬂ (1—td) (td 1(1+t) d + t2 )dt .

In particular, for d = 2,

I, = ﬁ(Z— V2 —2log2 + log(v2 + 1)) )

Now we consider I ,, for 1 <m <d.

1p,1p00 00,00
= J f J J J yd—l—mwm—le—u(x-l-y)d—v(x+w)d (evxd . 1) dw dy dx dudv,
0Jv JO 0 Jo

which by the same arguments leads to

Ijm= 2— r(s)f J (J yI M+ y) e dy)
Tl ©
J - (J da- s)( —vxd((1+w)d—1)_e—vxd(1+w)”’) dx) dw dudv ds
0 0

_dr(d-m) [ TE)(ds—d+mI(1+3—s)
~2(d —1)mi © I'(ds)(ds — 1)

Wm(s) dS,
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wherel<c<1—|—%and
* i1
Win(s) :=J w1 (((1 +w)! —1)’ Yi_ +w)d5—d—1) dw
0

1
1 1 1
- _ —s(4—7 _ 1ym-1 _oys1-1
= dJ;) t(t7d—1) ((1 t) d 1) dt

1 m-1\ nl(s = 3) 1
_dO;m( ¢ )( Y (F(l—%)l“(s+§)sin(n(s+§)) 1-t 5 )’

d

for % < R(s) <2—(m—1)/d. Note that each term has no pole ats =1 — g. Thus

—F(d _ m) m—1 m—1—(
Id,m = d—1 Z ( 0 )(—1) Id,m,é:

0<f<m

where

1 r(s)r(ds—d+m)r(1+ % —5)
Igme =
(c)

2mi T(ds)(ds — 1)

(s —% 1
X — ds.
F(l—%)r‘(s+§)sin(n(s+§)) 1—§—s

We then deduce that the integral equals the sum of the residues at s = j + % ands=j+1-— g

{+1 . 1 .
I, gZ—F(T)Z F(]+1+E)F(d]+m+1)
m, d S G+Ddj+d+ DG +1+ 4
1 (DTG + 1+ r(dj+m+1)
d & (+1Irdj+d+10+ 5
T(Gj+1-9r(dj+m—1)
+r(Ehy —
d jIT(dj+d—0)(dj+d—£—1)

j>1
_ rl1] [2] [3]
- Id,m,é + Id,m,é + Id,m,ﬂ'
It follows that
Ca—Igaq+1Ia0
d d—2
=@d=1 >, ( )( )Id,m
St \m)\im—1
= Z PEY (_1)m—1—lz (Id e+Id E-Hd Z)
1<m<d (m (m h 1)! 0<f<m ¢ »1m, ,m, ,m,

_ oy o2 o
= +cH+c.
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For further simplification of these sums, we begin with C(EZJ. Note first that

m—1
2 (" e

0<f<m

1o COTG+ 1+ )r(dj+m+1) m—1
=3 G+DI(dj+d+1) Z( )

j>1 0<l<m

(1T +1+ r(dj+ 1)
G+DIr({dj+d+1)

=D m-1) )

i1

Thus

[2) _ d) (d —2)! (m—l) _yme1-t;02]
“a _1;01 (m (m—1)! O;m ¢ = laimt
B d e CDTG 1+ Dr(dj +1)
_(d_z)!lgid (m)(_l) ; G+DIr(dj+d+1)
r(a+4%)
=1+(-1D9H (Id,o - d(d——i)) :

Accordingly, C(EZJ = 0 for odd values of d.

For the other two sums containing 15131 ¢

(N+m(-D™ (-1)N! N+1+¢ N+d
Z m!(d—m)!(m—l—()!_(d—l—ﬂ)!(( d )_( d D

I<m<d

(3] : :
and I dm,e> We use the identity

d\ (d —2)! m-—1
[1] § § m—1—£ (1]
‘ 1<m<d m (m - 1)' 0<f{<m ¢ mt
0+1 . 1
NGy rG+1+13)

d!
=(d-2) —(=1)*
( )osgd:—z“( ' ;(1+1)F(dj+d+1)l“(j+1+%)

rdj+m+1)(—1)™
% Z m!(d —m)!(m—1—1{)!

