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TOTAL VARIATION DISTANCE BETWEEN STOCHASTIC
POLYNOMIALS AND INVARIANCE PRINCIPLES

BY VLAD BALLY AND LUCIA CARAMELLINO1
Université Paris-Est and Universita di Roma Tor Vergata

The goal of this paper is to estimate the total variation distance between
two general stochastic polynomials. As a consequence, one obtains an in-
variance principle for such polynomials. This generalizes known results con-
cerning the total variation distance between two multiple stochastic integrals
on one hand, and invariance principles in Kolmogorov distance for multilin-
ear stochastic polynomials on the other hand. As an application, we first dis-
cuss the asymptotic behavior of U-statistics associated to polynomial kernels.
Moreover, we also give an example of CLT associated to quadratic forms.
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1. Introduction. Stochastic polynomials. This paper deals with stochastic
polynomials of the following type: given a sequence X = (X,),en of indepen-
dent random variables which have finite moments of any order and, given N € N
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and k, € N, one looks to

N
(1.1) ONk,(c,X) = > Dplc,X) with
m=0
ky 00
Pplc. X):= Y. Yo c(mk). . (k)
kiyoskm=1lny<---<ny=1
(1.2)

ki k;
x [ (X} —E(Xa))).
j=1

The coefficients ¢ are symmetric and null on the diagonals (i.e., if n; =n; for
i # j) and only a finite number of them are nonnull, so the above sum is finite.
Let us mention that here, for notation simplicity, we take X,, € R, but in the paper
we work with X,, = (X,.1,..., Xn.4,) € R% . Note also that we use the centered
random variables Xﬁ —EX ﬁ), k=1,..., ks, but if the polynomial is given in
terms of X l,j, we may always rewrite it in terms of centered random variables.

If kx =1 then Oy, 1(c, X) is a multilinear stochastic polynomial and moreover,
if X,,, n € N, are independent standard Gaussian random variables then ®,,(c, X)
is an iterated stochastic integral of order m. So, multilinear stochastic polynomials
are a natural generalization of elements of the classical Wiener chaoses. However,
general stochastic polynomials are of interest, for example, in applications to U-
statistics theory (see Section 4.1 and the references cited therein).

Our goal is to estimate the total variation distance between the laws of two
such polynomials, and moreover, to establish an invariance principle. The start-
ing point in our approach is the following general invariance principle. Let Z, =
(Zna,---,Znk,),n € N be a sequence of centered independent random vectors
which have finite moments of any order and let

Sn(e, Z)=Y c((r. k)., k) [ | Znj i,
j=1

with the sum over all ny,...,n, € Nand ky,...,k, € {1,...,ks} withm < N.
So we are back to multilinear polynomials. We prove (roughly speaking) that for
every f e C g (R)

(1.3) [E(f (Sn(e, 2)) = E(f(Sn (e, §)))| = C[ "] o 84(),

where 8.(c) is the “low influence factor” (see the definition (1.6) below) and
G, =(Gn1,...,Gnk,) are centered independent Gaussian random vectors with
the same covariance matrix as Z, (see Theorem 2.2 for the precise statement). We
stress that the dependence structure in the vector Z, = (Z, 1, ..., Z,k,) is com-
pletely general. This allows us to take Z, = (X, — E(X,),..., X,’i* — E(Xfl*))
and to come back to our polynomials. Notice that the Gaussian vector G, =
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(Gn.a, ..., Gnk,) does not keep the structure given by the powers in the original
vector Z,,.

The estimate in (1.3) concerns smooth functions. The main contribution of our
paper is to replace || f”|loo by || f oo @and so to obtain convergence in total variation
distance. In order to precisely describe the nondegeneracy assumptions, we have
to use the framework of stochastic polynomials.

Doeblin’s condition and Nummelin’s splitting. Since the total variation distance
concerns measurable functions, a “regularization effect” has to be at work. This
leads us to make the following assumption (known as Doeblin’s condition): there
exists € > 0,r > 0 and x, € R, n € N, such that sup,, |x,| < oo and P(X,, € dx) >
edx on the ball B, (x,). It is easy to see that this is equivalent with saying that

(1.4) P(X, € dx) = p¥(x —xp)dx + (1 = p)vu(dx),

where p € (0, 1], ¥ is a C* probability density with the support included in
B,(0) and v, is a probability measure. The decomposition (1.4) being given,
one constructs three independent random variable x,, V,, U, with V,, ~ ¢ (x —
Xp)dx, U, ~ v,(dx) and x, Bernoulli with parameter p and then employs the
identity of laws

(1.5) X2 g Vo + (1= ) Up.

The density ¥ may be chosen (see (3.6)) in order that Iny has nice properties and
this allows one to build an abstract Malliavin-type calculus based on V,,, n € N and
to use this calculus in order to obtain the “regularization effect” which is needed.
We have already used this argument in [4—7]. In an independent way, Nourdin
and Poly in [33] have used similar arguments in a similar problem: they take
v =1/2r)""1 B,(0) S0 V, has a uniform distribution, and they use a chaos type
decomposition obtained in [2]. Note also that hypothesis (1.4) is in fact necessary:
in his seminal paper [39], Prohorov proved that (1.4) is (essentially) necessary and
sufficient in order to obtain convergence in total variation distance in the central
limit theorem (see [4] for details).

The decomposition (1.5) has been introduced by Nummelin (see [24, 36]) in
order to produce atoms which allow one to use the renewal theory for studying
the convergence to equilibrium for Markov chains—this is why it is also known
as “the Nummelin splitting method.” It has been also used by Poly in his Ph.D.
thesis [38] and, to our knowledge, this is the first place where the idea of using the
regularization given by the noise V), appears.

Main results. In order to present our results, we have to introduce some more
notation. Given the coefficient ¢ in (1.3) we denote |c|;, and &4 « * (c) through

ks 00
lch,= > Yoo k), (2, k), (i k)),

kiyeeoskm=1lny<--<n,=1
(1.6)
0

N ks
HOES TS B Yo A k), (2, k), (M Kn)).

m=1ky,...k;p,=1n;<--<nyu=I1
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|c|m and 84(c) are the quantities which come in, in order to estimate the errors.
The quantity |c|,, is essentially equivalent (up to a multiplicative factor) with the
variance of ®,,(c, X) and 6.(c) is essentially equivalent with the “low influence
factor” as it has first been defined in [40] and then used in [25] (and we follow
several ideas from this paper). Another interpretation, in terms of the Malliavin
derivative D, is as follows. Suppose that k, = 1 andlet G = (W (k+ 1) — W (k))reN
where W is a Brownian motion (so ®,,(c, G) is a stochastic iterated integral of
order m). Then
)

o0
(1.7) 82(c) =supE( |Ds( Y @w(c, G)
s>0 m=1
For f e Cp° (R%), we denote by || fllk.co the supremum norm of f and of its
derivatives of order less or equal to k, and, for two random variables F and G, we
define the distances

(1.8) di(F, G) = sup{[E(f (F)) = E(f(®)]: I fllk,00 < 1}.

For k = 0, dy = drvy 1is the total variation distance, and, if F ~ pr(x)dx and
G ~ pg(x)dx then drv(F,G) = ||pr — pgll1. di is the Fortet—-Mourier distance
which metrizes the convergence in law. We also consider the Kolmogorov distance

(1.9) dkol(F, G) = Sup’P(F <x)—P(G < x)|
xeR

We are now able to give our first result, Theorem 3.3, concerning the distance
between two polynomials Oy k,(c, X) and Oy k. (d,Y). Assume that X and Y
satisfy the Doeblin’s condition (see (1.4)), and moreover, assume that the nonde-
generacy condition [c|y > 0, |d|y > 0 holds. Then we prove that for every k € N

1
and 6 € (m, 1),
drv(Qn k. (¢, X), On i, (d, )
(1.10) < Const(c, d)
lel%, 1d1%,

_6 —— N -
X (di(ON &, (¢, X), ON i, (d, V) HNFT o €20 f o COH@),

where Const(c, d) denote a quantity which depends on the coefficients ¢ and d in
an explicit way (see (3.19)). Theorem 3.3 is the main result in our paper (in fact,
the statement of this theorem is more general).

In Theorem 3.7 we give a variant of this result in Kolmogorov distance: we
prove that, for k > 3,

dKOl(QN,k* (C= X)9 Q]\/,]Q,< (dv Y))
(1.11) <Const(c,d)

0 0
X (dk(ON .k, (¢, X), ON i, (d, Y))“’i+1 + 8 (o) + 85 (@),
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Const(c, d) is again a positive quantity explicitly depending on ¢ and d (see
(3.23)). The estimate (1.11) holds for general laws for X,, and Y;, (without assum-
ing the Doeblin’s condition). However, now we have to assume that the covariance
matrix of the powers (X, X,%, e Xﬁ*) and (Y, Ynz, e Y,f*) are both invertible.
The proof of (1.11) is a direct consequence of the results of Mossel et al. in [25].

A second result, given in Theorem 3.10, concerns the invariance principle.
We consider a sequence of independent centered Gaussian random vectors G, =
(Gna,....Gnr,) € R* and we assume that the covariance matrix of G, co-
incides with the covariance matrix of Z, = (Z,,1,...,Z,,) Where Z, ; :=
Xk —E(X¥). We denote by Sy (c, G) the polynomial Q , (c, X) in which Z, =
(Znas-.., Znk,) isreplaced by G, = (Gp 1, ..., Gp ). We stress that Sy (c, G)
is multilinear with respect to G, ;,i =1, ..., ks in contrast to Qn , (c, X) which
is a general polynomial with respect to X,,. In Theorem 3.10, we prove that, if
|c|y > 0, then for every 6 € (%, 1),

(1.12) drv (0N i, (c, X), Sn(c, G)) < Const(c) x 84(c) oy

Const(c) being explicitly dependent on ¢ (see (3.24)). A result going in the same
direction was previously obtained by Nourdin and Poly in [33]. They take k, =1,
so On(c, X) is a multilinear polynomial, and they assume Doeblin’s condition
for X;. Then they prove that, if ¢,,n € N is a sequence of coefficients such
that lim, 6,(c,) = 0, then lim, drv(Qn k,(c, X), Sn(c, G)) = 0. The progress
achieved in our paper consists in the fact that we deal with general polynomials on
one hand and we obtain an estimate of the error on the other hand.

Applications. An important consequence of (1.12) is that it allows to replace
the study of the asymptotic behavior of a sequence Oy «, (cn, X),n € N of general
stochastic polynomials by the study of Sy(c,, G),n € N, which are elements of
a finite number of Wiener chaoses. Of course, the central example is the classical
CLT, where N =1 and k, = 1, so Si(cy, G) = X7, ¢»(i)G; is just a Gaussian
random variable. But, starting with the proof of the “fourth moment theorem” by
Nualart and Peccati [35] and Nourdin and Peccati [27], a lot of work has been done
in order to characterize the convergence to normality of elements of a finite number
of Wiener chaoses (see [26, 31, 34, 37] or [28] for an overview). Moreover, con-
vergence to a x» distribution has been treated in [27]. We study the consequences
of these results in Theorem 3.12 and Theorem 3.15.

Finally, we give two more applications. The first one concerns the asymptotic
behavior of U-statistics written on polynomial kernels. Let us mention that number
of results are already known concerning the convergence in Kolmogorov distance
for U-statistics: they represent generalizations of the Berry—Esseen theorem (see
[23]). But the result in total variation distance, which generalizes Prohorov’s theo-
rem for the CLT, seems to be new.

Another subject which is very close, is that of quadratic forms. Here, also the
asymptotic behavior in Kolmogorov distance is well understood (see de Jong [15,
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16], Rotar et al. [19, 41] and Goétze et al. [20]) but we have not found results
concerning the convergence in total variation. We present here an interesting ex-
ample, giving a “change of regime” asymptotic behavior either in Kolmogorov
and total variation distance. This example fits in the framework of nonsymmetric
U-statistics discussed in [17, 18] (see Remark 4.4). Moreover, similar stochastic
series appear in some statistical mechanics models; see [10, 11].

