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1 Introduction and Main result

The random matrices theory originates from the development of quantum mechanics in the 1950’s.
In quantum mechanics, the energy levels of a system are described by eigenvalues of a Hermitian
operator on a Hilbert space. Hence physicists working on quantum mechanics are interested in the
asymptotic behavior of the eigenvalues and from then on, the random matrices theory becomes a
very popular topic among mathematicians, probabilitists and statisticians. The leading work, the
famous semi-circle law for Wigner matrices was found in [19].

A real Wigner matrix of size n is a real symmetric matrix W, = (x;;)1<; j<, Whose upper-triangle en-
tries (x;;)1<i<j<n are independent, zero-mean real-valued random variables satisfying the following
moment conditions:

(1). Vi, Elxy|* =02 >0; (2).Vi<j, Elx;[>=1.

The set of these real Wigner matrices is called the Real Wigner Ensemble (RWE).

A complex Wigner matrix of size n is a Hermitian matrix W, whose upper-triangle entries
(xij)1<i<j<n are independent, zero-mean complex-valued random variables satisfying the follow-
ing moment conditions:

(1). Vi, Elx;l* =0?>0; (2).Vi<j, Elx;/*=1, and Exl.zj =0.

The set of these complex Wigner matrices is called the Complex Wigner Ensemble (CWE).

The empirical distribution F, generated by the n eigenvalues of the normalized Wigner matrix
n~Y 2w, is called the empirical spectral distribution (ESD) of Wigner matrix. The semi-circle law
states that F, a.s. converges to the distribution F with the density

p(x) = %\/4—%, x €[-2,2].

Its various versions of convergence were later investigated. See, for example, [1], [2].

Clearly, one method of refining the above approximation is to establish the rate of convergence,
which was studied in [3], [10], [12], [13], [18], [5] and [8]. Although the exact convergence rate
remains unknown for Wigner matrices, Bai and Yao [6] proved that the spectral empirical process
of Wigner matrices indexed by a set of functions analytic on an open domain of the complex plane
including the support of the semi-circle law converges to a Gaussian process under fourth moment
conditions.

To investigate the convergence rate of the ESD of Wigner matrix, one needs to use f as step func-
tions. However, many evidences show that the empirical process associated with a step function can
not converge in any metric space, see Chapter 9 of [8]. Naturally, one may ask whether it is possible
to derive the convergence of the spectral empirical process of Wigner matrices indexed by a class of
functions under as less assumption on the smoothness as possible. This may help us to have deeper
understanding on the exact convergence rate of ESD to semi-circle law.

In this paper, we consider the empirical process of Wigner matrices, which is indexed by a set of
functions with continuous fourth-order derivatives on an open interval including the support of the
semicircle law. More precisely, let C*(% ) denote the set of functions f : % — C that has continuous
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fourth-order derivatives, where % is an open interval including the interval [—2, 2], the support of
F(x). The empirical process G, = {G,(f)} indexed by C*(%) is given by

Gn(f)énj fOOLF, = F1(dx), fec*(%) (1.1

In order to give a unified treatment for Wigner matrices, we define the parameter k with values 1
and 2 for the complex and real Wigner matrices respectively. Also set 8 = E(|x;5/2 — 1)? — k. Our
main result is as follows.

Theorem 1.1. Suppose
IE|xl-j|6 <M foralli,j. (1.2)

Then the spectral empirical process G, = {G,(f) : f € C*(%)} converges weakly in finite dimensions
to a Gaussian process G := {G(f) : f € C*(%)} with mean function

K —

1
7o)+ (02 = K)7a(F) + Bra(f).

k—1
EG(f)=T[f(2)+f(—2)]—

and covariance function

>

c(f,8) EHG(f) - EG(fIHG(g) — EG(g)}]

1 (22
= 4?J;ZJ_zf’(t)g’(s)\/(t,s)dtds

where
V(ts) = (az — K+ %ﬁts) V(4= t2)(4—52)
(4— ts+ \/(4— tz)(4—52))
+xlog
4—ts—/(4—t2)(4—52)
and

T(f) = ij f(2c059)e“9d9=if f(2cos0)cos(16)dO
27 o 27 —

1f1 1
= — | fQOT(t)———dt.
TJa 1—1t2

Here {T;,1 > 0} is the family of Chebyshev polynomials.
Remark 1.2. In the definition of G,(f), 6 = f f(x)dF(x) can be regarded as a population param-

eter. The linear spectral statistic § = f f(x)dF,(x) is then an estimator of 6. We remind the reader

that the center 68 = f f(x)dF(x), instead of E f f(x)dF,(x), has its strong statistical meaning in
the application of Theorem|1.1. For example, in quantum mechanics, Wigner matrix is a discretized
version of a random linear transformation in a Hilbert space, and semicircular law is derived under
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ideal assumptions. Therefore, the quantum physicists may want to test the validity of the ideal as-
sumptions. Therefore, they may suitably select one or several f’s so that 8’s may characterize the
semicircular law. Using the limiting distribution of G,(f) = n(6 — 6), one may perform statistical
test of the ideal hypothesis. Obviously, one can not apply the limiting distribution of n(6 — E) to
the above test.

Remark 1.3. Checking the proof of Theorem one finds that the proof still holds under the
assumption of bounded fourth moments of the off-diagonal entries is finite, if the approximation
G,(fn) of G,(f) is of the desired order. Thus, the assumption of 6-th moment is only needed in
deriving the convergence rate of ||F, — F||. Furthermore, the assumption of the fourth derivative
of f is also related to the convergence rate of ||F, — F||. If the convergence rate of |F, — F|| is
improved and/or proved under weaker conditions, then the result of Theorem (1.1 would hold un-
der the weakened conditions. We conjecture that the result would be true if we only assume the
fourth moments of the off-diagonal elements of Wigner matrices are bounded and f have the first
continuous derivative.

