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Abstract

This investigation concerns the hyper-exponential jump-diffusion processes. Follow-
ing the exposition of the two-sided exit problem by Kyprianou [10] and Asmussen and
Albrecher [1], this study investigates first passage functionals for these processes.
The corresponding boundary value problems are solved to obtain an explicit formula
for the first passage functionals.
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1 Introduction

This investigation concerns the hyper-exponential jump-diffusion processes. Owing
to its analytical tractability, such processes have become popular among practitioners
and academicians who work in mathematical finance and insurance. See, for example,
the work of Jeanblanc et al.[7], and Asmussen and Albrecher[1] and the references
therein. Following the exposition of the two-sided exit problem by Kyprianou[10] and
Asmussen and Albrecher[1], the first passage functional of the following form is studied
herein:

P(z) =E; [e"g(X,)] (1.1)

where » > 0, g is a nonnegative bounded measurable function, Xg = x a.s. under P,
and 7 is the exit time of X from a finite interval I = (hq, h2). The function ®(z), given in
Eq.(1.1), is typically referred to as the Gerber-Shiu function. For recent works on this
topic, see [11], [3], [9] and Chapter XII of [1].

Section 2 describes the hyper-exponential jump-diffusion processes that are con-
sidered herein. To find an explicit formula for the function ®(z) in Eq.(1.1), the cor-
responding two-sided boundary value problem is considered. By direct calculation,
the associated integro-differential equation is transformed into a homogeneous ODE of
higher order, which is then solved. In fact, in Theorem 2.5 below, this ODE is solved
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in closed form and its solution equals the first passage functional ®. Theorem 2.5 is of
interest, in itself, (see also Remark 2.6,) and it can be utilized to solve other problems
in mathematical finance and insurance. (See, for example, [5] and [6].)

2 Main Results

Given a constant » > 0 and a nonnegative bounded measurable function g, the first
passage functional ®(z), defined in Eq.(1.1), is computed. X is assumed to be given by
a jump-diffusion process,

Ny
Xp=ct+oW,—» Y, t>0. (2.1)

n=1
Here, c € R; 0 > 0; W = (W,;t > 0) is a standard Brownian motion; N = (N;;t > 0)
is a compound Poisson process with rate A > 0, and the jump sizes (Y,,n > 1) are
independent and identically distributed. All of the aforementioned objects are mutu-
ally independent. The distribution F' of Y; is assumed to have the probability density
function N
S pin e,y >0,
0, y=0, (2.2)
S amyet Y,y <.
where 3" p; + 371 ¢ = 1 pj,q5,m; > 0, and ;7 # n; for i # j. P, denotes the
law of X + z under P. By Dynkin’s formula and the theorem of Feynman and Kac, the
following boundary value problem which admits at most one solution, must be solved:
find ® € C([h1, ha]) N C%((h1, h2)) such that

(E—r)(b:(), in (h17h2)7 (2 3)
b =g, on (—OO, hl] @] [hg, C)O)7 ’
where £ is the infinitesimal generator of X that acts on h € C2(R) by
2
Lh(z) = %h”(x) +ch/(z) + A / h(z — y) f(y)dy — Ah(z). (2.4)

For details, see [2]. Lh(x) is defined by the Eq.(2.4) for all functions h on R such that
R’, h” and the integral in Eq.(2.4) exist at z. Notably, the characteristic exponent ¢ (¢)
of X is given by

o? & pinf &R~y .
V() =5 CHC+MY =+ > —L) - (eiR
2 j:1C+nj j=1 ¢- J

Accordingly, % is an analytic function on C except at a finite number of poles. Also, the
equation (¢) — r = 0 yields m) + m_y + 2 distinct real zeros. (If r = 0, ¢ # 0 or
m(4y +m(—y > 0 is further assumed.) Set S = m) +m_) + 2 and let p1, p2,--- , ps be
the distinct real zeros of the equation ¢ (¢) — r = 0.

Let Po(¢) = IT1-3 (C+n)) T (C—n; ). Now, P1(¢) = Po(¢)(¥(¢)—r) is a polynomial
whose zeros coincide with those of ¢)(¢) — r. Denote by D the differential operator such
that its characteristic polynomial is P;(().

