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Abstract
Let T, be the standard A-coalescent of Pitman, which is defined so that 11, (0) is the partition
of the positive integers into singletons, and, if I1,, denotes the restriction of Il to {1,...,n},

then whenever I1,,(t) has b blocks, each k-tuple of blocks is merging to form a single block at
the rate \p 1, where

1
Ap ke = / 21— 2)P7F A(dx)
0

for some finite measure A. We give a necessary and sufficient condition for the A-coalescent
to “come down from infinity”, which means that the partition W (t) almost surely consists of
only finitely many blocks for allt > 0. We then show how this result applies to some particular
families of A-coalescents.

1 Introduction

Let A be a finite measure on the Borel subsets of [0, 1]. Let IIo, be the standard A-coalescent,
which is defined in [4] and also studied in [5]. Then I, is a Markov process whose state space
is the set of partitions of the positive integers. For each positive integer n, let IT,, denote the
restriction of I, to {1,...,n}. When II,, (¢) has b blocks, each k-tuple of blocks is merging to
form a single block at the rate Ay 1, where

Abk = /01 xkiz(l — x)bik A(dz). (1)

Note that this rate does not depend on n or the sizes of the blocks. For b = 2,3, ..., define

b

Ay = Z (Z) bk

k=2
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which is the total rate at which mergers are occurring. Also define

b

=31} ) 2

k=2

which is the rate at which the number of blocks is decreasing because merging k blocks into
one decreases the number of blocks by k — 1. For n = 1,2,...,00, let #II,(¢) denote the
number of blocks in the partition IL, (¢). Then let T,, = inf{¢ : #I1,(¢t) = 1}. As stated in (31)
of [4], we have

0=Ty <Tp <T5<...7 Ts < 0. (3)

We say the A-coalescent comes down from infinity if P(#11(t) < co) =1 for all ¢ > 0, and
we say it stays infinite if P(#11(t) = oo) = 1 for all t > 0. If A has no atom at 1, then
Proposition 23 of [4] states that the A-coalescent must either come down from infinity, in which
case T, < 00 almost surely, or stay infinite, in which case T, = 0o almost surely. We assume
hereafter, without further mention, that A has no atom at 1. Example 20 of [4] provides a
simple description of a A-coalescent in which A has an atom at 1 in terms of the coalescent
with the atom at 1 removed.

In section 3.6 of [4], Pitman shows that the A-coalescent comes down from infinity if A has
an atom at zero. It follows from Lemma 25 of [4] that the A-coalescent stays infinite if
fol 271 A(dr) < co. Results in [1] imply that the A-coalescent stays infinite if A is the uniform
distribution on [0, 1]. Also, results in section 5 of [5] imply that if A(dz) = (1 — a)z~%dz for
some « € (0,1), then the A-coalescent comes down from infinity.

Proposition 23 of [4] gives a necessary and sufficient condition, involving a recursion, for the
A-coalescent to come down from infinity. The main goal of this paper is to give a simpler
necessary and sufficient condition, which is stated in Theorem 1 below. This condition is
much easier to check in examples than the condition given in [4].

Theorem 1 The A-coalescent comes down from infinity if and only if

Dot <o (4)

b=2

We will prove this theorem in section 2.
The condition (4) can be expressed in other ways. For example, let

nb—kz;k(]i)xb,k. (5)

Clearly 1 <k/(k—1) <2 for all k > 2, s0 v, < np < 27, for all b > 2. Therefore, we obtain
the following corollary.

Corollary 2 The A-coalescent comes down from infinity if and only if

Dot < oo (6)
b=2
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The formulation of the condition given in Theorem 1 seems more natural conceptually, because
of the interpretation of -, as the rate at which the number of blocks is decreasing, and is easier
to use for the proof. However, the formulation in Corollary 2 is more convenient for the
calculations in section 3, where we give examples of measures A for which the A-coalescent
comes down from infinity and other examples of measures A for which the A-coalescent stays
infinite.