Organization of the paper. In Section 2, we fix our settings and we give some
preliminary results. Section 3 is devoted to our main results: we first define the
Doeblin’s condition and the Nummelin splitting (Section 3.1); then we introduce
our main result Theorem 3.3 and its several consequences (Section 3.2); finally,
we analyze the Gaussian and Gamma approximation (Section 3.3). The main ex-
amples are developed in Section 4: Section 4.1 is devoted to U-statistics and in
Section 4.2 we present our example of a quadratic CLT. Finally, Section 5 con-
tains the proof of our main Theorem 3.3, which is given in the last Section 5.4: in
Section 5.1, we introduce the abstract Malliavin calculus and state the regulariza-
tion lemma, Section 5.2 is devoted to proper estimates of the Sobolev norms and
Section 5.3 refers to the nondegeneracy of the Malliavin covariance matrix. The
paper concludes with the Appendix, where an iterated Hoeffding’s inequality for
martingales is studied.

2. Notation, basic objects and preliminary results. In this section, we in-
troduce multilinear stochastic polynomials based on a sequence of abstract in-
dependent random vectors Z, = (Z, 1, ..., Zy,m,) € R™, n € N. We stress that
no hypothesis concerning the dependence structure of Z, is needed. In the fol-
lowing, when dealing with general polynomials as in (1.1), we will take Z, =
Xk —Exh.

e The basic noise. We assume that E(Z, ;) = 0 and that Z, has finite moments
of any order: for every p > 1 there exists some M,(Z) > 1 such that for every
neNandi € [m,]={1,...,m,}

(2-1) ”Zn,i”p fMp(Z)-

o Multi-indexes. We will use “double” multi-indexes o = (a1, ..., ) with
o = (o], a]) = (n;, j;) with n; € N and j; € [m,]. We always assume that
ny < --- < n,. So we work with “ordered” multi-indexes. We also denote o’ =
(o), ...,ap) =1, ....,np), " =, ...,0,) =(j1, ..., jm) and || = m. The
set of such multi-indexes is denoted by I';,, and we set I' = J,, [';,. We stress
that we consider also the void multi-index « = & and in this case we put || = 0.
Moreover, for a sequence x, = (X5.1,...,Xnp.m,) € R™,n € N we denote x* =
[T Xa;, withx* =1 if ¢ = @.

e Coefficients. We consider a Hilbert space ¢/ with norm | - |, and for a i/ valued
random variable X, we denote || X ||z, , = (E(leZ)l/p. In a first stage, we have
just 4 = R but in Section 5, when considering stochastic derivatives, we have to
use some general space U. We denote C(UU) = {c = (c(a))qer : c(a) € U}. These



3768 V.BALLY AND L. CARAMELLINO

are the coefficients we will use (we stress again that we work with ordered multi-
indexes). We define

1/2 172
(2.2) |c|u=(Z|c<a>|i,) , |c|u,m=(2|c<a>l;> ,

lo|=m

1/2
23) Syl = (supZ l{nea/}\c(an;)

The notation n € o’ means that o', = n for some j € [m]. When U = R, we shall
omit the subscript U, so we simply write |c|, |c|, and 84(c). For several authors
(see, e.g., [25, 30]), 8124’ ,(c) is called the “influence” factor.

e Multilinear polynomials. Given ¢ € C(U), we define

Ppu(c,Z)= ) cla)z”

|a|=m
(2.4) m, m
= Z Z C((nlsjl)a---,(nm,jm))l_[Zn;,j,',
J1seees Jm=101<<np i=1

N
25) Sn(e,2)= ) c@Z%=) Pulc, 2).

0<|a|<N m=0

In the sequel, we use several times Burkholder’s inequality for Hilbert space
valued martingales: if M,, € U,n € N is a martingale then for every p > 2 there
exists b, > 1 such that

n—1 p/2\\ 1/p
Myl <bp (E(<Z | M1 — Mk@) ))
k=1

n—1 1/2
< bp<2 I Myy1 — Mkn%,,,,)
k=1

the second inequality being obtained by using the triangle inequality with respect

to |-l
Moreover, as an immediate consequence of (2.1), for every n € N and every
dj €U, j € [my] we have

My
Y dixZy
j=1

Using these two inequalities, we obtain the following.

(2.6)

My 1/2
2.7) < Jm_*Mp(D(Z \d; @) :

j=1

U,p

LEMMA 2.1. Suppose that (2.1) holds and denote Vp =b,M,(Z)/m.
Then

—N
2.8) [Py 2)y , < M lchun-
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If my =1 and p =2, then My =1 and the above inequality becomes an equal-
ity.

PROOF. We proceed by recurrence on N. For N =0, we have ®y(c, Z) =
c(2) so (2.8) is obvious. For o € I with |¢| = N — 1, we denote

(2.9) ™I (@) = e(e, 0, D) e, <n)

and we write

oo My

(2.10) Dy(e,Z)= DY Zn;Pn-1(c", 2).
n=N j=1

Note that, if n > N, Z,, ; and ®y_; (™, Z) are independent. So, using (2.6) first
and (2.7) then we get

00 || m« 2
[onte. 2[5, <2 3|3 Znon-1(c". 2)
n=Nlj=1 Up
o0 My . )
<byMy(Zym. Y Y [On-1(", 2)]7,
n=N j=1

Since Y02 Z’;Zl |c"’j|£“\,_1 =D |a|=N |c(a)|£,, (2.8) follows by recurrence.
O

We give now the basic invariance principle.

THEOREM 2.2. Let Z = (Z,)neN, Z,n € R™ be a sequence of centered in-
dependent random vectors which verify (2.1) and let G = (G,)pen, G, € R™*
be a sequence of independent centered Gaussian random vectors such that

E(Gy,iGn,j) =E(Zn,i Zn, ). Then, for every f € C}(R),

(2.11) IE(f(Sn(c, 2)) —E(f(Sn(c, )| < K@D | f" | o % lcI* x 8:(c)
with

2m,

3
in which Mz = by /m<M3(Z) Vv M3(G).

K(Z)=2(M3(2) + M3(G)) T,

PROOF. The proof is based on Lindberg’s method (we follow the argument
from [25]). We fix J > N, we denote 'y (J) = U,Z:O{a el:lal=m,a, <J}
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and we define Sy s(c,Z) = > geryyc@)Z% For j=1,....J + 1, we de-
fine the intermediate sequences 7 = (Z1,....Zj-1,Gj,...,Gy), with 7zl =
(Gi,...,Gy)and Z'H = (Z,,...,Z)), and we write

E(f(Sn,s(c, 2))) —E(f(Sn,s(c, G)))

||M&

J
=Y E(f(Sn.s(c. Z/)) = E(f (Sn,s(c, Z7))
j=1
We denote Ty (j, J) ={a € Ty (J):j ¢ a’} and, for B € Ty (j, J) with |B] =
we define

m

Cj,i(ﬂ) = Zc(ﬂlv "'7:Bk—lv (Jvl)v :Bkv vﬂm)l{ﬁ]:7]<j<,3;<}

k=2
+C((j, l)» ﬂly RN ﬁm)1{1<ﬂi} +C(ﬁ1, RN 181’117 (.]a l))l{ﬁ;n<J}

This means that, if 8 does not contain j, we insert (j, i) in the convenient position.
We put

Aj= Y c@(z)  Bu= Y Bz

acln(j,J) BerN—_1(j.])

and then

My
SNJ(C, Zj_H) =Aj +sz,iBj,i-
i=1

Moreover, with f; : R"* — R defined by f;(x) := f(A; + Z;.":*l x;Bj ;) we get

Ij =E(f(Sn.s(c, Z*1) —=E(f (Sv.s(c. 27)) = E(£}(Z))) = E(£(G ).

We use now Taylor’s expansion of order three around O for both f;(Z;) and
fi(Gj).Since Z; and G are independent of A; and B; . and the first and second
moments of Z; ; and G ; coincide, the first- and second-order terms in the Taylor
expansion cancel and we obtain

1 & ,
|Ij| =< 5 Z E(EiliQig.) with
i1,ip,iz=1
3
i1igiz — 1_[ |Z/lr|+|G]lr|)

=.
@

[ A2 530, 1502] 4 10 506 ) 2
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We have

3 3
000 [5OZ = 11702 < TT1Bi s < 11" oo > TT 1851
r=1

r=1

The same is true for |3i31 irizJi(AG j)|, so (recall that Zj and G ; are independent of
Bj.) ‘

1 My 3
(2.12) 11 = 317 [ (M3(2) + M3(@) - 3 E(n|3,,,-,.|).

i1,i,i3=1 r=1

Suppose first that N > 2. Using (2.8),

—N 2 172 —N
Balb<aY (X JeiiB) ) <Y 5.(0).
Bel’n-1(j,J)
If N =1 then

My

1/2
|Bj.il = |c(i, )] < mgx(zrc(<n, 1))|2> = 5.(0).

=1

This gives

3 3
—N
E(]‘[ |Bj,,-,|) < [T 1Bj.i I3 = M5 8.)(1IBj.i, 13 + 11 Bj.in 13).
r=1 r=1

We sum over j and we get

J J m
2m —N *
21051 = 1" | (M3(2) + M3(G) M3 8.() 3 3 11Bj.il5
j=1 j=li=1
2my

3

Since the above estimate does not depend on J, we may pass to the limit with
J — oo and we obtain (2.11). [

=

||fm||oo(M33(Z) + M;(G))MgNS*(CNCP.

We recall now the main result from [25] on the invariance principle in Kol-
mogorov distance (see (1.9)).

THEOREM 2.3. Let Z = (Z,)neN, Zn € R™ be a sequence of centered inde-
pendent random vectors which verify (2.1) and let Cov(Z,,) denote the covariance
matrix of Z,. We assume that there exists 0 < A < 1 such that for every n € N

(2.13) Cov(Z,) = A.
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Let G = (Gp)peN, Gn € R™ be a sequence of independent centered Gaussian
random vectors such that Cov(Z,) = Cov(G,,). Then

(2.14) diol(Sn(c, Z), Sy (c, G)) < K(Z)a™™N x s1/0H3N) ¢y,

where K(Z) > 0 is a constant depending on N and M3(Z).

PROOF. We denote A, = COVI/Z(ZH) and we define Z,, = A;l X Zy, So that

Zn1,--.y Znm, are orthonormal. In the formalism in [25], Z,, is called an “or-
thonormal ensemble.” Then we define

E((nl, ki),...,(ny, kN))

2.15 i ) .
219 = Y c(min),..., (ay,in) ALK ALY

and we notice that, with this definition,

(2.16) Sn(c,Z)=Sn(c, Z).

Moreover, one easily checks that

(2.17) el < maM)"|c| and  8.(c) < (mM2)"84(c).

Let us check that Z is hypercontractive in the sense of [25]. We notice that
M,(Z) < 1™™M,(Z) and we take n~' = b,(b,A"™M,(Z))". Then, for any
coefficients ¢ € C(R) we have (with p = 3)

_ _ 1/2
Isv(e.02) = @), < by, ,@)"( X ac@]?)

l<|a|=N

1/2
= bp(bpi_m*Mp(Z))N< > n'“ |5(06)|2>

1<|a|=N
0\ /2
(¥ @l
I<|a|<N
= |Sn(c, Z) — c(2)|,
and this means, in the formalism from [25] that Z is (2, 3, n)-hypercontractive.

Now we are able to use Theorem 3.19 in [25] (which is written in terms of T =
85(0)), and this yields (2.14). O
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3. Main results.