{<m<d

_ (_1)d d—1 PN I“(j+1_|_%) (deZfH)_
_d(d_l)osz (f )( 1)r(d)2(j+1)r(j+1+%l) 79 )

(<d-2 j=1 d

Note that )
(d ]+l+1)
~ d 7
dj+d
%)
for large j, so that the series is absolutely convergent.

—-1=0G"YH) (0<t<d-2),
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Similarly,

d (d - 2)! m-1\, .
= X (m) CEIY ( ¢ )(_1) i

1<m<d 0<f{<m

_(_1)d d—1 (—1 41 r(j+1_§) ((fij)
T d-1 2 (z )(_1) F(T);j!(dj—l-d—li—l) (dj+dd—e—1)_1 :

0<{=d-2

Since vy = ﬁr(%) +2d?C,, we obtain, by converting the series representations into hypergeomet-
ric functions, the following approximate numerical values of v;.

vy A 2.86126 3549311178 8253114379,
V3 & 3.22524 36444 05576 89660 59392,
V4 & 3.97797 2744219455 29292 64760,
Vs & 4.84527 3917162611 42226 50057,
Ve & 5.76349 95321 96568 6481277416,
v, & 6.70865 12250 86590 36364 34742,
Vg & 7.66955 04435 24665 04704 24808,
Vg A 8.6403279742 08287 24931 00067,
V19 &~ 9.61764 75521 13755 73944 20940,
V11 & 10.59949 78766 56951 63098 76869,
V15 &~ 11.58460 78314 60409 77794 37163.

In particular, v, has a closed-form expression

Vy = gﬁ(2n2—9— 1210g2).

The leading constant ¥; of the asymptotic variance of the d-dimensional maxima. Let

o0 00
Jao = 2d2J f yd=Lle=x =t dx dy,
0 Jo

and

dd! (0.0] (0.0] oo d 4 g
— d—k-1. k-1 —(x+y) —(x+w) 1
Jag: (d—k—l)!(k—l)!JO JO JO y w e (e )dwdydx.

Then (see (4))
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Consider first J;,. By expanding (1 + xd)_l_i, interchanging and evaluating the integrals, we
obtain

(1 )d—l
Jgo=2T —ldx
d o (14 xHIta
rG+1+Hrej+1
=2d1) ’ ki -1Y,
jZOF(]+1)F(d]+d+1)

_q-1
the general terms converging at the rate O(j"%"). The convergence rate can be accelerated as
follows.

1

1 1 Lid-1 -1-1
Jio=2T 1+E xd (1—xd)* " (1+x) "ddx
0

=2F( )22_r 1_f (1- x)rxd - xd)d Ldx

r=>0

~ 1), 1 d— NG rG+1+3)
_F(HE)Z o3 ( ¢ )( DT ( d )Zr(j+1+%1)2]’

0<{<d j=0

the convergence rate being now exponential. In terms of the generalized hypergeometric functions,

we have .
1\ 1 d—1\(-1) 1 (+1 1
Jd’o—r(a)z d Z ( ¢ )m2F1(1+E’151+ T,E)
0<{<d

The integrals J; ; can be simplified as follows.

5 d—2 *© »d OO _
Jd,k+1=d(d—1) (e —1)

f (y —x)172- k(z x)Ke -z dzdy dx

=2d%(d — 1) f f

X f (exd —1)(y —x) 2z — x)kdx dzdy
0

1 1
=2(d-1)r (l) (d - 2) f 1- x)kJ (1 — xg)d-27kgh+1
d k 0 0

1 1
X - — - | dzdx
(1+2? —xdzd) e (1429

g 17
=Jg 1 Ta k1
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By the same proof used for J; 5, we have
1" - 2 k
Jire1 = 2(d—1)F (1—x)

x f (1 — x2)d727kzk+1(1 4 24)7173 dz dx
0

1 (1 d—1\(-1y 1 j+1 1
— (=D)fHla—ir | = Frll4=1:14 2],
(2 (d)z(j)j+1“(+d” T4 ’2)

k<j<d

Similarly,
/ - 2 k
Jire1 = 2(d - 1)F (1 - X)