Proposition 2.1. Suppose a bounded solution ® defined on R to the boundary value
problem (2.3) exists. Then, on (hi,hs), ® is infinitely differentiable and satisfies the
ODE,

D® =0, on (hy, hs). (2.5)
Hence, on (hy, hs), ®(x) = 25:1 Q;e”® for some constants Q;.
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Proof. This proposition is proved by direct computation. Plugging the density function
f, given by Eq.(2.2), into Eq.(2.4), yields the generator £ that acts on ®:

Lo(z) = %2<I>”(;L')+C<I>’(x)+)\(ZJ O pmte T [T By

FT e [ B)e 7 Vdy) - 20(a)

From this equation and the fact that o > 0 and (£ —

r)®

ferentiable on (hi,hs), as can be established by induction, as

al.[4].

in

e";r Ydy

0, ® is infinitely dif-
the work of Chen et

Next, ® will be shown to satisfy an ODE. Consider the differentiation rule,

d o+
(o

/ B(y)en

=yt | (=afe i [ awetvay o) e [ ameral

— 00

= P;in; (I)( )s

and similarly, (£ —ny) ¢y el [ d(y
differentiable on (hl, hs) and (£ —

_(d + d +
0= (o +7) (& i) (& -

TVL(,)

[ (- J)

:”ﬁ)(dciJr >£[

j=1

M) M)
+y 11 ( +nk)pm

=1 k=1,ks#j

o2 d?
2 da?
7”( )

-2

)

77L( )

I1

(i

7j=1 k= 1k#]<

Hence, Eq.(2.6) transforms the integro-differential equation (L
D® =0, where D is a high order differential operator.

Ye i Vdy = —q;n; ®(z).
)CI) = 0 on (hl,hg

— 00

Since @ is infinitely

i) (€= 2()

di A— >q><x)

) qu]j_fb(x). (2.6)

—r)® = 0 into an ODE:

To complete the proof, D must be shown to coincide with D. (See the definition of D
in the paragraph above Proposition 2.1.) To show that the characteristic polynomials of
D and D coincide will suffice. Write P(C ) as the characteristic polynomial of D. Then,

by Eq.(2.6), P is given by

m(4) m(-)

PO = JJ+ah) [«
j=1 j=1
= PolQ)®(C) - 7).

2
— ;) ["242 + e +A

M (+)

pin;

+
— G+

m(_) —
+ E 'mj_ —(A+7)
= .

— (-

This equation reveals that the characteristic polynomial P1(¢) of D equals that, 75(C ), of

D. The proof is complete.

O

Proposition 2.2. Suppose that ® is a bounded solution to the boundary value problem

(2.3) and, on (h1,hs), ®(x)
vector Q satisfies the equation
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Then the constant

(2.7)
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where
r 1 p1hi
——e
p1+ni
— 1+ eP1h1
P1 77m,(+>
1 epihe
A= P1—M
1 eP1h2
P1 _"]nL(_)
eP1h1
6P1h2

1 epShl
+
ps+ny

1 ershi
Tt
Ps an)
1 _ epsha
PS—MNy

1 epshe
Ps _7]7n(_)
ePshi

eﬂsh2

and V, is a column vector whose components V(i) are given by the formula

S gly)en Wmdy,

V,(i) =
‘ ( ) g(hl)a
g(h2),

— i glye e Ty,

ifl1<i< m(y)

jfm(+) +1<: < my) + m_y
ifi = myy +m-y + 1

ifi = m(yy +me-)y + 2

Proof. Let m = my+m). Since (L —7)® = 0 on (hy, ho), for x € (h1, ha),

0= ZO"(2)+c® () + [ Bz —y)f(y)dy — (A +7)D(x)
S Querit (G p? ep — (A1) + A [ B(a — y) f(y)dy.

Furthermore,

/q)(x_y)f(y)dy = </_i+/:> 9(y) f(z - y)dy+/x:i:1

h] o0
gt + ; — oy
= pe ””/ g(y)n} e Vdy + Y gje™s :”/h g(y)n; e Vdy
2

x—hl +
/ e_piye_nj 'Udy
0

m-+2 m(-)

0
DI TESD SOy RS SL R 2
i=1 =1 z—h i=1 j=1

m(+)

h
—o0

m+2 M(+)

o

—nt ! + ; o~
= pe ””/ g(y)n} e’ Vdy + Y gje™s w/ g(y)ny e Vdy
j=1

h2

m+2 m-) 4 B
+3Quer Y 2 (1 O —m)(hz—w))
i=1 =1 " TP
2 & iy (pitf) (@)
+ Qiemw e <1 — e pitN; z—h1 )
,»; ; pi+ 1157

Now, by Egs.(2.10) and (2.11) and the fact ¢)(p;) — r = 0 for all 4, we have

m(+)

hq %)
+ + - -
0= pje ™ x/ gly)nfem Vdy + Y g€ ””/ g(y)n; e " Ydy
j=1 — o0 ha

m+2 m(-)
3 Qe Y
i:Zl ; Ny — Pi

m—+2 m(4)

_ +
i=1 =1 Pi 1,

Comparing e~ % and e yields (2.7). The proof is complete.
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®(z —y) f(y)dy

(2.8)

(2.9)

(2.10)

(2.11)