3.1. Doeblin’s condition and splitting. We fix d, € N and k, € N, we denote
my = dy X ky, and we work with a sequence of independent random vectors X =
(Xn)nen, Xn=Xn1,-.-,Xna,) € R4, We deal with general polynomials with
variables X, ; that is, with linear combinations of monomials [ /L, X ];’l it ki <ks.
Because of the powers k;, this is no more a multilinear polynomial. In order to

come back to multilinear polynomials we define Z,,(X) € R™* by

G Zukai(X) =X —E(X3E) forjeldid ke {01, .. ke — 1).
With this definition, if o = ((ny1,/%1), ..., m,ln)), with ny < --- < n,, and
I,....Lne{l,...,m,}, then

zox) = [[(xEt —E(xlTh),

ni, ji ni, ji
i=1

where (k;, ji) = (k(;), j (1), i =1,...,m, with
I—1

1 o
J and ](l)—{ i

the symbols [x| and {x} denoting the integer and the fractional part of x > 0,
respectively. We denote

(3.3) Oni (€. X)= D> c@)Z%X)=Sn(c. Z(X)),
0<|a|=N

1 —
(3.2) k() = { p

*

}d*+1,

that is,
ON k. (c, X)

N
=YY cl(nr, (ki = Ddu+ j1), .., (nms Gk — D + jm))
=0

m
ki k;
X 1_[ (an',j,‘ - E(Xl’l,',j[))’
i=1

in which the second sum runs over n; < --- < ny, k1, ..., k, €{0,1,...,k,} and
J1s---» jm € [di]. Notice that it agrees with (1.1)—(1.3) when d, = 1.

The crucial hypothesis in this section is that for every n € N, the law of X,, is
locally lower bounded by the Lebesgue measure—this is Doeblin’s condition. Let
us be more precise.

HYPOTHESIS ©D(e,r,R). Let e >0,r >0 and R > 0 be fixed. We say that
X = (X,)nen satisfies hypothesis ® (e, r, R) if there exist x, € R% n € N such
that for every measurable set A C By (xy)

(3.4) P(X, € A) > eA(A),
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A denoting the Lebesgue measure on R%, and

3.5 sup |x,| < R.
neN

Note that there is no assumption about X, n € N, being identically distributed,
but the fact that the parameters ¢, r and R are the same for every n, represents a
uniformity assumption. Note also that this property never holds for Z, (X). This is
why the Malliavin-type calculus presented in the following is based on X, only.

HYPOTHESIS IM(e,r, R). We say that X = (Xp)uen satisfies hypothesis
M(e, r, R) if D(e, r, R) holds and for every p > 1 one has sup, oy | X, |l p < 00.

Note that if Assumption (e, r, R) holds then Z,, (X) verifies (2.1).

The interesting point about random vectors which verity D (e, r, R) is that one
may use a splitting method in order to obtain a nice representation for X, (in law).
We introduce the auxiliary functions 6,, ¥, : R — R defined by

(3.6) O, (t)=1-— Y (1) = lqjr)<r) + 1{r<|t|§2r}69’(|z|)

1-— (§ -1’
and we denote

(3.7) mr=/Rlﬁr(|z|2)dz.

Let V,,, U, € R% and xn € {0, 1} be independent random variables with laws

P(x, = 1) = em® P(xy =0) = 1 —em®,

r o

d
1 *
P(Vy €dx) = — [ | ¥r(bxk — xakl?) dxy -~ dixq,,
(3.8) m kl:[l

d
1 *
P(U, €dx) = . v (P(Xn edx)—¢ l_[ Y (|xk — Xn,k|)2> dx.
—m* k=1

D (e, r, R) ensures that P(X, e dx) — ¢ ]_[Z*:l Yr(|lxg — xn,k)|2) dx > 0, so that the
law of U, is well defined. It is easy to check that x,V, 4+ (1 — x,,)U, has the same
law as X,,. Since all our statements concern only the law of X,,, now on we assume
that

(3.9 Xn=xnVo + (01— ) U,.

Let us mention two nice properties for the function .. First, it is easy to check
that for each k € N, p > 1 there exists a universal constant Cy, , > 1 such that

C
k) p k,p
(3.10) ¥ @107 ()" = 7
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where Gr(k) denotes the derivative of order k of 6,. (3.10) will be useful in order
to give estimates for the Ornstein—Uhlenbeck operator (see Remark 5.1). Second,
6, (]t|) is concave for r < |t| < 2r (direct computation), so that the law of V,, is log-
concave. This allows one to use the Cherbery—Wright inequality (see Lemma 5.6).
We discuss now some nondegeneracy properties (see (3.12) and (3.13) below)
which hold under the hypothesis (3.5). We define the random vector \7,, =Z,(V)
in R™+, that is,
3.11) Var =V, O =BV 0D 1=1 e,

where k(/) and j (/) are given in (3.2). Then, one has the following result.
LEMMA 3.1. Let R > 0 be such that (3.5) holds and let COV(Vn) denote the

covariance matrix of V. Then there exists Ag > 0 such that for every & € R™* and
neN,

(3.12) (Cov(V,)&, &) = Agl&]*.

PROOF. For y € R% and & € R+, we define

el(y) = / 583 1_[ 1//r lxi — yl x, le[my] and

Ie(y) =

my 2 d,
d*f(Z(xfiﬁi er(y))& ) er i — il?) dx.

r =1

If I: (y) =0, then Z;’z‘l (x%i —e1(y))& = 0 for x in an open set, and this imply that
& = 0. Since & > I:(y) is continuous, it follows that A(y) :=infj¢|—1 I¢(y) > 0.
And since y — A(y) is continuous, it follows that one may find Ar > 0 such that
infly(<r A(y) = Ag. Now, we note that e;(xy) = E(V, 1)) = E(Vi1) and I (xa) =
(COV(VH)S,S). Thus, if |£] =1 then inf,, (Cov(V, )€, &) = inf, infig = ¢ (x,) >
Ar. O

We conclude with an inequality which will be useful later on.
LEMMA 3.2. Let R > 0 be such that (3.5) holds and let Agr be given in

Lemma3.1. Let V = Z(V) be defined in (3.11) and Sy (d, \7) given in (2.5). Then
for every d € C(R),

N
(3.13) E(|Sy(d. V)|*) = AN > 1dly =Ax1d)%.

m=0
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PROOF. We first fix an integer m, ny < - -- < n,, and we consider an arbitrary
family of numbers d(ly, ..., 1), li € [m.]. We prove that

My m 2
(3.14) E(( Z d(zl,...,zm)]"[v,,i,,i>>zx’g Z d>(1, ... L),
Iy,...

=1

,,,,,

We define the random variable

My

m—1
diw)= Y dli,....lw) [] Vi
i=l

Il —1=1

We notice that d (k), k € [m] are independent of Vnm,l, [ € [m,] and that

My

m My
Yood ) [ Vi = Y. dUn) Vit

l,.0ln=1 i=1 In=1

m 2
(( Z dy, ...l [] Vni,zi) )
Ieln=1 i=1

> mE(Z*j 3<zm)2>

In=1

So,

My My 2
=ARZE(< Y. d,..., ml,m>1'[Vn, ) )

lm=1 ll ----- lm—l 1

the above lower bound following from (3.12). By iteration, one gets (3.14).
Consider now the general case. We recall that, for any two multi-indexes « and
a, E(VEV¥) =0 if |a| # || or « # o'. This gives

N
E(|Sy@d, V)= > d@d@E(VeVT)

m=0 |o|=a|=m,0’'=a’

N 2
= Z Z E(( Z dn,,.... nm(ll’-"vlm)l_[V”i,li) )’
)

m=0n1<--<np Lseenslm €[my] i=1

where we have set dy,,,.. 5, (l1,...,In) =d((n1,11), ..., (ny, Ly)). The statement
now follows from (3.14). [

3.2. Main results. Our goal is to estimate the total variation distance between
two polynomials of type O «, (¢, X), which we write as in (3.3), that is,

Oni (. X)= Y c@Z%X),

0<|a|=N
where Z(X) is defined in (3.1) and o = (¢, &”) with & € [my], ms = dyks.
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We will use the following quantities related to the coefficients c. We work first
with the Hilbert space U/ = R (so, we drop U from the notation) and we recall
that |c| = |c|u, [¢lm = |clu.m and 8. (c) = &y «(c) are defined in (2.2) and in (2.3).
Moreover, for m < N, we define

) 12
|c|m,N=( ) c(a)) .
m=|a|<N

Finally, we assume that X verifies © (¢, r, R) and we denote

2m 2
em, )
(3.15) em.N(C) =exp(—( 5 ) 8£(c))'
Notice that one may find a constant C, depending on &, m, and on m such that
82
(3.16) emn () <C *(g).
(S

If X and Y satisfy D (e, r, R), respectively, D(¢’, r’, R’), then they both satisfy
D ANe,r Ar', RV R') so we may assume that ¢, r and R are the same.
For k € N, we recall the distance di(F, G) in (1.8). We give now our first result.

THEOREM 3.3. Suppose that X and Y verify Hypothesis (e, r, R) and let
c,d € C(R) be two families of coefficients. We fix k, k. and N and we take m < N
and m' < N such that |c|, > 0 and |d|,y > 0. We denote m =m v m’. We set

(3.17) ok = di(Qn k. (¢, X), On k. (d, Y))

and we assume that

) ) ki1
(3.18) =0V (Jeyy +1d g y) B <L

Let 0 € ((11?)2, 1). Then there exist C > 0 and a € (ﬁ, 1], which depend on the
parameters €,r, R, k, ki, N,m,m’, 6 and the moment bounds M ,(X), M,(Y) for
a suitable p > 1, but independent of the coefficients c,d € C(R), such that

IE(f(Qn k. (c, X)) = E(f(Qn i, (d, V)]
_ 2 2,
(3.19) < cmax(1, (Ieln™™ +1d1, " Y) I flloo(1 + le] + [d1)*
20 260

X (0,7 e, N () F ey (@) + el v+ |d|r’;ﬂl,1v)’

em,N(c) and e, n(d) being defined in (3.15).

The proof of Theorem 3.3 is done by using a Malliavin-type calculus based on
V., n € N which we present in Section 5, so we postpone it for Section 5.4. It
represents the main effort in our paper.
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We investigate now the consequences of Theorem 3.3. First, we give the fol-
lowing estimate of the total variation distance between two multiple stochastic

integrals. We consider a m, dimensional Brownian motion W = (Wl, e, WY
we fix k = (k1, ..., kn) € [m]™, and, for a symmetric kernel f € L2[0, 1]™, we
denote

1 Sm k%)
IK(f)=m!/0 dwjj;nfo dWen-1.. /O FGst, o sm)dWE

THEOREM 3.4. Let m € Ny and f, g € L*[0,11", p > 1. Then, for every
keN,and0 e ((ﬁ)% 1) there exist C > 0 and a € (11?, 1) (both depending on
0, m and k) such that

x (T4 11fll2+ ||g||2) dk(IK(f), I (g))?/(1#2km),

REMARK 3.5. In the case k = 1, the above result has first been announced in
[14] (see also the recent paper [13]) with the power - L instead of ﬁ above, but

the proof was only sketched. It has rigorously been proved in [32] with power 5~ +1

and recently improved in [9] where the power E x (Inm)? is obtained, d being a
suitable constant. So (3.20) is not the best possible estimate. This also indicates
that the power in (3.19) is not optimal (but the approach in [9] does not seem to
work in our general framework, so for the moment we are not able to improve it).

