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Harmonic moments and large deviations for a
supercritical branching process in a random
environment
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Abstract

Let (Z,)n>0 be a supercritical branching process in an independent and identically
distributed random environment & = (£,)n>0. We study the asymptotic behavior of
the harmonic moments E [Z,"|Zo = k| of order r > 0 as n — oo, when the process
starts with £ initial individuals. We exhibit a phase transition with the critical value
rr > 0 determined by the equation Epf (&) = Emg "™, where mo = > 5207pi (o),
(pj(£0)) >0 being the offspring distribution given the environnement &,. Contrary to
the constant environment case (the Galton-Watson case), this critical value is different
from that for the existence of the harmonic moments of W = lim, o0 Z, /E(Z,[€).
The aforementioned phase transition is linked to that for the rate function of the lower
large deviation for Z,,. As an application, we obtain a lower large deviation result for
Z» under weaker conditions than in previous works and give a new expression of the
rate function. We also improve an earlier result about the convergence rate in the
central limit theorem for W — W,,, and find an equivalence for the large deviation
probabilities of the ratio Z,4+1/Z5.
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1 Introduction

A branching process in a random environment (BPRE) is a natural and important gen-
eralization of the Galton-Watson process, where the reproduction law varies according
to a random environment indexed by time. It was introduced for the first time in Smith
and Wilkinson [22] to modelize the growth of a population submitted to an environment.
For background concepts and basic results concerning a BPRE we refer to Athreya
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Harmonic moments of Z,, for a BPRE

and Karlin [4, 3]. In the critical and subcritical regimes the branching process goes
out and the research interest has been mostly concentrated on the survival probability
and conditional limit theorems, see e.g. Afanasyev, Boinghoff, Kersting, Vatutin [1, 2],
Vatutin [24], Vatutin and Zheng [25], and the references therein. In the supercritical
case, a great deal of current research has been focused on large deviations, see e.g.
Bansaye and Berestycki [5], Bansaye and Boinghoff [6, 7, 8], Boinghoff and Kersting
[10], Huang and Liu [16] and Nakashima [20]. In the particular case when the offspring
distribution has a fractional linear generating function, precise asymptotics can be found
in Boinghoff [9] and Kozlov [17]. An important closely linked issue is the asymptotic
behavior of the harmonic moments E[Z,"|Z, = k| of the process Z,, starting with Z, = k
initial individuals. For the Galton-Watson process which corresponds to the constant
environment case, the question has been studied exhaustively in Ney and Vidyashankar
[21]. For a BPRE, it has only been partially treated in [16, Theorem 1.3].

In the present paper, we give a complete description of the asymptotic behavior
of the harmonic moments E;[Z, "] = E[Z,"|Zy = k] of the process Z,, starting with
k individuals and assuming that each individual gives birth to at least one offspring
(non-extinction case). As a consequence, we improve the lower large deviation result
for the process Z,, obtained in [7, Theorem 3.1] by relaxing the hypothesis therein. In
the meanwhile we give a new characterization of the rate function in the large deviation
result stated in [7]. We also improve the exponential convergence rate in the central
limit theorem for W — W,, established in [16]. Furthermore, we investigate the large
deviation behavior of the ratio R, = ng L, i.e. the asymptotic of the large deviation
probability P(|R,, — my| > a) for a > 0, where m,, is the expected value of the number of
children of an individual in generation n given the environment &. For the Galton-Watson
process, the quantity R, is the Lotka-Nagaev estimator of the mean [EZ;, whose large
deviation probability has been studied in [21].

Let us explain briefly the findings of the paper in the special case when we start with
Zy = 1 individual. Assume that P(Z; =0) = 0 and P(Z; = 1) > 0. Define r; € (0,0) as
the solution of the equation

Emg™ =1, (1.1)
with
v=P(Z; =1). (1.2)
From Theorem 2.1 we get the following asymptotic behavior of the harmonic moments
E[Z,"] for r > 0. Assume that Em§ < oo for some ¢ > 0. Then, we have

E[Z: ] C(r) if r>ry,
’Y n—oo

E|Z-"
%, C(r) if r=m, (1.3)
n'y" n—o0

7E [Z_"T ] —  C(r) if r<mry,

(Emg ™)™ n—veo

where C(r) are positive constants for which we find integral expressions. This shows
that there is a phase transition in the rate of convergence of the harmonic moments
for the process Z,,, with the critical value r;. It generalizes the result of [21] for the
Galton-Watson process. For a BPRE, it completes and improves the result of [16], where
the asymptotic equivalent of the quantity IE [Z,, "] has been established in the particular
case where r < r; and under stronger assumptions.