2 Proof of the necessary and sufficient condition

In this section, we prove Theorem 1, which follows immediately from Lemmas 6 and 9 below.
We begin by collecting facts about the +, and the .

Lemma 3 We have )
Yy = / (br — 14+ (1 - x)b)x*Q A(dx) (7)
0

and
nb—b/ (1—(1—2)" Y2 ' A(dz) —bZ/ (1 — )% A(dz). (8)

Also, the sequence ()72 is increasing.

Proof. From the identities
b
b\ & b—k _
Z (k;) zP(l—x) " =1
k=0
and

zb:k( ) (1—2)"" = b,

=0
it follows that

: b
> (k-1 (k) 221 —2)F = (br — 1+ (1 —x)?)z 2 (9)
k=2

and

b b—2
Zk( ) 21—2) =1 -1 —2)" ! zbz:(l—a:)k. (10)
k=0

k=2

Then (7) and (8) follow by integrating (9) and (10) with respect to A(dx). Therefore,
1 1
i == [ o (=) = (=) A = [ (1= (=) Ada) 2 0
0 0
which implies that (7)5°, is increasing. O

The next step is to show that if the A-coalescent comes down from infinity, then it does so in
finite expected time. We will need the lemma below, which we take from page 78 of [3].
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Lemma 4 (Kochen-Stone Lemma). Let (A,)5 be events such that > >~ P(Ay) = co.
Let A be the event that infinitely many of the A, occur. Then,

, Sy P(A)L?
e e S P A A

Proposition 5 The A-coalescent comes down from infinity if and only if E[Tw] < co.

Proof. If E[T.] < oo, then clearly To, < oo almost surely, which means the A-coalescent
comes down from infinity. We now prove the converse. For m > 2, let A,, be the event that
m is not in same block as 1 at time T},_1, which, up to a null set, is the same as the event
{Ty, > Tin—1}. On the event A,,, the partition IL,,(7},—1) has two blocks, one of which is
{1,...,m — 1} and the other of which is {m}. The expected time, after T,,,_1, that it takes
for these two blocks to merge is Ay é Therefore, using (3) and the Monotone Convergence
Theorem to get the first equality, we have

(o)
E[Tw) = lim E[T;] :n1LH;OZE Tra] = lim ZA2§P =35 Z:QP
(11)
Suppose E[T]) = oo. Then by (11), >>°_, P(A.,) = oo. Let {B1, Ba,- ., } be the blocks

of oo (Tk) in order of their smallest elements. Let [; ; be the smallest element of B; . Note
that B;j and [; ; are undefined if II(T%) has fewer than ¢ blocks. Also note that if m > k,
then unless m = [; ;, for some ¢ > 2, the event A,, can not occur. If m =; i, then the event
A, only occurs if, at time T},_1, the block B; is separate from the cluster containing the
blocks By k,...,Bi—1k. Let Fp, = {4 € Foo : AN{Ty < t} € Fi}, where (F;)i>0 is the
smallest complete, right-continuous filtration with respect to which (Il (¢)):>0 is adapted and
Foo = 0(Uy>o Fit). Conditionally on Fr, , if m = I; ; then the probability that B; . is separate
from Bj,...,Bi—1% at time T),,_1 is the same as the unconditional probability that {i} is
separate from the block containing {1,2,...,4 — 1} at time 7T;_;, which is P(A;). Note that
here we are using the strong Markov property of (Il (¢))¢>0, which is asserted in Theorem 1
of [4]. We have

zn: P(AyNAy) = E{ zn: P(Ar N Ap| Fry,) ] = [ Z 1a.P mIka)}

m=k+1 m=k+1 m=k+1
#Hn(Tk) n n
= E{uk > P(Al,,,k|fT,c)} < E{uk ZP(Ai)] = P(Ay) ) P(4).
=2 =2 =2

