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Inverting the coupling of the signed Gaussian free
field with a loop-soup”*
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Abstract

Lupu introduced a coupling between a random walk loop-soup and a Gaussian free
field, where the sign of the field is constant on each cluster of loops. This coupling
is a signed version of isomorphism theorems relating the square of the GFF to the
occupation field of Markovian trajectories. His construction starts with a loop-soup,
and by adding additional randomness samples a GFF out of it. In this article we
provide the inverse construction: starting from a signed free field and using a self-
interacting random walk related to this field, we construct a random walk loop-soup.
Our construction relies on the previous work by Sabot and Tarres, which inverts the
coupling from the square of the GFF rather than the signed GFF itself.
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1 Introduction

The so called “isomorphism theorems” relate the square of a Gaussian free field
(GFF) on an electrical network to occupation times of symmetric Markov jump processes
[19, 24]. These date back to the work of Dynkin (Dynkin’s isomorphism) [6, 5, 7], and
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previously to Symanzik’s identities in Euclidean Quantum Field Theory [22] and Brydges-
Frohlich-Spencer random walk representation of spin systems [2]. Here we focus on
the generalized second Ray-Knight theorem [9] and on Le Jan’s isomorphism [13]. The
generalized second Ray-Knight theorem couples the squares of two GFFs with different,
ordered, boundary conditions by adding the occupation times of independent Markovian
excursions from boundary to boundary to the square with lower boundary conditions in
order to obtain the square with higher boundary conditions. Le Jan’s isomorphism states
that the whole square of a GFF can be obtained as the occupation field of a Poisson Point
Process of Markovian loops, known as loop-soup. Le Jan’s isomorphism in particular
implies the generalized second Ray-Knight theorem.

In [15] Lupu obtained “signed” or “polarized” versions of isomorphism theorems,
where one relates to the Markovian trajectories not only the square, but also the sign
of the GFF. In particular the sign of the GFF is constant on each Markovian trajectory.
The construction goes through the introduction of the metric graph GFF. One first
replaces each discrete edge of the electrical network by a continuous line, so as to
obtain a continuous topological object, a one-dimensional simplicial complex known as
metric graph or cable system, and then one interpolates the values of the GFF on the
vertices by independent Brownian bridges inside the edges. This way one obtains a
continuous Gaussian field. Its square can still be obtained as in Le Jan’s isomorphism
as an occupation field of a loop-soup of loops of the natural continuous diffusion on the
metric graph. However, in this construction the sign components of the GFF are exactly
the clusters of metric graph loops and the sign is chosen independently uniformly on
each of them.

Lupu’s isomorphism has also a purely discrete description. One enlarges the clusters
of the discrete loop-soup by opening the edges not visited by loops with certain probabil-
ity, and then on each enlarged cluster one chooses a sign independently uniformly.

The above couplings have also a counterpart in the Ising “world”. Indeed, conditional
on the absolute value of the GFF, its sign is distributed like Ising spins with coupling
constants given by the absolute value. Then, the enlarged clusters in Lupu’s isomorphism
(discrete description), conditional on the absolute value of the GFF on the vertices, are
exactly Fortuin-Kasteleyn random clusters [11], with cluster weight ¢ = 2 and edge
weights depending on the absolute value [18]. FK random clusters with ¢ = 2 are
coupled to the Ising spins through the Edwards-Sokal coupling [8], where one simply
chooses the spin independently uniformly on each clusters. The discrete loop-soup in
Le Jan’s isomorphism is related to the random current expansion of the Ising model
[18, 4, 12]. Finally [18] connected the dots and showed that there is a natural coupling
between Ising random currents and FK-Ising random clusters, which is actually Lupu’s
isomorphism conditioned on the absolute value of the GFF. In Figure 1 we summarize all
above models and the couplings and relations between them.

In this paper we deal with the inversion of Lupu’s isomorphism, that is to say with
retrieving the conditional law of the discrete loop-soup given a discrete Gaussian free
field (both its absolute value and its sign). This extends the work of Sabot and Tarrés
who in [21] gave the inversion of isomorphisms only in the case when the absolute value
of the GFF was given, or equivalently its square, but not its sign. To fix the ideas, let us
introduce some notations.

Let G = (V, E) be a connected undirected graph, with V' at most countable and each
vertex x € V of finite degree. We do not allow self-loops. Also in general we do not
consider multiple edges, unless specified otherwise. Given e € E an edge, we will denote
e+ and e_ its end-vertices, even though e is non-oriented and one can interchange e
and e_. Each edge e € F is endowed with a conductance W, = W, =We e >0.
There may be a killing measure x = (k;)zcv On vertices.

—e4
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We consider (X;);>¢ the Markov jump processes on V which being in z € V, jumps
along an adjacent edge e with rate W,. Moreover if k,, # 0, the process is killed at x with
rate k. (the process is not defined after that time). ( will denote the time up to which X;
is defined. If ( < +o00, then either the process has been killed by the killing measure «
(and x # 0) or it has gone off to infinity in finite time (and V infinite). We will assume
that the process X is transient, which means, if V is finite, that x # 0. P, will denote
the law of X started from z. Let (G(z,y))s,yev be the Green function of (X¢)o<s<c:

¢
/ Lix,=yydt| .
0

Let &€ be the Dirichlet form defined on functions f on V with finite support:

E 1) =Y kaf @)+ Y Welfley) = fle)). (1.1)

zeV eeE

G(SL’,y) = G(y,x) =,

P, will be the law of (¢x)zev the centred Gaussian free field (GFF) on V with covariance
E,lpzpy]l = G(z,y). In case V is finite, the density of P, is

1 1
 — exp(-z&(, df,.
(277)%\/det(;e p( 2V ﬁ)g/ 2

o under P, satisfies the spatial Markov property. If U is a subset of V' and
U ={x € U|Jy € V\ U, x and y joined by an edge e € E},

then (¢;),ev\v conditional on (¢, ),cpy has same law as conditional on (¢, )ycou-
Givenzg € Vanda € R, Péw"} "* will denote the law of the GFF ¢ conditioned to equal
a in xy. Note that if the killing measure « is supported in z(, the law Pf”} '* does not
depend on x and in this case one can as well take k = 0.
We will denote by (¢;(t))zcv,ico,c] the family of local times of X:

t
fm(t)Z/ ]1{X5:m}d5~
0

Forallz € V, u >0, let
Ty = inf{t > 0;4,(t) > u}.

Recall the generalized second Ray-Knight theorem on discrete graphs by Eisenbaum,
Kaspi, Marcus, Rosen and Shi [9] (see also [19, 24]).

Theorem 1 (Generalized second Ray-Knight theorem). Foranyu >0 andxzg €V,

1 T
(51(7{70) + 2@3) under P, (|75 < () ® pé 0},0
zEV

has the same law as

1 @

(993) under P;l“}’m.

5¥a
zeV

Sabot and Tarrés showed in [21] that the so-called “magnetized” reverse Vertex-
Reinforced Jump Process (VRJP) provides an inversion of the generalized second Ray-
Knight theorem, in the sense that it enables to retrieve the law of ({,(72°),02).cv
conditional on (EI (t20) + %@i)z v The jump rates of that latter process are a product
of a first factor accountable for a self-repulsion (reverse VRJP) and a second one which
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can be interpreted as a ratio of two-point functions of the Ising model associated to
time-evolving coupling constants (magnetization). The process introduced in [21] also
inverts the Le Jan’s isomorphism [13] given the square of a GFF.

However in [21] the link with the Ising model is only implicit, and a natural question
is whether Ray-Knight inversion can be described in a simpler form if we enlarge the
state space of the dynamics, and in particular include the “hidden” spin variables.

The answer is positive, and goes through a “signed” extension of the Ray-Knight
isomorphism following Lupu’s approach [15], which couples the sign of the GFF to the
Markovian path. The Ray-Knight inversion will turn out to take a rather simple form
in Theorem 9 of the present paper, where it will be defined not only through the spin
variables but also random currents associated to the field though an extra Poisson Point
Process. Further, in Theorem 11 we will describe how the process we construct inverts
Lupu’s “signed” isomorphism between a loop-soup and a discrete GFF.

The paper is organized as follows.

In Section 2 we recall some background on loop-soup isomorphisms and on related
couplings and state and prove a signed version of the generalized second Ray-Knight
theorem. We begin in Section 2.1 by a statement of Le Jan’s isomorphism which
couples the square of the Gaussian Free Field to the loop-soups, and recall how the
generalized second Ray-Knight theorem can be seen as its corollary: for more details see
[14]. In Section 2.2 we state Lupu’s isomorphism which extends Le Jan’s isomorphism
and couples the sign of the GFF to the loop-soups, using a metric graph extension
of both the GFF and the Markov process. Lupu’s isomorphism yields an interesting
realization of the Edwards-Sokal FK-Ising - spin Ising coupling, and provides as well a
“Current+Bernoulli=FK” coupling lemma [18], which occur in the relationship between
the discrete and metric graph versions. We briefly recall these couplings in Sections
2.3 and 2.4, as they are implicit in this paper. In Section 2.5 we state and prove the
generalized second Ray-Knight “version” of Lupu’s isomorphism, which we aim to invert.
In Section 2.6 we present a diagram which summarizes the models and the couplings.