The proof presented here is new and straightforward compared to that for the
Galton-Watson process given in [21]. Indeed, we prove (1.3) starting from the branching
property
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Z”l
T = 3027
i=1
where conditionally on the environment &, for ¢ > 1, the sequences of random vari-
ables {ZT(:;) : n > 0} are ii.d. branching processes with the shifted environment
T™(&o, &1, -.) = (&m,&m+1, - - -), and are also independent of Z,,,. This simple idea leads
to the following equation which will play a key role in our arguments:

E[Z,7,] ="+ biy" e, (1.4)
7=0

where ¢, = Em; " and (b;);>0 is an increasing and bounded sequence. Such a relation
highlights the main role played by the quantities v and ¢, in the asymptotic study of
E[Z, "] whose behavior depends on whether v < ¢,, ¥ = ¢, or 4 > ¢,. Note that the
complete proof of (1.3) relies on some recent and important results established in [13]
concerning the critical value for the existence of the harmonic moments of the rv. W
and the asymptotic behavior of the distribution P(Z,, = j) as n — oo, with j > 1. For the
Galton-Watson process, our approach based on (1.4) is much simpler than that in [21].

Our proof also gives an expression of the limit constants in (1.3). For the Galton-
Watson process, it recovers the expressions of [21, Theorem 1] in the cases where v > ¢,
and v < ¢,. In the critical case where r = r1, the limit constant obtained in this paper
is different to that of [21, Theorem 1], which leads to an alternative expression of the
constant and the following nice identity involving the well-known functions G, @ and ¢:
defining

G(t) = itk]P(lek),
k=0

Q) = lim 47"G™(b),

o(t) = Ele"],

and denoting m = E[Z;] and G(t) = G(t) — 7t, we have

1 0o . B m y ur—l y
> / G () du = / Qo)) du. (1.5)

For a BPRE, we will show a generalization of (1.5) in Proposition 2.2.

As a consequence of Theorem 2.1 and of a version of the Gartner-Ellis theorem, we
obtain a lower large deviation result for 7, under conditions weaker than those in [7,
Theorem 3.1]. Assume that P(Z; = 0) = 0 and Em§ < oo for some ¢ > 0. Let

A(N) = log Ee*X (1.6)
be the log-Laplace transform of X = log mg and

A*(0) = ilelﬁ{/\e —AN)} = ili%{w — AN} for 6 € (0,E[X)), (1.7)

be the Fenchel-Legendre transform of A(-). Then, for any 0 € (0, E[X]), we have

. 1 P
. < n — *
nlgr;o - logP (Z, <€) =x*(0) € (0,00), (1.8)
where
" _ —r10 —logvy if0 <6 <0y,
X(0) = { A*(O) 6 <6 < E[X], (1.9)
EJP 22 (2017), paper 99. http://www.imstat.org/ejp/
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with
01 = N (—r1) € (0, E[X]). (1.10)

Equation (1.8) improves the result of [7, Theorem 3.1(ii)] in the case when P(Z; = 0) =0,
since it is assumed in [7] that Em}, < oo for all ¢ > 0, whereas we only require that
Emg < oo for some € > 0. Moreover, Equations (1.9) and (1.10) also give new and
alternative expressions of the rate function and the critical value. In fact, it has been
proved in [7] that, in the case when P(Z; =0) =0 and Z, =1,

1
im —— <e') =
7}1—>H;o - logP (Z, < e’™) =1(0) € (0,00), (1.11)
with
_ 0\ 1 0 A (pr) q *
16 = p(1- &) +&a00n) £0<0<0;, 112
A*(0) if 07 < 6 < E[X],

where p = —log+ and 67 is the unique solution on (0, E[X]) of the equation

% = inf w (1.13)
0y 0<O<E[X] 0

It follows directly from the relations (1.9) to (1.13) that #; = 67 and x*(0) = I(¢) for all
6 € (0,E[X]). This fact can also be shown by using simple duality arguments between A
and A*, as will be seen in the next section.

The rest of the paper is organized as follows. In Section 2 we give the precise
statements of the main theorems with applications. Section 3 is devoted to the proofs of
the main results, Theorems 2.1 and 2.3. The proofs for the applications are deferred to
Section 4.

Throughout the paper, we denote by C an absolute constant whose value may differ
from line to line.

2 Main results

A BPRE (Z,,) can be described as follows. The random environment is represented by
a sequence ¢ = (&, &y, ...) of independent and identically distributed random variables
(i.i.d. r.v.’s) taking values in an abstract space =, whose realizations determine the
probability generating functions

o0

ffn(s) = fn(s) = Zpi(gn)5i> s € [07 1]7 pi(gn) 20, sz(gn) =1. (2.1)
=0

=0

The BPRE (Z,),>0 is defined by the relations
Zn

Zo=1, Znyi1= ZNM, for n>0, (2.2)
i=1

where the random variables N,,; (i = 1,2,...) represent the number of children of
the i-th individual of the generation n. Conditionally on the environment &, the r.v.’s
N, (n =2 0,7 > 1) are independent of each other, and each N,,; (¢ > 1) has common
probability generating function f,.