Thus, for all n,

iiPAmA = 2Zn: Zn: P(AxNAp)+ > P(An)

k=2m=2 k

A
[\&)
3
)
&
M:
i
=
N
_|_
Mz
i
b
3

k=2 =2 m=2
n 2 n

= 2 ZP(Am)) + ) P(An)
m=2 m=2
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Since Y- _, P(Ay,) = 0o, we have (3.1 _, P(An))/ (>0 P(An))” — 0 as n — co. Thus,

s s PARL [0y P(Am)]? 1
s S S P(Ar N An) s 20 PARP+ >, P(An) 2

> lim sup 7 =
By the Kochen-Stone Lemma, with probability at least 1/2 infinitely many of the A,, occur.
If infinitely many of the A, occur, then #I1.(T2) = co. We have Ty > 0 by (3). Therefore,
P(#I1(t) = 00) > 0 for some ¢ > 0, which means P(#I1(t) = co) =1 for all ¢ > 0. Hence,
the A-coalescent stays infinite. O

Thus, to determine whether the A-coalescent comes down from infinity, it suffices to determine
whether E[Ty] < oo. Since (E[T,])52; 1 E[Tx] by (3) and the Monotone Convergence
Theorem, the A-coalescent comes down from infinity if and only if (E[T,])5, is bounded.

Lemma 6 If > -, 'yb_ < 00, then the A-coalescent comes down from infinity.

Proof. Fix n < oo, and recursively define times Ry, Ry, ..., R,—1 by:
Ry=0
R; = inf{t : #Hn(t) < #Hn(szl)} if4>1 and #Hn(Rifl) > 1.
R, = R;_1 if 1 > 1 and #Hn(Rifl) =1.

Note that R,,—1 = Ty,. Forif(),l,.. n—1,let N; = #I1,,(R;). Forizl,Q,...,n—l,deﬁne
L;=R;— R;—1 and J; = N;_1 — N;. We have E[L;|N;_1] = Ay ~,_, on the set {N;—1 > 1}.
Also, E[J;|Ni—1] = 'VNFl)‘K/,.,_l on {N;_1 > 1} because

P(J;=k—1|Ni_y =b) = (b) Ak

for all b > 1. Thus,

n—1 n—1 n—1
BT, = B[R] = E[Z Lz} = S BELN ) = 3 EA Tgw o)
=1 =1 =1
n—1 n—1

= Elvyl BN A n sy = D BIENR Jilv,_>13Nial)-

i=1 i=1
Since J; =0 on {N;_1 = 1}, we have

n—1 n—1 n—1J;—1

Bl = Y BIERRL HN] = Y B [Zm =B Y k|
i=1 i=1 i=1 j=0
(12)
Since (75)52, is increasing by Lemma 3, we have
n—1J;—1 n o)
EAEED 35 I B Sl D ol
i=1 j=0 b=2 b=2
Thus, if > 52,7, ' < oo, then (E[T,])3, is bounded, which proves the lemma. O

We now work towards the converse of Lemma 6, which we first prove in the special case that
A has no mass in (1/2,1].
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Lemma 7 Suppose A is concentrated on [0,1/2], and suppose Y o, ’yl;l = oo. Then, the
A-coalescent stays infinite.

Proof. Fix positive integers b and [ such that b > 2!. Consider a A-coalescent with b blocks.
Let Rp1 be the total rate of all collisions that would take the coalescent down to 2! or fewer
blocks. Let Rj2 be the total rate of all collisions that would take the coalescent down to
between 2!=1 + 1 and 2! blocks. We have

Ry = Eb: <Z> Aok = 221 (bL) Nobs = 221 (f) /01/2 22 (1= 2) A(d). (13)

k=b—2l+41 i=0 i=0

Likewise,

Rys = b_il (Z) Mok — ‘212_:1 (’Z’) /01/2 221 — 2 A(da). (14)

k=b—2!+1
()=o)

xb7j72(1 ) < xbf(Zlflfj)72(1 _ x)2"717j (16)
for all € [0,1/2], because the ratio of the right-hand side to the left-hand side in (16) is
((1 —x)/x)Ql_Qj_1 > 1. Equations (13)-(16) imply that Ry 1 — Rp2 < Rp 2, and so Ry 2/ Rp1 >
1/2.

