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1 Introduction

Let (Fi)i<7 be a filtration generated by a Brownian motion (B;);<7 and an independent Pois-
son measure p(t,w,de) defined on a probability space (€2, F, P). A solution for the backward
stochastic differential equation (BSDE for short) with two reflecting barriers associated with a
coefficient f(t,w,y,z), a terminal value £ and a lower (resp. an upper) barrier (L¢)i< (resp.
(Ut)t<t) is a quintuple of Fi-predictable processes (Y, Zy, V4, K", K, )i<7 which satisfies:

—dY; = f(t, Yy, Zy, Vi)dt + dK;" — dK; — ZydB, —/ Vi(e)i(dt,de), t<T; Yy =¢
E

L <Y, <U, Vt <T (1)
K* are continuous non-decreasing and (Y; — L;)dK,;" = (Y; — Uy)dK; =0 (Ki = 0),

where [i is the compensated measure of p.

Nonlinear BSDEs have been first introduced by Pardoux and Peng [19], who proved the existence
and uniqueness of a solution under suitable hypotheses on the coefficient and the terminal value
of the BSDE. Since, these equations have gradually become an important mathematical tool
which is encountered in many fields such as finance ([6], [4], [8], [9],...), stochastic games and
optimal control ([10], [11], ...), partial differential equations ([1], [18], [20],...).

In the case when the filtration is generated only by a Brownian motion and when we consider
just one lower barrier (set U = +oo and K~ = 01in (1)), the problem of existence and uniqueness
of a solution for (1) is considered and solved by El-Karoui et al. in [6]. Their work has been
generalized by Cvitanic & Karatzas in [4] where they deal with BSDEs with two reflecting
barriers.

BSDEs without reflection (in (1) one should take L = —oc and U = +o0, thereby K+ = 0)
driven by a Brownian motion and an independent Poisson measure have been considered first
by Tang & Li [17] then by Barles et al. in connection with partial-integral differential equations
in [1]. In both papers the authors showed the existence and uniqueness of a solution.

The extension to the case of BSDEs with one reflecting barrier has been established by Hamadene
& Ouknine in [13]. The authors showed the existence and uniqueness of the solution when the
coefficient f is Lipschitz. Two proofs have been given, the first one is based on the penalization
scheme as for the second, it is obtained in using the Snell envelope notion. However both
methods make use of a contraction argument since the usual comparison theorem fails to work
in the general framework.

So in this work we study BSDEs with two reflecting barriers driven by a Brownian motion and
an independent Poisson measure. This is the natural extension of Hamadeéne & Ouknine’s work.
However there are at least four motivations for considering this problem. The first one is related
to Dynkin zero-sum game. The second is in connection with the real option area since the
stopping and starting problem leads to a BSDE with two reflecting barriers (see e.g. [12]). The
third one is that our problem can provide solutions for variational inequality problems with two
obstacles when the generator is of partial-integral type. Finally we provide a condition easy to
check in practice under which the well known Mokobodski’s hypothesis is satisfied.
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In this paper we begin to show the existence of an adapted and rcll (right continuous and left
limited) process Y := (Y;):<7 which in a way is a local solution for (1). Actually we prove that
for any stopping time 7 there exist another stopping time 6, > 7 and a quadruple of processes
(Z,V,K*, K~) which with Y verify (1) on the interval [r,0;]. In addition the process Y reaches
the barriers U and L between 7 and 6. In the proof of our theorem, the key point is that the
predictable projection of a process m whose jumping times are inaccessible is equal to 7_, the
process of left limits associated with .

This result is then applied to deal with the zero-sum Dynkin game associated with L, U, £ and
a process (gs)s<r which stands for the instantaneous payoff. We show that this game is closely
related to the notion of local solution for (1). Besides we obtain the existence of a saddle-point
for the game under conditions out of the scope of the known results on this subject. Finally we
give some feature of the value function of the game (see Remark 4.3). Our result can be applied
in mathematical finance to deal with American game (or recallable) options whose underlying
derivatives contain a Poisson part (see [15] for this type of option).

Further we consider the problem of existence and uniqueness of a global solution for (1). When
the weak Mokobodski’s assumption [WM] is satisfied, which roughly speaking turns into the
existence of a difference of non-negative supermartingales between L and U, we show existence
and uniqueness of the solution. Then we address the issue of the verification of the condition
[WM]. Actually we prove that under the fully separation of the barriers, i.e., Ly < U; for any
t < T, the condition [WM] holds true.

This paper is organized as follows :

In Section 2, we deal with local solutions for (1) while Section 3 is devoted to zero-sum Dynkin
games. At the end, in Section 4, we address the problem of existence of a global solution for
(1). O

2 Reflected BSDEs driven by a Brownian motion and an inde-
pendent Poisson point process

Let (0, F, (Fi)i<r) be a stochastic basis such that Fy contains all P-null sets of F, F4 =
Neso Fite = Ft, Vt < T, and suppose that the filtration is generated by the following two
mutually independent processes :

- a d-dimensional Brownian motion (By)i<r

- a Poisson random measure  on IRt x E, where E := IR \ {0} is equipped with its Borel fields
&, with compensator v(dt,de) = dtA(de), such that {f([0,t] x A) = (. —v)([0,t] x A)}<r is a
martingale for every A € & satisfying A(A) < co. The measure \ is assumed to be o-finite on
(E,&) and verifies [r(1 A |e[*)A(de) < .

Now let:

- D be the set of Fi-adapted right continuous with left limits processes (Y;);<7 with values in
IR and D? :={Y € D, E[sup;<p [V3*] < o0}

- P (resp. P) be the Fi-progressive (resp. predictable) tribe on Q x [0, T

- H?* (vesp. M) be the set of P-measurable processes Z := (Z)i<r with values in IR* and
dP ® dt-square integrable (resp. P-a.s. Z(w) = (Zi(w))i<T is dt-square integrable)
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- L2 (resp. L) be the set of mappings V : Q x [0, 7] x E — IR which are P ® £-measurable and
E[fOT | Vi||2ds] < oo (resp. fOT [|Vs||?ds < oo, P-a.s.) where ||[v]| := ([ |v(e)|2)\(de))% forv: E —
R

- C% (resp. C.;) the space of continuous F;-adapted and non-decreasing processes (kt)i<7 such
that ko = 0 and IE[k%] < oo (resp. kr < oo, P-a.s.)

- for a stopping time 7, 7, denotes the set of stopping times 6 such that § > 7

- for a given rcll process (wi)i<r, wi— = lim, »y ws,t < T (wo— = wo) ; w— = (ws— )< and

Aw:i=w—w_ O

We are now given four objects:
- a terminal value ¢ € L%(Q, Fr, P)

-amap f : Qx[0,T] x R x [2(E,E,\;IR) — IR which with (w,t,y,2,v) associates
flw,t,y,z,v), P @ B(R') @ B(L?(E, £, \; IR))-measurable and satisfying :

(4) the process (f(¢,0,0,0)):<r belongs to H>1

(74) f is uniformly Lipschitz with respect to (y, z,v), i.e., there exists a constant C' > 0 such
that for any y, v/, z, 2/ € IR and v, v’ € L*(E, &, \; IR),

P — a.s., |f(w,t,y,z,v) - f(wata ylv'zlvvl)‘ < C(|y - y/| + |Z - Z/| + ||U - U,H)

- two obstacles L := (L)< and U := (Uy)¢<7 which are F;—progressively measurable rcll, real
valued processes satisfying L; < Uz, Vt < T and Ly < & < Up, P-a.s.. In addition they belong
to D?, i.e.,
E[ sup {|L| + |U|}?] < .
0<t<T

Besides we assume that their jumping times occur only at inaccessible stopping times which
roughly speaking means that they are not predictable (see e.g. [2], pp.215 for the accurate
definition). If this latter condition is not satisfied and especially if the upper (resp. lower)
barrier U (resp. L) has positive (resp. negative) jumps then Y could have predictable jumps
and the processes K* would be no longer continuous. Therefore the setting of the problem is
not the same as in (1).