In the sequel we denote by P, the quenched law, i.e. the conditional probability when
the environment ¢ is given, and by 7 the law of the environment . Then P(dx, d§) =
P¢(dx)T(d€) is the total law of the process, called annealed law. The corresponding
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quenched and annealed expectations are denoted respectively by E; and IE. We also
denote by Py, and IE; the corresponding annealed probability and expectation starting
with Zy; = k individuals, with P; = P and [E; = E. From (2.2), it follows that the
probability generating function of Z,, conditionally on the environment £ is given by

gn(t) = Eelt”"] = foo...0 fa1(t), 0<t<L. (2.3)

Since &y, &1, ... are ii.d. r.v.’s, we get that the annealed probability generating function
Gy,n of Z,, starting with Z, = £ individuals is given by

Gran(t) = Bt = E[gh(t)], 0<t<1. 2.4)

We also define, for n > 0,

9
ma(p) = m(p,&n) = Zippi(gn) forp >0, (2.5)
1=0
00
Mn = mn(l) = Zipi(gn)a Ilp=1 and II,, = E£Zn = mg...Mnp-1, (2.6)
1=0

where m,, represents the average number of children of an individual of generation n
when the environment ¢ is given. Let

Z,
W,=2" n>0, 2.7
o, 2.7

be the normalized population size. It is well known that under the quenched law P¢, as
well as under the annealed law PP, the sequence (IW,,),,>0 is a non-negative martingale
with respect to the filtration

Fo=0(Nei,0<k<n—1,i=12..),

where by convention Fy = ¢(§). Then the limit W = lim W,, exists P - a.s. and EW < 1.
We also denote the quenched and annealed Laplace transforms of W by

de(t) =E¢ [e™] and ¢(t) =E[e"™], fort>0, (2.8)

while starting with Zy = 1 individual. For k > 1, while starting with Z; = k individuals,
we have

on(t) == Ex [e7™] = E[pf (1)) (2.9)
We also mention the well-known functional equation
t
mo

where T is the shift operator defined by T'(&o, &1, ...) = (£1,&2, -+ .).
Another important tool in the study of a BPRE is the associated random walk

n
S, =logll, = ZX n>1,
=1

where the r.v.’s X; = logm;_; (i > 1) are i.i.d. depending only on the environment £. For
the sake of brevity, we set X = log mg and

uw=EX.
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We shall consider a supercritical BPRE where ;1 € (0,00), so that under the extra
condition E|log(1 — po(£n))| < oo (see [22]), the population size tends to infinity with
positive probability. For our propose, in fact we will assume in the whole paper that each
individual gives birth to at least one child, i.e.

po(§0) =0 a.s. (2.11)

Therefore, under the condition
Z
EZL logt 7y < oo, (2.12)
mo

the martingale (W,,) converges to W in L!(P) (see e.g. [23]) and
P(W >0)=P(Z, - o) = 1.

Now we can state the main result of the paper about the asymptotic behavior of the
harmonic moments E;[Z, "] of the process (Z,,) for r > 0, starting with Z, = k for k& > 1.
Let

Yo = Pr(Z1 = k) = E[pf (&)] (2.13)

and 7y, € (0, +oc] be the solution of the equation
Emg ™ = (2.14)
with the convention that
rp, = +oo if P(p1(&) =0) = 1.

Forany k£ > 1 and r > 0, let IPI(J) be the probability measure (depending on r) defined,
for any F,,-measurable r.v. T, by

By, [IL,"T]

B[] = =
= Teme

(2.15)

Set P = P'") and E = E{"). It is easily seen that under P("), the process (Z,) is still
a supercritical branching process in a random environment with P(")(Z; = 0) = 0, and
(W,,) is still a non-negative martingale which converges a.s. to W. Moreover, by (2.12)
and the fact that my > 1, we have

Zl Z Zl _
EM | 210 7, | = log Z; | /E <E|ZLlogZ | /E r
{mo og 1] [m(l]“ og 1] / [ ] {mo 0og 1} / [mo ] < 00,

which implies that

W, =W in LY(P"). (2.16)
Set, for ¢ € [0,1),
Gri(t) = Gia(t) — wth = Z t'P(Z (2.17)
j=k+1
and
Qi(t) = lim G’”’ Z t/ (2.18)
k B n—oo LA :
where G, is defined by (2.4),
Gr,j = lim 3 "Py(Zn = j) € (0,00), (2.19)
EJP 22 (2017), paper 99. http://www.imstat.org/ejp/
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and the limits in (2.18) and (2.19) exist according to Lemma 3.2 below.Let

Vi if r>rg,
Apn(r) =4 nyg if r=ry, (2.20)
(Emg ™)™ if r <.

The next theorem gives the asymptotic behavior of the harmonic moments of Z,,.