REMARK 3.6. Theorem 3.4, with exactly the same proof, extends to general
random variables which live in a finite sum of Wiener chaoses: let F and G be two
random variables belonging to @Z:O Wy, where W,, is the chaos of order m. We
denote by P,, the projection on W,, and we put m(F) = max{m : P, F # 0} and
@(F) = || Pury Fll; ™) Then, with N = m(F) v m(G),

dry(F, G) < Cmax(1, (@(F) + a(G))")
3.21) L2kN
x (L+ IFll2 + 1Gl) a2 (F, 6),
where a € (ﬁ, 1) and C > O depend on 6, k, N.
PROOF OF THEOREM 3. 4 Letn e N. For o' = (a, ..., ;) € [n — 11", we

denote I,y = 1[ ) and we define

16) = L @) 11,6) it . ff(u)du
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Note that f, is the conditional expectation of f with respect to the partition I

and to the uniform law on [0, 1]”. Take now « = (a1, ..., @) with o; = (o}, /)
and (af, ..., ap,) € [my]™. We denote

m
Cn,f(a) = m!nim/zdn,f(a/) 1ozi<-~-<oz,/n<n 1_[ lotlf’:k,'v

i=1
G P— n1/2 X (Wal’/(al/ + 1> _ Wal’/(()[_l/))
i n n

L (fn) = ch,f(a)Ga = DPp(cn,f, G).

so that

We are now in the framework of Theorem 3.3 and we compare ®,,(c,, r, G) and
®,,(Cn.g, G). We take ky = 1,dy =my and N =m =m’. Then |c,, flmt1,n =
|cn,glm+1,8 = 0. Let us estimate the parameters associated to ¢, r. By the conver-
gence theorem for martingales, |c,,,f|£1 = m!||f,,||% — m!llfll% > (0. We estimate
now 8, (cy, r). By using Holder’s inequality,

m 2
8£(cn,f) = mﬁ Z Z (m)2n ™™ (nm / f(s) ds)
i€[n I

j=1oc’:oz}:i
m 2
2 —m m
= max(m! n n s)1 i it1,ds
s T (o [ 113 )

m
<max(m!)? Z/I f2(s)1sje[%’%)ds

i€[n] = e

<maxm!max/ 21 i iids
T igln] jetmlJio,1m 1) Sje[g,%l)

1
Sm!||f||%pm -0

so that ey, (cy, ) — 0 and e, p(cpg) — 0 as n — 0o0. Now, (3.19) gives, for
0 <1,andn,n’ eN,

dTV(IK (fn)a IK(gn’))
(3.22) <) max(L, (1 fully ™ + lgwlly, ™) YA+ I fullz + llgwll2)™
X (e;,m(cn,f) + eZz,m(Cn/,g) + d/‘?/(l—i_zkm) (Ik(fn)» I (gn/)))a

where a € (ﬁ, 1). We take n’ > n and we notice that di (I, ( f,,), L (fu)) < || fu —
fwll2 = 0 so that the above inequality gives dpv (I (f»), I () — O asn,n’ —
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oo. It follows that the sequences I, (f;) and I, (g,), n € N are Cauchy in dty and
we may pass to the limit in (3.22) in order to obtain (3.20). [

We give now the analogous of Theorem 3.3 but in terms of Kolmogorov dis-
tance. Here, one needs no more Doeblin’s condition nor nondegeneracy conditions.

THEOREM 3.7. Suppose that X and Y verify (2.1) and are such that Z(X)
and Z(Y) both satisfy (2.13). Let ¢, d € C(R) be two families of coefficients such
that |c|y > 0 and |d|n > 0 and such that 5,(c), 6+(d) < 1. Then, for every k > 3,

and 0 € ((I—Jlrk)z, 1) there exist C > 0 and a € (ﬁ, 1) such that

dxol(ON .k, (¢, X), ON k. (d, Y))
(3.23) <C(1+ eIy +1dI7M) (1 + e + 1d)) !
« (SZ/(sz+1)(C) +52/(2kN+1)(d) Jroz/(2kN+1))

0y being defined in (3.17), where C > 0 denotes a constant depending on N, suit-
able moments of X and Y and on the lower bounds X\ in (2.13) applied to Z(X)
and Z(Y).

REMARK 3.8. Note that (3.23) is in terms of 82/ ¥V (¢) whereas in (3.19)
it appears e, ny(c), which is much smaller. But we need that X, and Y,, satisfy
Doeblin’s condition D (g, r, R).

REMARK 3.9. Another tempting approach to inequalities of type (3.23) is the
following (we thank to the referee for this suggestion). One would like to use the
classical inequality dxo1(A, B) < /Cdi(A, B) where A and B are random vari-
ables and B ~ p(x)dx with the density p bounded by C (see [1] for a proof). In
our framework, one has to take B = Qy . (d, Y) where Y = (¥;)keN is a sequence
of independent standard normal random variables. Although it is known that the
law of multiple stochastic integrals is absolutely continuous, it is not clear that
the density is bounded, so we are not able to use this approach directly here. The
counterpart of this regularity assumption is hidden in the influence factor which
represents a bound for the Malliavin derivative (see (1.7)).

PROOF OF THEOREM 3.7. We consider the Gaussian random vectors G x and
Gy corresponding to Z(X) and Z(Y), respectively, and we use Theorem 2.3 (see
(2.14)) in order to obtain

dxol(On k., (¢, X), ONk,(d,Y))
< C(8Y 3N () 4 81BN (@) 4+ dgor(Sn (¢, Gx), Sn(d, Gy)).

Using the same argument as in the proof of Theorem 2.3 (Cov(G x) and Cov(Gy)
are invertible), we may assume that Gx and Gy are standard Gaussian random
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vectors so that Sy(c, Gx) and Sy(d, Gy) are multiple stochastic integrals. By
dgol < dtv and by (3.21)) first and (2.11) (recall that Oy ¢, (c, X) = Sn(c, Z,(X)
and d; < d3), then

dxol(Sn (¢, Gx), Sn(d, Gy))
<drv(Sn(c,Gx),Sn(d, Gy))

< CO+ el + 1dIZ) (1 + [e] + 1))

s dV/ PN (g (e, Gx). Sn(d. Gy))

_ _ S5k+1
< C(1+ eIy +1dI*) (1 + le] + 1d1)>*F
% (32/(2kN+1)(C) +82/(2kN+1)(d)

+dV PN (4 (e, X), O (d, Y)). 0

We give now the invariance principle.

THEOREM 3.10. Let X = (X,)neN be a sequence of independent and cen-
tered R% valued random vectors which verify Hypothesis M(e, r, R) and Gx =
(Gn.x)neN, Gn.x € R™ a sequence of independent and centered Gaussian ran-
dom vectors such that Cov(G,, x) = Cov(Z,(X)). Suppose that for some m < N,
one has |c|, > 0. Let 0 € (%, 1). Then there exist C > 0 and a € (}‘, 1], which
depend on the parameters €, r, R, ky, N, m, 0 and the moment bounds M ,(X),
M, (Y) for a suitable p > 1 but independent of the coefficients ¢ € C(R), such that

drv(On k. (¢, X), Sn(c, Gx))

_ 2(ksxm+1)

(3.24) < Cmax(L, [c|m " )“(1+|c|)19/2

(%) 26
6k 1 Fsem
X (65T +1el 0 ).

PROOF. This is an immediate consequence of Theorem 3.3 with k = 3 and of
Theorem 2.2. We have also used (3.16) in order to replace e, n(c) by 8§(C)|c|;2.
O

In a number of concrete applications (see, e.g., Theorem 4.1), one takes
Sn(c, Z(X)) = fo:m ®,,(c, Z(X)) and, asymptotically, ®,,(c, Z(X)) represents
the principal term. In particular, we focus on c(«) with || = m. So we use the
notation c(y) () = c(a)1{j¢|=m). Having this in mind, we can state the following

result.

THEOREM 3.11. Let ¢ € C(R) be such that c(a) =0 for || <m — 1 and
Il > 0. Suppose |clms1.n < 1.
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A.If G = (G,),eN denote independent centered Gaussian random vectors then,
for every 6 € (%, 1) there exists a € (%, 1] such that

drv(Sn(c, G), Pp(c, G))
(3.25) _2, s 0
= Cmax(l, |c|mm) (1 + |C|) (lcl,inrll’]v + em,N(C(m))a)-

B. Let X satisfy M(e,r, R) and let G = (G,)nenN, G, € R™, be a sequence
of independent and centered Gaussian random vectors such that Cov(G,) =
Cov(Z,(X)). Then for every 6 € (%, 1) there exists a € (%, 1] such that

drv(ON i, (¢, X), P(c, G))
(3.26) _ 2(kgm+1)

Tem  \Q L 6k*Z1+1 ki%/\Zme-H
< Cmax(L, [¢|m )AL+ 1el) 2 (65" (eam) + lely N )-

C. If Z(X) satisfies (2.13), then for every 6 € (%, 1) there exists a € (%, 1] such
that
dkol(Qn .k, (¢, X), P (c, G))
(3.27) _2mtn 5, i
<Cmax(L,[clm ™ )'(L+ 1)’ (87" (com)) + |c|m"f:1’N).

In the above estimates (3.25), (3.26) and (3.27), C > 0 denotes a constant inde-
pendent of the coefficients ¢ € C(R).

PROOF. One has di(Sy(c, G), Pn(c,G)) < [[Sn(c, G) — @plc, G)|2 <
|¢|m+1,n, 50 (3.25) follows from Theorem 3.3 (see (3.19)). Using (3.25) and (3.24),
we obtain (3.26), and (3.27) follows from (3.25) and (2.14). O

3.3. Gaussian and Gamma approximation. Theorem 3.11 has the following
interesting application: if one considers a sequence of coefficients ¢, € C(R),n €
N, the study of the asymptotic behavior of Oy k,(cu, X),n € N reduces to the
study of the asymptotic behavior of ®,,(c,, G),n € N, where G = (G,),enN, Gy €
R™=*, is a sequence of independent and centered Gaussian random vectors such that
Cov(G,) = Cov(Z,(X)). Since ®,,(c,, G) is (nearly) a multiple Wiener stochas-
tic integral of order m, this problem is already treated at least in two significant
cases: the convergence to normality and the convergence to a Gamma distribu-
tion. In fact, the convergence to normality of the law of ®,,(c,, G) is controlled
by the fourth moment theorem due to Nualart and Peccati [35] and Nourdin and
Peccati [27], and the convergence to a Gamma distribution (and in particular to a
x2 distribution) is treated in [27]. In order to give the consequences of these re-
sults in our framework, we have to identify the link between the notation in our
paper and in the above mentioned works. Note that the coefficients ¢ € C(R) have
been defined as c(a) with o = (a1, ..., am), a; = (o}, @/'), with &’ on the simplex
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o) <--- <ay,. We extend them by symmetry on the whole (N x [m.])" and we
denote by ¢, this extension. So we will have

Dplc,G)= Y c(a)G":— > (@G

|o|=m " lal=m

The second point is to write the sequence of multidimensional random vectors
G,=(Gn1,...,Gum,) € R neN as asequence of one-dimensional random
variables G, € R, n € N and to reindicate the coefficients in a corresponding way.
But we have to note first that G, 1, ..., G, are not a priori independent, because
Cov(G,) = Cov(Z,(X)) is not the identity matrix. So we have to assume that
Cov(Z, (X)) is invertible and we first use (2.16) in order to write

1 o
P(c, G) = — > (@G

" |a|l=m

with ¢ defined in (2.15). Now 6,1,1, eee, 5,,, m, are independent and we are ready
to write them as a sequence. We define / : Nx [my] - Nby I(n, j) =n xmy+j.
Setting |x] and {x} the integer respectively the fractional part of x, the in-
verse function J = I~! : N — N x [m,] is then defined as follows: J(n) =
(Ln/mec], (n/madm) if {n/my} > 0 and J () = (n/moc] — 1, mo) if (n/m.) = 0.
We extend this definition to multi-indexes: if 8 = (n1,...,n,;) € N then J(8) =
(J(ny),. J(nm)) e (N x [m* 1™; and to coefficients: 1f f(Nx[m])" >R
we deﬁne f N" — R™ by f (B) = f(J(B)). Moreover, we consider the sequence
Gn= G jn),n € N. Then

@, (c, G) = — Z Cs(a)G" = — Z & (@) G*

|oc| =m |ot\ =m

with the convention that now we work with the multi-index o € N™. Note that
®,, (G, G) is a multiple stochastic integral of order m.

We introduce now the “contraction operators.” For 0 <r <m and «o, 8 €
I'—r, one denotes ¢; ®; ¢;(a, B) = > yer, ¢s(a, y)¢s (B, v) with the convention
that for r = 0 we put ¢; ®q ¢s (o, B) = ¢s()cs(B) and for r = m, 5 Qp s =
ZyeI‘m Cs(y)Cs(v). Note that, even if ¢y is symmetric, ¢y ®, C; is not symmetric,
so we introduce ¢y ®; Cy to be the symmetrization of ¢y ®, Cy.

We introduce now

K4.m (Z‘})

12 2 2m —2r\ ~ ~ ~ 2
= Zm |CS ®r CS|2(m r)+ m—r |Cs®rcs|2(m_r) .