Let us now introduce our two barrier reflected BSDE with jumps associated with (f, &, L, U).
A solution is a 5-uple (Y, Z,V, K+, K~) := (Y}, Z;,V;, K;*, K; )< of processes with values in
R x L2(E,&,\;IR) x IRT x IRT such that:

(i) YeD? ZecH,VeLland KT €y
T
(i) Yi=¢+ [ f(5,YeZo Vidds + (Kf = Kf) - (K7 — K;)
t
T T
—/ ZSdBS—/ / Vi(e)ji(ds,de) ¥t < T
t t JE

T T
(i#i) Vt<T,L, <Y, <U and / (Y; — L)dK;" = / (Y; — U,)dK; = 0.
0 0

(2)
Note that equation (2) has not a solution in general. Actually one can take L = U with L not
being a semimartingale, then obviously we cannot find a 5-uple which satisfies the relation (7).

O
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2.1 BSDEs with one reflecting barrier

To begin with we recall the following result by Hamadéne & Ouknine [13] related to reflected
BSDEs with one upper barrier (in (2), L = —co and K+ = 0) driven by a Brownian motion and
an independent Poisson process.

Theorem 2.1 : There exits a quadruple (Y,Z,K,V) = (Y4, Zi, Ky, Vi)i<T of processes with
values in R™% x IRT x L2 which satisfies :

Y eD? ZeH?* KeC%andV € L2
Y = £+/ f(8,Ys, Zs, Vs)ds — (K — K¢) — /ZdB //V fi(ds,de), t <T

VtST,Y}SUt and/ Ut—Yt)th:OD
0
(3)

In general we do not have a comparison result for solutions of BSDEs driven by a Brownian
motion and an independent Poisson process, reflected or not (see e.g. [1] for a counter-example).
However in some specific cases, when the coefficients have some features and especially when
they do not depend on the variable v, we actually have comparison.

So let us give another pair (f/,¢') where f' : (w,t,y,2,v) — f'(w,t,y,2,v) € IR and & €
L?(Q, Fr, P; IR). On the other hand, assume there exists a quadruple of processes (Y’, Z', V' K')
which belongs to D? x H>% x £2 x C2 and solution for the BSDE with one reflecting upper barrier
associated with (f/(w,t,y,z,v),&,U). Then we have:

Lemma 2.1 : Assume that :
(1) f is independent of v

(i4) P-a.s. for any t <T, f(L,Y{,20) < (s, Y}, Z, Vi) and € < €.
Then P-a.s., ¥Vt <T,Y; <Y/.

Proof: Let X = (Xi)i<r be a rcll semi-martingale, then using Tanaka’s formula with the
function (z1)? = (max{x,0})? reads:

(X/)? = (X7)*- 2/ X dX; / Ix,sod < X6 X0 > — Y (X2~ (X)) —2X1 AX, ).
t<s<T

But the function x € IR — (z1)? is convex then {(X)? — (X )% —2X AX,} > 0. It implies
that

(X2 +/ Lix,>0d < X X >,< (X])? 2/ X{dx,.

Now using this formula with Y —Y” yields:
! 2 r /12 r ! !
(Y:—Y)") +/t Ly, —vr>0)Zs — Zg["ds < —2/t (Yoo =Y )Td(Ys = YY).

But [ (Yeo — Y/ ) d(Ks — K.) = [F(Ys — Y])Td(K, — K.) and as usual this last term is non-
negative since (Y Y/)TdK] = 0 (indeed when Y; > Y/ we cannot have Y/ = U;). Besides
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f(s, Y, ZL) < f'(s,Y], Z.,V]) and f is Lipschitz continuous then there exist bounded and F;-

)y Ly sy Vs

adapted processes (as)s<7 and (bs)s<7 such that:
f(sv Y‘;, ZS) = f(sv Y:s/7 Z/) + as(}/S - }/5/) + bS<ZS - Z;)
Therefore we have:

(Y: — Y/)H)? +ft Ly, _yr=0Zs — ZL)%ds < 2 [/ ( S_—Y’ ) {as(Ys — Y!) + bs(Zs — Z1) }ds
—2ft (Y. =Y, )™{(Zs — Z})dBs + [ Vs(e)i(ds,de)}.
Taking now expectation, using in an appropriate way the inequality |a.b| < €|a|?+e~1|b]? (e > 0),

and Gronwall’s one we obtain IE[((Y; —Y;)¥)?] = 0 for any ¢t < T. The result follows thoroughly
since Y and Y’ are rcll. O

2.2 Local solutions of BSDEs with two reflecting barriers

Throughout this part we assume that the function f does not depend on v. The main reason
is, as pointed out in Lemma 2.1, in that case we can use comparison in order to deduce results
for the two reflecting barrier BSDE associated with (f,&, L, U). Actually we have the following
result related to the existence of local solutions for (2):

Theorem 2.2 : There ezists a unique Fi-optional process Y := (Y)i<r such that:
(1) Yr =& and P-a.s. for anyt <T, Ly <Y; < U,

(1) for any Fy-stopping time T there exists a quintuple (0., Z7, V™, K™" K™7) which belongs
to T, x H>? x L2 x C% x C2% such that: P-a.s.,

Yt e [r,6;], Vi = Y97+/ stS,ZTds+/ d(KTY — KT7)
¢ 0-
E(faé’LvU): —/ ZTdB //VT dS de) (4)
t

0r 0
/(US—Y;)ng—:/ (Y, — L)dKT+ =0

(1i1) if we set vy :=1inf{s > 7,Ys =Us} AT and o :=inf {s > 7,Ys = Ly} AT then v, V or <
0:,Y, =U, onlv,: <T)andY,, = L, onfo; < TJ.

Hereafter we call the process Y = (Yi)i<r a local solution for the BSDE with two reflecting
barriers associated with (f,&, L,U) which we denote E(f,§,L,U).

Proof: Let us show uniqueness. Let Y and Y’ be two Fi-optional processes which satisfy
(1) — (i7). Then for any stopping time 7 we have :

Ya,—/\u; = Yo‘,—l[a,-gu;} + Yy;l[u7’_<07—}
= Yo, 1o, <urinor<1) + Yo, Lo,=vr=m) + Yo 1[ur <o
< Lcrfl[a-rgu,’,_]ﬁ[07—<T] + gl[UT:V;:T] + UV.’rl[V.’,.<U-,—]
= Lo, Lo, <v)nfor <] + ELormur=1) + Y s <o)
<Y’

orAVL:
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Besides P-a.s. for any ¢ € 1,0, A VL] we have:

orAVL orA\VL or AV
Yy = Yo pur + / F(s,Ye, Z7)ds — / dKT — / (77dB, + / V7 (e)ji(ds, de)}
t t t
and

or AV orAVL or AV
Vot [ s i+ [T - [T zr s [ Vi@, de))

since for t € [r,0, AVL], dK]"" =0 and dK;”~ = 0. Now arguing as in the proof of Lemma 2.1,
for any t < T we obtain:

(orAV)
Yiunaionpy — Y7 L))+ Ly _yrso| 2T — Z7%ds
(Yevmnenvy) = Yiumaoravy) ™) ooy visolZi — ZJ|
(o7 AL})
-2 (Y = Y)Td(Ys — YY)
((t\/T)/\)(UT/\V;)
or AV
<2 (Yoo = YI)H{(f(s,Ys, Z0) = f(5,Y{, Z7))ds — (dKJ™ + dKT)}

(tvT)A(orAVL)
+M o pvty — Mtvr)A(oravr), Where M is a martingale.

(o7 /v7)
But / (Ys — YO)T (KT~ + dK!"") > 0 then by the same lines as in the proof of
(tvT)A(or VL)

Lemma 2.1, we get P-a.s. for any ¢t < T, Yyr)a(ornvr) < Y(th)A(o ALY
obtain Y; < Y/. However in a symmetric way we have also Y/ <Y, and then Y/ = Y;. Finally

the optional section theorem ([2], pp.220) implies that Y = Y’ .