Theorem 2.1. Assume that Em§ < +oo for some € > 0. Then, for any integer k > 1 and
€ (0,00), we have

1 = tyr—1
—_— Qrle™Ht" dt ifr > rg,
oy e
B (z7] il .

lim ———2—= =C(k,r):=¢ —k_ ™) [Gy, r=1 if r = 7y, 2.21
Jim Aol (k,r) F(T)/O EY [Gra(oe(®)t" ] dt  ifr=mr,,  (2.21)

/ o) (1)t dt ifr <y,
where C(k,r) € (0,00) = [, 2" ‘e *dx is the Gamma function, and qbg')(t) =

E[e~tW] is the Lap]ace transform of W under P\".

This theorem shows that there is a phase transition in the rate of convergence of the
harmonic moments of Z,, with the critical value r; > 0 defined by (2.14). This critical
value r is generally different from the critical value aj for the existence of the harmonic
moment of W. Indeed, as shown in [13, Theorem 2.1] (see Lemma 3.1 below), the critical
value aj is determined by

E [pf(&)mg*] =1, (2.22)

which is in general different from the critical value r; determined by (2.14), that is
E [p}(&)] = E [my"™] . (2.23)

This is in contrast with the Galton-Watson process where r, = a = r’f, with r; the
solution of the equation plmgl = 1 which coincides with both equations (2.22) and (2.23).
Theorem 2.1 generalizes the result of [21] for the Galton-Watson process. For a BPRE, it
completes and improves Theorem 1.3 of [16], where the formula (2.21) was only proved
for k = 1 and r < r;, and under the following much stronger boundedness condition:
there exist some constants p, ¢y, c; > 1 such that

co <mog<c and ¢g <mo(p) <1 as.

with m(p) defined by (2.5). Instead of this boundedness condition, here we only require
the ordinary moment assumption E[m§] < oo for some ¢ > 0.
For the Galton-Watson process with £ = 1 initial individual, the expression of the limit
constant in the case when r = r; (up to the constant factor I'(r)) becomes
1 _

700 )" tdu
7/0 G (u))u"du,

whereas it has been proved in [21] that the limit constant is equal to

/ Q(o(u))u"du.

Actually, the above two expressions coincide, as shown by the following result valid for a
general BPRE.
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Proposition 2.2. Assume that Em§ < oo for some ¢ > 0. For k > 1, we have

1 o0 _ mo
%EW U Gm((;sg(u))urkldu] = E(*) U Qr(pe(u))u™dul . (2.24)
0 1
As an application of Theorem 2.1 we get a large deviation result. Indeed, E[Z))] =
E[e*°8 2] is the Laplace transform of log Z,,. From Theorem 2.1 we obtain for \ €
(7007 0},

1 i< —
lim —~log E4[Z,)] = xx() :{ log i LA S =7, (2.25)

n— 00 A()\) if A e (—Tk, O],
with A()) defined by (1.6). Note that xx(A) = A(X) for all A € (—o0, 0] if 7, = c0.
Using (2.25) and a version of the Gartner-Ellis theorem adapted to the study of tail
probabilities (see [19, Theorem 6.1]), we get the following lower large deviation result
for the BPRE (Z,,).

Theorem 2.3. Assume that Em{ < oo for some e > 0. Let k > 1 and r;, be the solution
of the equation (2.14). Then, for any 0 € (0, E[X]), we have

1
lim ——log Py (Z, < €”) = x;(0) € (0,00), (2.26)

n— oo n

where x;(0) = A*(0) if p1(&) = 0 a.s., otherwise

" o _ =i —logy, if 0< 0 <Oy,
G0 = sy ={ e O e
with A*(-) defined by (1.7) and

Hk = A/(—Tk). (228)

Notice that the transition occurs if and only if P(p1(§y) > 0) > 0. Let us give
some comments in this case. The value x}(¢) can be interpreted geometrically as the
maximum distance between the graphs of the linear function Iy : A — 6\ with slope
0 and the function xj : A — xr(A\) defined in (2.25). Taking into account the fact that
X(A) = A(X) for A € (—rg, 0] and x(A) = logvy for A < —rg, we can easily describe the
phase transitions of x*(¢) depending on the value of the slope 6 of the function /y:

1. in the case when 0 € (0, E[X]), the maximum sup,,{lo(\) — x(\)} is attained
for A € (—r%,0) such that x’'(Ag) = A'(Ng) = 6, whose value is x*(0) = A*(0) (see
Fig. 1(a));

2. the case when 0 = 6y, is the critical slope for which the equation A’(\) = 0 has a
solution given by A = —ry, (see Fig. 1(b));

3. in the case when 0 € (0,0;), the maximum sup,<,{lo(A\) — A(A)} is attained for
A = —r, and then x*(6) = —rf — log;, becomes linear in 6 (see Fig. 1(c)).