Section 3 is devoted to the statements of inversions of these isomorphisms. We state
in Section 3.1 a signed version of the inversion of the generalized second Ray-Knight
theorem through an extra Poisson Point Process, namely Theorem 9. In Section 3.2
we provide a discrete-time description of the process, whereas in Section 3.3 we yield
an alternative version of that process through jump rates, which can be seen as an
annealed version of the first one. The annealed process of Section 3.3 is a reverse
VRJP (self-repelling) which evolves on a subgraph of G which itself shrinks over time.
These subgraphs can be interpreted as FK-Ising random clusters associated to time-
evolving, decreasing, edge weights. In Section 3.4 we deduce a signed inversion of
Lupu’s isomorphism for loop-soups.

Finally Section 4 is devoted to the proof of Theorem 9: Section 4.1 deals with the
case of a finite graph without killing measure, and Section 4.2 deduces the proof in the
general case.

2 Le Jan’s and Lupu’s isomorphisms

2.1 Loop-soups and Le Jan’s isomorphism

The loop measure associated to the Markov jump process (X;)o<i<¢ is defined as
follows. Let IP;ﬁy be the bridge probability measure from x to y in time ¢ (conditional on
t < ). Let pi(x,y) be the transition probabilities of (X;)o<t<¢.

Let fu0p be the measure on time-parametrized nearest-neighbor based loops (i.e.
loops with a starting site)
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dt
Hloop = Z/ :vmpt € .’L‘) t

zeV

The loops will be considered here up to a rotation of parametrisation (with the corre-
sponding pushforward measure induced by 1100p), that is to say a loop ((t))o<t<¢., Will
be the same as (y(T' +t))o<t<t,—7 o (V(T'+t —ty))t,—7<i<s, forall T € (0,t,), where o
denotes the concatenation of paths. A loop-soup of intensity @ > 0, denoted L, is a
Poisson random measure of intensity au..p,. We see it as a random collection of loops in
G. Observe that a.s. above each vertex = € V, £, contains infinitely many trivial “loops”
reduced to the vertex x. There are also with positive probability non-trivial loop that
visit several vertices.
Let L (L) be the occupation field of L, on V i.e., forallz € V,

t'\f
Lo(Lo)= Y. / 1 {y(t)=a} dt.

(v(t))o<t<t, €L

In [13] Le Jan shows that for transient Markov jump processes, L,(L,) < +oc for all
x € V a.s. For a = 1/2 he identifies the law of L (£L,):

Theorem 2 (Le Jan’s isomorphism). L (L)) = (L$(£1/2))m€\/ has the same law as

%@2 = (;goi) . under P,.

Let us briefly recall how Le Jan’s isomorphism enables one to retrieve the generalized
second Ray-Knight theorem stated in Section 1: for more details, see for instance [14].
We assume that « is supported by x(: the general case can be dealt with by an argument
similar to the proof of Proposition 4.6. Let D = V' \ {z¢}, and note that the isomorphism
in particular implies that L (£, ;) conditional on L, (£;/2) = u has the same law as ©?/2
conditional on ¢2 /2 = u.

On the one hand, given the classical energy decomposition, we have ¢ = P +
©s,, with P the GFF associated to the restriction of £ to D, where »” and ¢,, are
independent. Now ¢?/2 conditional on ¢2 /2 = u has the law of (¢ + nv/2u)?/2, where
7 is the sign of ¢,,, which is independent of ¢”. But ¢ is symmetric, so that the latter
also has the law of (¢” + v/2u)?/2.

On the other hand, the loop-soup £/, can be decomposed into the two independent
loop-soups /31/2 contained in D and Eg/g hitting 7. Now L (ElD/z) has the law of (¢?)?%/2

and L (ng /2)) conditional on L,, (Lgﬁg)) = u has the law of the occupation field of the

Markov chain ¢(7]°) under P, (-|77° < ¢), which enables us to conclude.

2.2 Lupu’s isomorphism

As in [15], we consider the metric graph g (also known as cable system) associated
to G. As a topological space, it is obtained by replacing each discrete edge e by a
continuous compact line interval I.. If two edges e and ¢’ share a common extremity, the
corresponding endpoints of I. and [ are identified. So G is a one-dimensional simplicial
complex, with 0-cells corresponding to vertices in V, and 1-cells to edges in £. V is
naturally identified to a subset of G. We further endow G with a metric by setting the
length of each I, to be equal to 1W 1 We also consider the Radon measure m on g
such that its restriction to each I, is a one-dimensional Lebesgue measure of total mass
Wt (i.e. the length measure).

One can define a standard Brownian motion BY on G as follows. Inside each I, BY
behaves as a standard one-dimensional Brownian motion. Upon reaching a vertex, BY
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performs immediately independent Brownian excursions inside each adjacent edge, with
equal rate for each direction, and that until eventually traversing one of the edge and
reaching a neighbor vertex on the other side. See Section 2 of [15] for more details.
Alternatively, Bf can be defined as the symmetric Markov process associated to the
Dirichlet form .
Ef N =5 | f@)idi),
z€G

where [ : _C'; — R is continuous and C! inside each of the I.. For more on Dirichlet forms
and associated Markov processes, see [10]. Bg admits a family of Brownian local times
(,(t), continuous in (z,t), such that for every bounded measurable function f : ¢ — R
and every t > 0,

/ FBds= [ @)t di).

z€G
Let be C~ the first time when either Btg explodes to infinity (if possible), or
> kaly(t)
zeV

hits an independent exponential r.v. of mean 1 (if » # 0). If neither of these happens,
¢ = +oo. )

One can deterministically recover the Markov jump process (X;)o<¢< out of (B )
Let be

o<t<(

=Y L(t),  Ay'(t) =inf{s > 0[Ay(s) > t}.

zeV

Then, if Bg eV, B 1) is a Markov jump process X; on V with jump rates (W.).ck.

Moreover, Ay (¢) = ¢ and L(t) = @(A;l(t)) forxzeV.

In [15] Lupu introduces a measure fij,o, On time-parametrized continuous loops on g,
associated to the Brownian motion (BY Jo<i< & L., will denote the Poisson Point Process of
loops of intensity ajiioop. The discrete-space loops £, can be deterministically obtained
from L, by taking the print of the latter on V, using the time-change A‘_/l. Note that £,
contains loops that do not visit V' and are entirely contained in one of the /.. These do
not contribute to £,. £, has an occupation field (Lm(ﬁa))xeg, which is a sum over loops
in £,, of Brownian local times in z of the loops. Moreover,

Lo(Ly) = Ly(Ly), Yz e V.

Similarly, the GFF ¢ on G with law P, can be extended to a GFF ¢ on Q as follows.
Given e € FE, one considers inside I. a conditionally independent Brownian bridge,
actually a bridge of a v/2x standard Brownian motion, of length %We_l, with end-values
©e_ and @, . This provides a continuous Gaussian field on the metric graph which still
satisfies the spatial Markov property.

Lupu introduced in [15] an isomorphism linking the GFF ¢ and the loop-soup £~1 /2
on the metric graph G. This one uses the clusters of £~1 2. First of all, cluster is an
equivalence class of loops in L, /2, where two loops 4 and 5" belong to the same cluster
if there is a finite chain 7, ...,7; of loops in El/2 such that 99 = +, 4% = 7/, and for
i € {1,...,k} the loops 4;-1 and 4; (their ranges) have a non-empty intersection. By
extension, a cluster will also be a (connected) subset of Q obtained as a union over a
cluster of loops of ranges of the loops. Note that if El/g is obtained as a print of £1/2
on V, each cluster of £, is contained in a cluster of Y /2, but in general a cluster L, /2
may correspond to several different clusters of £,,, merged together. This is because
there are more connections at the level of the metric graph.
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Theorem 3 (Lupu’s isomorphism). There is a coupling between the Poisson ensemble
of loops L/, and (¢y)y€g~ defined above, such that the two following constraints hold:
e For all (VRS g~, Ly(il/g) ? %(,53, 3
* the zero set of ¢, {z € G|¢, = 0}, is the set of points in G not visited by any loop of
51/2;

e the clusters of loops ofﬁl/z are exactly the sign clusters of(gby)yegn

Conditional on (‘95y|)yeg? the sign of ¢ on each of its connected components is distributed
independently and uniformly in {—1,+1}.

Lupu’s isomorphism and the idea of using metric graphs were applied in [16] to
show that on the discrete half-plane Z x IN, the scaling limits of outermost boundaries of
clusters of loops in loop-soups are the Conformal Loop Ensembles CLE.

Let O(p) (resp. (’)(51/2)) be the set of edges e € E such that ¢ (resp. 51/2) does not
touch 0 on I, in other words such that all the edge-interval I. remains in the same sign
cluster of ¢ (resp. loop cluster of 21/2). O(¢) and 0(51/2) have same law. Let O(L2)
be the set of edges e € F that are crossed (i.e. endpoints visited consecutively) by loops
in £,/ (obtained as the print on V' of 21/2).