Taking now ¢t = 0 to

The proof of existence of Y will be obtained after Lemmas 2.2 & 2.4 below. So to begin with,
for n > 0, let (Y™, Z™, K™=, V™) be the solution of the following reflected BSDE with just one
upper barrier U (which exists according to Theorem 2.1):

(i) Y" € D?, Z"n € H24, K™~ € C2 and V" € L2
(ii) Y* = §+/ st”Z”ds+/dK"+ K™)
—/ Z}dBs — //V” f(ds,de), Vt <T )
t

T
(i#i) Y™ < U and / Uy — Y)Y K™ =0 ; KM= n/ (Ls — Y™ *ds.
0 0

Using comparison, we have for any n > 0, P-a.s., and for all t < T, Y," < Yt"Jrl < U;. Then

for any ¢ < T let us set Y; := lim,_o Y;". Therefore Y is an Fi-optional process since Y is

so and obviously we have P-a.s., Vt < T, Y; < U;. Besides, if we denote PX the predictable

projection of a process X then for ¢t < T, PY; = lim;, oo PY;" = lim,, o Y;" . Indeed since the
t

jumping times of Y™ are the same as the ones of / / VI'(e)fi(de,ds), then they are inaccessible
0/E

and PY"™ = Y™ ([3], pp.113).

Now for a stopping time 7, let v/ := inf {s > 7, Y = U} AT. Since Y" < Y"*! then the
sequence (V))p>0 is non-increasing and converges to the stopping time d, := lim,,_,o V2.
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Lemma 2.2 : The following properties hold true :

(i) for any stopping time 7, Y5, = Us 115, <1 + &[5, =1
(13) P-a.s. for anyt <T, U, >Y; > Ly
(#i1) for any stopping time T, there is a triple (Z7, V7™, K™) € H>4 x £2 x C% such that: P-a.s.,

Vterb,], Y=Y +/ (s,Ys, Z7 ds+/ dKT

/ ZTdB, — / / V7 (e)fi(ds, de), (6)

5y ~
/ (Y — L)dKI't = 0.
.
Proof: From equation (5) we have: P-a.s., Vt € [1, )]
—i—/ st”Z”ds+/ n(Ls — Y™ Tds

/ Z1dBs — //V" [i(ds, de)

since the process K™~ increases only when Y™ reaches the barrier U. Now for any n > 0,
Y0 < Y™ < U then sup,,>q E[sup,<r |Y;"|?] < 0o since Y and U belong to D?. Next using It6’s
formula with (Y™)? we get : for any t < T,

(7)

VTL TL

Vlompp? 4 [ 1ZPds+ 30 (AY™P = (V)P +2 YIS, Y 2 ds
(tvT)AVT? (tvr) A <s<un (tvT)AVT?
vl v
+2 YIn(Ls — Y'Y ds — 2 YIAZRAB. + [ VI(©)ids,de))

(t\/T)/\T” (tvr)Av? E

l/
< (Y )2+ 2 Y™ f(s, Y, ZM)ds + € L sup | Y+

(t\/T)/\V" s<T

n

vy vy
off (L= YTy Hds) -2 YIAZRAB. + [ VI(e)ds,de)}
(tvT)Av? (tvVT)ALP E
(8)
for any € > 0. But (7) implies the existence of a constat C' > 0 such that for any ¢ < T we have:

(f n(Ls—Y;”>+ds>2s0{<Y£VTM>2+<YJz>2 (oo, F05:2 22005
(tvVT)AVT , (tvVT)ALP (9)

+(| " zrdB, - /V” fi(ds, de))2}.
(tvVT)ALP (tvr)Av?

n

n

Taking now expectation in both hand-sides, making use of the Burkholder-Davis-Gundy inequal-
ity (see e.g. [3], pp.304) and the estimate sup,,>q IE[sup,<p [Y"|*] < 0o, and finally taking into
account the fact that f is Lipschitz yield: Vi < T,

v

BT vt s a0 B0z o)

(tvT)AvP

for some constant C7. Next taking expectation in (8), plug (10) in (8), and using the inequality
V0 >0, Y f(s, Y], Z)| < 6C4Z0 P +Cp6~  sup (U VIYS])?+1f (5,0, 0)| sup < (|Us| VYY)
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(Cy is the Lipschitz constant of f), we obtain by taking ¢t = 0 and after an appropriate choice
of € and 4,

vz 0, B[ (1232 + |V P)ds) < C

v
for some constant C independent of n, since E[} " <,n (AY™)?] = IE[/ |V||?ds]. Hence-

-
forth there exists also a constant C' such that for any n > 0,

n

E[/:T (s, Y, 2] 2ds+{/ n(Ls — Y™ ds)?) < (11)

But equation (7) implies that
vP 1
BV 15 <) = BV s, <) = sp{B( [ 1f(s, %7 22) Pasl} /Bl — o1

since n(Y* — Ls)* > 0. Taking now the limit as n — oo we obtain IE[Ys 15 7] > E[Us, 15, <71
which implies that Y5 = Us 15 <1) + 15, =) since Y < U.

Let us now show that Y > L. For this let us consider the following BSDE: P-a.s., Vt € [r, 0]

Y;—Y(;—i—/ st”Z”ds—i—/ n(Ls — Y")ds

/ Z"dBg — //V” (i(ds, de).

Once again by comparison with (7) we have, Vn > 0, Y* < Y". But

(12)

= Elyge o 1 [ " T (s, Y, 20) + nL} sl ]
T

and then (Y,*),>0 converges to Y;_1 5.=7] + Lz 15,57, P-a.s. Actually in Ll(dP) Yy e~ 0r=7) _,

Yrlis, =, ffT e ™57 f(s, Y, ZM)ds — 0 through (11) and finally f —n(s— T)nL ds —

L:1(5,~7 since L is rcll. Therefore we have Y = lim,, Y* > lim,, Y =Y;51 6,=r] + Lrls > 2

L;. As 7 is a whatever stopping time then the optional section theorem (see e.g. [2], pp.220)

implies that P-a.s., Vt <T, Y; > L.

Finally it remains to show (iii). Let (Y7, Z7, V7, K7%) € D? x H>? x £2 x C2 solution of the
following reflected BSDE: P-a.s., Vt € [1,0.],

Y7 = Y5+/ stTZTder/ dKT

/ ZTdB, — / /VT (i(ds, de); (13)

/ T(Y/T — L)dKT" =0and Vt € [1,6,], Y] > L.

S
Write Itd’s formula for the rell process |Y;” — Y| with ¢ € [r, 8,], taking expectation and finally

let n — oo to obtain that P-a.s., Vt € [, /], f/f =Y. Actually let C = Cy, the Lipschitz
constant of f, and let o be a stopping time such that o € [, J,], then :
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EH?UT — YU"|262(C'*‘CQ)J + Y pcs<s. 62(C+02)5(A (f/r —Y™)?] = E[|Y;, — Y62’262(C+C2)6T]
or T
V2B [ 17 (5, V2 20) = F5, Y2, 22) — (C o+ CHY(VT = YO = Y2)eO+CDeds)
75 -
127 - 2P 2B O V(R — )

[

8- _
B|)Ys, - Y PO 2] [ AL, - y])dRT )

o

Taking now the limit as n — oo to obtain

N or N
E|[Y7 - Y PO < o[ [ O (L, — Y)dRTH] <0

o g
and the proof is complete. O

We now give the following technical result.

Lemma 2.3 : Let k be an inaccessible stopping time. Let (6™)n,>0 be a non-decreasing sequence
of stopping times uniformly bounded by T' and let us set 6 := sup,,~,0". Then
P(ﬂnzown < (9] N [9 = KJ]) =0.