Remark 2.4. Theorem 2.3 corrects and improves the result of [7, Theorem 3.1(ii)].
Moreover it gives new and alternative expressions of the rate function and the critical
value. Actually it was proved in [7, Theorem 3.1(ii)] that, assuming P(Z; = 0) = 0 and
Emf, < oo for all t > 0, we have

1
im —— <) =

nh—>H;o - log Py, (Z,, < €”™) = I,(f) € (0,00), (2.29)

where I, (0) = A*(0) if p1(&) = 0 a.s., otherwise

_ 8 O A*(9*) i *
ne - {m (1 9;>+92A Or) if 0<<0r, 2.30)
A*(6) if 67 <6< E[X],

EJP 22 (2017), paper 99. http://www.imstat.org/ejp/
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x(A) — x(A) —
AN --- AN ---
lo(N)
lo, (A
—Tk )\9 —Tk ek( )
Y (0) — A A
X" (0k)
= Tlog = Tlog
(@) [0 € (6, E[X])] (b) [6 = 6]
x(A) —
AA) ---
lo(N)
—r
A
X" (0)
- Tlog 1k
(c) [0 € (0,6,)]
Figure 1: Geometrical interpretation of x* ()
with )
pr = lim ——logPr(Z, = j) (2.31)
n—o0o n
and ¢; the unique solution on (0, E[X]) of the equation
— A* (65 — A*(0
u = inf '0’“7() (2.32)
05 0<O<E[X] 0
It has been stated mistakenly in [8] that p;, = —k logy, whereas the correct statement
is
pr = —log, (2.33)

according to [13, Theorem 2.3] (see Lemma 3.2 below). With this correction, the two
critical values 6, and ¢; and the two rate functions I and xj coincide, that is

0 =0; and xi(0) =I1.(0) forall 6 e (0,E[X]). (2.34)

Indeed, by the definition of 8}, the derivative of the function 6 — %ﬂg) vanishes for
0 = 0;. Therefore, since (A*)'(6) = Ag with A’(\g) = 0, we get, for 6 = 6;,

A*(0) = N0 + pi. (2.35)
Using the identity A*(6) = A\gf — A(N\g), we obtain
A(No) = —pr,
which implies that \g = —r, and then 0} = A'(—ry) = 6y.
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Moreover, coming back to (2.35) and using the identities A(—rx) = logvx = —pr and
Or = N (—r), we get

-0, — A(—T‘k) = —r0, + Pk = A,f(@k)
Therefore, for any 6 € [0, 0],

—rgf —logyry = —rif— A(—rg)
0 0
= o= (=rkbe — A(=ri)) + - A(=ri) — A(=r)
Ok O

0 0
= —AO)—-(1-—]1
0, (0x) ( 9k> 08 Vk
so that I (0) = x7.(), which ends the proof of (2.34). From (2.34) and Theorem 2.1, we
see that (2.29) is valid assuming only P(Z; = 0) = 0 and E[m§] < oo for some ¢ > 0.
Actually when P(Z; = 0) > 0, as shown in [7, Theorem 3.1 (i)], (2.29) remains valid with
pr = lim, 0 — L logPy(Z, = j) = p > 0 independent of k.

Similarly, one can apply Theorem 2.1 to get the decay rate for the probability
P(Z, < k,), where k, is any sub-exponential sequence in the sense that k, — oo
and k,, / exp(fdn) — 0 for every 6 > 0, as stated in the following corollary.

Corollary 2.5. Assume that E[m§] < oo for some ¢ > 0. Let k,, > 0 be such that k,, — oo
and k,,/ exp(6n) — 0 for every 6 > 0, as n — oo. Then for any integer k > 1,

1
lim —log Py (Z, < k) = log k. (2.36)

n—o00 M

It was stated mistakenly in [7, Theorem 3.1(ii)] that lim,, %log Pi(Z, <k, =
klog~. To show (2.36), it suffices to note that by Markov’s inequality and Theorem 2.1,
we have, for any r > rg,

Ve =Pu(Zn = k) < Pr(Zn < kn) < E[Z,"]k;, < Cmin{ygky, vk n},

n
where C'is a constant. The above argument leads to a precise large deviation bound as
stated below.
Corollary 2.6. Assume that E[m§] < oo for some € > 0. Then for any integer k > 1,

ne M0 =ATR)) 0 < 0 < 6y,

Ey[Z,"
Py, (Z, < e”) < inf % = ne O AT E g =gy, (2.37)
T‘>0 e ™™m

e A0 if 6, <60 <E[X].