In order to translate Lupu’s isomorphism back onto the initial graph G, one needs to
describe on one hand the distribution of O(¢) conditional on the values of (p,).cy, and
on the other hand the distribution of (’)(51 /2) conditional on £, /, and the cluster of loops
O(Ly/2) on the discrete graph G. These two distributions are described respectively in
Sections 2.3 and 2.4, and provide realisations of the Edwards-Sokal FK-Ising - spin Ising
coupling and of the “Current+Bernoulli=FK” coupling lemma [18].

2.3 The FK-Ising distribution of O($) conditional on ||

Lemma 2.1. Conditional on (¢z)zev, (L{eco(4)})eck is a family of independent random
variables and

1 if pe_pe, <0,

P (e g O(@)le) = { exp (72Wecpe_gae+) if pe_pe, > 0.

Proof. Conditional on (¢;)zcv, the metric graph GFF (@), ¢ is constructed by adding
independent Brownian bridges on each edge, so that (1{.co()})ccr are conditionally
independent random variables, and it follows from the reflection principle for one-
dimensional Brownian motion that, if p._¢., > 0, then

exXp (_%We(@e, + ¢e+)2)
€Xp (_%We«pe, - g06+)2)
Let us now recall how the conditional probability in Lemma 2.1 yields a realization of
the FK-Ising coupling.
Assume V is finite. Let (J.)e.cr be a family of positive weights. A (spin) Ising
model on V with interaction constants (J.).cg is a probability on configuration of spins
(02)zev € {+1,—1}" such that

s 1
ng((az)zev) = ﬁexp (Z Jeae_06+> .

J eckE

P (e & O(@)|g, pe_pe, >0) = =exp (—2Wepe_ e, ). O

An FK-Ising random cluster model [11] with edge weights (1 — e~2/¢) ¢ is a random
configuration of open (value 1) and closed edges (value 0) such that

K—TIsg 1 _o, _ _
IP? bg((we)eeE) _ ZFKflsg 2#c1usters H(l —e 2]6)1;.;e (e 2J€>1 wg?
J

ecE
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where “#clusters” denotes the number of clusters created by open edges.
The Edwards-Sokal [8] coupling between FK-Ising and spin Ising reads as follows:

Theorem 4 (Edwards-Sokal coupling). Given an FK-Ising model, sample on each
cluster an independent uniformly distributed spin. The spins are then distributed
according to the Ising model. Conversely, given a spin configuration & following the Ising
distribution, consider each edge e, such that 6._6., <0, closed, and each edge e, such
that 6. 6., > 0 open with probability 1 — e~ 2/, Then the open edges are distributed
according to the FK-Ising model. The two couplings between FK-Ising and spin Ising are
the same.

Consider the GFF ¢ on G distributed according to P,. Let J.(|¢|) be the random
interaction constants

Je(l@‘) = We“pe, (Pe+|~

Conditional on |¢|, (sign(¢s)).cv follows an Ising distribution with interaction con-
stants (J.(|¢|))ecr: indeed, the Dirichlet form (1.1) can be written as

E(,0) = Y ka2 + > Wap2 =23 Je(|pl) sign(ee, ) sign(p._), (2.1)
zeV zeV eckE

where
W, = Z Wm,y;

yev
Yy~

y ~ z meaning that z and y are joined by an edge. Similarly, when ¢ distributed
according to Pj,“}’m has boundary condition v/2u > 0 on z, then (sign(¢,)).cy has an
Ising distribution with interaction (J.(|¢|))ecr and conditioned on o,, = +1.

Now, conditional on ¢, O(¢) has FK-Ising distribution with weights (1 — e=27<(1¢D)) .
Indeed, the probability for e € O($) conditional on ¢ is 1 — e~2/<(¥)), by Lemma 2.1, as
in Theorem 4.

Note that, given that O(¢) has FK-Ising distribution, the fact that the sign on its
connected components is distributed independently and uniformly in {—1, 1} can be seen
either as a consequence of Theorem 4, or from Theorem 3.

Given ¢ = (¢ )zev on the discrete graph G, we introduce in Definition 2.1 the random
set of edges which has the distribution of O() conditional on ¢ = (¥ )zev -

Definition 2.1. We let O(y) be a random set of edges which has the distribution of O(¢)
conditional on ¢ = (¢, )zcv given by Lemma 2.1.

2.4 Distribution of O(L, /2) conditional on L, /,
The distribution of O(ﬁl /2) conditional on L, /5 can be retrieved by Corollary 3.6 in
[15], which reads as follows.

Lemma 2.2 (Corollary 3.6 in [15]). Conditional on L5, the events e ¢ 0(21/2), for
e € E\ O(L,;), are independent and have probability

exp (—2W6 \/Le+ (£1/2)Le. (£1/2)) . 2.2)

This result gives rise, together with Theorem 3, to the following discrete version of
Lupu’s isomorphism, which is stated without any recourse to the metric graph induced
by G.
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Definition 2.2. Let (w.).cr € {0,1}¥ be a percolation defined as follows: conditional
on L3, the random variables (we)eck are independent, and w. equals 0 with conditional
probability given by (2.2).

Let O, (L/2) be the set of edges:

O+(£1/2) = 0(51/2) U {6 € E|we = 1}
Theorem 5 (Discrete version of Lupu’s isomorphism, Theorem 1 bis in [15]). Given
a loop-soup L/, let O(Ly/;) be as in Definition 2.2. Let (04)zcv € {-1,+1}V be
random spins taking constant values on clusters induced by O, (L,/3) (0.. = 0., if

e € O4(L1/2)) and such that the values on each cluster, conditional on L, /5 and O, (L 2),
are independent and uniformly distributed. Then

(Um\/ 2Lx(£l/2))m€\/

is a Gaussian free field distributed according to P,.

Theorem 5 induces the following coupling between FK-Ising and random currents.
If V is finite, a random current model [1, 4] on G with weights (J.).cr is a random
assignment to each edge e of a non-negative integer n. such that forall z € V,
>, e

ecE
e adjacent to =

is even, which is called the parity condition. The probability of a configuration (n.).cr
satisfying the parity condition is

)

1
PRC(Ve € B, it = n.) = H

(Je)"
Z?C Ne!

where actually Z5C = 2z Let
O(n) = {e € E|n, > 0}.

The open edges in O(n) induce clusters on the graph G.

Given a loop-soup L, we denote by N.(L,) the number of times the loops in £, cross
the nonoriented edge e € E. The transience of the Markov jump process X implies that
Ne(L,) is a.s. finite for all e € E. If « = 1/2, we have the following identity (see for
instance [25, 12]):

Theorem 6 (Loop-soup and random current). Assume V is finite and consider the
loop-soup L;,;. Conditional on the occupation field (L,(L12))zev, (Ne(L1/2))ecr is
distributed as a random current with weights (2We\/Lef (L1/2)Le, (El/z))eeE. If ¢ is the
GFF on G given by Le Jan’s or Lupu’s isomorphism, then these weights are (J.(|¢]))ecE-

Conditional on the occupation field (L.(L1/2))zcv, O(L,/2) are the edges occupied
by a random current and O, (£,/,) the edges occupied by FK-Ising. Lemma 2.1 and
Theorem 5 imply the following coupling, as noted by Lupu and Werner in [18].

Theorem 7 (Random current and FK-Ising coupling). Assume V is finite. Letn be a
random current on G with weights (J,)ccp. Let (we)ecr € {0,1}F be an independent per-
colation, each edge being opened (value 1) independently with probability 1 —e~“<. Then

O(h)U{e € Elw. = 1}
is distributed like the open edges in an FK-Ising with weights (1 — e~27¢) cp.

2.5 Generalized second Ray-Knight “version” of Lupu’s isomorphism

We are now in a position to state the coupled version of the second Ray-Knight
theorem.

EJP 24 (2019), paper 70. http://www.imstat.org/ejp/
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Theorem 8. Letxz € V. Let be (¢\)),ev with distribution P*'°, and define O(p®)
as in Definition 2.1. Let X be an independent Markov jump process started from xy.

Fixu > 0. If 7% < (, we let O, be the random subset of E which contains O(p(")),
the edges used by the path (X;),<;<,, and additional edges e opened conditionally
independently with probability =~ '

(0) ,(0))_ (0)2 zo (0)2 z0
1 _ Welel el =W (o2t (ri°)) (7428, (7))

We let 0 € {—1,+1}V be random spins sampled uniformly independently on each cluster
induced by O,,, pinned at z, i.e. 05, = 1, and define

oW =g, <p3(c0)2 + 20, (74°).

Pj‘;wo}}\/ﬂ

Then, conditional on 720 < (, p(*) has distribution , and O, has distribution

O(¢™) conditional on o),
Remark 2.3. One consequence of that coupling is that the path (XS)SSTzo stays in the
positive connected component of zq for o). This yields a coupling between the range of

the Markov chain and the sign component of x inside a GFF Pém“}’m.

Proof of Theorem 8. The proof is based on [15]. Let D = V' \ {z0}, and let 51/2 be the

loop-soup of intensity 1/2 on the metric graph G, which we decompose into Ega;%) (resp.

5{7/2) the loop-soup hitting (resp. not hitting) x, which are independent. We let £, ;; and

Eggj%) (resp. 532) be the prints of these loop-soups on V (resp. on D = V' \ {z0}). We
condition on L, (L, /2) = u.