Proof: Let K¥ be the predictable dual projection of K; := 1jt>4], which is continuous since for
all predictable stopping time 7 we have AKP = [E[AK|F-_] (see e.g. [3], pp.149-150), then
AKP = IE[1j;—/F+-] = 0. But the process (1jgn g(s))s<7 is predictable, then we have

P([0" < k <0)) = E[Ky) — E[Kgn] = E[K})] — IE[K},.] — 0 as n — .
Finally to obtain the result it enough to remark that:

P(Np>0[0" < 0N [0 =k]) = lim P([0" <0]N[0 =k]) < lim P([0" <k <0])=0.0

n—oo n—oo

Now let 67 := inf {s > 0., Y < Ly} AT. Since Y™ < Y™ then the sequence of stopping times
(07)r>0 is non-decreasing and converges to 0, := lim,_. 7.

Lemma 2.4 : We have the following properties:

(1) P-a.s., for any t € [0r,0;], Yiign — Vi as n — o0
( ) P- a.s., }/97 = LQT [0-<T) +51[97 Tl B _
(#ii) for all stopping time T there is (Z7, VT, K™7) € H>? x £2 x C% such that :

0, - 0.
Y =Y, +/ sts,ZTds—/ dRT™
/ Z7dB, — / / V7 (e)filds, de), Vit € [5,,6,] (14)

0r
/(Y U,)dKT™ = 0.
5
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Proof: First let us show (i) and (#¢). On the event {0, < ¢ < 6;} and for n large enough we
have Y% ,n = Y® — Y; as n — oo since on that event for n large we have 6 > ¢. On the other
hand (we take t = 6;) lim, Yl non = (limp—c0 Ygn)1n,[on<6,) + Yo, 1u, [92—g,], Provided that

lim,,— o0 an exists on the event N,[07 < 0;]. But on that event, for all n > j, Yy, <Yy, < Lgn
since we have also [0 < T]. Therefore taking the limit as n tends to +oo to get:

Y] _=Y] -AY] < lim inf Vgt < limsup Vg < Lo, — AL, = L, -

n—oo

Now since the jumping times of Y7 and L are inaccessible and for any inaccessible time x we
have P(N,[07 < 6-]N[0; = «]) = 0 (through Lemma 2.3) then AYy = ALy = 0onN,[0) < 6,].
Taking the limit as j — oo to obtain

Yy, < liminf Ygn <limsupYgn < Ly, on Ny [07 < 6;].

n—oo

AsY > L then on the event N,[67 < 0;] we have :

Y'Q = lim Yen and Yg = Lg

n—oo

and (i) follows thoroughly. Let us remark that this equality implies also that on N,[0? <
0] N [0 = T] we necessarily have Ly = &.

Now let us show (7). First we have Yy = Ly on the event N,[07 < 0;]. Next let w € U,[07 =
0, < T], then there exists n(w) such that ¥j > 0, pr)ti (w) = 0 (w). Tt follows that for all
j=0

, L L
Yg‘r(w) (CU) < Yven(w) J(w) — Yn(w) J (w) < LGZ(“})Jrj(w) (w) = LQT (w)

9:_1("-’)'5’] (w)

Taking the limit as j — oo and taking into account that Y > L to obtain

}/97_ = LQT on U, [9”

T

=60, <T].
Finally if w € U,[0? = 6, = T then once again there is n(w) such that for any n > n(w),
07 (w) = T. Therefore for any n > n(w), Yy (w) = {(w) = Yp, (w). Summarizing all of that and

taking into account the remark above to obtain:

Yy, = Lo. L, jon<0,)n6, <T] T EL(nnlon<6.))n0-=T) + Lo, LU, [6n=0.))n0,<T] T EL (U, [om=0,])N]6.=T]
= Lo, g, <)+ &ljg, =1

which is the desired result.

iii) Let (Y™, Z7, V7, K™) € D? x H*% x £2 x C% such that: P-a.s.,
Cct

(i) Vt € [6,,0,), Y7 = Y. +/ F(s, Y7, ZTds—/ dRT™

/ Z7dB, — //VT fi(ds, de), (15)

(i4) / (YT —U)dKT™ =0 and Vi € [5,,0,], Y7 < U
b
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Write 1t6’s formula for the process |Y;” —Y/% . 2e2(CHC(ENY) with t € [, 6,] (C is the Lipschitz
constant of f), taking ¢ = o where o is a stopping time such that 6, < o < 6, and finally taking
expectation in both hand-sides to obtain:

E[Y] — Y n 2e2C+CA)(@n07) Do nn <s<6, OO (AYT — AgpgnY™)?] =

n Or 2)(sNO™) /T n [T, — n,—
E([Ya, — Y33 PeCHO] 2] [ OOV (VT 7, )ARTT ~ Ly dKD )]
0- 7 0,

~2(C+ OB (F7 = Vi PO 4] — B[ 127~ Uy 22 XN

g g

0- _ _ — n
+2JE[/ [f(87 Y:sTa Z;—) - 1[8<97’}]f(8? Y;n’ an)](YsT - 57}\9$)62(C+C2)(SA9T)d8]

0r n _
< EHYQT _ }/‘0?}|262(C+02)97_] o QE[/ 62(C+C’2)97_ 1[s>9m(US o Ug;z)dK;-’i]

g

0r S .
P2 [ (1o, VT, ZDITT = V)X OO ).

Now taking the limit as n — 0o we obtain IE[|Y; — Y,|2eXC+C*)9] < 0. Henceforth Y; = Y/, Vt €
[07,07] and (ii7) is proved .O

Let us now construct the processes Z7 and K™% of the theorem and show that Y satisfies the
equation of E(f,&,L,U).

Let 7 be a stopping time and, 0-, 0 the stopping times constructed as previously. There exist
triples of processes (Z7, V7™, K™%) (resp. (Z7, V7, K™~) which belongs to H?>? x £2 x C% and
which with the process Y satisfies (6) (resp. (14)). So for any t < T let us set :

Z{ = Zf}[tgéﬂ + Zﬁ@mtgef]v Vi jr: ‘Z‘,letﬁ_gﬂ + }71571[57—<t§97—}

K[™ = K5 n, — K3 and KTV = (K5 — K2H)1oy.
Now since K/~ = 0 for ¢ < §, then from (6) and (14) we easily deduce that the 5-uple
(Y, Z7, V7, KIP K] )< satisfies (4).

Finally taking into account the facts that 6, > dr, Yy 1jp o1y = Lo, ljg. <17, Y5, 15, <) =
Us, 15, <) we deduce that v, V o, < 0; and Y, =U,, on [v; <T] and Y, = L, on [0, <T].
Actually if 6; = T then v, Vo, < 0, and Y is rcll in [1,T] since it satisfies (4). Therefore if
vr < T (resp. o < T) then Y, = U, (resp. Y, = L, ). On the other hand assume that
0, < T. Then once again from (4) Y is rcll in [1,60;] and Y5_ = Us_, Yp_ = Lg_. It follows that
Vr < 07,0 <0rand Y, =U,, and Y, = L, . Thus the proof of the theorem is complete. O

We now focus on some other regularity properties of the process Y = (Y;)i<7 constructed in
Theorem 2.2.

Proposition 2.1 : The process Y s rcll. Moreover if (Y™)n>0 is the sequence of processes
constructed in (5) then Elsup,<p [Y;" — Y[*] — 0 as n — oo.

Proof: First let us show that Y is rcll. To begin with let us point out that Y is a limit of
an increasing sequence (Y"),>¢ of rell processes. On the other hand according to Theorem 2.2
there exists an F-optional process Y := (Y;);<7 such that:
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(i) =U <Y < —L and Yy = —¢
(7i) for any stopping time 7 there exists (éT, ZT, VT, KT, f(“‘) such that: P-a.s.,

o 6 o & .
Ve lnb), Vi=V, — [ fls, =Yy, —27)ds + / AR+ — K7
t R R t

o,
b, . b .
_ / 27dB, — / / V7 (e)jilds, de), (16)
é 4 t t E
/ Uy + V) dKT+ = / "V, + Ly)dKT™ =0

T

(Am) if we set Uy := inf {s > Y, = —L AT and 6, :=inf {s > 7, Yy = —Us} AT then 0, Vo, <
0:, Yo, =—L; on[v; <T]and Y; = —Us onlo, < T].