Pastur and Lytova in [17] studied asymptotic distributions of n f f()d(F,(x) —EF,(x)) under the
conditions that the fourth cumulant of off-diagonal elements of Wigner matrices being zero and
the Fourier transform of f(x) having 5th moment, which implies that f has the fifth continuous
derivative. Moreover, they assume f is defined on the whole real line. These are stronger than our
conditions.

Remark 1.4. The strategy of the proof is to use Bernstein polynomials to approximate functions in
C*(a). This will be done in Section (2| Then the problem is reduced to the analytic case, which has
been intensively discussed in Bai and Yao [6]. But the functions in [6] are independent of n and thus
one can choose fixed contour and then prove that the Stieltjes transforms tend to a limiting process.
In the present case, the Berstein polynomials depend on n through increasing degrees and thus they
are not uniformly bounded on any fixed contour. Therefore, we cannot simply use the results of
Bai and Yao [6] and thus we have to choose a sequence of contours approaching to the real axes
so that the approximating polynomials are uniformly bounded on the corresponding contours. On
this sequence of contours, the Stieltjes transforms don’t have a limiting process. Our Theorem
cannot follow directly from [6]. We have to find alternative ways to prove the CLT.

Remark 1.5. It has been also found in literature that the so-called secondary freeness is proposed
and investigated in free probability. Readers of interest are referred to Mingo [14; 15; 16]. We
shall not be much involved in this direction in the present paper. As a matter, we only comment
here that both the freeness and the secondary freeness are defined on sequences of random matrices
(or ensembles) for which the limits of expectations of the normalized traces of all powers of the
random matrices and the limits of covariances of unnormalized traces of powers of the random
matrices exist. Therefore, for a single sequence of random matrices, the existence of these limits has
to be verified and the verification is basically equivalent to moment convergence method. Results
obtained in [14] is in some sense equivalent to those of [17].

The paper is organized as follows. The truncation and re-normalization step is in Section[3. We

derive the mean function of the limiting process in Section |4, The convergence of the empirical
processes is proved in Section|5|
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2 Bernstein polynomial approximation

It is well-known that if f(y) is a continuous function on the interval [0, 1], the Bernstein polynomials
. I, (m . (k
k m—k
= 1— —
fm(¥) kE:O (k)y A=y)"f (m)

converge to f (y) uniformly on [0, 1] as m — co. Suppose f(y) € C*[0,1]. Taylor expansion gives

. (k . k -, 1/(k >,
F(=) = 7o+ (5-v)Foreg (5] 7o)
1 (k > 1 (k 4
(L ® Bl @
+3 (m y) FE+ 4 (m y) FHCEY).

Hence

. . 1— £ 1
fm(y)—f(y)=w+o( ) (2.1)

2m F
For the function f € C*(%), there exists a > 2 such that [—a, a] € %. Make a linear transformation
y =Kx+1 €e€(0,1/2), where K = (1 — 2¢)/(2a), then y € [¢,1 — €] if x € [—a,a]. Define
FON=fFE My —1/2))=f(x), y€[e,1— €], and define
s 7 (M) mtkz [ K
fal) 2 Fu) = )y Q=R ().
k=1 m
From (2.1), we have
- - yA-yF"y) 1
) =10 = Fal) = F ) =T T o0 ().

m

Since A(y) = y(1 — y)f”(y) has a second-order derivative, we can use Bernstein polynomial ap-
proximations once again to get

m\ mki Ky %
)y =R <)
m

).

hm(y)—h(y) = i

k=1
_ o(

~

3|

So, with h,(x) = fi(Kx + 1),

1 1
F0) = i) = 5 b (X)+0 (F) .
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Therefore, G,(f) can be split into three parts:

Gn(f) = nf f(X)[Fn—F](dX)
= 0| FaEy = Y0 - 5 [ L, = FI0)

+n J (FG) )+ 5 GO IF, — F1(d)
= A+ Ay +As.
For A5, by Lemma|6.1/given in Appendix,
IF, = Fll = 0p(n~%/%).

Here and in the sequel, the notation Z, = O,(c,) means that for any € > 0, there exists an M > 0
such that sup, P(|Z,| < Mc,) < e. Similarly, Z, = o,(c,) means that for any € > 0, lim,P(|Z,| <
ec,)=0.

Taking m? = [n%/>*¢0], for some €, > 0 and using integration by parts, we have that

1 /
As = —nf(f(x)—fm(mﬁhm(x)) (Fa(x) — F(x)) dx
= 0,(n"%)

since (f(x) — fiu(x) + ﬁhm(x))/ = O(m~2). From now on we choose €, = 1/20, and then m =
n13/40

Note that f,,,(x) and h,,(x) are both analytic. Following from the result proved in Section|5} replac-
ing f,, by h,,,, we obtain that
0(A1)
Az = = OP(].).
m

It suffices to consider A; = G,(f,,,). In the above, f,,(x) and g,,(y) are only defined on the real
line. Clearly, the two polynomials can be considered as analytic functions on the complex regions
[—a,a] x [—&,&] and [€,1 — €] X [-K&,K&], respectively.

Since g € C*[0, 1], there is a constant M, such that |g(y)] < M, Vy € [e,1 — €]. Noting that for
(u,v) € [67 1- G] X [_KgaKg]:

lu+iv|+1—u—iv| = \/u2+vz+\/(1—u)2+v2
)2 2
< ullt— |+ -0 |14+ —
[ 2u2:| ( )[ 2(1—u)2}
2
< 14—
€

we have, for y =Kx+1/2=u+1iv,

< & ~ [k
el = 1al= |35 (7 )y a - (;)‘
k=1

V2 "
M{1+—| .
€
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If we take || < K/v/m, then |f,(y)] < M (1 +K2/(me))m — MeK*/¢, as m — 0. So f.(y) is
bounded when y € [€,1 — €] X [-K/+/m,K/+/m]. In other words f,,(x) is bounded when x €
[—a,a] x [-1/4/m,1//m]. Let y,, be the contour formed by the boundary of the rectangle with
vertices (+a £ i/+/m). Similarly, we can show that h,,(x), f (x) and h/,(x) are bounded on y,.