The question of the exact decay rate of P(Z, < ") will be treated in a forthcoming

paper.
As an example, let us consider the case where the reproduction law has a fractional
linear generating function, that is when

(1 —ap)(1—by)
0

po(&0) =ap and pp(&) = by forallk >1, (2.38)

for which the generating function is

folt) = ao + ﬂ—clu)z—(;o;bo)t
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where ag € [0,1) and by € (0,1) are random variables depending on the environment
&o. This case has been examined by several authors (see e.g. [17, 20]). In the case
where ag = 0 (non-extinction), we have p1 (&) = (1 — by) > 0, X = logmg = —log(1 — by),
log vy, = logE[e ¥X] = A(—k) and r, = k. Therefore, we obtain the following explicit
version of Theorem 2.1:

Corollary 2.7. Let Z,, be a fractional linear BPRE with ay = 0. Assume that E[m§] < co
for some ¢ > 0. Then for any integer k > 1 and 6 € (0,E[X]), the large deviation
asymptotic (2.26) holds with

. _ —kf —logBle *X] if 0 <6 < 6,
Xi(0) = { A*(6) if 0, <0<EX], (2.39)
where
0, = B[ Xe "] /Ele=*X]. (2.40)

Corollary 2.7 recovers and completes the large deviation result in [7, Corollary 3.3]
for a fractional linear BPRE with a¢y > 0, which states that (2.26) holds with the rate
function x;(0) replaced by

_ —0 —logE[e=X] if 0<6<6*,
1) = { A*(6) if 0° <0 <E[X], (241)
where
0* = E[Xe ~X]/EleX]. (2.42)

In fact the result in [7, Corollary 3.3] was stated without the hypothesis ay > 0, but when
aop = 0, this result is valid only for £ = 1, as shown by Corollary 2.7 (for k£ > 2, the factor
k is missing in [7, Corollary 3.3]).

As another consequence of Theorem 2.1, we improve an earlier result about the rate
of convergence in the central limit theorem for W — W,,. Let

025 (€) = i H% <m:1%2) — 1) : (2.43)

n=0

The r.v. 62 (¢) is the variance of W under P, (see e.g. [15]).

Theorem 2.8. Assume essinf 7””( ) > 1 and ]EZzJrE < oo for some ¢ € (0,1]. Then there
exists a constant C > 0 such that forall k >

(Vs © x) e

sup
z€R

< CApa(e/2), (2.44)

where ®(z) = \/%7 fjoo e~¥/2dt is the standard normal distribution function.

Theorem 2.8 improves the exponential rate of convergence in [16, Theorem 1.7]. In
our approach the assumption essinf m;l—(f) > 1 is required to ensure that the quenched
0

variance ., (§) of the variable W is a.s. separated from 0. This hypothesis does not
seem natural and should be relaxed. One should be able to find a suitable hypothesis to
ensure the existence of harmonic moments for the random variable d., (), which would
be enough for our objective.

As another consequence of Theorem 2.1, we give some large deviation results on the
ratio
Zn+1

R, =
Zn

(2.45)

EJP 22 (2017), paper 99. http://www.imstat.org/ejp/
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toward the conditional mean m,, = -, kpi(&,). Let

j
My =5 N, (2.46)
i=1

be the empirical mean of m,, of size j under the environment ¢, where the r.v.’s N, ; (i =
1,...,7) are i.i.d. with generating function f,.

Theorem 2.9. Let k > 1. If for some set D C R, there exist some constants C; > 0 and
r > 0 such that, forall j > 1,
P (Mo ; —mo € D) < %, (2.47)
then there exists a constant By € (0,00) such that for alln > 1,
Py (R, — my € D) < B1Ag o (7), (2.48)

where Ay, (1) is defined in (2.20). Similarly, if there exist some constants Co > 0 and
r > 0 such that, forall j > 1,
Co
P (Mo,; —mo € D) > —, (2.49)
j'l
then there exists a constant By € (0,00) such that for alln > 1,
Py (Rn —my, € D) > BgAk’n(T). (2.50)

This result shows that there exist some phase transitions in the rate of convergence
depending on whether the value of r is less than, equal or greater than the constant
~%. The next result gives a bound of the large deviation probability of R,, — m,, under a
simple moment condition on Z;.

Theorem 2.10. Let k > 1. Assume that there exists p > 1 such that E|Z; — mg|P < oo.
Then, there exists a constant C, > 0 such that, for any a > 0,

CpaipAk,n(p - 1) if pE (132]7

Coa P Apn(p/2) If pe (2,00). (2.51)

Pr(|R, — my| > a) < {

3 Proof of main theorems

In this section we will prove the main results of this paper, Theorems 2.1 and 2.3,
and the associated result, Proposition 2.2. In Section 3.1 we present some auxiliary
results concerning the critical value for the existence of the harmonic moments of the
r.v. W and the asymptotic behavior of the asymptotic distribution Py (Z, = j) as n — oo,
with 7 > k£ > 1. In Sections 3.2 and 3.3 we prove respectively Theorems 2.1 and 2.3.
The proof of Proposition 2.2 is given in Section 3.4 for a Galton-Watson process and in
Section 3.5 for a general BPRE.

3.1 Auxiliary results

We recall some results to be used in the proofs. The first one concerns the critical
value for the existence of harmonic moments of the r.v. W.