But uniqueness of the process which satisfies (i) — (i4i) implies that —Y =Y and then Y is also
a limit of a decreasing sequence (Y),>¢ of rcll processes. Therefore Y is right continuous.

Next for £ > 0 and n > 0, V" <Y} then ;" <liminf, » Ys since Y is rcll. On the other hand
Y = (PY"); — PY; as n — oo. It follows that PY; < liminf, ~ Y;. Now considering Y™ instead
of Y™ we obtain that PY; > lim sup, ~ Y, and then PY; = lim sup, » Ys = lim infy Y5 =Y.
Therefore Y is rcll. In addition Y;* /' Y; and Y ' Y;_ then a weak version of Dini’s Theorem
(see e.g. [3], pp.202) implies that sup,«r (¥, — ¥;)2 — 0 as n — oc. Finally the dominated
convergence theorem yields the desired result .0

3 Connection with Dynkin games

Let us consider a process g := (gs)s<7 which belongs to H*! and 7 a stopping time. The Dynkin
game on [, T associated with (g, &, L, U) is a zero-sum game on stopping times where the payoff
after 7 is given by:

VAo

FT(V? U) = JE[/ gsds + L01[0§V<T] + Ulll[u<a] +£]‘[V:O':T]|f7']7 Vv, 0 €7;.

T

Dynkin games arise naturally when two agents a; and ag, whose advantages are antagonistic, act
on a system up to the time when one of them decides to stop its intervention. In the literature
there were many works on Dynkin games (see e.g. [4, 16, 22] and the references therein). In
mathematical finance, American game options are typically Dynkin games (see e.g. [5], [9], [15]).

The value function of the Dynkin game on [7,T] is an (F;)¢<r-adapted process (Y3);c|r 7 such
that P—a.s.,

Vt € [1,T], Y; = essinf,cresssup, e, I't(v, 0) = esssup, g essinf, e, [ (v, 0).

In that case, the random variable Y; is just called the value of the game on [r,7T]. Besides a
couple of stopping times (v;, o,) which belongs to 7, x 7, and which satisfies

FT(VTaa) < FT(VT7UT) < FT(”? UT)) Vv,o0 €1;

is called a saddle-point for the Dynkin game on |7, T].
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Now let (Y,0,,Z7, VT, K™+ K™7) be a solution of E({,g,L,U). Let v;, o, be the stopping
times defined as:

vri=inf{s >7,Y; =Us;} AT and o, :=inf{s > 7, Yy = Ls} A T.

In the following we show that (v,,0,) is a saddle-point for the game. This result is out of the
scope of the known ones on this subject (see e.g. [16] which is the most general paper related to
Dynkin games when the strategies are only stopping times) since the process L (resp. U) may
have a negative (resp. positive) jump (see Example 3.1 below).

Theorem 3.1 It holds true that:
(i) Yy =T (vr,07)
(13) Ty (vry0) <Y, <T;(v,0;) for any v,o € T;.
Therefore Y; is the value of the Dynkin game on [1,T] and (v;,0.) is a saddle-point for the
game after T.
Proof: Since P-a.s., max{v,,o:} < 6., then we have:
vrA\or+ i _
Yr =Y no, ""/ 9(s8)ds + (K} jo, — KI7) = (K pg, — KT7)
T vrN\O+ vrN\O+ (17)
_ / Z7dB, — / V7 (e)ji(de, ds).
T T E

0, 0.
But / (Y, — Ly)dKT" = / (U, — Y3)dKT™ = 0 therefore K1, — K7+ = 0 and K77
T T

vrA\or vrNor
K7~ = 0. Besides we have:

YZ/T/\OT = Ycr‘,— 1[UT§V7—<T] + YI/T 1[I/T<O'7—] + g]‘[VT:UT:T]
= Lo, 1[07—§V7<T] + U, 1[1/7 <or] + gl[VT:UT:T]

since P-a.s., Y,. = U, on [v, <T] and Y, = L., on [0, < T]. It follows that

vrN\or+
YT = E[/ g(s)ds + LUTl[aTS,jT<T] + UyTl[,,T<JT} + fl[uTZJT:T] ‘.7:7—] = FT(VT7 UT)

after taking the conditional expectation in (17).

Next let v be a stopping time of 7. Since v A o, < 6, then
VAo n _ VAo - VAo~
Vo =Yoot [ gls)dst (KD, ~ K=K, —K20)= [ ZZaB— [ [ Vi(e)ilde,ds).
p T T E

But K], — KIt =0 and K], — K7~ > 0 therefore we have :

VAo
g

YT S YV/\O'T +/

T

VAo~ VAo
(s)ds — / Z7dB, / V7 (e)ji(de, ds).
T T E

}/1//\17-r = Y071[0T§y<T} + Yul[u<07] + gl[l/:O'TZT}
< Lo g <ver) + Unlpyco) + € =0 =1
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then, after taking the conditional expectation, we obtain

VAo -

Y: < E[/ g(s)ds + L071[07§V<T] + UV1[1/<UT] + él[V:O'T:T] ’fT] = FT(Vv UT)'

-
In the same way we can show that:

vr\oO

Yr > JE[/ g(S)dS + L01[0§V7—<T] + Ul/-rl[u-,—<a] + él[VT:O':T]‘fT] = FT(VTv U)'

T

Thus we have I'-(v;,0) <Y, <T';(v,0;) which implies that:
essinfy, e, esssup, 7 ' (v,0) <Y, < esssup, 7. essinf e I'7 (v, 0). (18)

Therefore we have equalities instead of inequalities since the left-hand side is greater than the
right-hand one. It follows that Y; is the value of the Dynkin game on [r,T]. O

Example 3.1 Assume that E = IR — {0}, v(dt,de) = dt%l[,m](e)de and for any t < T,
Us = |By| + [f§ [gen(dt,de), Ly = LBy + min{0, [J [z eu(dt,de)} and & = YIFHET So the
processes U and L have negative and positive jumps since their laws are the same as the ones
of |Be|l + >p>1 Xolir+. 4+1,<s) and 2B + min{o0, Yon>1 Xl 4. +1,<q} Tespectively, where
(Th)n>1 (resp. (Xn)n>1) is a sequence of i.i.d. random variables whose law is exponential with
parameter 1 (resp. uniform on [—1,1]). We suppose also that they are independent of the
Brownian motion.

Theorem 3.1 implies that the zero-sum Dynkin game associated with (L,U) has a saddle-point
since the processes L and U satisfy the requirements. Actually they are square integrable and their
Jumps occur only in inaccessible stopping times. Now on the ground of the result by Lepeltier &
Maingueneau [16] we cannot infer that such a saddle point exists since U (resp. L) has positive
(resp. megative) jumps. In [16], the authors show that a saddle-point for the game exists solely
if U (resp. L) has only negative (resp. positive) jumps. O

4 Reflected BSDEs with a general coefficient f

Let us recall that for general barriers L and U, equation (2) may not have a solution. Therefore
in order to obtain a solution we are led to assume more regularity assumptions, especially on L
and U. So in this section we are going to study under which conditions as weak as possible and
easy to verify, the BSDE (2) has a solution. To begin with assume that the following hypothesis,
called Mokobodski’s condition, is fulfilled.

[M] : There exit two non-negative supermartingales of D2, h := (h;);<r and b := (h})i<r
such that Ly < h; — h, < U, Vt <T.

Then we have:
Proposition 4.1 : Assume that [M] is fulfilled and the mapping f does not depend on (y, z,v),
i.e., f(t,y,z,v) = f(t), then the two barrier reflected BSDE (2) has a solution (Y, Z,V, KT, K™)

in the space D? x H*? x L2 x (C%)2. Furthermore if (Y',Z', V', K'*, K'~) is another solution
for (2) thenY =Y', Z=2"V=V' and Kt — K~ =K' - K'".
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Proof: In its main steps, the proof is classical (see e.g. [4] or [11]). First let us recall that a
process A := (As)i<7 is called of class [D] if the set of random variables { A, 7 € 7y} is uniformly
integrable.