1
X f (1 — xz)d727kgk+1(1 4 59 — xdzd)_l_% dz dx
0

B 1 (—1)/
—r(g)e-v 3 et

0<j<d—2-k”’’

1 k+]+2 1; 1+l+]+1 1+k+)+2 -1

(-1f sF(1+3
O;kﬁ!(k—é)! SIS TRy

Thus we obtain the following numerical values for the limiting constant ¥, of V[M,,]/n(d~-1/d

P, &~ 0.68468 89279 50036 17418 09957,
V3 /7~ 1.48217 3187340583 6860111369,
V4~ 2.35824 3761202486 9374228054,
V5 &~ 3.27773 90059 79491 26684 80858,
Vg A 4.22231 0945077067 79998 34338,
V7 /2 5.1822076686 16078 48517 29967,
Vg &~ 6.15196 29023 7747445508 28039,
V9 A~ 7.1283513658 43360 52793 29089,
V10 ~ 8.10938 2322115849 8252777117,
V11 &~ 9.09377 74697 86680 89694 70616,
V15 ~ 10.0806 8646519733 08113 16376.

In particular, ¥, = +/7(2log2 — 1); see [2].

Yet another constant in [[8]. A similar but simpler integral to appeared in [8]], which is of the
form

o0 00 00
Ky := f J f (u 4 w2~ +x =0+ gy gy dw,
0o Jo Jo
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(this K, is indeed their K;_;). By Mellin inversion formula for e, we obtain
1
Kyj=— F(s)f J J (w+w) 2w+ x)_dse_(w+x)d+xd dx dudwds
27t J oy o Jo Jo

1
= I(s)r(1+2—
2d mi J;C) (I +5 =)

o0 00 L1
X J f (w+w) 21 +u)™% ((1 +w)? — 1)5 4 qudw ds.
0 Jo

Expanding the factor (u + w)?~2, we obtain K; = D 0<m<d—2 (d;lz)Kd m> Where

1 o0
Kimi=—— T()r(1+431-5) u™(1+uw) *du
’ 2dmi [ d o

X (f wi=2-m ((1 +w)? — 1)3_1_;) dw
0

1
=— r)r(l+%—5)B(m+1,ds—m-— 1)U, (s)ds.
2dmi d

Here

U,(s):= f wl=2-m ((1 +w) — 1)5_1_% dw
0

1 ' —s s—1-1 (1 d=2-m
=Efot (1-1t) d(t d—1) dt
_ 1 d—2-m d—2—m—{
=~ E ) ( . )( 1) B(l1—s—=,s )

Thus we obtain

1 d—2 d—2—m 9 m—
Ki=3 2, (m) )3 ( ) )(—1)“ fmir(41)

0<m<d-2 0<{<d—-2-m

= jIT(dj+d—10) G414+ EDrdj+d+1)

(r(j+1—§)r(dj+d—e—m—1) F(j+1+1)1"(dj+d—m))
x>
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This readily gives, by converting the above series into hypergeometric functions, the numerical
values of the first few Ky,

K, ~ 0.30714 28473 56944 02518 48954,
K5 ~ 0.21288 24684 73220 99693 80676,
K4 ~ 0.19494 67028 23033 18190 40460,
K5 ~ 0.20723 2151299671 45854 937609,
Kg ~ 0.2433117024 51836 72554 88428,
K, ~ 0.30744 56566 07893 22242 37300,
Kg ~ 0.41127 01058 90385 83873 59349,
Ky ~ 0.57571 68456 67243 64328 08087,
Ko ~ 0.8361582236 7711600233 16115,
K;p ~ 1.2517963251 14070 86480 31485,
Ky, ~ 1.92201 04035 18847 36012 85304.

These are consistent with those given in Chiu and Quine (1997). In particular, K, = }‘ﬁ log 2.
Further simplification of this formula can be obtained as above, but the resulting integral expression
is not much simpler than

r:) (1! d-2 11
dj' J J (u_i v —2) umayTa (u_1 +y71- 1) 4 qudv.
0Jo

4 Asymptotics of the number of chain records

We consider in this section the number of chain records of random samples from d-dimensional
simplex; the tools we use are different from [[17]] and apply also to chain records for hypercube
random samples, which will be briefly discussed. For other types of results, see [[17].