3 Simplification by truncation and Preliminary formulae

3.1 Truncation

As proposed in [9], to control the fluctuations around the extreme eigenvalues under condi-
tion (1.2), we will truncate the variables at a convenient level without changing their weak limit.

Condition (1.2) implies the existence of a sequence 7, | 0 such that

1
2 DE [|xij|4ﬂ|xij|znnﬁ} = o(1).
nij

We first tr.uncate the Variable.s as Xij = Xijlix, 1<, va and normalize them to X;; = (%;; — EX;;)/s;j,
where s;; is the standard deviation of X;;.

Let £, and F, denote the ESDs of the Wigner matrices n~/2(%; j) and n~Y z(iij), and G, and G,, the
corresponding empirical process, respectively. First of all, by (1.2),

< D Pxyl = nv/n)
ij

< V)™ Bl 5, vm = 0(1).
i,j

Second, we compare G,(f,,) and G, (f,,). Note that
max|1 —s;;| < max|1 — s |
L i.j !
= max [Eﬂxiﬂzﬂlxmznnﬁ) + |E(Xijﬂlxij|znnﬁ)|2]
< (7' + M, °n*)max[E(|x; | *T )] -0
o, My 1 HII?X xl] |Xij|z’flm/ﬁ :

Therefore, there exist positive constants M; and M, so that

M,
nin?

D B P = s <My Y (1 =522 < 2 > By 20w — 0.
0 0 0
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Since f(x) € C*(%) implies that f,,(x) are uniformly bounded in x € [—a,a] and m, we obtain

2
n

n
Elén(fm) - Gn(fm)l2 < ME Z M'nj - injl = MHEZ |7Lnj - 2’nj|2
=1 =1
= Mn]EZlTl_l/z(J?ij —fcl])|2
L]

IA

M | D Bl I = s P+ D IR s
i.j i.j
= o(1),
where 1, j and An ; are the jth largest eigenvalues of the Wigner matrices n~12(%, ;) and n~12(x, i)

respectively.

Therefore, the weak limit of the variables (G,(f,,)) is not affected if we substitute the normalized
truncated variables X;; for the original x;;.

From the normalization, the variables X;; all have mean 0 and the same absolute second moments
as the original variables. But for the CWE, the condition Exl?j = 0 does no longer remain true after

these simplifications. Fortunately, we have the estimate IEJ?IZJ =0 (n_lni), which is good enough
for our purposes.

For brevity, in the sequel we still use x;; to denote the truncated and normalized variables X;;.

3.2 Preliminary formulae

Recall that for a distribution function H, its Stieltjes transform sy (z) is defined by
1
sp(z) = J ——dH(x), =zeC.
xX—2

The Stieltjes transform s(z) of the semicircle law F is given by s(z) = —%(z —sgn(Im(2))V 2% —4)
for z with Jm(z) # 0 which satisfies the equation s(z)? + zs(z) + 1 = 0. Here and throughout the
paper, /z of a complex number z denotes the square root of z with positive imaginary part.

Define D = (n~Y?W, —zI,)~!. Let a, be the kth column of W, with x;; removed and W, (k) the
submatrix extracted from W, by removing its kth row and kth column. Define D, = (n~ /2w, (k) —
zI,_1)"!. Let A* denote the complex conjugate and transpose of matrix or vector A. We shall use the
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following notations:

1
[o’k(z) —ﬁxkk +2z+ n_lakaak,
1 oel2)
5 _ZN\ 2K
DY AE)
1 1
er(2) Wl ;aszak + Es, (2),
1 1
qx(2) TRk T [ @i Dr(2)ay — trDi(2)],
1
wi(2) —ﬁxkk + n_lakaak —s(2),
b,(2) n[Es,(z) —s(z)].

The Stieltjes transform s,(z) of F, has the representation

1 1 (W -
sp(2) = ;trD =—tr (ﬁ _Zln)
_ 1 n 1 _ 1 5n(2) 3.2
= Ch ARG rrE®  ErEe) o

Throughout this paper, M may denote different constants on different occassions and €, a sequence
of numbers which converges to 0 as n goes to infinity.

4 The mean function

Let A, (n"'2W,) denote both the smallest and the largest eigenvalue of the matrix n~/2W,, (de-
fined by the truncated and normalized variables). For n, < (a — 2)/2, define

Ap = “Aext(n_l/zwn)l <2+ TIO}-

Then, by Cauchy integral we have

1
27l z—

A1 = Gn(fm) = _J f fm(zx?n[Fn _F](dx)dz ]IA,,
Ym

+ f Sm(n[Fy = F](dx) Lye .

Since P(AS) = o(n™") for any t > 0 (see the proof of Theorem 2.12 in [4]),
me(x)n[Fn ~ F](dx) e =0
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in probability. It suffices to consider
1
A = ——,}5 fm(2Inls,(2) —s(2)]1, dz. (4.3)
271 o "

In the remainder of this section, we will handle the asymptotic mean function of A. The convergence
of random part of A will be given in Section 5.

To this end, write b, (z) = n[Es,(2)—s(z)] and b(z) = [1+5'(2)]s3(2)[02 =1+ (k —1)s'(2)+ Bs(2)].
Then we prove

1
EAh = —%ﬁmhfm(Z)b(Z)dZ

1
—2—m§ fm(2)[n(Esp(2)L, —s(2)) — b(z)]dz +0(1)
Ymh

Ay = _ﬁﬁmvf’"(z)”[sn(z)—S(Z)]HAndZ:Op(l)’ (4.5)

(>

where and in the sequel y,,; denotes the union of the two horizontal parts of y,, and y,,, the union
of the two vertical parts. The limit of R, is given in the following proposition.