Now for a general process X of D?, let us denote R(X) := (R(X)¢)t<r its Snell envelope which
is defined by:
R(X): = esssupre, B[ X7 |y, Vi< T ;
R(X) is the smallest rcll supermartingale of class [D] such that P-a.s., R(X) > X (see e.g. [3],
pp.431 or [7], pp.126).
Next let us consider the following processes defined by: Vt < T,
T

T
Hy = (e + B F)Lpery + L[ F(s)7ds\F), O = () + B IR Lpery + BL | S(s) dsl i,

- T - T
L; = Ltl[t<T] + gl[t:T} — E[{ —i—/t f(S)dS‘ft] and U; = Utl[t<T} + gl[t:T] — JE[§ +/t f(S)dS|.7:t]

where £T = maz(£,0), & = max(—£,0) and the same holds for f(s)” and f(s)*. Since h
and h' are non-negative supermartingales then H and © are also non-negative supermartingales
which moreover belong to D? and verify Hy = ©7 = 0. On the other hand, through [M], we
can easily verify that for any ¢t < T we have:

Li < Hy— 0y < U, (19)

Next let us consider the sequences (N:*

- )n>0 of processes defined recursively as follows:

Ni® =0 and for n > 0,N,\,; = R(N,, + L) and N,,; = R(N,} —U).

n

By induction and in using (19) we can easily verify that:
Vn>0, 0< NS <N, <Hand0<N, <N, ,, <6.

It follows that the sequence (N,!),>0 (resp. (N, )n>0) converges pointwisely to a supermartin-
gale NT (resp. N7) (see e.g. [14], pp.21). In addition N* and N~ belong to D? and verify (see
e.g. [4], pp.2055) :

Nt =R(N~ +L)and N~ =R(Nt -U).
Next the Doob-Meyer decompositions of N* yield :
Vt <T,Nf = M — Ki*

where M™* are rcll martingales and K* non-decreasing processes such that Kgc = 0. Moreover
since N* € D? then IE[(K7)?] < oo (see e.g. [3], pp.221). Therefore M* are also elements of
D? and then there exist processes Z+ € H>? and V* € £2 such that:

t
WgTJH:Aﬁ+/{£M%+/KHWM&M»
0 E

Let us now show that KT = K% where K= are the purely discontinuous part of K*. It is
well known from the Snell envelope theory that K *¢ are predictable and thus if 7 is a predictable
stopping time we have ([7], pp.131)

{AK4 >0} c{NS =N_ + L, }n{A, N~ <0}n{-A,N" <A N}
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and
{AK4 >0} c{N,_ =N —U,_ }n{A,NT <0}n{-A,N" < -A, Nt}
But AK? = ANF and AK? = ANZF. Then those inclusions imply that the predictable

jumps of NT and N~ occur in the same time and they are equal. It follows that A, K¢ =
A,K % for any predictable stopping time, i.e., Kt4 = K=

Let us now show that [} (N;* — Ny — Ly)dK;"® = 0 where K is the continuous part of K.
Actually for any ¢ < T, N7 = M;" — K> — K; then N;" + K;>% = M;* — K;"°. Thereby
(N;m + Kt )th is a supermartingale which belongs to D?. More than that, we have also
Nt 4+ K+td4=R(N~+K*+9+1L). Indeed N, + K4 > N~ 4+ Kt 4+ L. Now since N* + K+
is a supermartingale of D? then N* + K¢ > R(N~ 4+ Kt + L). On the other hand, let X
be a rcll supermartingale of class [D] such that X > N~ + Kt — [ then X — Kt4> N~ + L
which implies that X — K¢ > N+ since X — K% is a supermartingale of class [D]. Therefore
X > NT+K*t%and then NT+ K% is the smallest supermartingale of class [D] which dominates
N-+Kt?4 L ie, Nt + Ktd=R(N~ + K4+ L).

Next for any ¢t < T let 7, = inf{s > ¢, K}¢ > K;"°} AT. Since (NT+K—4)P = (M+ - KT =
MT — K+¢ = Nt + K=¢ then the Snell envelope N* + K¢ is regular, therefore 7 is the
largest optimal stopping time after ¢ (see e.g. [7], pp.140). It implies that (Nt + K—%),, =
(N~ + K%+ L),,, and then for any s € [t, ;] we have (N — N; — Ly)dK;¢ = 0. It follows
that for any s € [0, 7] we have (N — Ny — Ly)dK¢ =0, i.e., [} (N — Ni — Lg)dK:¢ = 0.
In the same way we can show that fOT(N; — N}t +U,)dK}* = 0.

Let us now set:
Vt<T, Y;=N; — N, +1E§+/ SYds|F), Zv=2; —Z; +m, Vi=V,m =V, +p
where the processes 1 and p are elements of H>¢ and £? respectively and verify:

f+/ f(s)ds|F] = f—i-/ f(s ds+/{775dB —I—/ps f(ds,de)}, Vit <T.

Then we can easily check that (Y, Z, V, K¢, K=°) belongs to D? x H?? x £2 x (C%)? and is a
solution for the BSDE with two reflecting barriers associated with (f(¢),¢, L, U).

Let us now deal with the issue of uniqueness. Let (Y, Z', V', K't  K'~) € D% x He x L x (C.;)?
be another solution of the reflected BSDE associated with (f(t),&, L,U). Since there is a lack of
integrability of the processes (Z', V', K’ K'~) we are led to introduce the following stopping
times:

t
¥p >0, ap = inf{t € [o,T],/ (Z12 + |V!|?}ds > p} AT.
0

Then the sequence (a;)p>0 is non-decreasing and converges to T'. Moreover it is of stationary
type i.e. for any w € Q, there is pp(w) such that ap(w) = T for p > po(w). Using now Itd’s
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formula with (Yina, — Y;t’/\ap)2 for t < T, yields:

(07
CZo—ZPds+ S (A(Y —Y))% =
Aoy thap<s<ap

(}/t/\ap - 1/t//\()ép)Q + .

Yo v/ 22 [ (Y. - YVAKT — dEK— — dK' + dK'~
( Ap ap) + A ( s s)( S S s + s )
(072 ap

2 [ (Ve = YIH(Ze - Z0dB. + [ (Vile) = Vi) lds, de))
tAap E

But (Y —Y))(dK} —dK; —dK[" +dK/~) < 0 and taking the expectation in the two hand-sides

yield:

Ap Ap

Bl(Yina, = Yo, P+ [ 12— ZiPds+ [ [ Wi(e) = Vi(©)PdsA(de)] < B((Ya, - Y2,
tAap thap JE

Using now Fatou’s Lemma and Lebesgue dominated convergence theorem w.r.t. p we deduce

that Y =Y’, Z = Z" and V = V'. Thus we have also K,/ — K; = K;" — K, forany t <T.

Remark 4.1 On the uniqueness of the processes K+ and K~.

The process K* can be chosen in a unique way if we moreover require that the measures dIK T
and dK~ are singular. Indeed dK™—dK ™~ is a signed measure which has a unique decomposition
into A\t —d\™, i.e.,

dKT —dK~ =d\" —d\~

where AT and A\~ are non-negative singular measures. Therefore dK+ +d\~ = dK~ +d\* and
then dA\T < dK™ and d\~ < dK~. Henceforth we have A" (ds) = asdK] and A\~ (ds) = bsdK; .
It follows that (Y;— L) AT (dt) = (Y;—L¢)aydK;” = 0. In the same way we have (Uy—Y:)A™(ds) =
0. Whence the claim. Finally let us point out that when Ly < Uy for any t < T then KT and
K~ are singular and then they are unique.O0

We now deal with the BSDE (2) when the mapping f depends also on (y, z,v) and the barriers
L and U satisfy the assumption [M].

Theorem 4.1 : Assume that the barriers L and U satisfy the assumption [M], then the reflected
BSDE (2) associated with (f(t,y,z,v),&,L,U) has a solution (Y,Z,V, K™, K~) which belongs
to D? x H>% x £2 x (C%)%. Furthermore if (Y', Z', V', K't | K'™) is another solution for (2) then
Y=Y,2Z=27,V=V'and Kt — K~ = K't —K'~. The processes K* can be chosen singular
and then they are unique.