Theorem 3 implies (recall also Definition 2.1) that we can couple £~1D/2 with () so

that L, (£]),) = ¢%/2 forallz € V, and O(£,2) = O(¢©).

Define ¢ = (o), ey from Ly/5 by, forallz €V,

o8] = \/2Le(L1y2)
(

and <pw") = U$|g0;(gu) , where ¢ € {-1,+1}" are random spins sampled uniformly indepen-
dently on each cluster induced by O(L,/,), pinned at zo, i.e. 0., = 1. Then, by Theorem
pleodvae,

3, »*) has distribution
For all z € V, we have

< 1 -
La(L1)2) = 550530)2 + Lx(ﬁg/g))'
On the other hand, conditional on L (L),

P(e % 0(21/2))
P(e ¢ O(Lf)/g) UO(Ly1)2))

_PegO(Lip) e €O0(L1pp) _ Pleg OLypp)|e ¢ OLry2))
P(e ¢ O(L),) e ¢ O(L1y2)  Ple & O(LY),) e & O(L]),)

= exp (~Wey/Le_(L1j2)Ley (£1/2) + Wer/Le_(£D)Le, (£5),))

where we use in the third equality that the event e ¢ O(ZBQ) is measurable with respect

P(e & O(L1)2) e ¢ O(E{D/z) UO(Lyy2)) =

to the o-field generated by [1?/2, which is independent of 5(17%)' and where we use Lemma

2.2 in the fourth equality, for 21/2 and for Zf’/Q.

We conclude the proof by observing that LE%) conditional on L, (Lga/c%)) = u has the

law of the occupation field of the Markov chain ¢(7*°) under P, (:|7%° < (). O
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2.6 A diagram to summarize the models and the couplings and relations

Next diagram summarizes the preceding.

squared metric

|

squared discrete

el

}

|

GFF ($2),c6 GFF (¢2)sev
'y toV A '
metric graph discrete l: Ising
' GFF ($2),¢6 restr. GFF (¢2)zcv isign (i) spins (64)zev
' 7'y toV & ' cond. A
. lid. ' 1'1'.d' ' on 0|
i unif. ¢ wnif | Jpem. 2.1 Thm. 4
. signs . signs :
' v 1 v 1 v
,'l sign :- enlarged I: FK-Ising
. clusters ; clusters : random cluster
V| O(@) = O(Ly)2) ' O4(L1)2) model
' ! 1on |l 7'y
! A ! A !
' 1 Lem. 2.2  Thm. 2 Thm. 7
; : discrete loop ; random current
EThm. 3 Thm. 55 [ clusters O(Ly /3) ]‘:Fh_mG’[ clusters O(n) ]
a | $
: b Ne(L1)2) he >0
! clusters . >0
' ' number of Ising
l'I |'| edge crossings random
' \ (NE(EI/Q))EEE current (ﬁe)eeE
I-l '-l A
metric graph \ discrete

loop-soup ﬁl/g

|

Figure 1: Couplings between discrete and metric graph GFFs, loop-soups, and their
relations to the spin Ising, the FK-Ising and the Ising random current. The first column
corresponds to metric graph GFF, the second to discrete GFF and the third to Ising.

| ||
trace
(0]

loop-soup L, /o

ng

Straightforward links are not labeled.
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3 Inversion of the signed isomorphism

In [21], Sabot and Tarrés give a new proof of the generalized second Ray-Knight
theorem together with a construction that inverts the coupling between the square of a
GFF conditional its value at a vertex xy and the excursions of the jump process X from
and to zo. In this paper we are interested in inverting the coupling of Theorem 8 with
the signed GFF: more precisely, we want to describe the law of (X;);<;<,20 conditional
on o),

We present in Section 3.1 an inversion involving an extra Poisson process. We provide
in Section 3.2 a discrete-time description of the process and in Section 3.3 an alternative
description via jump rates. Section 3.4 is dedicated to a signed inversion of Le Jan’s
isomorphism for loop-soups.

3.1 A description via an extra Poisson point process

Let (¢.)zev be a real function on V such that ¢,, = +v/2u for some u > 0. Set
(i)w = ‘¢w|a oy = sign(@z)-

We define a self-interacting process (X, (7.(t))cer) living on V x INF as follows. The
process X starts at X (0) = xo. For t > 0, we set

Do (t) =\ (Ds)2 —20,(t), Vo €V,  J(D(t) = Wede_ (t)®., (), Ve € E.

where /,(t) = f(f 1%, —,ds is the local time of the process X up to time ¢. Let (Ne(v))y>0
be an independent Poisson Point Processes on R with intensity 1, for each edge e € E.
We set

Ne(t) =

Ne(QJE((I)(t)))’ if0'€70'6+ = +1,
0, ifo._oe, =—1.

Given (n.)ccr € INF non-negative integer weights on edges, we will denote
C(n) = {e € E|n, > 0}.

We consider the edges in C(n) as “open”, and they naturally induce clusters. So C(7(t)) C
E denotes the configuration of edges such that n.(t) > 0. As time increases, the
interaction parameters J.(®(t)) decreases for the edges neighboring X,, and at some
random times 7. () may drop by 1. The process (X;);>o is defined as the process that
jumps only at the times when one of the 7.(t) drops by 1, as follows:

* if n.(t) decreases by 1 at time ¢, but does not create a new cluster in C(7(¢)), then
X; crosses the edge e with probability 1/2 or does not move with probability 1/2;

* if n.(t) decreases by 1 at time ¢, and does create a new cluster in C(n(t)), then
X, moves/or stays with probability 1 on the unique extremity of e which is in the
cluster of the origin x( in the new configuration.

We set
T:=inf{t > 03z € V, s. t. &,(t) = 0},

clearly, the process is well-defined up to time 7.

Proposition 3.1. Forall0 < t < T, Xt is in the connected component of xy of the
configuration C(n(t)). If V is finite, the process ends at xo, i.e. X¢ = xo.

EJP 24 (2019), paper 70. http://www.imstat.org/ejp/
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Theorem 9. Assume that V is finite. With the notation of Theorem 8, conditional on
(p(") =, (Xt)tg-,-,,fo has the law of (XT—t)Ogth'

Moreover, conditional on o™ = @, (¢\©,0(¢)) has the law of (o/®(T),C(7(T)))
where (c%),ev € {—1,+1}" are random spins sampled uniformly independently on each
cluster induced by C(7(T)), with the condition that oy, = +1.

If'V is infinite, then Pé‘”}’m-a.s., X, (with the initial condition ¢ = ¢(")) ends at x,
ie. T' < +oo and X = xq. All previous conclusions for the finite case still hold.

Remark 3.2. For the process above, one could also take (9,),cyv deterministic and
(02)zcv random, distributed as an Ising model with interaction constants J.(®(0)). Then
the process (X;, ®(t))y<,<7, averaged out by the law of (0,),cv and the evolution of
(7¢(t))ecr, is exactly the same as the process introduced in [21], inverting the Ray-
Knight identity for the square of the GFF (without the sign). Indeed, both processes
(here and in [21]), when we average out by <I>(O) = & random, distributed as |ga(“)|
under PéxO}’m, give us in law (XTm_t, \/cpg(bo)2 + 20, (%) — %m(t)) . under
“ z€V,0<t <1y, 0
Py (c|7E0 < () ® Pé'%}’o. To conclude we use the fact that the law of (X;, ®(t))g<;<7 is
continuous with respect to ®(0).

3.2 Discrete time description of the process

We give a discrete time description of the process (X, (72.(t))cc ) that appears in the
previous section. Let {p =0 and 0 < ¢; < --- < {; be the stopping times when one of the
stacks 7. (t) decreases by 1, where t; is the time when one of the stacks is completely
depleted. It is elementary to check the following:

Proposition 3.3. The discrete time process (X;,, (7e(ti))ecE)o<i<j is a stopped Markov
process. The transition from time ¢ — 1 to ¢ is the following:

« first chose e an edge adjacent to the vertex )V(tH according to a probability propor-
tional to 7. (t;—1);

* decrease the stack n.(t;—1) by 1;

» if decreasing 7i.(t;_1) by 1 does not create a new cluster in C(7(t;_,)), then X;, ,
crosses the edge e with probability 1/2 or does not move with probability 1/2;

» if decreasing 7.(t;_1) by 1 does create a new cluster in C(n(t;_)), then X;, ,
moves/or stays with probability 1 on the unique extremity of e which is in the
cluster of the origin x in the new configuration.

3.3 An alternative description via jump rates

We provide an alternative description of the process (X;,C(7(t))) that appears in
Section 3.1. We will use this description in [17] by passing it to a fine mesh limit to
obtain a process inverting the Ray-Knight identity for a Brownian motion on R.

We will denote C(t) = C(7(t)), since below we will not have access to the knowledge
of n(t), only to that of C(n(¢)).

Proposition 3.4. The process (X;,C(t)) defined in Section 3.1 can be alternatively
described by its jump rates: conditional on its past at time t, if X; = x, y ~ x and
{z,y} € C(t), then

(1) X jumps to y without modification of(f’(t) at rate

EJP 24 (2019), paper 70. http://www.imstat.org/ejp/
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(2) the edge {z,y} is closed in C(t) at rate
y(t) (ezwx,ycbz(t)éy(t) _ 1)_1

and, conditional on that last event:

- if y is connected to x in the configuration C(t) \ {z,y}, then X instantaneously
jumps to y with probability 1/2 and stays at x with probability 1/2;

- otherwise X; moves/or stays with probability 1 on the unique extremity of {x,y}
which is in the cluster of the origin x( in the new configuration.