Proposition 4.1. R; tends to

K —

1
2 To(f)+ (0% = K)To(f ) + BT4(f)

k—1
EG(f) = T[f(Z) +7(=2)]-
for both the CWE and RWE.

Proof. Since f,,(z) are analytic functions, by [6], we have

Ry = —i.f fu(2)b(z)dz
271 o

K —

1
5 Tolfm) + (0% = K)To(fm) + BT4(fm),

2

Kk—1
o Un@+ fn(-2)] -

where a ~ b stands for a/b — 1 as n — oo,
1 (" il6
T(f) = — fm(2cos6)et™*d6.
2n ) _ .

As f,,(t) — f(t) uniformly on t € [—a,a] as m — oo, it follows that

K —

1
7 To(f)+ (0% = K)T2(f )+ Bra(f).

K—1
Ry — T[f(2)+f(—2)] -
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Since f,,(z) is bounded on and in v,,, in order to prove R, — 0 as m — 0o, it is sufficient to show
that

|baa(z) — b(2)| = 0(1) uniformly on y,,, (4.6)
where b,y = n(Es,(2)Iy —s(2)).

We first consider the case z € y,,,. Since

B n gk(z) B n Ek(z)
nkd,(z) = —E; Bz) _E; 2+ Es,(2) — e(2)’

by the identity

! —1 1+6+ +€p+ e
u—e u u o ouP uP(u—e))’

we have

n n 2
nEs, (z) = —Ezek—(z) EZ (=)

Lz +Esy(z) A [z +Es,(2)]2
L) v )
E) rEnGT BT @R

== Sl +Sz+53+84

Now suppose z € y,,,,. In order to analyze S;,S,,S3 and S4, we present some facts.
Fact 1.

|Es,(2) —s(z)| = %EtrD(z)—s(z)

=’ f L (&F, - F)dx)
X —2

< Ymr —rl=o ) =om3

< JIEr,—rl=0( =) =0t ),

where we have used Lemma|6.1. This implies

|Es,(2)| < |Es,(2) —s(2)| + |s(z)| < O(L) +M < M.
Vv

Fact 2.
4
Ele,(2)[* = E ix —la*D (z)ai + Es,(z)
1 4 1 * 4
< M[SE|xl|” + —ZElaDi(z)ay — trDi(z)]
n n
1 1
+—EltrDi(z) — trD(z)|* + —EltrD(z) — EtrD(2)|*]
n n
M _
S n2v4 = Mn 20,
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where we have used |trD(z) — trD(z)| < 1/v, E|trD(z) — EtrD(2)[* < cn v (A +v) 1 > 1)
which follows from the proof of (4.3) in [7], and

Ela;Di(z)ax — trDi(2)[* < M[(Elx1o|*trDy(2)Di(2))?
+nn,Elx15|°tr(Di(2)D(2))?]

n\2 n?n, Mn?
< M||= ) + =
[(vz) vt ] vi

which is derived from Lemmal6.2.
Fact 3.
From (3.2) we have

—z+1/22 — 4+ 4E5 ,(2)

Es,(z) = 5 , 4.7)
where
1 1 1
ES,(2) = HEZ o2 Zwsk(z)l LS (Bley ()
Bue) S e
M Y _%
Jyz =M.
Fact 4.
1 Es,(2) <u
2+ Es,(z) 1-E§,(z)|
1 1

- < M|Es, (z)—s(z
z+Es,(z) z+s(2) [Esn(2) = s(2)]
M M 27
—— = Mn so.
Vv

Now we can estimate S;,S5,S; and S,. First, we prove S, — 0. By |B,(2)|"! < v~1, Facts 2 and 4,

n

M M 3
<Y —Eley(@)|* = — = Mn .
=1 v ny

|54| = |E

$ ()
£z + Es,(2)Be2)

Similarly, for S5, we have
3
. z": &;(2)
£z +Es,()]°

For S, we will prove that

|53| =

n
1 1
<MY [Ee(2) =Mn- —— = Mn 8.
=1 n-'=y

S; =52(2)[1+5(2)]] +0o(1), uniformly on y,,,.

By (4.7) and Fact 3, we have

1 _z= V22 —4(1—E5n(2))
z+Esn(z) 2(1 —E5,(2))

—s(2)(1+0(1)), (4.8)
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where the o(1) is uniform for z € v,

Thus, we have

_2'1: Ee(z) 1 u E1+%aiDi(z)ak
z+Es,(z) n = iz + Esy(2)
_ lz’l: 1+ %EtrD%(z) N lz":E(l + %aiDi(z)ak)sk(z)
N GAE,@P i it Es @)
== 511 +812.

Using the fact

1+ %aiD,%(z)ak - 1
Br(z) A
and Fact 2, for z € y,,;, we obtain
M & M
[S12] < — > Elen(@)| < —-non”vT < M7, (4.9)

k=1

To estimate S;;, we use Lemma 6.1 and the fact that ||(n — 1)F:f_1 —nF,|| <1. For all z € y,,,

(=LEFE - F)(dx)
(x —2)?

n—1
<My 2|——EFK | —F|| < My~ 2012 < Mn77/%0, (4.10)
n

1 9 ,
;Eter(z) —s'(2)| =

By (4.8) and (4.10), for all z € v,
1511 = s*(2)(1 +5'(2)) = o(1).