Proof: We give a brief proof since it is classical. Let H := D? x H>% x £2 and ® be the following
application:

D H—H

(y,2,0) 1 +— ®(y,2,0) = (Y, Z,V)

where (Y, Zj V) is the triple for which there exists two other processes K* which belong to C2
such that (Y, Z,V, K", K™) is a solution for the BSDE with two reflecting barriers associated
with (f(t, yt, z¢,v¢), &, L, U) (which exists thanks to Proposition 4.1). Now let a > 0, (¢, v/, 2') €
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H and (Y, Z',V') = ®(y/,2',v'). Using Ito’s formula and taking into account that e®*(Y; —
Y)d(K} — K7 — K" + K/7) < 0 we can show the existence of a constant C' < 1 (see e.g. [11]
or [13]) such that:

T — — — — — —
B[ e (Vo= VI + |20~ ZUF + [ V() = Vi) PA(de)} ]
0 E
B T
<CE([ e {lys = i + 20 = 24 + oy - vhl*)ds)
0

Therefore ® is a contraction and then has a unique fixed point (Y, Z, V) which actually be-
longs to H. Moreover there exists K* € C2% (Ki = 0) such that (Y, Z,V, K+, K~) is solution
for the reflected BSDE associated with (f,&, L,U). Finally a word about uniqueness. Let
(Y',Z',V',K'tK'~) be another solution for (2). Once more since there is a lack of integra-
bility of the processes (Z', V', K'",K'~), we can argue as the in the proof of uniqueness of
Proposition 4.1 to obtain that Y =Y', Z =2V =V’ and KT — K~ = K'* — K’'~. As shown
in Remark 4.1, the processes K* can be chosen singular and then they are unique. O

Remark 4.2 As a by-product of Theorem 4.1, we deduce that assumption [M] is satisfied if and
only if the BSDE (2) has a solution (Y, Z,V, K+, K~) which belongs to D? x H>% x £2 x (C2)2.
The proof of the reverse inequality is obtained in splitting & into €T and ¢~ and so on. O

Let us now consider the following condition which is weaker than Mokobodski’s one.

[WM]: There exists a sequence (x)x>0 of stopping times such that:
(1) for any k > 0, vy < Y41 and Py, <T,Vk > 0] =0 (70 = 0)

(41) for any k > 0 there exists a pair (h*, h'¥) of non-negative supermartingales which belong to
D? such that:

P-a.s., Yt <y, Ly < h¥ — hlF < U,
We are going to show that the reflected BSDE (2) has a solution iff [WM] is satisfied.

Theorem 4.2 : The reflected BSDE (2) has a solution iff [WM] is satisfied. In addition if
(Y', Z' V' K'F) is another solution thenY =Y', Z =2V =V' and Kt - K~ = K'T — K'~.

Proof: The condition is necessary. Indeed assume that (2) has a solution (Y, Z,V,K*, K™).
For k > 0 let us set:
Y i={s>0,KS + K, >k}AT.

Therefore v < vk+1. On the other hand if the event A = {w,v < T,Vk > 0} is such that
P(A) > 0 then K}t + K; = 0o on A which is contradictory. Therefore P(A) = 0. Finally for
k>0andt <T let us set:

Vi
M= B+ [ Y20 Vi) s + (K — K| and
t
Tk
hék :E[Y,y;‘i_/ f<87}[S7ZS7‘/5)7d8+(K';6 _Kt_)‘ft]
t
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Vi

then h*, h'* belong to D? since IE[/ ds{|Z,|* —|—/ [Vi(e)?A(de)}] < oo and Vt < i, Ly <
0 E

hE — W < U,

Let us show that the condition is sufficient. It will be divided in two steps.

Step 1: Assume that the mapping f does not depend on (z,v), i.e., f(t,y,z,v) = f(t,y). Then
there exists a 5-uple of processes (Y, Z,V, K™, K™) solution of the reflected BSDE (2). In addi-
tion for any k > 0 we have:

]E[/O% ds{yzsy2+/E|n(e)|2A(de)}+(K;)%(K;k)?] < oo, (20)

Let (Y3)i<7 be the solution of E(f,§, L,U) defined in Theorem 2.2. Therefore for any k > 0,
(Yinye )e<r is the solution of BE[f1j<,], Yy, Liny.: Uiny,]- Now let (Y*, ZF VE KR KR €
2 % H24 x L2 x (C2)? be the solution of the BSDE associated with (fLip<ry]s Yous Lenyes Utnvy,)
which exists according to Proposition 4.1. Henceforth Y* is also the solution of
[fl[t<7k], Y., Liry,, Uiny, ). Now uniqueness implies that for any £ > 0 and ¢t < T we have

Yirny, = YiM and then Yt’f\‘,';; Y;’Xv , vt < T'. It implies that for any £ > 0 and ¢ < T, we have:

R ket gkt ky—  gok,— kk T ki~
Yt/\vk = Y’Yk+ f(S, }/S)ds—i_(K Kt/\'yk) (K'y;; _Kt/\'yk)_/ Zs dBS_ ‘/s (e)ﬂ(dé‘a de)
tAYE 124%73 Ak (21)

On the other hand, through uniqueness we get: for any ¢t < T,
ZE ey = Zf ez Vi ey = Vi Lz and (KMHF—KR0T), 00, = (KEF— KR,
Now let us set for ¢t < T,

K (w) lfte[O Yo(w)]
{ KX () + (K™ — K)o @), ()]
= Zp(w 1{070( <>+Zk>1 ZP (W), () (w)) (t) and
V( ) VO( )1[070(w ()+Zk>1v;f( )1}% I(W)v’Yk(W)](t)

Therefore (Y, Z,V,K*) € D? x H? x L x C; through the properties satisfied by Z*, V* and
K®* and since the sequence of stopping times (7;) k>0 is of stationary type. In addition for any
t <T, Ly <Y; < U Next let us show that (Yy — Lg)dK] = 0. Let w be fixed. There exists
ko(w) such that vy, (w) = T. Then

T
| @) =Lwnar @) =

Yk Yk
|7 emLdich ) = [ Lyt Hw) =o.
Ye—1 Ye—1

k=1,ko(w) k=1,ko(w)

In the same way we have (Us — Y;)dK; = 0. Finally let us show that the processes
(Y, Z,V,K*,K™) verify the equation of (2). For t = T the equation is obviously satisfied.
Now let t < T. From (21) and the definitions of K* and Z, for any k > 0 we have :

Tk
Vine () = Yoy @) [ 1o Yi)ds + (1S, - KM (I3, ~ Ko, ) -

/ ZsdBs — / / Vs(e)u(ds, de).
24972 AV E
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As the sequence (vx)r>o is of stationary type then for k great enough we have v;(w) = T.
Therefore

T
Yi(w) = € /f(sY)( Jds + (K = ;) () = (K = K7)(w)=

/ZdB //V i(ds, de)(w).

Finally, by construction, we have (20). On the other hand if (Y’,Z’, V', K-, K'"~) is another

solution then applying It6’s formula for (Yia, — Y;f//\w)Q taking the expectation and the limit as

k—ooweobtainY =Y, Z=2'V=V' and K —-K-=K'*™-K~— DO

Step 2: The general case of the coefficient f, i.e, when it depends on (z,v).