Let II,, be a standard A-coalescent restricted to {1,...,n}. For [ such that 2! < n, let D; be
the event that 2171 + 1 < #I1,,(t) < 2! for some t. By conditioning on the value of Nx_1,
where K = inf{i : N; < 2'}, we see from the above calculation that P(D;) > 1/2.

Suppose n = 2™. For j = 2,3,...,n, let L,(j) = min{s > j : #I1,,(t) = s for some t}. If
N;_1 > j > N;, or equivalently if N; +.J; > j > N;, then L,,(j) = N;_1. Therefore, using (12)
for the first equality, we have

n—1 n m
E[T,] = Z Ely. 7, Z El 7L:,m Z Z 7Lﬂl,(j)]'
i=1 j=2

I=1 j=2l-141

If0<j <2' —1, then

Also, we have

Since (75)52, is increasing by Lemma 3 and Ly, (j) < 2% on D41 when j < 2!, we have

m—1 2!

ElL] = ) > Ebpplz Z Z P(Dis1)1yh
=1 j=2l-141 =1 j=2l-141
1m—1

S

Therefore, using the monotonicity of the sequence (T},)22; for the first equality, we have

n—oo m—00 m—0o0

1 o
lim E[T,] = lim E[Tam] > lim Z 2ty > gz:fyl_l =00
=4

Hence, the A-coalescent stays infinite. O
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Lemma 8 Fiza > 0. Let Ay be the restriction of A to [0,a]. Suppose the Aj-coalescent stays
infinite. Then, the A-coalescent stays infinite.

Proof. Let A be the restriction of A to (a,1]. Then A = A; + As. We consider a Poisson
process construction of the A-coalescent, as given in the discussion preceding Corollary 3 of
[4]. This construction is valid as long as A has no atom at zero. Here, As clearly has no atom
at zero, and A; has no atom at zero because, as stated in the discussion following Proposition
23 of [4], the Aj-coalescent comes down from infinity if A; has an atom at zero. Let N7 and
N3 be independent Poisson point processes on (0,00) x {0,1}° such that N; has intensity
dt L;(d¢) for i = 1,2, where

Li(A) = /0 22P,(A) As(de)

for all product measurable A C {0,1}*° and P, is the law of a sequence £ = (&)2; of
independent Bernoulli random variables, each of which takes on the value 1 with probability
x. Let N be the Poisson point process consisting of all of the points of N7 and N», so that NV
has intensity dt L(d€), where

L(A) = Li(A) + Ly(4) = / L2 2P(4) A(d)

for all product measurable A.

We now define, for each n, a coalescent Markov chain II,,. We define II,,(0) to be the partition
of {1,...,n} consisting of n singletons. We allow II,, possibly to jump at the times ¢ of points
(t,€) of N such that Y. ;& > 2. For such ¢, if I, (t—) consists of the blocks By, ..., By,
then II,,(¢) is defined by merging all of the blocks B; such that & = 1. By Corollary 3 of [4],
these processes II,, determine a unique coalescent process 1, whose restriction to {1,...,n}
is I, for all n, and Il is a standard A-coalescent. For i = 1,2, define Hgf ) analogously, only
allowing jumps at times ¢ of points (¢,£) of N;. These processes give rise to a Aj-coalescent
H((,? and a As-coalescent HE,%).

Note that

1 1
/ 72Ny (dz) = / 272 Ag(dz) < a"?A2([0,1]) < oo,
0 a

which, as stated in section 2.1 of [4], means that the As-coalescent holds in its initial state
for an exponential time of rate at most a=2Az([0, 1]). Therefore, given ¢ > 0, there is some
probability p > 0 that there are no points (s,£) in Ny with s < ¢. Therefore, with probability

at least p, we have Il (t) = sy (t). However, since the Aj-coalescent stays infinite, we have
#H&) (t) = oo almost surely. Thus, #I1(t) = oo with probability at least p, which by
Proposition 23 of [4] implies that the A-coalescent stays infinite. O

Lemma 9 If Y2, 'yb_l = 00, then the A-coalescent stays infinite.