Finally we deal with

3 Ee?(z) R S
S, = _; P (2)(1+ 0(1));Eek(z).

By the previous estimate for Eey(2), it follows that

Ee @) = — [E(trD(z)— trDu()]? <
n n-y

1
EeZ(z) = El[e(z)—Eer(2)]*+ O(E)
1 1
= E [ﬁxkk - ;[asz(Z)ak — trD;(2)]

1 2 1
—[trDy(z) — Etrpk(z)]] +0(—)
n n<vy

0.2

1
= —+ Bl D)oy - trD(2)]? (4.11)

—E[trD(z) — EtrD(2)]% + O(%).
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By the proof of (4.3) in [7], we have

1]E|tD()EtD()|2<M 1+ M
—E|trDi(2) —EtrD;(2)* < — | —=+Vv | = .
n2 k k n?v* \ v/n n2y3

Hence we neglect this item. In order to estimate the expectation in (4.11), we introduce the
notation ay = (X1x, Xak, - Xk—1k> Xk+1k> - Xnk)~ = (X;) and Dy(z) = (d;;). Note that ay and Dy(z)
are independent.

E[ajDy(2)ay — trDy(z)]?

2

= E Zdijfixj+2dii(|xi|2—1)
i#]' i

= E ZZdUdstxlx]x x;| +E [Zdz(Ix > - }
I;é] s#t

E(il)zE(xZ)zE Zdlzj +E|x1|2E|x2|2E Zdu ji
i#] i#j

+E(|x; 2 — 1)%E [Z dg.] .

Here we need to consider the difference between the CWE and RWE.

For the RWE, all the original and truncated variables have the properties: Ex;; = 0 and IEIxijl2 =
Ex} =1. S0

E[aiDy@)ay — trD(2)]* = 2B | 3 df | +E(lx* ~ 17E {Zdﬁ}
i#j i

= 2E | d?| +[E(lx;*-1)* - 2]E {Zdﬁ-] :
i i

For the CWE, the truncated variables have the properties: Ex;; = 0, IElxl-jI2 = 1 and Exizj =
0 (n‘lngz) . Note that |Zdi2 tr(Di(z)D;(2)) < n/v*and ), |d2| <n/v2. So
L,j

El[a;Dy(z)ay — trDy(2)]?

| Do | + 50l -17 - {Zd} (nvn).

We introduce the parameters x with values 1 and 2 for the CWE and RWE, and 8 = E(|x;|>—1)*—«k,
which allow us to have the following unified expression,

1
E[aka(z)ak—ter(z)]Z = «kE Zdu ji +/3E |:Zd121:| +O(nvznﬁ)'
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Hence

2

Ee2(z) = %4_% |:KE[trD£(z)]+[5E |:Zdlzl} +O( 1 4):| + ngdg,

nven; %
which combined with

2

1 2 /
E ;ter(z) —s'(z)

< S(IFX, =Bl +]IF, — FIIY?
V4 n—1 n n

2
< M4 (1 4 ) < Mn- 5+
vi\n i
and
Eldlzl —52(2:)| < El[Dk(z)]ii +S(z)|||:Dk(z)]ii _ s(z)|
! M 571/2
<M (- ¥ 1) BI Dy 5] < = [BIDy ()i — sG]
v v
M/{1\: M
< - e = —
~ v (nv4) \/ﬁvg’
gives

|52 +52(z)[o'2 + Ks’(z) + [552(2)]| < ﬁvS .

Summarizing the estimates of S;,i = 1, ...,4, we have obtained that

INES () +5%(2)[0? — 1+ (x — 1)s'(2) + Bs*(2)]] <

Note that
2sgn(Im(z))nko6,,(2)
b,(z) = nl[Es,(z)—s(z)]=
V22— 4(1 —E6,(2)) + V22 — 4
sgn(Jm(z))nkd,(2)
= (1+0(1)).
Vz2—4
and that
S(2) = — s(2) B s(2)

z+2s(z) _Sgn(jm(z))\/z2—_4'

The second equation is equivalent to

sgn(3(2)) /
— =5(2)(1 +5'(2)).
Vz2—4

From the above two equations, we conclude
|b,(2) — b(2)| = 0(1), uniformly on y,,p,.
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Then, (4.6) is proved by noticing that |b,(2) — bya(2)| < nv ™ 'P(A%) < o(n™") for any fixed t.
Now, we proceed the proof of (4.5). We shall find a set Q,, such that P(Q%) = o(n™1) and

j; fn(@In(s,(2)Iy, —s(2))dz = 0,(1). (4.12)
Ymv
By continuity of s(z), there are positive constants M; and M, such that for all z € v,,,, M; <
|z +s(2)| < M,,. Define B,, = {mkinIﬁk(z)l]IAn > e}, where € = M; /4. So

n

P(B)) = P(min|fr(2)ILs, < €) < ZPUﬁk(z)lHAn <e)
k=1

< Y P(IB(z) — 2 —s(2)lLy, > €) +nP(A%)
k=1
1 n
< 6—4;130/5,((2) —z—s(2)I'T,, ) +nP(AS)
1 1
< M| Bkl + ZE(laiD@ay — o)L, )

+]E(|%ter(z) —s(2)I*y, ) | +nPa?).

Let Ape = {[Aer(n™Y2W)| < 24 10}. It is trivially obtained that A, € A, (see [11]). Noting the
independence of I, . and a;, we have

n4E (laka(z)ak - ter(z)|4]IAn)
n~4E ([EX oy De(2)ety — D ()| 1, )
M B ([(Blxpal*trD(2)Di(2))” + Elxys fer (D(2)D3()) 10, )

< Mn?

IA

IA

where EX denotes the expectation taken only about ay. Therefore
P(BS) <M (n 2 +n 2+ (n?/5M)*) + nP(A°) < Mn~8/5T4n,

This gives P(B;) = o(n™!) as n — co. Define Q, = A, N B, we have P(Q,)) — 1, as n — oo.