4.1 Chain records of random samples from d-dimensional simplex

Assume that py,...,p, are iud in the d-dimensional simplex S;. Let ¥,, denote the number of chain
records of this sample. Then Y,, satisfies the recurrence

vE14Y, (=), ®
with Y, := 0, where
n—1 !
P(I, = k) = T = d( § ) f (1 — e R - ) d,
0
for 0 < k < n. An alternative expression for the probability distribution 7, j is

_ _ —r (k+ 2
nn,ﬁ(n 1) 2. (djl)(—l)fr(n (k5 ),

k 0<j<d r (n + %)
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which is more useful from a computational point of view.
Let

E+1D)-G+d)—di=z [ [ G-2),
1<{<d
where the A,’s are all complex (& R), except when d is even (in that case, —d — 1 is the unique real
zero among {Aq,...,A4_1}). Interestingly, the same equation also arises in the analysis of random
increasing k-trees (see [9]]), in some packing problem of intervals (see [4]), and in the analysis of
sorting and searching problems (see [7]).

Theorem 3. The number of chain records Y,, for random samples from d-dimensional simplex is asymp-
totically normally distributed in the following sense

Y. —u.l
P(ﬂq) o)

o,+/logn

sup
x€R

=0 ((log n)_l/z) , ©))

where u, :==1/(dHy) and o := \/ng)/(dHS’). The mean and the variance are asymptotic to

H,

E[Yn] = m +c+ O(Tl_g), (10)
HY

V[Yn] = _3Hn +c+ O(n—a‘)’ (1D
dH?

respectively, for some € > 0, where

1 Py ¢
e SO

dH, 15(Z<d d d

1 2 2H® HPP 1 e (!
C2_€+6dzH§_ 3H3 * 2H * e Z (w (_7) v (E))

d 1<{<d

aHP  2d1 o (dj+ 1) (dj + d)(Hajra — Hay)
H3 Hyq & ((dj+1)---(dj+d)—d)?

Here 1(x) denotes the derivative of log I'(x).

The error terms in (10) and (11)) can be further refined, but we content ourselves with the current
forms for simplicity.

Expected number of chain records. We begin with the proof of (10). Consider the mean u, :=
E[Y,]. Then uy = 0 and, by (8),

pa=1+ > myue  (n=1). (12)
0<k<n
Let f(z):=e® ano u,2"/n! denote the Poisson generating function of u,. Then, by ,
1
f@O+fx)=1+ df fedz)(1 - )4 tde.
0
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Let f(z) = ano (,2"/n!. Taking the coefficients of 2" on both sides gives the recurrence

di )
(dn+1)---dnt+d)Mn

i+ fingr = (n>1).

Solving this recurrence using (i; = 1 yields

o e B d!
fin =71 H(l Ge@rn) 0D

1<j<n

It follows that forn > 1

_ ny . Y\, ke B d!
=D, (k)“"_lgzm(k)( ol (1 (dj—l—l)...(dj+d))' (13)

1<k<n 1<j<k

This is an identity with exponential cancelation terms; cf. [17]. In the special case when d = 2, we
have an identity

H,+2
=—
No such simple expression is available for d > 3 since there are complex-conjugate zeros; see (14)).

M

Exact solution of the general recurrence. In general, consider the recurrence

anp = bn + Z Tn,k Ak (Tl > 1);

0<k<n

with ag = 0. Then the same approach used above leads to the recurrence

d! .
~ - _ 1_ ~
an+1 ( (dn+1)___(dn+d))an+bn+bn+1;

which by iteration gives

. . . d!
1= 2, OV (Bt buea) 1] (1_(d(n—j)+1)---(d(n—j)+d))’

0<k<n 0<j<k

by defining b, = by = 0. Then we obtain the closed-form solution
n ~
a, = Z (k) ag.
A similar theory of “d-analogue” to that presented in [13] can be developed (by replacing 27/ j¢

there by d!/((dj +1)---(dj + d))).

However, this type of calculation becomes more involved for higher moments.
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Asymptotics of u,. We now look at the asymptotics of u,. To that purpose, we need a better
expression for the finite product in the sum-expression (13).