Remark 3.5. It is clear from this description that the joint process (X;,C(t), ®(t)) is
Markov process, and well defined up to the time

T :=inf{t > 03z € V, s.t. D,(t) = 0}.

Remark 3.6. One can also retrieve the process in Section 3.1 from the representation
in Proposition 3.4 as follows. Consider the representation of Proposition 3.4 on the
graph where each edge e is replaced by a large number N of parallel edges with
conductance W, /N. Consider now ﬁgj\;) (t) the number of parallel edges that are open in
the configuration C\V) (t) between x and y. Then, when N — oo, (V) (t));>0, converges
in law to (n(t)):>0, defined in Section 3.1. We will not detail this, but roughly, this
corresponds to approximation of Poisson r.v. by binomial r.v.

Proof of Proposition 3.4. Here (]:"t)tzo will denote the natural filtration of

(Xt/\T7C(t A T))t20~

Assume X; = z, fix y ~ z and let ¢ = {z, y}. Recall that {x,y} € C(t) iff 7.(t) > 1. Let

be
JE(t, At) = W g/ ©u(t)? — 24t D, (1),

which is the value of J.(®(¢ + At)) on the event

{Xy =z, n(t + At) = n(t), Wy y\/ Pu(t)? — 24t D, () > 0}.

Let us first prove (1):
P (On [t,t + At] X first jumps from z to y without modifying C|X; = z, e € C(t), F;)
= %]P (3s € [t t + At],7(t) — 2(s) = e, 71e(s) > 1| Xy = @, 71e(t) > 1, Fy) + o(At)
= %IP (Ne(2Jo(D(2)) > 2, Ne(2Jo(D(t)) — Ne(2J2(t, Ab)) > 1| Xy = z, ne(t) > 1, Fy)
+ o(At)
= %IP (Ne(2J2(t, At)) > 1, Ne(2J.(®(t)) — Ne(2J2(t, Ab)) > 1| Xy = z, ne(t) > 1, Fy)

+ o(At)
11— e—QJ:(t,At)

2T T T L o2(Je(B(1) - T (t,AL))
BE R PEEEYRT IO A S ) +o(At)

= Jo(B(t)) — JZ(t, At) + o(At) = Wy, At + o(At).

EJP 24 (2019), paper 70. http://www.imstat.org/ejp/
Page 14/28


https://doi.org/10.1214/19-EJP326
http://www.imstat.org/ejp/

Inverting the coupling of the signed Gaussian free field with a loop-soup

Similarly, (2) follows from the following computation:
P (On [t,t + At] first the edge e is closed in C | X; = z, e € C(t), F;)

=P (N(2JX(t, At)) = 0, Ne(2Je(D(t)) = 1| Xy = =, #ie(t) > 1, Fy) + o(At)

e—2JE(t, Af)2(J ( () — J’I‘(t At))e —2(Je(®(t))—JZ (t,AL))

1 o—27.(3(1) o(At)
_ 2(Je(@(1) — JE(t, A))
- 020 (®(1) _ 1 +o(Al)
_ Oy(t) [ ow. S B (t)®, (1) -t
=2Wey 3t (e ~1)  +o(An), 0

We easily deduce from the Proposition 3.4 and Theorem 12 the following alternative
inversion of the coupling in Theorem 8.

Theorem 10. With the notation of Theorem 8, conditional on (¢, 0,), (X;),<,=0 has
the law of selfinteracting process (XT—t)ogth defined by jump rates of Proposition 3.4
starting with

$, = \/(¢;°>)2 +20,(72°) and C(0) = O,.

Moreover (0(?, O(¢(?))) has the same law as (o'®(T),C(T)) where (0',),cv is a configu-
ration of signs obtained by picking a sign at random independently on each connected
component of C(T), with the condition that the component of xo has a + sign.

3.4 Inversion of Lupu’s isomorphism for loop-soup

Let us first recall how the loops in £, are connected to the excursions of the jump
process X. We refer to [13] for details. G is the Green’s function. L, (L) follows a
I'(o, G(xo, x0)) distribution, that is to say Ly, (La)/G(z0, o) follows a Gamma distribution
I'(«, 1) with density

1 a—1_-—r
ﬂ{r>0}mr 18 dr.

As a process in «, where one drops independent loops as the intensity parameter
« increases, (L, (Lq)/G(x0,%0))a>0 is @ pure jump Gamma subordinator with Lévy
measure
dA(r) = Lprsoy e
{r>0} F(O{)
Given such a Gamma subordinator (R(«)).>0 with R(0) = 0, then for all @ > 0, the
marginal R(«a) follows a I'(«a, 1) distribution. Moreover, the normalized family of jump

sizes
(R(a) - R(a‘))
R(a) 0<a<a,R(a)#R(a")
is independent of R(«) and has the law of a Poisson-Dirichlet partition PD(0, «) of [0, 1].
The above may be taken as a definition of PD(0,«). It is a random infinite countable

family of positive reals summing to 1. For more on Poisson-Dirichlet partitions, we refer
to [20].

Proposition 3.7 (From excursions to loops). Let & > 0 and zy € V. L., (L,) is dis-
tributed according to a Gamma I'(«, G(xo,xo)) law, where G is the Green’s function.
Let u > 0, and consider the path (X;),<,<,=0 conditional on 7;° < (. Let (Y;);>1 be
an independent Poisson-Dirichlet partition PD(0, o) of [0,1] (so that }_,-,Y; = 1). Let

So = 0 and
J
-3
i=1
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Lett; = ngj . Consider the family of paths

((XTj71+t)0§tS’ijTj71)jZl .

It is a countable family of loops rooted in xq. It has the same law as the family of all the
loops in L,, that visit x(, conditional on L,,(Ls) = u.

Next we describe how to invert the discrete version for Lupu’s isomorphism Theorem
5 for the loop-soup in the same way as in Theorem 9. The idea is to define an arbitrary
order on the vertices, (x;);<;<|v|. Then, starting from a signed GFF, run the inverting
process introduced previously starting from x;, up to exhausting the field in x;. This
would produce a path from x; to x;, which is conditionally distributed like all the loops
in £, that visit z1, glued together. By partitioning this path according to the procedure
described in Proposition 3.7, one recovers all the loops visiting x;. Then one continues
with the remaining field, which is 0 in z; and has smaller FK-Ising clusters than the
initial one, and runs the inverting process starting from x5, in order to get all the loops
that visit x5 but not z;. Then one iterates. At each step, one gets all the loops that visit
x;, but none of x4, ...,x;_1. In what follows we describe this more formally.

Let (¢, )zev be a real function on V. Set

(i)w = |@a|, 0, = sign(@,).

Let (%)19‘3\‘4 be an enumeration of V' (which may be infinite). We define by induction
on i the self interacting processes ((X; ¢)1<i<|v|, (fte(t))ecr). T; will denote the end-time
for X, and T;" = 37, T;. By definition, 75" = 0. L,(t) will denote

Lo(t)= ) Lu(i,0V (t—T7)),
1<i<|V]
where Zx (i,t) are the occupation times for Xi,t- Fort > 0, we set
O, (1) = \/($2)? = 2La(t), VE €V, Jo(D(t)) = Wede_ ()P, (1), Ve € E.
The end-times 7} are defined by induction as
T; = inf{t > 0|y, (t+T;",) =0}

Let (N.(v)),>0 be independent Poisson Point Processes on R with intensity 1, for each
edge e € E. We set

e (t) Ne(2Je(®(1))), ifoe oe, =+1,
Nne(t) =
0, ifo._o., =—1.

We also denote by C(72(t)) C E the configuration of edges such that 7. () > 0. X;; starts
atx;. Fort € [T;" |, T;7],
* if n.(t) decreases by 1 at time ¢, but does not create a new cluster in C(n(¢)), then
X i~ Crosses the edge e with probability 1/2 or does not move with probability
1 / 2;
» if n.(t) decreases by 1 at time ¢, and does create a new cluster in C(7(t)), then
X = moves/or stays with probability 1 on the unique extremity of e which is in
the cluster of the origin z; in the new configuration.

By induction, using Theorem 9, we deduce the following.
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Theorem 11. Let ¢ be a GFF on G with the law P,. If one sets ¢ = ¢ in the preceding
construction, then for alli € {1,...,|V|}, T; < +o0, XzT = x; and the path (X;),<r,
has the same law as a concatenation in z; of all the loops in a loop-soup L/, that visit
x;, but none of the x1,...,x;_1. To retrieve the loops out of each path (Xi,t)t<T,,/ one
has to partition it according to a Poisson-Dirichlet partition as in Proposition 3.7. The

coupling between the GFF ¢ and the loop-soup obtained from ((Xy)i<i<|v|; (7e(t))eer)
is the same as in Theorem 5.