It is known (see [27]) that k4, (Cs) is equal to the fourth cumulant of &, (c;, 6),
and moreover, it is proved in [27] that, if A is a standard normal random variable,
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then
(3.28) drv (P (@, G). N) < Ciy2 (@),

Using this and Theorem 3.11, we immediately obtain the following.

THEOREM 3.12. Let N be a standard normal random variable and let ¢ €
C(R) be such that c(a) =0 for || <m — 1 and |c|;, > 0. Suppose |c|m+1.8 < 1.

A. If X satisfies M(e, r, R) and, for every n € N, Cov(Z,(X) is invertible, then
for every 0 € (}1, 1) there exists a € (%, 1] such that

drv (0N, (c, X)), N)
 2(kgm+1)

(3.29) < Cmax(1, [e|n ™" )(1+|c|)

lE

6 260
M *Mm m 1/2
x (8 (C<m))+|c|f§1+112\7+1 + iy (@)).

B. If Z(X) satisfies (2.1) and (2.13), then for every 6 € (Z’ 1) there exists a €
(%, 11 such that

dKOl(QN,k* (C’ X))’ N))

2(m+1)

(3.30) <Cmax(l, [cly "™ )*(1+]c])’

x ( ]%N(C(m)) + |C|,f{"4:11 N JrK4 m(Cs))

In the above estimates (3.29) and (3.30), C > 0 denotes a constant independent of
the coefficients c € C(R).

This is a generalization of the “fourth moment theorem” to stochastic polyno-
mials. However, there is a difference because the influence factor §.(c) appears
in (3.29). One may ask if it is possible to control the distance between stochastic
polynomials and the normal distribution in terms of x4 ,, (Cy) only. The following
useful remark from [30] (see (1.9)) allows to do it:

~ 2
K4,m(Cs) = |C Rm—1 C|2

- X (X c(a,y>c(ﬂ,y>)2

le|=|Bl=1 "ly|=m—1

> ( Y Al y))2

le|=1 “fy|=m—1

2
zmax( Z 6‘2(01,3/)) =5£(C(m))'

lyl=m—1
This gives the following.
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THEOREM 3.13. Under the hypothesis of Theorem 3.12A, one has
_2
drv(Qn .k, (¢, X), N) < CmaX(l, el ™) (1 + |cl)

26 0
Bkxem~+1 +1 Tem 7\ 2Zm+1
X (5 @) + el 7T

19
2

and under the hypothesis of Theorem 3.12B, one has

2

dkol(Qn k. (¢, X), N) < Cmax(1, |c|n™)* (1 + |c])’
X (KiZfN (cs) + |C|im++f N)

REMARK 3.14. Notice that the power of k4, (c;) is smaller than %, so there
is a loss with respect to the classical fourth moment theorem. The estimate with
the right power % has recently been obtained in the following particular frame-
work: assume that d, = k, = 1 so that &,,(c, X) is a multi-linear polynomial.
Assume also that the random variables X,,, n € N are identically distributed. Then,
if E(X f) > 3, the convergence to normality is controlled by k4 ,,(cy)) only (see
Theorem 2.3 in [29]).

We discuss now the convergence to a Gamma distribution. For v > 1, we con-
sider F'(v) a centered Gamma distribution of parameter v: F(v) =2G(v/2) — v,
where G (v/2) has a Gamma law with parameter v/2 (i.e., with density g,/2(x) o
xV/2le=x] +>0)- If v is an integer, then F'(v) is a centered chi-square distribution
with v degrees of freedom. We introduce

~ ~ 2 ~ ~ ~ ~
Do (@) = (v = ml[Ts[5,)” + 4m!|0p X T B2 Cs — Cul3p_,
2 2 (m—1Y" 2
+m* Y @m=2r)l(r— 1) (r_1> s ®r Cs 15,
re{l,...m—1}

with 6, = %(m /2)!(,,1’72). Combining Theorem 3.11 and Proposition 3.13 from
[27], one obtains
di (P (e, Z2), F(v) < Cny/n @)

If v is an integer, then F(v) has a centered XZ(U) distribution, so may be repre-
sented as a polynomial of degree two of Gaussian random variables. Then, using
Theorem 5.9 in [9], one obtains

dTv(CD (c, 2), F(v))<d;+(cb (c, 2), F(U))<C771/2(m+1)(c)

Then, using Theorem 3.11, we obtain the following.
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THEOREM 3.15. Let X, be a random variable with a centered x?* distribution
with v degrees of freedom.

A. If X satisfies M(e, r, R) and, for every n € N, Cov(Z,(X) is invertible, then
for every 0 € (}‘, 1) there exists a € (%, 1] such that

drv(OnN i, (c, X), X))
2

(3.31) < Cmax(1, e]™*™)* (1 4 |¢l)

19
2

R 20
< BT (€) e (O + el 7T + 2D @),

B. If Z(X) satisfies (2.1) and (2.13), then for every 0 € (Z’ 1) there exists a €
(%, 1] such that

dxol (ON k. (c, X), X))
_2
(3.32) < Cmax(1, c[n™)* (1 + c])’

1
X (31 () + Il 2y + emy (@) + 20D @),

In the above estimates (3.31) and (3.32), C > 0 denotes a constant independent of
the coefficients ¢ € C(R).

4. Examples.

4.1. U-statistics associated to polynomial kernels. Let us first shortly recall
how U-statistics appear. One considers a class of distributions M and aims to es-
timate a functional 6 (u) with 4 € M. In order to do it, one has at hand a sequence
of independent random variables X1, ..., X, with law u € M, but does not know
which is this law. The goal is to construct an unbiased estimator, that is, a sequence
of functions f, : R* — R, such that the estimator U, = f, (X1, ..., X,) converges
to 6(u), and moreover, E(U,) = 0(w) for every i € M. This means that the esti-
mator is unbiased—and this is the origin of the name U-statistics. In 1948, Halmos
[21] asked the question if such an unbiased estimator exists and if it is unique. It
turns out that the necessary and sufficient condition in order to be able to construct
such an estimator is that 6 (w) has the following particular form: there exists N € N
and a measurable function v : RY — R such that

4.1 9(/&)=/RN Yxt, .. xn)dp(xr) - dp(xy).

In this case, one may construct the symmetric unbiased estimator f, (and if M is
sufficiently large, this estimator is unique in the class of the symmetric estimators)
in the following way:

(n - N)!
4.2) Uy = YU Xips - Xiy),s

(n,N)
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where the sum Z(n?N) is taken over all the subsets {iy,...,ixy} C{1,...,n} such
that iy # i, for k # p. It is clear that v/ may be taken to be symmetric (if not, one
takes its symmetrization).

When ¥ (x1, ..., xy) is a polynomial, this fits in our framework and our results
apply but, for example, ¥ (x1, ..., xy) = max{|xy|, ..., |xn|}, is out of reach.

We fix k., N € N, we denote Iy = {0, 1, ..., ki}"V, and we define

N
(4.3) Y(X1,...,xN) = Z a(k)x’  withx* = l_[ xfj
j=1

KE/CN

with symmetric coefficients a (x) which are null on the diagonals. So ¥ is a general
symmetric polynomial of order k, in the variables x1, ..., xy. We associate to

the U-statistic Uy defined in (4 2)-

Uy = Z U (Xips--os Xiy)

.....

= (Z])_] Z Z a(k) 1_[ X

i1<-<iykely

4.4)

The above quantity is linked with the stochastic polynomlals defined in the pre-
vious sections in the following way. One takes d, = 1 and m, = k, and constructs
coefficients ¢, such that U,‘l/’ = 0Nk, (cn, X) = Sn(cn, Z(X)) with Z(X) asso-
ciated to X in (3.1): Z; x(X) = Xl]-‘ — E(Xf),k =1,..., ks The problem is that
Z; 1 (X) is centered whereas X l/f, which appears in (4.4), is not. It turns out that the
operation which consists in centering X lk in (4.4) is exactly the Hoeffding decom-
position [22], which plays a crucial role in U-statistics theory. Let us recall it. For
1 < j < N, one defines the kernels

hia = [ [paa uN)l‘[«sx,—u)(du) [T swtdu.

i=j+1
Then Hoeffding’s decomposition (Theorem 1 in Section 1.6 in [23]) is the follow-
ing:
4.5) U*”—9<u>+z(])un ,
j=1

where U: 7 is the U-statistic associated to & j in the first equality from (4.4) (with
N replaced by j).
We denote m; =E(X k ) and we compute

N
/ /1_[”1 H(le w)(du;) l_[ M(du)—l_[( ii_mki)x 1_[ mg;,

i=j+1 i=1 i=j+1
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so we obtain
hj(xl,...,xj)zz:a,(/c)]_[ " —my,) with
KEK; i=1

ks

N
aj)= Y alc kjyr,....ky) ] ma,.

kjt1..kny=1 i=j+1
We conclude that

e £ 5 S

j=1 i1<--<ijkeK;

The U-statistics U,;p is called “degenerated” at order m € [N] if h; =0 for j <
m — 1 and h,,, # 0, that is,

(4.6) Y ajk)=0, 1<j<m—1 and Y a,(x)>0.

ke Keny

We assume that (4.6) holds and we write

N N
Vol i= (U —00) = 3w (TN U = ¥ ¥ awze
= j=m =
with

~1
cn((ir, k1), ..., (i, k) =n"/? (1;’) X (’;) ajki, ... kj).

By (4.6), the U-statistic U,f is degenerated at order m € [N] if and only if
lcnlj =0 forj<m—1 and |cu|m >0,

which is the same nondegeneracy condition we are interested in.
We recall that X; ~ u and that in (2.13) we have introduced the covariance
matrix Cov(Z (X)) = Cov(u), that is,

Covl () = B((X = B(X (X ~B(X))), irj=1.. ke

We consider a correlated Brownian motion W = (W', ..., Whk) in R with
(W', WYy, =Cov"/ (u)t, i, j=1,..., ks For k = (ky, ..., ky) € K, we define
the multiple stochastic integral

52
1M(1)—/ dem/ AW, fo 1dw

and we denote

Vi = <N1jm) > am) ).

KEK
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TP{EOREM 4.1. A. If X verifies M(e,r, R) and (4.6) holds, then for every
0e(z. 1),

C .
4.7) dTV(Vm(”), Vm) = OBk with B(m, ky) = m

B. Suppose that X has finite moments of any order and that Cov(Z (X)) =
Cov(p) > A > 0. If (4.6) holds then, for every 6 € (41_1’ 1),

c . 1
4.8) dKol(Vm (n), Vm) < W with a(N) = m
PROOF. In order to use Theorem 3.11, we estimate
N . _ C
lenlmin= >, c@=Cn"x Y n ¥ xn!x|ale=<—,
m+1<|a|<N j=m+1 "
1
el = Y cr(e) = c X > ap (k) > 0.
la|=m kem
Finally, we study the influence factor:
N ) : C
82(cn) = max Y ) lpeay <Cn" x Y 7 xn/ 7l = —
m<la|<N j=m
Then (3.26) gives
IO e 0. 0. ) = ¢ (=) T 4 (L))
< — —
TV N,k* c, ’ m c, —_ ﬁ \/ﬁ
1
<C——F—.
71 2(@ksm+T)
And by employing (3.27), one has
1 (%)
1 \ 1% 1\ 2mf1
da(Qx (e ). @ute. @) = (=) 7+ (=) )
1
<C——->p—.
§ XT3N O

4.2. A quadratic central limit theorem. For p € (0, %], we look to the
quadratic form

! Xn: 1 ! ZZ if 0 !
ity =2 Z;j fO0<p<—,
nl-p 4 {i#]} i — j|P i4j p )
4.9 Sn,p(Z) = U

! ZH:I ! Z;Z; if _ !
(2n1nn)1/2l.j:1 {z¢1}|l~_j|1/2 i4j 1P—2,
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where Z;, i € N are centered independent random variables which have finite mo-
ments of any order. We prove here that that if p < % then S, ,(Z) converges to

a double stochastic integral whereas for p = % the limit is a standard Gaussian
random variable. In our notation, we have d, =1, k., =1, N =2 and

Sn,p(z) = QZ,I(Cn,p’ Z) = SZ(Cn,p, Z),
where ¢, (o) =0 for || # 2 and if |o| =2,
2 £0 1
A pia — o 1p =aj<di<n) Hv<p=<73,
410) ey =" "l -2l .