—ainT T
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Remark 2.3. Consider the function V(z) = Zle Q;e?i® for x € (hy,hg), and V(z) =
g(z) otherwise, where g is a bounded function on (hy, hs)¢ and Q;’s are given constants.
Now,

m(+)

o+ ha +
<£—mvu>=§jmemw/'g@Mﬁ%y@
=1 —o0

m(—) oo m+2 m(-)

— - —nT oz —qn;  _ -5, —z
+ Z q;e"i / g(y)n; e Vdy + Z Qie” Z 7 e (n; —pi)(hz=2)
=1 h i=1 =1 i TP
m+2 ) gt .
+ Qe I1j g=(pitny ) (@—h1) (2.12)
; ; pit

Lemma 2.4. For any hy < ho, the matrix A given by Eq.(2.8) is invertible.

Proof. Letm = my)+m_yand assume AC = 0 for some vector C' = [C1,Cs, - - - ,Cio]T.
Consider the function V(x) = Z:’:{Q Cye® for € (hy,hs), and V(z) = 0 otherwise.
Since AC = 0 and by Eq.(2.12), V(z) is a solution to the boundary value problem (2.3)
with g(z) = 0. From the uniqueness of solutions to the boundary value problem (2.3),
V(z) = ijf Cpefr® =0 for all z € (hy, ha). Now consider the Wronskian

ePr1e e ePm+2T
N . p1ePr® e ppgoefmE2®
W(el’lﬁ, e ’e/)m+21) = det
prleps L s
Then
1 . 1
Pl e pm+2
Wi,y = ()| T 2y

m—+1 m—+1
P1 T Pmg2

= exp ((ZZZQ pn)x> H1gi<j§m+2(/-’i —pj) # 0.

(The matrix in Eq.(2.13) is a Vandermonde matrix.) This inequality implies that {e”»*|1 <
n < m+ 2} are linearly independent and so C' = 0, which implies that A is invertible. O

In the following, for a given function g on (hi,h2)% Q(g9) = A~'V, is set where
A and V; are defined as in Eqgs.(2.8) and (2.9), respectively. Also, Y e Z is written
for the usual inner product of the vectors Y and Z in R® and for every real value z,
e’(x) = [eM®, .- ,ePST]. Our main result is as follows.

Theorem 2.5. Given a constant » > 0 and a nonnegative bounded function g on
(h1, ho)€, the function ®(x), defined by the formula

_J Q(g)ee’(x), ifz € (h1,h2)
@“){g@x iz ¢ (b, ho) @19

solves the boundary value problem (2.3). Additionally, ®(z) = E, [e"""g(X,)], where
T = inf{t Z OlXt ¢ (hl, hg)}

Proof. The first statement follows by direct calculation using Egs. (2.12) and (2.7). The
proof of the second statement(concerning the uniqueness of solutions of the boundary
value problem (2.3)) is the same as that of Proposition 4.1 in the work of [4] if R, is

replaced by (hi, ho)c. This proof is omitted here. O
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Remark 2.6. When X is a spectrally negative Lévy process, the Laplace transform of
the two-sided exit times can be expressed in terms of scale functions. See, for example,
Theorem 8.1 in the work of Kyprianou[10], Chapter XI Theorems 3.2-3.3 in the work
of Asmussen and Albrecher[1], or the work of Rogers[12]. See also Theorem 5.3 in
Chapter XI of the work of Asmussen and Albrecher[1] in which the process X has two-
sided phase-type jumps. Kuznetsov et al in [9] took a completely different approach
to obtain the law of the discounted overshoot for meromorphic Lévy processes. From
[9], the formula for the function ® is obtained in an integral form. In Theorem 2.5,
thus obtained, ®(z) is expressed as a linear combination of known functions and the
coefficients are uniquely determined. It is worth noting that, by the same approach,
similar results as in Theorem 2.5 can be obtained for the case (hy,00) or (—oo, ha).
(See, also, the work of Chen et al.[4].)

3 Examples

As an illustration of the main result(Theorem 2.5), we consider the Kou model, that
is, m(_y = m;), = 1. We write n* for ni and assume o > 0. Fix (hy, hy) and write T(hy,hs)
for the first exit time of X from (h1, ko). Note that the matrix A is given by the formula
in Eq.(2.8).