Remark 3.8. One could consider the discrete time version of the procedure described
in Theorem 11, and look only at the total number of times n. an edge e is visited by the
trajectories constructed, without distinguishing the directions. Than (7i.).cr is a current,
and its conditional distribution given C(0) is the same as the conditional distribution of a
random current given an FK-Ising cluster when both are coupled as in Theorem 7.

Corollary 3.9. Let ¢ be a GFF on G with the law P,. Let (n.(¢))ccr be a family of r.v.,
distributed conditional on ¢ as independent Poisson r.v., each one with mean W.p._ .,
if pe_pe, >0, 0 otherwise. One can couple ¢, (n.(y))ccr and a loop-soup L/, such that
the coupling between L/, and ¢ is that of Theorem 5, and moreover, a.s. for every e € E,

Ne(L1/2) € {ne(p) — Lne(p),ne(p) + 1}

Proof. We use the construction of Theorem 11. Conditional on ¢, we have indepen-
dent Poisson stacks with mean IL{@L%+>O}2WE%7¢6+ and each time we unpile a
stack, we chose with probability 1/2 to jump (which gives a Poisson r.v. with mean
Lip, e, >0} Wepe_ pe, ), except possibly when the stack is reduced to 1, when our choice
might be constrained (which gives +1). O

4 Proof of theorem 9

4.1 Case of finite graph without killing measure

Here we will assume that V is finite and that the killing measure « = 0.

In order to prove Theorem 9, we first enlarge the state space of the process (X;)¢>¢.
We define a process (X, (1.(t)))>o living on the space V x IN¥ as follows. Let ¢(©) ~
Pé‘r"}’o be a GFF pinned at zg. Let o, = sign(wgco)) be the signs of the GFF with the
convention that o,, = +1. The process (X;);>o is as usual the Markov Jump process
starting at zp with jump rates (We)ecp. We set

D, = |p0], B.(t) = /B2 +20,(t), Ve €V, J(D(t)) = WD, ()P, (), Ve € E. (4.1)

The initial values (n.(0)) are choosen independently on each edge with distribution

(0) 0 ifo._ o, =—1, 4.2)
ne(0) ~ .
P(2J.(®)) ifoe oo, =+1,

where P(2J.(®)) is a Poisson random variable with parameter 2J.(®). Let ((Ne(v))v>0)ecE
be independent Poisson point processes on R, with intensity 1. We define the process
(ne(t)) by

ne(t) = ne(0) + Ne(Je(P(t))) — Ne(Je(P)) + Ke(t),

where K. (t) is the number of crossings of the edge ¢ by the Markov jump process X
before time t.

Remark 4.1. Note that compared to the process defined in Section 3.1, the speed of
the Poisson process is related to J.(®(t)) and not 2J.(®(t)).
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We recall that with our notations,
C(n(t)) = {e € En.(t) > 0}.
Recall also that 77° = inf{t > 0|/, (t) = u} for u > 0. . We define p(*) by
o) = 0o ®(r;"), Vo €V,

where (0)zcv € {—1,+1}V are random spins sampled uniformly independently on each
cluster induced by C(n(7°)) with the condition that o, = +1.

Lemma 4.2. The random family (¢(*),C(n(0)), o), C(n(r°))) thus defined has the same
distribution as (¢(*), O(p0), o), ©,) defined in Theorem 8.

Proof. It is clear from construction, that C(n(0)) has the same law as O((?)) (cf Definition
2.1), the FK-Ising configuration coupled with the signs of ©(*) as in Theorem 4. Indeed,
for each edge ¢ € E such that <p£0) cpgi) > 0, the probability that n,(0) > 0is 1 — e=27<(®),
Moreover, conditional on C(n(0)) = O(¢(?), C(n(72°)) has the same law as O, defined in
Theorem 8. Indeed, C(n(7°)) is the union of the set C(n(0)), the set of edges crossed by
the process (X,),<,z0, and the additional edges such that N.(J.(7;°)) — Ne(Je(®)) > 0.

Clearly N, (J.(7%°)) — N(J.(®)) > 0 independently with probability 1 — e~ (/(®(7?))=Jc(®))
which coincides with the probability given in Theorem 8. O

We will prove the following theorem that, together with Lemma 4.2, contains the
statements of both Theorem 8 and 9.

Pg{)i’o},\/ﬁ

Theorem 12. The random field ¢(*) is a GFF distributed according to . More-

over, conditional on ¢(*) = ¢, the process

(Xt7 (ne (t))eeE)tSTZ‘o

has the law of the process (X;_,, (e(T — t))ecr);<7 described in Section 3.1.

Proof. Before proceeding to the proof of the theorem, we will briefly outline our method.
We have a Markov process (X;, ®(t),n(t)), and would like to find another Markov process
(X¢, ®(t),7(t)) such that the latter has the law of (X, z0_4, (70 — t),n(7;° — 1)) in the
particular case when the entrance (initial) distribution of (Xo, ®(0),n(0)) is given by
(z0, |¢?],1(0)), n(0) given by (4.2). To this end, we will first introduce an intermediate
Markov process (X, ®(t), n(t)) which will correspond to (X =o_,, ®(7° —t),n(r20 —t))

in case when the entrance distribution of (X, ®(0),n(0)) is not the one we are interested
in, but given by Xy = z¢ and (®(0),n(0)) following the product measure (with infinite

total mass)
> / dDF (P, n).

nelNE

We do that because (X;, ®(t),n(t)) is simpler, and in particular X; is a Markov jump

process with jump rates (W, ).cr (just as X;) which does not interact with (®(¢),7(t)). In
this way (X, ®(t), n(t)) and (X;, ®(t), n(t)) correspond to (X o _,, ®(720—t), n(r20—t)) for
two different entrance distributions of (Xy, ®(0),7(0)), and we show that (X;, ®(t), 7 (t))
is absolutely continuous with respect to (X;, ®(t),7(t)) and identify the corresponding
Radon-Nikodym derivative M,,+/M,. Out of this we further identify (X, ®(t),7(t))
as a Doob’s h-transform (see [3], Chapter 11) of (X;, ®(¢),7(t)). Then we obtain the
infinitesimal generator of (X;, ®(t),7(t)) as a conjugate of the infinitesimal generator of

(X, B(t),7(t)).
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Our proof is cut in four steps. In step 1 we simply give an explicit formula for the
law of (|¢(®)|,1(0)), n(0) given by (4.2). In step 2 we introduce (X;, ®(¢),n(t)) and prove
the time reversal for the product entrance distribution of (X, ®(0),n(0)). In step 3 we
identify the Radon-Nikodym derivative of (X;, ®(¢),n(t)) with respect to (X, ®(t),7(t)).
In step 4 we describe (X;, ®(t),7(t)) as a Doob’s h-transform of (X;, ®(¢),n(t)) and give
its the infinitesimal generator, which is that of the process introduced in Section 3.1.

Step 1: We start by a simple lemma.

Lemma 4.3. The distribution of (® := |¢(*)|,n(0)) is given by the following formula for
any bounded measurable test function h:

E (h(®,7(0))) =

3 / d@h(@,n)e‘éEweva‘I’i—ZeeEJe(‘I’)(H W)ﬁac(n)—y

ne!

nelNE V\{zg} ecE
IR+

where the integral is on the set {(®;).cv € RY |Vz # 29, ®, >0, ®,, = 0}, and

HJ;EV\{JJO} d®,
/—27‘_\V|—1

and #c.C(n) is the number of clusters induced by the edges such thatn. > 0.

dd =

b

Proof. Indeed, by construction, summing on possible signs of »(°), we have
E (h(®,n(0))) =

Z Z / d@h(‘b, ,,_L)ef%é'(a(b,a{)) ( H e*QJe(¢‘) (2Je(q)))ne )  @3)

Ne!
ce{+1}V neN? _v\{zo} eckE

where n < o means that n. vanishes on the edges such that o._oc., = —1. Since we
have, similarly to (2.1),

1 1 )
FE(00,00) = o S Wed2 = > J(®)oe_oe,
zeV ecl
1
= SO Wall+ ) J(®)— D 27(9)
zeV ecl eck

Oc_Ocy =+1
we deduce that the integrand in (4.3) is equal to

L —2J.(®) Ne
h(@,n)eﬁm,a@)( m e <2Je<<1>>>>

ecE
Oe_Oe, =41

— h(q) n)eféf(a'@,a@)e* ZeeE‘ Ge_ e, =+1 2Jc(P) <H (2‘]6(@))”6 )

7!

— B(®,n)e} Seev Wel2-Tcp 1() (H W) ,

ecE
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where we used in the first equality that n. = 0 on the edges such that o._o., = —1.
Thus,

E (h(®,7(0))) =

Z Z / d(I)h(CI),n)e_% Yeey Wad2—3 cp Jo(®) (H (2‘1575(1)'))”9> )

+1}Y neN”? « ecE
Uaiifljl nel’ RY\w0)
Reversing the sum on ¢ and n and summing on the number of possible signs which are
constant on clusters induced by the configuration of edges {e € E|n. > 0}, we deduce
Lemma 4.3. O

Step 2: We denote by Z; = (X;, ®(¢), n(t)) the process defined previously and by E,, & »,
its law with initial condition (zq, ®,n).

We now introduce a process Z;, which is a “time reversal” of the process Z;. This
process will be related to the process defined in Section 3.1 in Step 4, Lemma 4.5.