Lemma 3.1 ([13], Theorem 2.1). Assume that there exists a constant p > 0 such that
E [m{)] < co. Then for any a € (0,p),

E,W ™ < oo ifand onlyif E [pf(&)m§] < 1.

EJP 22 (2017), paper 99. http://www.imstat.org/ejp/
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The second result is about the asymptotic equivalent of the probability Py (Z, = j) as
n—oo, forany j > k > 1.

Lemma 3.2 ([13], Theorem 2.3). Assume that P(Z; = 1) > 0. For any k > 1 the following
assertions hold.

a) For any accessible state j > k in the sense that Py(Z; = j) > 0 for some | > 0, we
have
Py (Zn =37) ~ YWakj (3.1)

n—oo

where ¢, = 1 and, for j > k, q,; € (0,400) is the solution of the recurrence
relation

J
ks = > 0, )i, (3.2)
1=k

with p(i,j) = P(Z; = j|Zy = i) and ¢;,; = 0 for any non-accessible state i (i.e.
Pi(Z,=1i)=0foralll > 0).
b) Assume that there exists € > 0 such that E[m§] < oo. Then, for any r > ri, we have

oo
> ik < oo (3.3)
j=Fk
In particular, the radius of convergence of the power series
00 ]
Qr(t) = ar t’ (3.4)
j=k

is equal to 1.
c) Forallt € [0,1) and k > 1, we have,

Gprn(t

’“7“() T Qr(t) as n— o, (3.5)
k
where G}, ,, is the probability generating function of Z, when Z, = k, defined in
(2.4).

d) Q(t) is the unique power series which verifies the functional equation

1Qr(t) = E[Qr(fo(t))], t€0,1), (3.6)

with the condition Qék)(o) =1

3.2 Proof of Theorem 2.1

In this section we give a proof of the convergence of the normalized harmonic
moments Ex[Z, "] /Akn(r) as n — oo, where Ay, ,(r) is defined in (2.20). For any r > 0,
set

e =Emg". (3.7)

a) We first consider the case when r < r; (which corresponds to the case v < ¢.). By
the change of measure (2.15), we obtain

By [Z,7] = B W, e, (3.8)
From (2.16) and [16, Lemma 2.1], it follows that the sequence (]Eff) [W,; ") is increasing

and
lim B W] = sup B (W7 = B (W], (3.9)

n—oo nelN
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To prove that ]ng) [W~7] < 0o, we need to verify the conditions of Lemma 3.1 under the

measure ]E(T)- by assumption, we have E() [m; "] = E[m§]/E[m;"] < co. Moreover, for

any r < rj, we have 7, < ¢,, which implies that E(" [pl (&o)my] = v /Emy " < 1. So, by
Lemma 3.1, we get, for any r < 7,

E W] < oo (3.10)
Therefore, coming back to (3.8) and using (3.9) and (3.10), we obtain

Ex[Z, e 4 B W] € (0,00). (3.11)

n T
n—oo

To give an integral expression of the limit constant C(k, r), we shall use the following
expression for the inverse of a positive random variable X": for any r > 0, we have

1 1 /+oo —uX rfld (3 12)
- = — e u Uu. .
X I(r) Jo

Then, from (3.11), (3.12) and Fubini’s theorem, we get

w)u" " du, (3.13)

TL—>OO

which proves (2.21) for r < 7.

b) Next we consider the case when r > r; (which corresponds to the case v > c¢,).
Using parts a) and b) of Lemma 3.2 and the monotone convergence theorem, it follows
that

im 1 B2 gy g 3 B =F)
e T B e Vi

(3.14)

I
=
!
[
=
A
8

We now give an integral expression of the limit constant in (3.14). Using the definition
of Qi in (2.18), Fubini’s theorem and (3.12), we obtain

1 1 - 9] 1 ) o [e'S)
—u\, r— d _ . —uj 7—1d _ s
F(r)/o Qr(e™")u U ;:k:qku p(r)/o e u E:qk,jy

j=k
Therefore, coming back to (3.14), we get

NS 71 V77 IS U AP
lim + ——"— = —— [ Qe “)u" "due (0,00), (3.15)
n—oo Yk I'(r) Jo
which proves (2.21) for r > 7.
c) Now we consider the case when r = r; (which corresponds to ¢, = ;). Forn > 1
and m > 0, we have the following well-known branching property for Z,,:

Zﬂl
Znim =Y 2", (3.16)
i=1
where the rv.’s 7 ("?) (¢ > 1) are independent of Z,,, under P and IP. Moreover, under P,

for each n > 0, the V.S ZT(I Z) (¢ > 1) are i.i.d. with the same conditional probability law

)

P, (Zf:f) € ) = Pym¢ (Z, € -), where T™ is the shift operator defined by T (&, &1, .. .) =