Similar to (4.7), we have for z € y,,,,

P(@Qy) Ona(2)
i o .13
Sn(Z) Q, z+ Esn(Z)HQH z+ ESH(Z)HQH ’ (4 )
where
1& SkQ(z)HQ
) (Z) = - ]E—n
nQ n kzl: Bi(z)
1 1,
er(z) = ﬁxkk - Haka(Z)ak + Esy(2)lg, -
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Similar to (4.7), we have

Es,(2)lg, = —% (2 = sen(Im(z))1/2* = 4(P(Q0) = Bag(2))).

Therefore,

bno(z) = n(Esy(2)lg, —s(2))
2n[P(Q;) + 6,q(2)]

sgn(Im(z))[ /2% — 4P(Qy) — Srg(@)) + V22 — 4]

We shall prove that b,,(z) is uniformly bounded for all z € y,,,. Noticing that |22 — 4| > (a — 2)?
and the fact P(Q},) = o(1), we only need to show that

n6,q(z) is uniformly bounded for z € y,,,. (4.14)

Rewrite

S Eegollg - Eejolo
né,o(z) = E L+ E Z .
" L 2+ Es, (), & Br(z)[z + Es,(2)lg, ]

At first we have
1
Bewls, = ~E [trD(z)HQnP(Ank) _ ter(z)I[Ank]

1 I
- ;}E(%P(Ank) — trD(=)Ugea,, —I—HQHP(A;k))) =0(1/n).

Here, the result follows from facts that 1/ is uniformly bounded when Q,, happens, %Dk(z) is
bounded when A, happens and P(Qj,) = o(1/n). From this and the facts that Es,(z)I, — s(2)
uniformly on y,,, and

1
Elexqllgea, < _E [trD(Z)]IQnP(Q%Ank) - fer(Z)HQ;AnJ
= 0(1/n),

we conclude that the first term in the expansion of nd,o(z) is bounded.

By similar argument, one can prove that the second term of the expansion of nd,(z) is uniformly
bounded on y,,,. Therefore, we have

Proposition 4.2. §Y fm(@)n(Es,(2)1,, —s(z))dz — 0 in probability as n — oo.

Therefore, to complete the proof of (4.5), we only need to show that

Proposition 4.3. fy fn(@In(s,(2)ly, — Es,(2)I, )dz — 0 in probability as n — oo.

We postpone the proof of Proposition[4.3 to the next section.
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5 Convergence of A —EA

Let Z; = (x;5,k+1<1,j <n)for 0 <k <nand E(-) = E(:|Z). Based on the decreasing filtration
(Z) , we have the following well known martingale decomposition

nls,(2) — Es,(z)] = trD(z) — EtrD(z)
= > (Broy —E)(trD(z) — trDy(2))
k=1

B Xn:(E _E) 1+ n_laiDi(z)ak
B el R 12—y —nlaiD (2)a
k=1 kk kYk k

-y (Bx-1 — Ek)ilog [kak —z-= 1OC;QDk(Z)OLk} :
= dg vn n
This decomposition gives
A—EA
= L.ZHI(Ekq - ]Ek)§ fm(z)ilog |:ixkk -z 1Ofka(Z)Olk} dz
2mi & . dz vn n

]. 1 / 1 1 *
— —%;(Ek—l_ﬂﬂk) r fn(2)log ﬁxkk—z_gaka(z)ak dz

— 1S / Qk(Z)
= 3 ;(Ek_l - Ek)ﬁm f(z)1og |:1 + P n_lter(z)i| dz

= R3;+R33+R33

where q;(2) = %xkk — % [aka(z)ak — ter(z)] and

1 qx(2) }
Ryy = —— E, 1—E "(z)log | 1+ d
31 i ;( k—1 k)ﬁmhfm(Z) 08 [ —r —nltrD(z) z
1 ¢ qx(2)
Ryy = —— > I, (E,_;—E ‘(z)log | 1 d
32 o ; A (Bt k)ﬁ fn(z)log [ + e n D) z
1 ¢ qx(2)
Ry = —— ) Iy (B_;—E "(z)log | 1 d
33 e ; e (Bge—q k)ﬁ fm(2)log [ R n1trD(2) 2

At first, we note that
P(Ry3 #0) < P(|_JAS,) < P(A) — 0.

Next, we note that R3, is a sum of martingale differences. Thus, we have

I£2 12" 50 &

2

E[Rg|* < — 55— Z sup El,
T k:lZEY”‘"

(AR
= = Z sup El,

ﬂzn% k=1 Z2€Y my

qx(2)
z+n"1trD(z)

0%+ 2trDy(2)Di(2) |2

z+n"1trD;(z)

(5.15)
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When z € y,,, and A,; happens, we have [n"'trD;(2)Dy(2)| < ?782~ Also, z+n"1trD;(z) — z+s(2)
uniformly. Further, |z + s(z)| has a positive lower bound on v,,,. These facts, together with (5.15),
imply that

R34 — 0, in probability.

The proof of Proposition 4.3is the same as those for Ry, — 0 and R33 — 0. We omit the details.
Note that when z € v,

qx(2)
E = 0’ _—
9(2) z+n 1trD(z)

Taylor expansion of the log function implies

qx(2)
R = E._;—E |:—
31 27'5121: , h( ko1~ i) z+n 1trD;(z)

2
40 ( qi(2) ) ]f,;(z)dz

—z—n"'trDy(z)

q(2)
- 27'51 jf z—l—n_ﬁtrD (z )f (z)dz+op(1)
Y mh

= —Z ke +0p(1),

where 0,(1) follows from the following Condition 5.1. Clearly Yy, € #_; and E; Y, = 0. Hence
{Yu, k = 1,2,...,n} is a martingale difference sequence and 22:1 Y« is a sum of a martingale
difference sequence. To save notation, we still use G,(f,,) to denote 2+u 22:1 Y, x from now on. In
order to apply CLT to G,(f,,), we need to check the following two conditions:

Condition 5.1 Conditional Lyapunov condition. For some p > 2,
n
ZEkIYnklp — 0 in Probability.
k=1

Condition 5.2. Conditional covariance. Note that Y,; are complex, we need to show that
U= ZZ=1 IEkYnZk converges to a constant limit to guarantee the convergence to complex normal.
For simplicity, we may consider two functions f,g € C*(%) and show that Covi[G,(fn), Gn(gm)]
converges in probability, where f,, and g, denote their Bernstein polynomial approximations. That
is,

Covk[Gn(fin), Gn(gm)] — C(f,¢) in probability.