Let us consider the following scheme: (Z° V°) = (0,0) and for all j > 1,
T o , T , A
Y/ :5+/ Lgn,) f (5, Y, 2171 VI ds+/ d(KI+ — KI7)

/ ZidB, — / /Vj f(ds,de), Vt e [0,T] (22)
VE<T, Ly <Yt < U; and (U; — Y7)dK; 7 = (L; — Y{)dK;"7 =0, P - a.s.

bt
Wk =0, B[ (2 +VI[?)ds) < oc.
0

In this definition the indicator 1 <, is in place in order to have a coefficient which belongs to
H2! through (20).
Let 4,4,k € N such that k < i < j. Using It6’s formula we obtain: for any o € IR and t < T,

alth (Y —Y; e 70 _ 724 ey _yiPg A (Y- YT)?
e ( tAYR t/wk) + e\ Z, IFds + e*|Y, J|%ds + Z e s( )
s A A5

y 8

Y . . . . .
< eVl — V3P 2 [ et (=Y Vi 2N Vi) - fs Y 2 Vs

—2 [ eV P )((Zi - ZDaB.+ [ (Vi) - Vi (©)ilds. de)).

AV
(23)
Therefore for o great enough, in taking the expectation in each hand-side we obtain:

T S| i )2 T s |\1ri Jn2 o (v JN2
E[o e |Zg — ZI7ds  + ¢ |V = VI|7ds] < IE[e*™ (Y, — Y )7
Tk i—1 i—1)2 Tk sy rie1 i—1))2
+CGE[/ e8| Zi71 _ 731 ds+/ e[V = VI |2ds]
0 0

where C' = (', the Lipschitz constant of f, and e another constant which can be chosen small
enough since « is great enough. Thereby we choose it such that eC < % But for any k£ > 0,

Ee*™* (Y’;k - YWJk)2] = [Ele™ (Y'sz - Y#;)21[7k<T]] < eaTE[(U’Yk - L’Yk)21['Yk<Tﬂ = Uk

Now for any 7, > k we have

Tk . . Tk . .
Iy, = ]E[/O e 2t — ZI|%ds +/0 e ||\Vi = VI|Pds] < vp + Cel'f 5y (24)
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which implies that, when finite, for any £ > 0, limsup; ;_,.,

7k < i and then limsup, ;o TF; < limsup; ;. Ff'] < Now let k’ — 00 to obtain that
for any k > 0 lim Supz,j—m)o Fic,] = 0

Let us show that limsup; ;_,., F,ﬁ ; 1s finite. By induction we have,

Fﬁj < (14 ...+ (Co)Fyy, + (Ce)i_kfﬁ’j_wk. (25)
On the other hand, the inequality (24) implies for any p > k,

Iy, < vp+2Cel}, | +2Cer” (26)

g
where YT* := JE[/ e (|28 — ZF12 4+ |vE — VETL)?)ds]. Therefore (25) and (26) imply that
0

Going back now to (23), taking the supremum and using the Burkholder-Davis-Gundy inequality
(3], pp-304) we obtain: for any k& > 0,

(atAvi)

limsup E[supe |Ytl/wk - Yt]/\'m 1] = 0.

1,j—00 t<T

But for any k > 0, 7% < Y41 then there exists a triple of process (Y, Z,V) € D? x H® x L such
that:

A o , .
lim Elsup [v7 Vi + I [ (120 = Z +|VJ = Vil|)ds] = 0.
J—00 s<yk 0

Actually it is enough to choose Y, Z and V such that for any k > 0,

Y;f/\ﬂfk( ) - hm Y;t/\'yk( )7Zt/\7k (w) - hm Zt/\'y ( ) and V%/Wk (w) = jll{go V;Ej/\’yk (w)

j—00

Now for i > 0, let (Vi,7i,vi,7i’+,Fi’_) be the solution of the following reflected BSDE:

Yt Y, +/ f(s,Ys, Zs, Vg dsf/ ZdB / /V i(ds, de)
+/ ’—7’)Vt€['y]
t .
—i . ; 'Yl_i R
L<Y.<U, Vtelo, and/ L L)dE"T = / Y - U)dE"™ =o0.
0

According to Theorem 4.1 this solution exists. Writing It6’s formula for the process |?; — Y;j ?
with ¢t <~ and j > i and let j — 00, we obtain for all i:

Y' =Y, Z=Z and V' =V on [0,7].
Next let K- := Z/ Lyic1yy dK ,t < T, then for any i and t € [0,+'] we have :
,Y’L
{Yt Y+/ f(sYS,ZS,V)ds—/ Z.dB, — / /V i(ds, de) +/ d(KT — Ko,
Li <Y, < U, and (Y; — Ly)dK; = (Y; — Up)dK; = 0.
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As the sequence (7%);>0 is stationary then we have: for any t < T,
Y, = ‘f—l—/sts,Zs,V)ds—/ ZsdBs //V i(ds, de) +/d - K;),
L <Y, <U; and (Y; — Ly)dK;” = (Y; — Uy)dK; = 0.

The proof of existence is now complete. Let us focus on uniqueness. If (Y, 2/, V' K /+, K /*) €
D2 x H% x L x Cyi x Cg is another solution for the BSDE (2) then Y =Y', Z = Z/, V = V' and
dK+t —dK~ =dK'T —dK'~. Actually let us consider the following stationary stopping time:

B = inf{s >0 / (212 + IV/I2)dr > kY A
0
Then using It6’s formula, there exists a constant C' such that for all £ > 0,
712 B /12 1112 ! |2
Elsup,<g, [V — Y2 + / (12— Z? + IV — V{IP)ds] < CEE[|Yp, — Y}, 2]
< CE[1[5k<T}(Uﬁk - Lﬁk)z]-

Let k — oo to have (Y, Z,V) = (Y’, 2, V') and finally dK+ —dK~ = dK't —dK'~. As pointed
out in Remark 4.1. the processes KT are unique if we require they are singular O

The problem is now to find conditions, easy to check in practice, under which the assumption
[WM] is satisfied. In the sequel of this section we will focus on with this issue.

Theorem 4.3 If for any t € [0,T], Ly < Uy then [WM] is satisfied.

Proof: For any 7 € Ty, let (Y,0,,Z7, V7, K™ K™7) be the 6-uple defined in Theorem 2.2 with
¢ = L13Ur and f = 0. Therefore (Y, Z7, V7, K™F, K77) belongs to D? x T, x H?%x L2 x C2, x C2,
and

Y = LT+UT

Y = Yo /dKTJ’ K77) /ZTdB //VT fi(ds, de), Vit € [r,6,]

/T(U Y)dKT——/ (Y, — Ly)dKT+ =

T

Now let us set 40 = 0, 4*+1 = Ok, k > 0 and v := limg_o Yk (w). First let us point out that
through Lemma 2.4 for any k¥ > 0 we have Y, 1, 1) = Ly, 1}, <7)- On the other hand for
t <T, let us set

k1 k+1
Zt = Zlh 7k+1]( Zl]’Y ,yk+1] 7 andK Z/ 1]'y ,yk+1 dK#y :t

Then for any k > 0 and ¢ < +* we have,

'yk
Yt:YVk—F/ d(K} — /ZdB //V f(ds, de)
t
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which implies that for any t <
nAVk = E[Y'y—: + (K';/: - Ktt\'y;c)’]:t/\’}’k] - E[Y'y; + (K';ﬁ - Kl;\'yh)|‘7-—tA’Yk] = hllfc - h:ﬁk

It remains to show P{y* < T,Vk >0} = 0. To do so let us set A = {w,*(w) < T,Vk > 0} and
6k :=inf {s > % : Y, = Us} AT. Then through Theorem 2.2-(iii), for any w € A and k > 0,
Yy (w) = Uge (w) and v¥(w) < 6% (w) < +**+1(w) then 6%(w) — v(w) as k — oo. Now since L < U
then for any k > 0, we have 7 (w)(w) < Yer1(w) < ¥(w) and 6% (w) < 6¥+1(w) < y(w). Therefore
for w e A,

Uy = lim Upe(w) = lim Yse(w) = lim Vou(w) = lim Loe(w) = Ly-.

But the jumping times of L and U are inaccessible then through Lemma 2.3, AL, = AU, =0
on A, ie., L, (w) =U,(w). As L < U then we have P(A) =0. O

Remark 4.3 As a by-product of Theorems 4.8 & 4.2, in combination with Theorem 3.1, the
value function of a Dynkin game is a semi-martingale if Ly < Uy, for any t <T. O
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