(2n 1Hn)1/2|o[; _ Ol/2|1/2 l{lgaﬂ <ah<n}

THEOREM 4.2. Let Z;,i € N be a sequence of independent and centered ran-
dom variables, with E(Zl-z) = 1 and which have finite moments of any order.

A. Let p < % We denote I, () = fol fol VY, (s,t)dWsdW,, W being a Brown-
ian motion and (s, t) = |s —t|~P. Then for every 6 € (%, 1) there exists n, and
C such that for n > n,

C
(4.11) dKOl(Sn,pa IZ(Wp)) = aoay
n 5
Suppose moreover that M (e, r, R) holds. Then for every 0 € (}1, 1) there exists n
and C such that for n > n,

C
(4.12) dTV(Sn,p’ Iz(wp)) < BNIE=TR

ns 15

B.Let p= % We denote A a standard normal random variable. There exists n,
and C such that for n > n,

C
4.13 dkol(Sn,1/2, A) < ———.

Suppose moreover that M (e, r, R) holds. Then (4.13) holds with dtv instead of
dxol-

REMARK 4.3. The nice feature of the above result is that there is a change of
regime if p < 1/2 or p = 1/2:if p = 1/2 the singularity in |i — j|~7 is sufficiently
strong in order to pass from the second-order chaos to the first one (Gaussian),
whereas if p < 1/2 then one remains in the second chaos.

PROOF OF THEOREM 4.2. We extend by symmetry the coefficients ¢, ,(c)
to all indexes @ = (o1, o) with o # . We denote t; = % and we define

wn,p(s’ t) = C}’l,p(i’ j)l[li,li_H)(s)l[lj,lj_H)(t)'
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Let us prove that

4.14) / / |1ﬂp(s 1) — Y, p(s, t)| dsdt < ——

nia-2p)

We take g = % and we write
1,1 5
[ [ o, = vps.0Pdsd <14+
0 Jo

with

= (52 1) = Y p (5. 1) P ds i,
|[s—t|>1/n4

J= [y (s, 0)[* ds dt, J/=/ | p (s, )| ds dt.
|s—t|<1/n4 |s—t|<1/n4
Note that if [s — #| > 1/n? then
< ! < ¢
‘I//p(sv t) - 1//n,p(5, t)‘ =—X |S — t|p+1 = nl_q(p+1)
so that
C

<.

— n2(—g(p+1)
Moreover,

1 ttag  ds C
J:2/0 dt/o =

Finally, by comparing Riemann sums with the corresponding integral,

1
nzZZm

i=10<|t;—t;|<1/n4
1 1 C
<—<2n+z > P -—;-|2p>5n_2(2”+”57nq<1—2m‘
i=10<|t;—tj|<1/n? fi J
li—jl=2

Since g = %, we obtain (4.14). It follows that, for sufficiently large n,

1 rl rl ) ) . X
5_/0 _/; [Wp(s, )| dsdt < |cp| :/; /o Y p (s, 1) > ds dt
1 pl 5
52/ / ’wp(S,f)’ dsdt.
0 JO
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We also have

82 w(cn,p) —maxz !

lizjy < —
i<n ~ I’lz(1 p) |l j|217 iy = n

Note that S, ,(Z) = S2(cy, Z) and Sz(cp, G) = L (Yy,p). Using Theorem 2.3
(with N =2), Theorem 3.4 (see (3.20) with k =1, m =2, }t <6 <1)and (4.14),
we obtain

dKol(Sn,p(Z)v IZ(wp))
= dKo](SZ(Cn,pa Z), SZ(Cn,p» G)) + dKol(IZ(I//n,p)’ 12(1//17))

0/5 1 1
< COY np) 1 = V189 = € (g + sy )
n 15

so (4.11) is proved for dko-
We suppose now that Z verifies M1(e, r, R) and we use Theorem 3.10 (see (3.24)
with N = 2) in order to obtain

drv(Sp, p(Z), () < CE P (en) + 1Vp — Y pll

1 1
<C
B (n9/26 + nf—s(l—m)
s0 (4.12) is proved for dtv also.

B. We have S, 1/2(Z) = S2(cy, Z) with (recall that t; =i /n)

Qi 1 ! 1 1 ! 1
en(i, j) = 4] 73 = By -
nit-J V2nlnn Hé]ll—ﬂl/2 V2Inn 17&]|fi—fj|l/2

We note first that

0/5

n
Ini +In(n —i) <Y Lizjli — jI7' <24 Ini +In(n —i).
j=1
These inequalities are easily obtained by comparing Z?=1 Ligjli — jI~' with

Sti—yi=1/my 1ti = t|~! dt. It immediately follows that

1 1
- — <leal <14 —
Inn Inn

and 8, (c,) < f Now, using Theorem 2.3

C
dKol(SQ(C”, Z), S2(cp, G)) < 7

and, if Z; satisfies D (¢, r, R), we use Theorem 3.10 and we obtain

C
dTV(SZ(Cn, Z), S2(cy, G)) = 0726
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Now we have to estimate the total variation distance between S>(c,, G) =
®5(c,, G) and the normal random variable A. In order to do it, we use (3.28),
so we have to estimate the kurtosis « (c,). We denote a(i, j) = 1;«;|i — j|_1/2 and
we write

1

®1al, j)=Y Lzl xl
axyall, j)= ki Lk#£j -
— Pl allt; — il n

1
<24 oy
= 2 S =il =] 7

k<[]

1
+ Lii, j
2 S =ty — ] 7

k>[5 141

1 dr
Y
o VIt —tlltj —1]

In order to obtain the last inequality, one just looks to the graphs of the functions
t (|t —t||tj—t )~1/2 and to the graph of the step approximation of this function.
The step approximation is below the function in these regions. Moreover (see [5]
Lemma B1 for a complete computation),

/1 \/l—ti‘i‘ l—tj
L —— A | P .
o Iti —t[ltj —1] NGV

It follows that

2 2
k“(cn) =lcn 1 cnl” =

» 21 yrrec Z<a®1a) Q. J)

(4.15)
<2(71+2) 2 Vi=ti+ /1=t ¢

2 <
In’n n2In? n§ Vi — Gl " In’n

The statement now follows from Theorem 3.12. [

REMARK 4.4.  Let us point out that the polynomial S, ,(Z) in (4.9) represents
a particular example of general (nonsymmetric) U-statistics which are discussed
in [17, 18] but there one discusses convergence in Wasserstein distance.

5. Stochastic calculus of variation under the Doeblin’s condition. We as-
sume that the sequence X = (X;)neN, Xn = Xn.1,.-., Xn.d,) € R%, of indepen-
dent random vectors satisfies Hypothesis 91(e, r, R), that is, the Doeblin’s con-
dition ® (e, r, R) and the moment finiteness one. We strongly use here the repre-
sentation (3.9) discussed in Section 3.1, that is, X,, = x, V,, + (1 — x,) U, n € N,
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where x,, Vu, U, are independent with laws given in (3.8). The goal of this section
is to present a differential calculus based on V,,, n € N which has been introduced
in [4, 6] (and which is inspired by the standard Malliavin calculus).

5.1. A regularization lemma. To begin, we introduce the space of the simple
functionals. We denote by A, the set of multi-indexes @ = («1, . .., o) With ; =
(n;, ji) € N x [d4] (in contrast with the definition of I',,, we do not impose that
ny <--- <n,). We also consider the finite dimensional Hilbert space U = R? (for
some d € N). We work with polynomials with random coefficients

N
Py =Y Y d(@x®,

m=0a€eA,

where x = (X,)neN With X, = (Xp.1, ..., Xn.4,) € R% and x* = [T7L xa;. The co-
efficients d(«) € U are random variables which are measurable with respect to
0 (xn,Un,n € N) and so, in particular, are independent of (V,,),en. We define
Py (U) to be the space of the polynomials of order less or equal to N, computed
in x, =V, thatis F € Py (Uf) if
N
F=pPy(V)=)_ > d@V*.
m=0aeA,,

In particular, our polynomials Qx k,(c, X) belong to Py (U). We set P(U) =
Un Pn (U) and we note that P () is dense in LP (2, F, P) with F = o (X,,n €
N). So we will define first our differential operators on P (lf), then we extend them
in the canonical way to their domains in L? (2, F, P).

Let F e PU),so F = Py(V).Forn € Nand i € [d,] we define the first-order
derivatives

Dn,iF = Xn X an,iPN(V)-
Notice that
dON k. (c, X)
OVn.i

We look to DF = (D, ; F)neN,ic[a,] s to a random element of the following
Hilbert space H(U):

00 00 dy
(5.1) HU) = {x e QU™ : x50 =Y > Inily < oo}.
n=1

n=li=1

Dy i On i, (c, X) =

So D : Py(U) = Pyn_1(HU)). The Malliavin covariance matrix of F € P(U)4
is defined by

0o dy
(52) o) =(DF' . DFI), 0 =33 DyyF x DyyF/, i j=1,....d.
n=1[=1
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Moreover, we define the higher order derivatives in the following way. Let
m € N be fixed and let @ = («y,...,ay) with «; = (n;, ji) € N x [d,]. For
F =Py(X) e P(U), we define

m
j=1
5.3) !

— (]‘[ X,,j)ao,PN(V).

j=1

We look to DMWF = (Dém)F)aeAm as to a random element of H,, () :=
HE™U), so D : PyU) = Pyn—m(HE"(U)). For m = 1, we have DWW F =
DF.

We define now the divergence operator (recall that 6, is defined in (3.6))

00 dy

(5.4) LF ==Y (DniDniF + DyiF x ©,;) with
n=1i=1

(5.5) Oni =26, (1Xni = Xnil ") Xni = Xni)-

Standard integration by parts on R gives the following duality relation: for every
F,GePU),

(5.6) E((DF, DG)H(u)) =E((F, LG)M) =IE((G,LF)M).
We define now the Sobolev norms. For ¢ > 1, we set
q
(5.7) |Fligu=Y_|D"Fl|yeng, and [|Flgu=IF|+|Fliqu-
n=1

Moreover, we define

58 NFligpu=EIFE, N NFlgpu=E(F)P.

Finally, we define the Sobolev spaces
o0 0
(5.9) Py =P et g, DUy = () () DY),
q=1 p=1
As usual, we will drop the notation &/ when U/ = R.
The duality relation (5.6) implies that the operators D and L are closable so
we may extend them to D?-” in a standard way. We recall now the basic computa-
tional rules. For ¢ € CSOI(}RM yand F € PM, we have

M
(5.10) D¢(F)=Y_9;¢(F)DF’,
j=1
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and for¢p € C 01(IRM)

(5.11)  Lé(F) = Za ¢(F)LF/ — - Z 08¢ (F)DF', DF/)y .
j=1 lj 1

REMARK 5.1. For any n, j and k < k,, we take F = X’n"j and we get

C
(5.12) E(LX ;)=0 and ||LX’,;qu,p5— M5, (X),

the above constant C > 0 depending just on k., p, g. In fact, the first equality
follows from the duality formula (5.6) (take G = 1). Moreover, by (5.10),

LX) :kX’,;jLX,,,j + 2k (k — l)Xk/ Xns
so that

125 i < KIX0 5 g 2p 1L X g 2p + 2k Gk = DX,

Hq p— q,2p| ”q p

It is easy to check that ||Xfl’j llg2p < l!MZIj*p(X) for ! < k.. Moreover, by (5.4) and

(3.10) there exists a universal constant C such that | LX), jll4.2p <
(5.12) is now proved.

p + ——. Equation

We give now the “regularization lemma,” firstly studied in [3]. To this pur-
pose, we recall that a super kernel ¢ : RY — R is a function which belongs to
the Schwartz space S(R?) (infinitely differentiable functions which decrease to in-
finity faster than any polynomial), [ ¢ (x)dx = 1, and such that for every m > 1
and for every multi-index o with |o| = m one has

[ omdy=0 and [ 1"lp(ldy <o,

Super kernels are used in several approximation problems in the literature. In or-
der to construct a super kernel, one just takes the inverse Fourier transform of a
function in S(RY).