Proof. Let A; be the restriction of A to [0,1/2], and let Ay be the restriction of A to (1/2,1].
Then, A = Ay + As. For i = 1,2, let 'yl(f) be the quantity for the A;-coalescent analogous to
that defined by (2) for the A-coalescent. From (1) and (2), we see that fylgl) < 7 for all b,

SO ZfiQ('yél))_l = co. By Lemma 7, the Aj-coalescent stays infinite. It now follows from
Lemma 8 that the A-coalescent stays infinite. O
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3 Consequences for some families of A-coalescents

In this section, we use Corollary 2 to determine whether the A-coalescent comes down from
infinity for particular families of measures A. We begin with the following lemma. Note that
if A; and A, are probability measures, then the hypothesis is equivalent to the condition that
a random variable with distribution A is stochastically smaller than a random variable with
distribution As.

Lemma 10 Suppose A1([0,z]) > A2([0, z]) for all x € [0,1]. If the A1-coalescent stays infinite,
then the As-coalescent stays infinite. If the As-coalescent comes down from infinity, then the
A1 -coalescent comes down from infinity.

Proof. For i = 1,2, define nlgi) for the Aj;-coalescent as in (5). For = € [0, 1], let

b—2
gl@) =0 (1-a).
k=0

Then ¢'(z) < 0 for all z € (0,1). Following a similar derivation on page 43 of [2], we apply
Fubini’s Theorem and Lemma 3 to get

/Olg/(y)Ai([O,y]) dy = /Olg’(y) </01 1(o, () Ai(dx)> dy

/o1 </olgl(y) Lo (@) dy) Ai(dz) = /O 1 ( L 1g’(y) dy) A;(dz)

— / (9(1) - g(x)) As(dz) = bA([0,1]) — 1.

Therefore,

) 1
n = bA([0, 1]) + / 16/ (&) [44((0, ) dy.

It follows from the assumptions on A; and As that 77151) > néz) for all b > 2. An application of

Corollary 2 completes the proof. O

Corollary 2 can be interpreted to mean that the A-coalescent stays infinite whenever the 7,
don’t grow too rapidly as b — oco. Lemma 25 of [4] shows that the A-coalescent stays infinite

when fol 271 A(dz) < co. This condition is equivalent to the condition that the 7, don’t grow
faster than O(b), because by Lemma 3,

00 1 1
lim b1y, = Z/ (1 —2)F A(dz) = / 7 Adz).
b—oo =0 0 0
In Proposition 11 below, we exhibit another collection of measures A for which the A-coalescent

stays infinite. Some of the measures do not satisfy the condition fol z~t A(dzr) < oo.

Proposition 11 Suppose there exist € > 0 and M < oo such that A(]0,d]) < Mé for all
0 € [0,€¢]. Then the A-coalescent stays infinite.
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Proof. Let A; be the restriction of A to [0, €]. By Lemma 8, it suffices to prove that the A;-
coalescent stays infinite. Let U be the uniform distribution on [0, 1]. As mentioned in section
3.6 of [4], it is a consequence of results in [1] that the U-coalescent stays infinite. Multiplying
U by the constant M multiplies all of the v, by M. Therefore, the M U-coalescent also stays
infinite. Since

Ar([0,2]) < Ma = (MU)([0, 2])

for all z € [0,1], it follows from Lemma 10 that the Aj-coalescent stays infinite. O

Remark. Define ;' for the M U-coalescent as in (5). We can also show that the M U-coalescent
stays infinite by using Lemma 3 to calculate

b—2 1 b—2
1
w— M § 1—z)frde =M § —— < Obl
ny bkzo/o( x)" dx bkzok+1_0b ogb

for some C < oo not depending on b. Thus,

S t= Lyl > [ e
) =G L logh = C )y, zlogz T %O
b=2 b=2

where the integral diverges because log(log ) is an antiderivative of 1/x log .

There also exist measures A with densities that approach infinity as * — 0 for which the
A-coalescent stays infinite, as the following example shows.