For (7e)eer € NF and (®,),cy such that

(i)ﬂﬂo =u, Vo # 29, ®, > 0,

we define the process Z; = (X;, ®(t),n(t)) with values in V x RY x Z¥ as follows. The

process X; is a Markov jump process with jump rates (W, ).cg (so that X faw X), and
®(t), n(t) are defined by

=l

By (t) = /B2 — 20,(t), Yz €V, (4.4)

where /,, (t) is the local time of the process X up to time ¢,
ﬁe(t) = Ne — (Ne(']e((i))) - Ne(‘]e((i)(t)))) - Ke(t)a (45)

where ((Ne(v))v>0)eck are independent Poisson point process on R with intensity 1 for

each edge ¢, and K,(t) is the number of crossings of the edge e by the process X before
time t. We set

Zy = (X¢, (Pa(1)), (Re(1)))- (4.6)
This process is well-defined up to time

T =inf{t > 03z € V ®,(t) =0} .

We denote by E, 3 , its law. Clearly Z; = (X;, ®(t),7.(t)) is a Markov process, we will
later on make explicit its generator.
We have the following change of variable lemma.

Lemma 4.4. For all bounded measurable test functions F, G, H

S [P @) iy (G(Zio Docezrio HOE) (i) =

neNE
/d‘I’H E. #.n (31{XT::¢0, Ve€E, n.(T)>0}
nelNE
_ o 3,
G((Z)er)F@TD) D) ] 5 )
@, (T)
zeV\{zo}
EJP 24 (2019), paper 70. http://www.imstat.org/ejp/
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where the integral on the Lh.s. is on the set {(®;)scv € RY|®,, = 0} with

[eev (o) 4®=
/—27(\‘/|71

and the integral on the r.h.s. is on the set {(®;).cv € RY|®,, = u} with

dd =

Proof. We start from the left-hand side, i.e. the process (X, n¢(t))o<;<,20. We define
Xi=X,m0_y,  Ne(t) =ne(r0 — 1),

and

®, = @m(7$0)7 i%(t) = (I)x(T{fO — 1),
The law of the processes such defined will later be identified with the law of the processes
(Xy, ®(¢t),7(t)) defined at the beginning of step 2, see (4.4) and (4.5). We also set

K (t) = Ke(13°) = Ke(1),

u

which is also the number of crossings of the edge e by the process X, between time 0
and ¢t. With these notations we clearly have

B, (1) = /B2 — 20,(1),

where /,(t) = fot 1{x,—s}ds is the local time of X at time ¢, and
fie(t) = 76 (0) + (Ne(Je(®(t))) — Ne(Je(®(0)))) — Ke(t).

By time reversal, the law of (Xt)0<s<7—_zo is the same as the law of the Markov Jump
process (X)g<;<,20, Where 7;° = inf{t > 0|¢,,(t) = u}. Hence, we see that up to the
time o
T = inf{t > 0|3z ®,(¢) = 0},

the process (X, (®.(t))zev, (e(t))eer);<7 has the same law as the process defined at
the beginning of step 2. B

Then, following [21], we make the following change of variables conditional on the
processes (Xi, (ne(t))ecr):

(0, +00)" x N¥
(((I)I):EGVa (ne)eeE)

which is bijective onto the set

- (0,+00)V x NF
= ((ci)x)xe\/; (ﬁe)eeE)a

{(®2)rev € RY|®yy = V2u, YV # 2, & >
X {(ne)eer € NP|Ve € B, fie > Ke(75°) + (Ne(Je(B(75°))) — Ne(Je(®)))}-

Note that we always have i)xo = v/2u. The last conditions on ® and 7. are equivalent to
the conditions X = x¢ and 7i.(T) > 0. The Jacobian of the change of variable is given by

H dd, = H % H dd,,

z€V\{zo} zeV\{zo} ¥ ) zeV\{zo}
since
T x ¢LE (I)x
AP, = d\/D2 4+ 20, (70°) = —Ee AP, = == dD,. 0
EJP 24 (2019), paper 70. http://www.imstat.org/ejp/
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Step 3: With the notations of Theorem 12, we consider the following expectation for g
and h bounded measurable test functions:

I (g ((Xﬂfo—t?ne(T'fO - t))oﬁtgr{f") h(SD(u))) . 4.7)
By definition, we have
o) = o®(r)0),

where (0;)zev € {—1,+1}V are random signs sampled uniformly independently on
clusters induced by {e € E|n.(7%°) > 0} and conditioned on o,, = +1. Hence, we define
for ((I)x)xe\/ € RK and (ne)eeE € ]NE,

H(®,n) =27#cCtt N h(0D), (4.8)
oe{x1}V

Ozg="1, okn
where o < n means that the signs o, are constant on clusters of C(n). Hence, setting

F(®,n) = e 7 Loy Webi—Tecp Je(®) (H (zje@))ng) g#teC(n)=1
) > ne! ’
ec

G ((Z'rffoft)tgﬂfo) =9 ((Xr{foftv”e(ﬂfo - t))tgﬂ-fo) )

using Lemma 4.3 in the first equality and Lemma 4.4 in the second equality, we deduce
that (4.7) is equal to

E (G ((Zrpot)ocisrzo) H(@(77),n()))) =

> /d(pF(@vn)Ewo,Qm (G ((Zrzo_t)i<rzo) H((7°), (7)) d® =
nelNE

Z /d‘i)H (®,7n) E,y 5.0 (11{)?T=a:0, Ve€E mo(T)>0}

neNE

F (), 0(1) € (Zer)  [] ;’})), 4.9)
zeV\{zo} ”

with notations of Lemma 4.4.
Let F; = o((Xs)s<:) be the filtration generated by X. We define the F-adapted
process M;, defined up to time 7' by

y F(2(t), n(t))

1 3 2
M; = (t) [XeeCmom Lin ()20, veery = € 2 Zoey Wada(tlmhcep Je(@(0) 5

HIEV\{)’Q}&)@’
(2], (®(t)))™®) o#e.C(n(t))—1
(=T om0
cEE o ceVA{X.} =

Li%,ec(won(t)} Hn.(1)>0, vecr}, (4.10)

where C(zo,7(t)) denotes the cluster of the origin x( induced by the configuration C(7(t)).
Note that at time ¢t = T', we also have

_ F(®(T), (T
(®(1), (D)) L% =20} L{fic(t)>0, VecE} (4.11)

T = — —
HIEV\{IO} o (T)
since My vanishes on the event where {X; = 2}, with x # x(. Indeed, if X7 = x # o,

then ®,(7) = 0 and J.(®(T)) = 0 for e € E such that ¢ adjacent to x. It means that Mz
is equal to 0 if 7. (T") > 0 for some edge e neighboring z. Thus, My is null unless {z} is a
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cluster in C(7(T)). Hence, Mp = 0 if  # x( since My contains the indicator of the event
that X; and z are in the same cluster.
Hence, using identities (4.9) and (4.11) we deduce that (4.7) is equal to

@n = 3 [don (@) F @0, (MTG((Z)KT)>. (4.12)

neNFE Mo
Step 4: We denote by Z; = (X;, ®;,7(t)) the process defined in Section 3.1, which is
well defined up to stopping time 7, and Z} = Z,,7. We denote by Evzo,é’ﬁ the law of

the process Z conditional on the initial value 7(0), i.e. conditional on (N,(2.J(®)))ecr =
(Ne)ecr. The last step of the proof goes through the following lemma.

Lemma 4.5. i) Under E X ends at X; = 29 a.s. and 7.(T) > 0 foralle € E.

zo,P,n’
ii) Let Piféﬁ and Pait,éﬁ be the law of the process (Z1),<; and (Z1'),<; respectively,
then Lo, )
dP:;o,é,ﬁ _ My,7
dpst. My
zo,P,n

Using this lemma we obtain that in the right-hand side of (4.12)

Buviin (G (Zhizr) ) = Buvn (6 (B)icr)

Hence, we deduce, using formula (4.8) and proceeding as in Lemma 4.3, that (4.7) is
equal to

s =278 (2.7, (|5]))7e \ L
dtpe_QS(w,¢)h(<p)Z( I ;{e(lwl)) )Em%n (AA{IOG((Z”%T))’

n<g Y eel
Pe_Pey >0

RY \{zo}

where the last integral is on the set {(?,)zcv € RV ¢z, = u},

HmEV\{wo} d(ﬁm
/—27T|V\—1

and where n < ¢ means that 7, = 0if ¢._p., < 0. Finally, we conclude that

E (g ((Xor00me(70 = 1) gcperoo ) B)] = B g (X 20(8) ey ) 1))

dp =

)

V24 is a GFF and (X;,7(t)) is the process defined

~ Pj,“}"m and that

where in the right-hand side ¢ ~ P}
in Section 3.1 from the GFF ¢. This exactly means that (%)

o) — @) = Law ((Xtaﬁ(t))tif) ’

This concludes the proof of Theorem 12. O

Law ((ero_t, ne(T20 —t))

0<t<r,,0

Proof of Lemma 4.5. The generator of the process Z, defined in (4.6) is given, for any
bounded and C' for the second component test function f, by