For & € (0, 1), we define ¢s(y) =8~ ¢¢(8~'y) and for a function f : R? — R
we denote f5 = f * ¢s, the symbol * denoting convolution. Then we have the
following result.

LEMMA 5.2. Let F € P(R)d and g € N. There exists some constant C > 1,
depending on d and q only, such that for every f € Cp(RY), every n,8 > 0 and
a<1,

3?
(5.13) |E(f(F)) —E(fs(F))| < C||f||oo(P“<detoF =n+o5 | Kq.0(F) “2),
with
(5.14) Kg0(F) = (1F|1g414 LF|) (14 |Fl1g01)*.
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PrROOF. If f € Cg (R?), then the statement is proved in Lemma 5.3 of [6]
(see (5.19) therein with m = 0). For f just continuous, the assertion follows by a
standard density argument. []J

5.2. Estimates of the Sobolev norms. Throughout this section, we assume that
X verifies (e, r, R) and we estimate the Sobolev norms of Oy x, (¢, X) and of
LOn k,(c, X). To begin, we give an abstract lemma.

LEMMA 5.3. Let k € N and let By, ;, Ay € D*®WU), ©,; e D°R), n e N,
i=1,...,k be such that B, ; is (X1, ..., X,) measurable and ®, ; is o(X,)
measurable with E(®, ;) = 0. We consider the process

J ok
(5.15) Yy= Z ZBn—l,iG)n,i +Ay.

n=li=1
Then for every g e Nand p > 2,

max || Y,
Py’ ” n”lxl,q,p

(5.16) J—1 172
<qby maxn@nnqp(z 1B, ||z,,q,,) +max [ Anllg.p.
n=0 -
with
1017, Zn@nln”, 1Bullyg.p = ZuBn,uuq,,

PROOF. We take first ¢ = 0. Since ®,, and B,,_ are independent, one has

k
> OniBu-i
i=1

Moreover, since E(®, ;) =0, M,, :=="1", Zfil B,—1,i0, ; is a martingale. So,
by (2.6)

2 k 2
2 2
< <Z | Bn—1,illes, p % ||®n,i||p> < 1Oull I Ba-1llz, -

U,p i=1

1M ||up<b22||® 121 Ba-11Z,

b maxll@nll (Z | By — l||u p>

and (5.16) is proved for g = 0. Take now g = 1. We have

m ks
7m =DY,, = Zzﬁnfl,i(an,i +Kma

n=1i=1
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where Ay, =Y, Zf*zl(DG)n,i)Bn_Li + DA, and B,,; = DB, ; is measurable
w.r.t. o (X1, ..., X,_1). Notice that Y ,,, By ; and A,, take values in H.(I/) (defined
in (5.1)). So, by applying the step above, we get

DY,
Irlllsa;i I DYl p

1/2
<b maX”D®n”p<Z ||Bk||H(u) p> +In?g§”Am”H(Z/I),p-
k=1 =

Notice first that || Billyw).p < IBillu.1.ps IDAklln@n.p < I Akll1,p and
DOl p < 1Onll1,p. So it remains to estimate

m ks

= Z Z(D(n/,i’)Qn,i)Bn—l,i.

n=1li=lI
For n #n’, one has D, j/)®, ; = 0 so that

k
Ly (n/v l/) = 1{n’§m} Z(D(n/,i’)®n’,i)Bn’fl i
i=1

It follows that

[ Im |H(u) Z Z ZD(n/ t/)®n iBn—

n'=li'=1li=1 M

m  dy m
2 2 2 2
<D D in®OwlP1By—ily < D 1O [{I1Bw—1lg-

n'=1i'=1 n'=1

Then, using the triangle inequality,

ulml@(m,p:|||Im|%<u>||p/2_ZHi@ 1Byl

—Zm@ |1||,,/2|||Bn_1|uu,,/2smaxn@nnl,,Zan i,

n=1

So the proof is completed for ¢ = 1. For general g, this follows by recurrence. [

PROPOSITION 5.4. Foreveryq, N € Nand p > 2, one has
(5.17) lon (e, <M}, x|cl,

(5.18) ILON(, X)), , <

with My , = bpqk My, ,(X) and C, ,(N) is a constant which depends on N, q,
p, ki, dy, =4t and on My, p(X).

g.p =
q,p(N) x [cl,
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As a consequence, there exists C > 0 depending only on N, q, p, r=@+ k.
dy and on My, ,(X) such that

(5.19) 1Kq.0(On 4, (e, X)) |, < Clel? (1 + )™,
Kq,0(OnN ., (c, X)) being defined in (5.14).

PROOF.  We prove this by recurrence on N. The case N = 1 is straightforward,
so we suppose N > 1. For a multi-index 8 with |8| = m, we define ¢/ (8) =
lg: <nc(B, (n, j)) and we write, with Z = Z(X),

00 My

Oni (. X)=c(@)+ D> Y Zy ;On—1.k(c", X).
n=1 j=I
We first prove (5.17). We will use (5.16) with B, j = On—1x, (™, X), Opn,j =
Zy,j and A, = 0. Notice that | Z, jll4,p < k«!Mj, ,(X). Using the recurrence hy-
pothesis, we obtain

o0 My

12
|0 ae 01, bkt 00 3 01 e D)

n=1 j=1

00 My

SMéYp<ZZ > lc”’j<“>'2>=MéYplcl

n=1j=1|a|<N—-1

s0 (5.17) is proved. ‘
We prove now (5.18). Since (DZ,, j, DON—1,(c"/, X))3u) =0, we get (see
(5.11))

o0 My
LONK(c, X)=) "> On-1x ("', X)LZy ;
n=1 j=lI
o0 My .
+3Y > ZujLON-1(c™, X).
n=1 j=1

So we are in the framework of Lemma 5.3 with B, ; = QN_Lk*(c”’j, X),
On,j=LZ, ; and

m  dy
Am = Z Z Zn iLON—1k, (", X).
n=1j=1

We compute first || Ayl p,q. In order t0'd0 it, we use once again Lemma 5.3 with
Onj=Zyjand B, j =LON_1 £, (™, X). We get

m  dy

12
[l < Mq,p(z S L Qw1 (. X) uq,,,)

n=1 j=I
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m dy

1,2
=My pCqp(N — D(Z Z|Cn’j|2> =My pCq.p(N —1)c|,
n=1 j=I

the last inequality being a consequence of the recurrence hypothesis. We come
now back to LQ y k, (¢, X) and we use the previous lemma:

m  dy

12
|ZON k. (c. )], , < qbp max “LZn,j”q,p<Z Yolon-tx (™, X)||q,p>
n=1 j=1

+ My, ,Cq.p(N = Dcl.
By (5.12), we have || LZ, jllq.p < Cr=@*D ML (X) so we obtain

ILON k(. X)],,

_ _ ke
<(gbp,M)'Cr ("“)Mzk*p(X) + M, ,Cq.p(N = 1))]c|. O

5.3. Estimate of the covariance matrix. In this section, we give estimates for
the Malliavin covariance matrix of Qy x,(c, X) which we shortly denote by oy .
We restrict ourselves to the scalar case, so that Oy, (c, X) € R=U and oy
is just a scalar. We start from a precise formula of the Malliavin derivative of
ON i, (c, X): straightforward computations give

Dno,j() QN,k* (C7 X)
= Dn(),j()SN(C’ Z(X))

N—1ks—1

=33 Yk DDAy ok (B xng Vi 1o 2P (X0,

m=0 k=0 BEAn,jo (m.k)

(5.20)

where Ay, j,(m, k) denotes the multi-indexes of length m which do not contain
the pair (no, kdx + jo) and where (Dc)y,, jo.k (B) = c((no, kdx + jo)) if |B| = 0 and
for |Bl=m>1,

(Dc)no,jo,k(:B)
m—1
= c(Bi, ..., Bi, (no, kdi + jo), Bi+1, - Bm) (g <pg<p!
(5.21) ; * {B;<no<B; .}
+c((n07kd*+j0)7ﬁlv~~-9ﬂm)1{n0<ﬁi}
+c(Brs -y Bms (0, kdi + jo)) Ling>p1,)-

The aim of this section is to prove the nondegeneracy estimate (5.25) in the next
Lemma 5.6, but we first need to study the conditional expectation of o given the
randomness from x, and U,,.
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LEMMA 5.5. Assume D (g, r, R). We denote by Ey , the conditional expecta-
tion with respect to o (U, xn, n € N). Then

(5.22) Eu(on) =28 Y F)x”,
la|=N
where Ag > 0 is given in Lemma 3.1 and for o = (], ), ..., (ay,, &), we set

/
=(a],..., o) and x* =T, Xa-

PROOF. We sethere Z = Z(X). Werecall that X, j = x,Vp,,j + (1 — xu) Uy, j
and we define (with k(/) and j (/) defined in (3.2))

S k() 0
Vi =V, 50 = EVajo):

— k() k(l) k()
Upi=(1- Xn)U J(z)"‘ E( n](l)) IlE(Xn,j(l))'

Then

k(l
Zn,l=XnV @

k(l k(d ~ —
wj T U= x)U, o - E(X @ )= X0 Va1 + Uny.

J@) n,j(l)
So, we have

7¢=Z7"4x*V* where Z" = > xP VP xT”.

(B,y)=a,
y#2
For every «, 6 s.t. |a| < |6], one has
(5.23) Eu,(Z'VO) = Y xPEy,(VPV?) xT" =0.
(B, y)=a,
y#9

This is because |8] < || < |0], so there is at least one 6; ¢ 8 and EU,X(VGI') =0
For the same reason, one has

(5.24) Ey,(V¥V?) =0 forevery a6 s.t. [a| < 6]

We recall that V”ko’ o= Nno’kd*Jr jo T IE(V;‘0 jO) and we use (5.20) in order to we
write
N—1
Dy, joSN (¢, Z) = Z (Ano P+ An0 SO+ An0 JO) where
m=0
ky—1 N o
AP =3 S ke DDy jo k(B Koy Vo kit jox VP,
k=0 BEAn,jo (m.k)
ky—1

n() /() Z Z (k + 1)(Dc)n0,jo,k(:3)Xno Vno,kd*-i—jo?ﬂ,
k=0 BeAp, j,(m.k)
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ky—1

;03” = > (k4 D(Dng, jo.k (B) xnoE (Vrico )z z",

k=0 BEAn.jo (m.k)
Ay, jo(m, k) denoting the multi-indexes of length m which do not contain the pair
(no, kdy + jo). By (5.23) and (5.24), one has Ey_, (A’ f;’ 1AL 0y — 0 for every
m<N-—1landi=2,3and EU,X(A';\? Jf 1Ano JO) =0 for every m < N — 1. Thus,
AN is orthogonal (in L2 (Py,)) to Day,jo Sy (¢, Z) — AN | so that

EU,X(’D?!(),./'OSN(C’ Z)| ) = IE’U X(’Ar}l\? ]101 )

Therefore,
00 dy oo dy
Evyon) =Y 3 E(|DujoSne. 2)]7) = Y 3 By, (|AY2 7).
no=1 jo=1 no=1 jo=1

Now, we write

7\;) ji) 1 — 1_[ an Z dno ]0 (a)V Wlth
i=1 la|=N

N kye—1

A, jo (@) =Y Y (k4 1)e(@) o= kd,+jo)-

i=1 k=0
For every o, there exists at most one (k, i) such that o; = (ng, kdx + jo) so that
N ke—1

dy @) =" " (k+ D (@) Lay=(up.kds+jo) -

i=1 k=0
By using (3.13),

o0 d* . /
IDIEMCINCES ZAN 2 g g @

no=1 jo=1 no=1 jo=1 le|=N
N 2 o
> AR Z (@)
le]=N

and the statement holds. [J
We can now prove the main result of this section.