Example 12 Suppose, for some € < 1/e, A has a Radon-Nikodym derivative f with respect
to Lebesgue measure given by f(z) = log(log(1/x)) when = € (0,€) and f(x) = 0 otherwise.
Then there exists a constant C; < oo such that for all k& > 1/¢, we have

(n+1) -1

1 . 0 k" . e .
/0 (1—2)" A(dx) = ;A_ (1 — z)"log(log(1/x)) dm—i—/k (1 —2)%log(log(1/x)) dx

1
< Z k™" log(log k™ 1) + log(log k) / (1—2)k dx
n=1 0
= Z k™" log(logk) + Z k™" log(n + 1) + (k + 1)~ log(log k)
n=1 n=1

< Ci1k7'(1 +log(logk)).
Let N be the smallest integer such that N > 1+ 1/e. Then there exist constants Co and Cj
not depending on b such that for b > N + 2, we have
b—2 b
Cy+C1 Y k™' (1+log(logk)) < Cy + cl/ 27 (1 +log(log x)) dx
k=N e
Cy + Ci(logb)(log(log b)) < Cs(logb)(log(logd)).

IN

"

Thus,

1 1
-1 —1
§ My~ 2 E m, = / dx
b=2 ' b=N+2 ' Cs Jn+2 #(log x)(log(log 7))

where the divergence of the integral can be seen after substituting v = log(x). By Corollary
2, the A-coalescent stays infinite.

= 00,
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We now exhibit a family of measures A for which the A-coalescent comes down from infinity.
The family is slightly larger than that studied in section 5 of [5].

Proposition 13 Suppose there exist ¢ > 0, M > 0, and o € (0,1) such that A([0,d]) > Mo*
for all § € [0,¢€]. Then the A-coalescent comes down from infinity.

Proof. By Lemma 10, it suffices to prove the result when A([0,d]) = MJ§® for all § € [0, €]
and A((e,1]) = 0. We may therefore assume that the Radon-Nikodym derivative of A with
respect to Lebesgue measure is given by Max®~! on [0, ¢] and 0 on (¢, 1]. We then have

Mol (a)T'(k +1)
I'k+1+a)

1 1

/ (1 — x)*A(dz) :Ma/ 2 11— 2)*de = MaB(a, k +1) = ,
0 0

where B denotes the beta function. By Stirling’s formula, I'(k+1)/T'(k+ 1+ a) ~ k=%, where

~ denotes asymptotic equivalence as k — co. Therefore, there exists a constant C; > 0 such

that fol(l —z)% A(dz) > C1 k= for all k > 1. Then, for some Cy > 0, we have

b—2
m,be/ (1 — )" A(dz) > bA([0,1]) + C1b Y k™ > Cob®~®
k=1
for all b > 2. Thus, Zfil My ! < 00, s0 the A-coalescent comes down from infinity. O

The following example shows that the result above is not sharp.

Example 14 Suppose the Radon-Nikodym derivative of A with respect to Lebesgue measure
on [0, 1] is given by f(x) =log(1/z). For k > 1, we have
1 k1
/ (1 2)log(1/z) dz > / (1 2)¥log(1/z) da
0 0

n\*
(1 - —) / log(1/z) dx

k 0

C1logk

(1- %)kkla ~1og(1/8) > DX

Vv

for some constant C7 > 0. It follows that for all b > 2,

2

m > b+ C1b Z > Cyb(log b)?
.

for some Cy > 0. We can see by substituting v = log x that

/00 1 dr < oo
5 z(logx)? '

Therefore, Yoo 7y ! < 00, and the A-coalescent comes down from infinity.

Example 15 Suppose A has the beta density f(z) = B(a, 3)"'z% (1 — 2)?~! with respect
to Lebesgue measure on [0,1], where a > 0 and 8 > 0. If @ € (0,1), then A satisfies the
hypotheses of Proposition 13. If a > 1, then A satisfies the hypotheses of Proposition 11.
Thus, the A-coalescent comes down from infinity if and only if o < 1.
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