The proof of condition 5.1 with p = 3.

zn:Ek|Ynk|3 = En:Ek
=1 =1

3

Qk(z) /
ﬁmh B z+nt ter(z)fm(z)dz
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Since f, () is bounded on y,,,, it suffices to prove

n

> E

k=1

qx(2)

——— | <€, uniformlyon .
z+n"1trD;(z) " Y On Ymh

For all z € y,,;,, by Lemma 6.2, we have

qx(2) ’

ik 5.16
z+n"ttrD;(z) (5.16)

=3Bl + 51 (f"Dk(z)Dk(é))3/2 + tr([Dy(2)D(2)]*/2)}

< ME
|z +n~ttrDy(2)?

M
3
n3/2y3

where we have used the facts that

tr(Di(2)Di(2)) ‘ 1
z+ %ter(z) v’
3/2 1
(ter(z)Dk(z)) < - (ter(z)Dk(é)).
Then the above gives
qx(2) M

Sk

k=1

= Mn~ /80 uniformly on y,..

<
Jnv3

1
z+ ;ter(z)

The proof of Condition 5.2.

The conditional covariance is

1 n
ConLG ) Gulgn)] = —7 § } >k PR rves]

Ymh XY mh

X |:Ek—1

qx(2)
2y +n " trDi(z,)

] £ (218 (22)dz1ds.

For z € v, since

1 1
EI[D(@)]i — @) =E -
Kk %ka —z— %aka(z)ak —z —5(2)

Tk~ 5@ D)o +5(2)

[z + ()L Jmo — 2 — y oy Dr(2)a]

M

< = [Ele@)P +[Bsy(z) ~5@)P’]
M1y 1] M 2
— (nzv“) +(\/ﬁv) T
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we obtain

Therefore

where

For Q,, we have

Q

2
. 1 1 - 1E1tD() ()2
- < SE|=trDy(z) —s(z
z—l—%ter(z) z +s(2) w2 [0 Tk
1 |1 ’
= E ;Z[Dk(zm—s(z)
< %:Mn—1/40.
ny

COVk[G (fm) G (gm)

-— f jC s(zl)s(ZZ)ZEk[Ek 19k (2B 19k(22)] 1, (21)8,(22)d 1 d 7,

Ymh XY mh
+0,(1)
1
T a2 §5§ s(21)5(22)0(21, 22) (218, (22)d 21 d 2,
Ymh XY mh
1
- § jg s(21)s(22) [T (21,22) — T'(21,22)1 1, (2180, (22)d 21 d 25 + 0,,(1)
Ymh XY mh

Q1 +Qz+0,(1).

1
[(e1,22) =0 =+ 5 (e )s(aa) — o oslogl1 = (a1 )s(zo))
Ta(1,22) = ) Bk [B1q(21)Eg-14x(22)],
k=1

A(z1,25) = s(21)s(22)T (21, 29) f 1 (21) 8., (22)

1
= _4? §§ A(21,22)d21d22

Ymh XY mh

= 4an f [A(t],t;) —A(t], t5) —A(ty, 65 ) +A(LT, t3)1d ey dey
= T3 fr(0)g,()V(t,s)ded
4 J—zf—z & ’ ’

1 (2% (2
— s J_2 j_zf'(t)g’(s)V(t,s)d tds
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since f, () — f'(t), g/, (t) = g’(t) uniformly on [-2,2].
For Q, since (21 )5(z3)f (31, (23) is bounded on 7,y X 1,yp, in Order to prove Q; — 0 in probabil-

ity, it is sufficient to prove that I',,(2;, 25) converges in probability to I'(z;, 2,) uniformly on y ., X ¥ mp-
Decompose I',,(2;,25) as

Fo(zn2z) = O E[Er (2B 10k(z)]
k=1

= ZEk[—+ 5 By Lo Dy(z) oty — trDy(z1)]
XEy_1[0fDi(z)a — trDy(2,)] |

= 0?4 ZZ[Ek 1D5(21)]ij [Ex-1 Di(25)];:

k=1i,j>k
+t3 ZEkZ[Ek 1Dk (2115 [Eg—1 Dy (22)]is
k=1 i>k
2 0P+ A+ S

Since E|[Di(2)];; — s(2)|? < M /(nv*) uniformly on y,,,
M
E|Ex [Ex—1Dr(21)]ii [Er—1Di(22)]i; — s(z1)s(z2)| < —a
uniformly on y,,;, X v, Hence
B M
El — 55(21)5(22” < —
nv

In the following, we consider the limit of & . As proposed in [6], we use the following decomposi-
tion. Let

e;=(0,...,1,...,0). ;, j=1,2,....k—1,k+1,...,n

whose jth (or (j — 1)th) element is 1, the rest being 0, if j < k (or j > k). Then

1
D '(2) = —=Wy(k) —2I,_; = Z —x;;e;e, — zi
jti n—1
«/_ S vn ’
1
zDi(z)+1= Z \/— Xij€; ]Dk(z)
{77k

We introduce the matrix
1 -1
Dkij = (ﬁ[wn(k) 51](x i€ e’ +x]1 ]el)] ZIn—l)
where 6;; = 1 for i # j and 6;; = 1/2, such that Dy;; is a perturbation of D; and independent of x;;.
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From the formula A~ —B~! = —B~1(A— B)A™!, we have