LEMMA 5.6. Assume ®D(e,r, R). Let c € C(R) with |c|y > 0. Foreveryn > 0,

2¢3 2N |2 YKEN
(525) Ploy <n) < <N exp(—(smr> lglN )+ *2/(k > 1/
9 2 83 agemyle[y®

where K a universal constant (the one in the Carbery—Wright inequality) and Ag
is given in Lemma 3.1.
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REMARK 5.7. Sometimes |c|y is small and we would like to use |c|,, instead,
with m < N. We denote |c|,2nJrl N= Z,ICV:mH c2(«). Then for every h > 1 there
exists C > 0 such that

|C|%1h+1 N 2e em, \ 2" |c|?
P <nN<C———”}X—+ — (—(—) n )
oy <n) < ﬂh 9 mexp 5 8,%(6)

5.26
( ) 2Kk.m

2
AREM, |C|m/(k*m

Indeed, we denote Q11,8 k,(¢c, X) = On .k, (¢, X) — Omi,(c, X) and we use the
inequality

1/(kxm)
) (4n) .

1
on =[DON (e, X)[3 = S|P Q. (e X3 = [D Qv k. (e X[y,
in order to obtain

P(on < 1) <P(|DQms1n k(¢ X) |3, = n) + (1D Q. (c, X) |35, < 4n)

263 em, \ " |c|?

2 r m

<P(|D X3 = 9 B

<P(DQus1. vk (e X3 2 m) + =5 meXp( ( 2 ) 5%(6))
2Kk.m

Arem, el

(4n) 1/ Uern)

Using Chebyshev’s inequality and Proposition 5.4, for every A,
2 - 2h
P(}DQm—H,N,k* (c, X)|H > 77) =n h HDQm-H,N,k* (c, X) ”H(L{),Zh
<Cn7Melal iy

so the proof of (5.26) is completed.

PROOF OF LEMMA 5.6. We will use the Carbery—Wright inequality that we
recall here (see Theorem 8 in [12]). Let u be a probability law on R which is
absolutely continuous with respect to the Lebesgue measure and has a log-concave

density. There exists a universal constant K such that for every polynomial Q(x)
of order kN and for every 1 > 0 one has

El

n )1/(k*N)

plxs| Q)| <n) = Kk (5 s
%

(5.27 2
V,(0) = (f QZ(X)du(x)) .

We will use this result in the following framework. We recall that the coefficients
c(o) are null except a finite number of them. So we may find M such that, if
le| =m and &), > M then c(a) = 0. It follows that we may write (see (5.20))

on =4, 7(V),
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where qqﬁ( V) is a polynomial of order kx N with unknowns V,, j,n <M, j <d,

and coefficients depending on x, and Un, j.k- Moreover, we recall that Py , is
the conditional probability with respect to o (U;, x;,i € N). We denote by u the
law of (V, j,n < M, j <d,) under Py ,: this is a product of laws of the form
cfrr(lx — X|?) dx so it is log-concave. Then we can use (5.27). Using (5.22),

Vi) = [0, 5@ dit) =Eu om =iy Y. F@)x’
IBI=N
We take now 6 > 0 (to be chosen in a moment) and we use (5.27) in order to obtain
Ploy <m) =P(q, (V) <n)
(5.28) <P(Vulg,m) <0) +EPv.x (0, 7(V) =) v, (q, )=0))

,_ 0
= P( > AP’ = —N> + KkN (n/6) !/ M.
A
BeAN R

The first term in the above inequality is estimated in the Appendix. In order to
fit in the notation used there, we denote Ay (B8') = {a : |@| = N and &’ = B’} and

EZ(IB/) = ZaeAN(/g/) CZ(Ol). Then
Yo 2B = S )P = vy ().
BeAN |B'|=N
Now we apply Lemma A.1 with x = 6/A%. Recall that p = em, and we have the

restriction
v(Em\Y
AR 5 |-

N
(5.29) 9 =aNx < x%(%) 3 2(8)
IB1=N

We have |E|,2V = |c|?\, and

812\,(E)=m’?x > Ez(a/)=m’%%lx Y A =850

nep',|p'|l=N nea’,|a|=N
Then (A.2) gives
0 2 3 0 )LN 2
plun@) = o) <2 Nexp(_g/gzﬂz)_
)\’R 9 8* (C)|C|N

Inserting this in (5.28), we obtain
263 ( (0/AR)?

Ploy <n) < —Nexp(— ) + KkyN (5/0)"/®N)
83(0)lely "

9

Now, 6 is any constant satisfying the restriction (5.29). So, by letting 6 1
AR ((emy)/2)N [el3 = AR ((em,)/2)N [c]3;, we finally obtain (5.25). O
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5.4. Proof of Theorem 3.3. The goal of this section is to give the proof of
Theorem 3.3 so we use the notation from Section 3.

We take g € N, g > 1, and we consider the sequence A, = q . Since AZ T 1as
< kg

q — oo, we can find ¢ such that such that Az <0 <A? and since A2

q+1’ q+1 —
we get Afj <60 < Ay. We work with this Value of g and we write simply A in place
of A,. Moreover, in the following, C > 0 stands for a constant which may vary
from line to line and which depends on the parameters in the statements but not on
the coefficients ¢, d € C(R).

We define a =6/, so ﬁ <X <a <1.Weconsider 1, § € (0, 1), to be chosen
in the sequel, and we use the regularization Lemma 5.2 (see (5.13)) with the above
choice of ¢ and a. This gives

[E(f(Qn . (e, X)) = E(f5(Qn . (c, X)))I

<C||f||oo(P“<detaQNk*(c © _n>+ Kg0(Qu.s. (e X)) )

8
< Cll o (P @etrg, 0 = 1)+ Ssplel? (1 + 1))

the latter inequality following from (5.19). Moreover, by (5.26) (therein, oy =
detogy,, ), forevery h > 1 (recall that m =m v m’)

| | 1, 1 _
IP’(detaQN_k*(c,x) <n) < C(”;—JFN + em n(C) + . |2/(k*m) Tll/(k*m))-
m

So,
IE(f(On.k. (¢, X)) —E(f5(Qn.i,(c, X)))|

§C||f||oo< Uh” em,N(C)+W+|C| (1+lcl) —q)

A similar estimate holds for Oy . (d, Y). We use now ay defined in (3.18). Since
Il £5llk.00 < 8711 f ll oo One has
E(fs(Qn . (¢, X)) = E(f5(Qn k. (d, )| < k87 dk] oo

Putting this together, we get
IE(f(QN.k.(c, X)) —E(f(On k. (d, 1))

2

< Cmax(1, (Iclmk*'" +1dl,, 2 S oo

_ 84
x (ﬂm,n(c) + Oy (d) + 7B (14 Je| + |d|)5anq + 5—’<dk),
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where, for a set of coefficients ¢ and for fixed m, n,

N |
Vm,p(c) = nha + €, N (0).

We optimize first on §: we take § = ai/(quk)nzW(‘“k)(l + |c| + |d])7>4/@+R) and
we obtain (recall that A = qqﬂ € (0, 1)),

54
(14 |e] + |d|)5‘1an =5 dy =~ a} (1 + |c| + |d|)**

_ S5k
<n ka1 4 |c| + |d])
It follows that

|E(f(On.k.(c, X)) —E(f(On k. (d,Y))]

-2 2
< cmax(1, (leln™™ +1d1, * YV Flloo(1 + I + 1d])**

|C|2ha1N |d|2h’a1N B
o (P A g 00+ ) T )
We optimize now on n: we take n = )”k*m/ (@+2hkkim) , so that

— dr = /() aza/(a—i-ZAkk*m) < azu/(l—i-Zkk*ﬁ)’

the latter inequality follows from a; < 1 and, since a, A € (0, 1), a + 2 kk,m <
1 4 2kk,.m. By inserting,

|E(f(On.k.(c, X)) —E(f(Qnk. (d,Y))]

—2 2
< cmax(1, (Jeln™™ + 1d], * V) Flloo(1+ le] + 1d])**

|C|12nh—il,N |d|;%1h11 N ra/(14-2kk, )
X ha + ha +emN(c)+em/N(d)+a
ksm
Since |c|m+1 N = d”k*’”“ ,
2h -
|C|m—fl,N aah( 1+2kk*m a+kzki7<k*m)
77ha — "k :
We note that the above exponent is positive because a > A. So, we choose i > 1
and such that
h( kym Meam ) - Aa
1+ 2kk.m a4+ 2 kken) — (1 + 2kkyim)’
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so that
|c|2ha ra
m+1,N < a7(1+2kk*m)
ha ="k :
n
CS . . 2ha 2ha :
A similar estimate holds with [c[,;"Y \ replaced by |d|,}% Ly We then obtain

[E(f(Qnk,(c. X)) = E(f(On k. (d.1))|
_2 .
< Cmax(L, (lelm ™" +1d1,,"*" ) f oo (L + lel + Id1)

x (e;(ql@N(C) + eZq/,N(d) + aza/(l+2kk*m)).

The statement now follows by recalling that Aa = 6 and, from (3.18), 0x <
2Qkksm+1) 2(2kk*f+1)

Cd(QN k. (¢, X), ON ko (d. V) el i 1] 5 ).

APPENDIX: AN ITERATED HOEFFDING’S INEQUALITY

Sk

In this section, we work with multi-indexes o = («p, ..., ;) € N™ with 1 <
o] < -+ < ay and we look to

()= Y F)x”,
lo|=m
where x,, n € N, denote independent Bernoulli random variables and x* =
[T Xa;- We denote

lclh,= > *(@) and 83,(0)=m;;:1x > A

|a|=m le|=m,nea

LEMMA A.1. Let p=P(x; =1) € (0,1). If

N
(A1) x < <£> lel%
2
then
263 x2
A2 P(Wy(c? = (—7)
(A.2) (Wn(cT)<x) < 5 N exp 512\;(6)|C|]2v

PROOF. We proceed by recurrence on N. If N =1, we have

P(Wy(c?) <x)= IP’(Z M) < x)
sP(p;c%m <2x) +P(;c2(n><p )= %)
P(Zn:cz(n)(p - Xj) Zx>,
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the latter inequality following from (A.1). By Hoeffding’s inequality,

P(Z ) p—x) = X> = CXp(_ij%“z(j))

J

Since

>t = mjaxc%j) x Y () =8}©)el}
J J

(A.2) follows for N = 1. We suppose now that (A.2) holds for N — 1 and we prove
it for N. For 8 with || = N — 1, we define ¢, (B) = c¢(B, n)1{gy_, <n) and we write

Un()= > F@x* =" xn oo ABmxf

la|=N n=N |BI=N—1,BNy—_1<n

0,0
= Z XnWN—1 (C,zl)
n=N

P(Wy(c?) <x)

= P(Z Wy-i(e) < 2%) +]P’(Z (P — xn)¥n_1(ch) zx> —a+b.

n=N n=N

We estimate first b. We write

YoUnoale)= Y diBxP withd*By= Y F(B.n).
n=N |Bl=N—1 n>Bn-1

Notice that
0
diy_i= Y. Y FBm=)Y Fa=Il}
|BlI=N—1n>pn_1 le|=N
and

8]2\,_1 (d)= m]?x Z dz(a) = m]?x Z Z cz(a, n)

lae|=N—1,kea le|=N—-1,kea n>AN-1
< max Y (B =85(0).
|BI=N .kep

We also have
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so we can use the recurrence hypothesis and we get

3 2
(A.3) N-1 N—1

2 3 2
< i(N — l)exp(—%)
9 Sy(©lely

We estimate now a. We use Corollary 1.4, page 1654 in Bentkus [8], which asserts
the following: if My, k € N is a martingale such that |My — My_1| < h; almost
surely, then for every n € N,

263 x2
(A.4) PM, >x) < — exp(—i).
9 " h?
j_

Since 0 < x, <1, we have

WN_l(c%) < Z (B, n) =: hy.

[Bl=n,Bn—1<n

Notice that A, < 812\,(0) so that
n n
Y b3 <83() Y hj=85(0)lcly-
=1 =1
So, using (A.4),

o0 2 3 2
a= P(Z(P — X)¥YN-1(cn) = X> < % exp(—xi).

= sy ©lely

This, together with (A.3), gives (A.2). U
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