Example 3.1. Consider the case, g(z) = 1. Then ®(z) = E, [e"""*1#2>)] and by direct
calculation, V, = [n%, —n%, 1,1]T. Simple algebraic calculation shows that AQ = Vy is

equivalent to EEQ = ‘79 where 179 =10,0,0,1]7, D= diag(py,-- -, ps) and

eP1h1 eP2h1 eP3h1 ePal
pitnt p2+nt ps+nT patnt
eP1h2 eP2h2 eP3h2 ePah2
N et e
A= p1—1 p2—1 p3—1 pa—m
ePLh2—p1hy eP2h2—p2hy eP3h2—p3hy ePah2—pahy
P P2 P3 P4
eP1h2 eP2h2 eP3h2 ePah2
P1 P2 P3 P4

(Note that for the vector XA/g, all components except the last one are zeros.) Therefore,
E, [e*mhrhz)] = E?:l Q;e”® for x € (hy, hy) where Q; = (p;detA)~'Y;,

eP2h1 eP3hi1 ePah1 eP1h1 eP3h1 ePah1
p2+nt p3+nT pat+nT p1+nT p3+nT patnT
% eP2h2 eP3h2 ePah2 Y eP1h2 eP3h2 ePah2
1= - = = = y 12 = = = = )
pP2— P3— pa—mn p1—N pP3—N pa—n
eP2h2—p2hy eP3h2—p3h1 ePah2—pgahy eP1h2—p1h1 eP3ha—p3hy ePah2—pahy
P2 P3 P4 pP1 P3 P4
eP1h1 eP2h1 ePah1 r eP1h1 eP2h1 eP3h1
p1+nT p2+nT patnt p1+nT p2+nt p3+nT
Vo — eP1h2 eP2h2 eP4ah2 Y, — eP1h2 eP2h2 eP3h2
3 p1—N" p2—n" pa—n~ 224 p1—n" p2—n~ p3—n" ’
eP1h2—pr1hy eP2h2—p2hy ePah2—pahy eP1h2—p1hy eP2h2—p2h1 eP3h2—p3hi
P1 P2 P4 = P1 P2 P3

and detA = S L2y

Pi
Example 3.2. Consider the case, g(x) = 1{;>4,}. Then ®(z) = IE, e*”wlwhz)l{th . )>h2}}
> o hgy 2
and V, = [0, 7]%,0, 1]. Now AQ =V, is equivalent to ADQ = V, where V, = [0,0,0,1]7,
ﬁ = diag(pla T 7P4) and

eP1h1 eP2h1 eP3h1 ePah1
pi+nt  pat+nt  p3d+nt padnt
eP1h2 eP2h2 eP3h2 ePah2
A= | pr—n=  p2—n—  ps—n—  pa—n—
A= eP1h1 eP2h1 eP3h1 ePah1
P1 P2 P3 P4
eP1h2 eP2h2 eP3h2 ePah2
P1 P2 P3 pa
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Therefore, I, [e*’“ﬂhl ) 1y

(pidetﬁ) -y,

T(hlyh,Q)th}

= Yi, Qe for x € (hy,hy). Here Q; =

eP2h1 eP3h1 eP4ah1 eP1h1 eP3h1 ePah
p2+nt  ps+nt  patnt p1+nt  ps+nt patnt
Y, — — eP2h2 eP3h2 ePah2 Y, — eP1h2 eP3h2 ePah2
1 pa—m~  pa—m~  pa— 252 pi—n—  pzs—n-  pa—n- |’
eP2h1 eP3h1 ePah1 eP1h1 eP3h1 ePah1
P2 P3 P4 pP1 P3 P4
eP1h1 eP2h1 ePah1 eP1h1 eP2h1 eP3h1
pi+nt  pant  patnT pi+nt  patnt  paz+nT
Va — — eP1h2 eP2h2 ePah2 Y, — eP1h2 eP2h2 eP3h2
3 pi—n~  p2— pa—n— |74 pi—n—  p2— pa—m— |’
eP1h1 eP2h1 eP4ahl eP1h1 eP2h1 eP3h1
P1 P2 Pa pP1 P2 P3
1T 4 er1h2
and detA =3, | < =Y.

Example 3.3. Consider the case, g(z) = (x—h2)". Then ®(z) = E, {6_”“1*"2)()(7(,11,@ - h2)+:|

— -1 _ _1 —TT(hy,h _ +| = 4 ePiT
and Vg - [O’ n— (17—)2’0’0]’ Therefore, El‘ [e " lz)(XT(thg) h2) } - Zi:l Qle
where Q; = (=2 — —15)detAY;,

n (n~)
eP2h1 eP3h1 ePah1 eP1h1 eP3hi1 ePah1
p2+nt  pstnt  patnt pitnt  ps+nt  patnt

Y = —| er2hs ePshi ePahr | Yo =| epiha eP3hi ePah1 ,

eP2he ePshz ePahz eP1hz2 eP3hz ePahz
eP1h1 eP2h1 ePah1 eP1h1 eP2h1 eP3h1
pitnt  patnt  patnT pitnt  patnt  pstnT
Y= —| erths eP2h1 ePah1 Y, = eP1h1 er2h1 er3hi ,
eP1h2 eﬁzha €ﬁ4h2 €ﬁ1h2 eﬁth eﬂshQ
4 ePnha
and detA =3, | *— =Y.
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