1
Dk — Dkij = —Dkijﬁ6ij(xijeie; + inejel{)Dk.
From the above, we get
zDi(z) = -1+ Z n_l/zxijeie;.Dkij(z)
i,j#k
— Z n_l/zxijel-e;Dkij(z)n_1/25ij(xijeie;- + inejel{)Dk(Z)
i,j#k
_ n—3/2
= —I+ .Zn l/zxijeie;.Dkij(z)—s(z) " Zeiel’.Dk(z)

i,j#k i#k

=164 [0 e (D ()5 — s(2)) + (2 = Ds(2)]

i,j#k
xe;e;Dy(2)

- Z n_15ijxi2j [Drijljieie;Di(2).
7k

Therefore

2z Z [Er—1Dr(21)];[Ex—1Dr(22)]1i

i,j>k
= =) [E D))
i>k
+n~1/2 Z Xi1 [Ex—1Dki1(21)]1j [Ex—1Dr(22)] i
i,j,[>k
—3/2
—3(2'1)n / Z[Ek—le(zl)]ij[Ek—le(zz)]ﬁ
i,j>k
x> =1 |xq 2
= D Bukk | | s(@) + = D)y —s(@)] | [kl
i,j>k
17k

X [Ex—1Di(22)]}i

1
- Z & Ex—1X7 [Drit (21)11:[Di (1)1 [Bi—1 Dic(22)1:
ni,j>k
I#k
== T1+T2+T*+T3+T4

First note that the term T, is proportional to the term of the left hand side. We now evaluate the
contributions of the remaining four terms to the sum %.
The term T; — s(25) in L, since

2

M
E[n 2 > (B Dzl —5(2))| < —

k i>k
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by
9 M
E[[Di(2)];i —s()I° < —;.
nv
The terms T3 and T, are negligible. The calculations are lengthy but simple. We omit all the details.

T, can not be ignored. We shall simplify it step by step. Split T, as

T, = Z Ex_q [Dkll(zl)]l][Ek 1Dk (22)] 54
i,j,[>k
i
= D En flwklz(zl)]z] [Ex-1(Dk — Det)(z2)11
i,j,[>k
+ Z Ex— 1 Dk:z(%)]z; [Ex—1Dgir(22)] ;i
i,j,l>k
- T2a+T2b.

Again, T,; can be shown to be ignored. As for the remaining term T,,, we have

ETy,

= n? Z X1 [E—1Dri1(21)]11j [ Ex—1(Dx — Dii)(22)] 54
i,j,[>k

= —-n’! Z [Eg—1Drit (2111 [Ex—1 Drit (22)8 51 (xhese; + x| *ere)Di(22)]
i,j,I>k
- Jl +J2,

where

Bl = n' Y Elxd|[Exo; Dya(20)]y [Dri(22)] i [Di(22)1i
i,j,l>k

n (Y Bl D (30Tt PPk ()] il

1,J155J2,0>k
1/2
x 3 B0l

i,[>k

IA

< Mnl/ZV—S

Hence, the contribution of this term is negligible.
Finally, we have

J, = = > B 1' xul” [Dgij (20115 Erem1 D (22) 151 [Dxe (22
i,j,I>k

1
—s(22) Z Er—1—[Drit (21011 [ Er-1Dpir Drr (22) 1
i,j,[>k

k
= o n- 5(22)2 Ex_ 1Dk(21)]1J[Ek le(z2)]ﬂ+O(Tll/2 —3)

j,I>k

4
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where the last approximation follows from

D [Pk E)]; o1 Dia(@2)]j — (=) Y [Eee1 Dic(z)]i5 [ a1 Di(z2)

i,j,l>k j >k

< Mn3/2y3
Let us define

Xy = Z [E—1Dr(21)]i[Ex—1Dr(22)]1i
i,j>k

Summarizing the estimations of all the terms T;, we have proved that

21X = —s(21)Xg — (1 — k)s(22)X—

+rk,

where the residual term r; is of order O(v/nv~2) uniformly in k = 1,...,n and 2,2, € y,,. By
21 +s(2z,) = —1/s(2;), the above identity is equivalent to

X = (n—k)s(z1)s(z2) + s(21)s(22)X — s(z1)1%-

Consequently,

—k
lixk _ li HTS(ZI)S(ZZ) iz s(zl)rk
n’ o l- nfks(zl)s(zz) n’ = nk

e s(21)5(z5)”

which converges in probability to

5(21)5(Zz)j m — (s(z1)s(z)) " log (1 — 5(21)s(22)).
As a conclusion, I',,(2;,2,) converges in probability to
e1,20) = 0% Kk~ —— —log (1 s(a1)s(a0)) + 5 Bs(e1)s(zo).
s(21)s(22) 2

The proof of Condition 5.2 is then complete.

Although we have completed the proof of Theorem we summarize the main steps of the proof
for reader’s convenience.

Proof of Theorem In Section [2, the weak convergence of G,(f) is reduced to that of G,(f,,).
Then in Section 4, we show that this is equivalent to the weak convergence of

A= —L§ fm(@)nls,(z) —s(z)]dz=.
27l o

The weak convergence of A is proved in Section[5] where we also calculate the covariance function
of the limiting process. The mean function of the limiting process is obtained in Section|4. O

2415



6 Appendix

Lemma 6.1. Under condition (1.2), we have

IEF, —F| = O(n~"/?),
IF,—Fll = 0,(n"%),
IF, —F| = 0o(n %>t as., forany n > 0.

This follows from Theorems 1.1, 1.2 and 1.3 in [5].

Lemma 6.2. For X = (x1,...,x,)" i.i.d. standardized (complex) entries with Ex; = 0 and E|x;|> = 1,
and C is an n X n matrix (complex), we have, for any p = 2

E|X*CX — trClP <K, [(Elx|*trCC* P2 + Elx, [*tr(CC*)P?] .

This is Lemma 2.7 in [7].
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