In terms of the zeros A;’s of the equation (z +1)---(z +d) — d!, we have

l_[ ( d! ) B l_[1§j<n (dj [Ticcaldi— M))

@@+ 0) T T (@ + D@+ D)

1<j<n
1 T(n=2)r(1+9) 14)
- n1se<dr(n+§)r( —%)
=: ¢(n).

The zeros A;’s are distributed very regularly as showed in Figure

Figure 4: Distributions of the zeros of (z+1)---(z+d)—d! =0 for d =3,...,50. The zeros approach,
as d increases, to the limiting curve |z7*(z 4+ 1)'*%| = 1 (the blue innermost curve).

Now we apply the integral representation for the n-th finite difference (called Rice’s integrals; see
[[14]]) and obtain

1,
1 (27 Tr(n+1(-s)

Hn="5mi 1. T(n+1-5) P(s)ds.

100

Note that ¢ (s) is well defined and has a simple pole at s = 0. The integrand then has a double pole
at s = 0; standard calculation (moving the line of integration to the left and summing the residue of
the pole encountered) then leads to

e e £, () () ot
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where the O-term can be made more explicit if needed. Note that to get this expression, we used
the identity

E+1D-E+d)—d 5 ATz +d —j+1)
B (

z d—j+DIr(z+1)

1<j<d

The probability generating function. Let P,(y):=E[y"]. Then Py(y)=1and forn>1
P =y D, murP).
0<k<n
The same procedure used above leads to

_ Y, ok B dly
po0= 3 (v [1 (- @n-aeo)

0<k<n 0<j<k

_ 3 ), k-1 3 dly
=1+(y-1) ). (k)( 1) ]_[(1 (dj+1)---(dj+d)) (n>0).

1<k<n 1<j<k

Let now |y — 1| be close to zero and
G+ GE+d)-diy= [] -20)).
1=(<d

Note that the A,’s are analytic functions of y. Let A;4(y) denote the zero with A;(1) = 0. Then we
have

1—¢e+ioco
y—1 I'(n+1)I'(-s)
P =1- ——— ¢(s,y)ds,
"= 5a Jl_g_ioo TCESEDIE
where ¢ > 0 and
aly) e) ¢
P(s,y) = F(S_ dd ) F(s— ld )F(1+E)
Mis+0r (1-29) 25 (s+ 41 (1-242)

Note that for y # 1, ¢(0,y) =1—y. When y ~ 1, the dominant zero is A;4(y), and we then deduce
that

Py(y) = Q™ 1 0(]1 - y|n~*),

where 1) r (Ad(y)—/u(y)) r (1 n g)
Qy):= Y 1 d )
RiooR+ 25 i (B (- )

By writing (z+1)---(z+d)—d!y =0 as

(1+z)---(1+2)—1=y—1,

and by Lagrange’s inversion formula, we obtain

12 (2)

y—1 d  "d 2 3

Aa(y) = - -1240(ly -1P).
a(y) I, 2173 (y-1 (Iy —1P)
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From this we then get Q(1) =1+ O(|ly — 1]) and

@ 3) 2)\2
n HyY , 2HgHg —3(H)? | A
Aq(eM)=—+ — +0 ,
aCe) I, 2H3n 6I1% n (Inl™)

for small |n|. This is a typical situation of the quasi-power framework (see [15] 22]]), and we
deduce (10), and the Berry-Esseen bound (9). The expression for c, is obtained by an ad-hoc
calculation based on computing the second moment (the expression obtained by the quasi-power
framework being less explicit).

When d = 2, a direct calculation leads to the identity

5 272 H® 26 2 2j—1 2j
VIY] = oot ot 5~ 5 5 2 | T T e e
=\ 0 G+

for n > 1, which is also an asymptotic expansion. This is to be contrasted with E[Y,] = (H,, +2)/3.

4.2 Chain records of random samples from hypercubes

In this case, we have, denoting still by Y, the number of chain records in iud random samples from
[0, 1],
214y,  (nx1),

_ 1 _ d-1
P(I, = k) = (" ) 1) f k(1 — o1k 1080
0

with Y, =0 and

(d—1)
Let P,(y) :=E[y"]. Then the Poisson generating function &(z,y) := e > ano P,(y)z"/n! satisfies

(—logt)i~!