_ _ 0 =
(@)@ 87) = — 5 (551 . 2.7)
_ - ) - -
ST (W (0807 — 61y) — £, Bm)) + Way 22 (0,8, S yy) — f (1, D, n))) -

(4.13)
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where n — d, 1 is the value obtained by removing 1 from n at edge {,y}. Indeed, since
D, (t) = \/®,(0)2 — 20,(t), we have

d - 1
= ®a(t) = fﬂ{xt:m}m, (4.14)

which explains the first term in the expression. The second term is obvious from
the definition of Z,, and corresponding to the term induced by jumps of the Markov
process X;. The last term corresponds to the decrease of 7 due to the increase in the
process N, (J.(®)) — N.(J.(®(t))). Indeed, on the interval [t,¢ + dt], the probability that

Ne(Jo(®(t))) — Ne(Jo(®(t + dt))) is equal to 1 is of order

d

_%Ne(']e((i)(t)))dt = ]]-{Xt endpoint of e}

Wed._ ()P, (1)

oy 2 "

using identity (4.14).
Let £ be the generator of the Markov jump process Z; = (X;, (®,(1)), (7.(t))). We
have that the generator is equal, for any smooth test function f, to

(N 0m) = 5 (G

1 n, _ - _
+ 5 Z (;éxy ]lAl(z,y) (f(ya (I)a n— 6{w,y}) + f(xa (D,’I’L - 6{301/}) - Qf(xa (I),TL))

yev
Yy~

(@, @,n) (4.15)

Ny, -
* Z q)ifﬂAZ(w’y) (f(y’ Q,n— 5{1‘4!}) - f(z, (I)vn)))
yev
Ny, _ B
+ o2 Ls(ey) (F(@ @0 = d(ay)) — fl@, @),

yev %
y~z

where A;(z,y) correspond to the following disjoint events:

* Ai(z,y) if the numbers of connected clusters induced by n — dy, ,1 is the same as
that of n;

* Ax(z,y) if a new cluster is created in n — dy, ,; compared with 7 and if y is in the
connected component of x¢ in the cluster induced by n — d;,. ,3;

* Ajs(z,y) if a new cluster is created in n — dy, ,,; compared with n and if = is in the
connected component of z¢ in the cluster induced by n — d¢, ;.

Indeed, conditional on the value of 7.(t) = N.(2J.(®(t))) at time ¢, the point process
N, on the interval [0,2J.(®(¢))] has the law of n.(t) independent points with uniform
distribution on [0,2J.(®(t))]. Hence, the probability that a point lies in the interval
[2J.(D(t + dt)),2J.(D(t))] is of order

1 d

vifzje(vbt dt=1 endpoint of e Vetv
e &t (@(t)) {X. endpoint of ¢} Te(t)

——dt
P, (1)?
We define the function

O(z, (Pz), (ne)) =

6_% 2eev WJJ(I)i_EEEE Je(®) (H (2‘]6((1)))”6 ) g#c.C(n)—1

! P ]]-{mGC(aco,n), and Ve€E, n.>0}>

B [yev\(ay Py
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so that

M r = @(Zt/\T)'
To prove the lemma it is sufficient to prove ([3], Chapter 11) that for any bounded smooth
test function f,

%E(@f) =£(f). (4.16)

Let us first consider the first term in (4.13). Direct computation gives

11 (9 >, 1
(b (o)t (o)

yev
y~zx

For the second part, remark that the indicators 1 ;cc¢(z,n)} @nd Ly, >0, vecr) imply that
O(y, ®,n — d;4,)) vanishes if n, , = 0 or if y & C(xo,n — ;). By inspection of the
expression of ©, we obtain for z ~ y,

n P
Oy, ®,n — s = (17% T, +214 Wy)(ax,cb,n
( {w.}) {a>04 (Lay 2)QJMJ((I)) P, ( )
n 1
- 1 21 oy D, n).
(( Aq + A2)2Wx7y @3) @(x7 ’n)
Similarly, for x ~ y,
Ny,
O, b1~ 3(as)) = (Ln,o0)(1a, + 200572 ) O(e.0.0)
x,Y

n
= 1 20 4. ) — ¥ d.n).

Combining these three identities with the expression (4.13) we deduce

1- 1 0 1
GEON@an) = g fa @) = 3 (neygg ) Flo )
yeVv
Yy~
1
+ Z(]lAl + 2]1A2)nm7y—2q>2 fly,n =624, 9P)
yev z
Y~T
1
+) (14, + 204,) 5 (@1 = By, @),
yev z
Yy~T
It exactly coincides with the expression (4.15) for £sincel =1 Ay F 14, +14,. O

4.2 General case

Proposition 4.6. The conclusion of Theorem 9 still holds if the graph G = (V, E) is finite
and the killing measure is non-zero (x % 0).

Proof. Let h be the function on V defined as
h(z) = P, (X hits z¢ before ().

By definition h(xzg) = 1. Moreover, forall z € V' \ {zo},

—rah(@) + Y Way(h(y) — h(z)) = 0.

yev
Yy~
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Define the conductances W/ := W h(e_)h(e, ), and the corresponding jump process X",

and the GFF (pgo) and cp;“) with conditions 0 respectively v/2u at xo. The Theorem 9 holds
for the graph G with conductances (W/).cr and with zero killing measure. Denote

t
) = / Lixnoppds, 7" =inf{t > 0[¢} (t) > v2u}.
0

The process (X[L)t<_’_zo,h has the same law as the process (Xgh(t))tg(ah)—l(T;”O), conditional

on 7%° < (, after the change of time
o™ (t) = h(Xgn(yy)?dt.
This means in particular that for the occupation times,
O (t) = h(Xgn(r) " 2la(0"(1)). (4.17)
Moreover, we have the equalities in law
PO 1) 0w
Indeed, at the level of energy functions, we have:

EMLRf) = Y kah(2)*f(2)* + Y We(hley)f(ey) —hle-)f(em))?

= zimuwm%ﬂmQ+§§w@gmwf@xmwfww—mmf@»]

= %;Wm@fﬂ@z—%iwhﬂﬂw—h@DM@ﬂﬂﬂ
—%;wamwmwiﬂw—f@»ﬂw

= [H:i ; Wag.y (h(y) = D1f (20)* + ;EWE’”(h(h)f(ﬂ) — h(e-)f(e-))

= Cst(f(wo)) + E(J. f),

where Cst(f(zp)) means that this term does not depend of f once the value of the
function at x( fixed.

Let X} be the inverse process for the conductances (W

Mecr and the initial condition

for the field ‘qu)' given by Theorem 9. By applying the inverse of the time change (4.17)

to the process X/, we obtain an inverse process for the conductances W, and the field
(u)

. O

Proposition 4.7. Assume that the graph G = (V, E) is infinite. The killing measure
may be non-zero. Then the conclusion of Theorem 9 holds.

Proof. Consider an increasing sequence of connected sub-graphs G, = (V;, E;) of G which
converges to the whole graph. We assume that V; contains zy. Let G = (V;*, E}) be
the graph obtained by adding to G; an abstract vertex x., and for every vertex z € V;
connected by an edge in F; toay € V' \ V;, adding an edge {x, x.} with a conductance
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(Xi,t)1>0 will denote the Markov jump process on G, started from z,. Let (; be the first
hitting time of z, or the first killing time by the measure s1y,. Let <p§0), <pl(-“) will denote
the GFFs on G; with condition 0 respectively V/2u at z, with condition 0 at .., and taking
in account the possible killing measure x1y,. The limits in law of gpgo) respectively @E“)
are ¢(©) respectively ¢(*).

We consider the process (X , (12,¢(t))ecEr )<<, be the inverse process on G, with

initial field cpgu). (Xi,t)¢<,70, conditional on 7,7, has the same law as (X, 7,_,);<7,- Taking

the limit in law as i tends to infinity, we conclude that (X¢),, =0, conditional on 7}° < 400,
has the same law as (X;_,),; on the infinite graph G. The same for the clusters. In
particular,
P(T <t,X}o 7 staysin V;) > lim P(T; <t,X, 5, stays in V)
1— 400
= i_l§+moo]P(Ti”fZ <t, X 0,770) Stays in Vil < G) =P(r7° <t, X[y .20} stays in Vj|7° < (),

where in the first two probabilities we also average by the values of the free fields. Hence

P(T = 400 or X # x0) =1 — . liHl P(7,° <t, X[ ,z0 stays in Vj|7,* < () =0. O
—400 v

Jj—+o0

Remark 4.8. Consider G = (V, E) an infinite transient electrical network (with x =
0). Proposition 4.7 tells that if the inversions algorithm of Section 3 is applied to
a Gaussian free field ¢(*) with condition \/2u at xy, and implicitly 0 at infinity, the
algorithm terminates a.s., that is to say the inverting process X does not escape to
infinity. However, one could consider a Gaussian free field with positive condition a > 0
at infinity, ©(“%). Such a GFF is related by isomorphism not only to a loop-soup Ly/5 but
also to a Sznitman’s random interlacement, which is a Poisson point process of paths
from and to infinity, infinite in both directions of time [23, 24, 15]. If applied to cp(“*a),
the algorithm would create a path which has a positive probability to escape to infinity,
which would correspond to the event of having an interlacement visiting x.
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