) o . vt
«@(Z:J’)‘F&c@(zd’):)’ﬁ @(tz,y)wdt,

with (0, y) = 1. We then deduce that
n Yy
P(y)=1+ ), (k)(—nk |1 (1 - j—d) :
1<k<n 1<j<k

Consequently, by Rice’s integral representation [[14],

1 (17 pn4 D(=s) Ms+1—y
| 1

s+ 1/d62€ni/d)
P,(y)=— :
) I(n+1—s)(s+ 1) T(1— yl/de2tni/d)

: ds.
211

—£—i00 1<(<d

If |y — 1] is close to zero, we deduce that

1/d_q l—-(yl/d(l _eZEﬂZi/d))

1—-(1 _ yl/dezfm'/d)

nY
l—-(yl/d)l/d =

P,(y)= (1 + O(n_g)) .

{<d

A very similar analysis as above then leads to a Berry-Esseen bound for Y, as follows.
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Theorem 4. The number of chain records Y, for iud random samples from the hypercube [0,1]¢
satisfies

sup =0 ((log Tl)_l/z) ,

x€R

Y, —uylogn
Pl ——<x | —&(x)
( o/ logn

where u, = 0y, := 1/d. The mean and the variance are asymptotic to

1 1 .
E[Y,]= Elogn +7r+ 7 E P(1— ezem/d) +0(n~®),
1<(<d
1 _ . .
+ 55 >, (W (1= + (122 )y (127 ) o),
1<{<d

for some € > 0.

The asymptotic normality (without rate) was already established in [[17]].

In the special case when d = 2, more explicit expressions are available

H,+1 H,+H?® -2
. V[Y,] = —— —

ElY,l=
[Y,) = ——, VIY, ;

B

forn>1.

5 Dominating records in the d-dimensional simplex

We consider the mean and the variance of the number of dominating records in this section.
Let Z,, denote the number of dominating records of n iud points p;,...,p, in the d-dimensional
simplex S;.

Theorem 5. The mean and the variance of the number of dominating records for iud random samples
from the d-dimensional simplex are given by

(d)kT ()
E[Z,]= Y o, (15)
1;{9 I'(dk+1)
- CORNCL (AT (k) CORNGIAN
ViZn] _22;@1 F(dk+1) k-1 +1;k§n r(dk+1) 1;@ rak+y | 0 1O

respectively. The corresponding expressions for iud random samples from hypercubes are given by H,gd)
and H,(ld) - Hffd), respectively.
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Proof.

E[Z,] = Z P (py is a dominating record)

1<k=<n
k—1
= Z (d!)kJ ( l_[ xi) dx
1<k<n Sq \1<i<d
B Z @ r'(;r(k+1)
N r((G+Dk+1)

1S K 1<j<d

Thus, we obtain (15). For large n and bounded d, the partial sum converges to the series

k(e
E[Z.] — Z (d)*T(k)

= I'(dk+1)
at an exponential rate. For large d, the right-hand side is asymptotic to

2
E[Z]—1+o(( 2 )=1+o(4‘d\/5),

(2d)!

by Stirling’s formula.

Similarly, for the second moment, we have

E[Zf] —-E[Z,]=2 Z Z P (pj and p; are both dominating records)

2<k<n1<j<k

Z (dl)kJ J l_[yl - l(l_[x)k a 1dydx
Sq Jy=x

2<k<n1<]<k

=22(d!)kf f (M=) ey | ([Tx)"
Sq \ 1<j<k Jy=x

2<k<n
k—1
=2 ), (d')kH(‘“f (ITx) o
2<k<n Sq
@it g
=2 —— " H
Z I'(dk+1) k7

2<k<n

and we obtain (16).
For large n, the right-hand side of converges to

(AT () (dDkr (k)4 (dDkr (k)4 2
2; T(dk + 1) Hk—1+; r(dk+1) ; T(dk+1)

at an exponential rate, which, for large d, is asymptotic to 3v/7d 4~ ¢. This explains the curves
corresponding to Z, in Figure

The proof for the dominating records in hypercubes is similar and omitted. 1
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