EJP 22 (2017), paper 99. http://www.imstat.org/ejp/
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(&ms&m+1,--.). Intuitively, relation (3.16) shows that, conditionally on Z,, = 4, the
annealed law of the process {Z, ., : n > 0} is the same as that of a process {Z,, : n > 0}
starting with ¢ individuals. Using (3.16) with m = 1, we obtain

By [Z,7)] = By [Z7]Pp(Zi=k)+ Z E; [Z,7] Py(Z1 = i). (3.17)
i=k-+1

From (3.8), we have ; [Z;7] = B (W

n ]

cy. Substituting this into (3.17) and setting

we get
Ex[Z, (1] = ExlZ, "1k + bocy, (3.18)

with v, = Py (Z; = k). Iterating (3.18) leads to

Ey, (2,7 =k +ZV” Tbjcl (3.19)

Using the fact that r» = r; (which corresponds to v, = ¢,) and dividing (3.19) by fy"“ n,
we get

Ey, [Zn+1] k=" 71:1 S
—_— = + = E b;. 3.20
nv;”“l n n 4= ( )

To prove the convergence in (3.20) we need to show that lim,, ., b, < co. By (3.9) and
the monotone convergence theorem, we have

b= lim 1b, = Z E W Py(Zy = ). (3.21)

n— 00
i=k+1

Now we show that b < co. Using (3.16) for m = 0 and Z, = 4, with ¢ > k, and the fact
that Z,, ; > 0 for all 1 < j < 4, we obtain

EiZ" ] =B (Zoy +... + Zm-)_’“} <E [(Zn,l o Zn,k)"“} —E[Z-7].  (3.22)
By (3.22) and the change of measure (3.8), we get, forany i > k + 1,
B W, < B, W)

Then, as in (3.9), letting n — oo leads to

B W < B W, (3.23)
Now we shall prove that
EY) W) < oo (3.24)

For this it is enough to verify the condition of Lemma 3.1 under the measure ]E(T) defined
by (2.15): by assumption, we have E() [m{™¢] = E[mg]/E[m,"] < co. Moreover since for
r = r; we have v, = ¢, it implies that

r r k Yk
EC [phH (Go)mp) = AL = Tt

Emg" Vi
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This proves (3.24). Using (3.23) and (3.24), we obtain

b= EVWTIPL(Z =) <ELL W] Y Pu(Zi =j) < 0
i=k+1 j=k+1

Therefore, coming back to (3.20), using (3.21) and Cesaro’s lemma, we get

E. [Z -
lim %’f] =— Y EVWTIPL(Z = i) < oo, (3.25)
n—oo  myy Yk i—ht1

which proves (2.21) for r = rg, with

Z EN WP (Zy = ).

1=k+1

We now show an integral expression of the constant C(k,r). Using the branching
property (3.16) with m = 0, Z; = 4, dividing by II,, and taking the limit n — oo leads to
the decomposition

W= W), (3.26)

where conditionally on the environment &, the r.v.’s W (j) (j = 1,2,...,4) are i.i.d. with
common law P, (W (j) € -) = P¢(W € -). With these considerations, it can be easily seen
that

67 (1) = B [ (w)] = BT [ (w)'). (3.27)

Therefore, using (3.12) with » = r, together with (3.27) and Fubini’s theorem, we obtain

— Z EV W Pe(Zy = i) = %TU Z E" / e Wyrtdu P (2, = i)

i=k-+1 i=k-+1

/qsg. u" " Vdu Pp(Zy = i)

1=k-+1
— (7 / ¢ r— 1du
fykr zzk;-l 5 )
_ E) U Gra(ge(u T‘ldu} . (328
%F

where Gy 1(u) = Gp1(u) — pu* = Z;’;kJrluj]P(Zl = j). Therefore, using (3.25) and
(3.28), we get

By [Z,1] 1 [ * 5 _
! ntil _ £ / G —
300 nyp vk (r) 0 k1 (e (u))u u

which ends the proof of Theorem 2.1.

3.3 Proof of Theorem 2.3

In this section we prove Theorem 2.3. For convenience, let A\, = —r;. From Theorem
2.1, for any k£ > 1, we have

logv, if A< g
2 A ;
A Slog B[] = () = { AN) A€ (Mg, 0], (3.29)
EJP 22 (2017), paper 99. http://www.imstat.org/ejp/
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Thus using a version of the Gartner-Ellis theorem adapted to the study of tail probabilities
(see [19, Theorem 6.1]) and the fact that x(\) = log7x for all A < A, we obtain, for all
6 € (0, E[X]),

lim ——log Pi(Z, < ™) = x* (), (3.30)
n—oo
with
X7 (0) = sup {\0 — xx(\)} = max {)\kﬁ —A(Xg), sup {N0— A()\)}} . (3.31)
A<0 AR <ALO

It is well-known (see e.g. [12, Lemma 2.2.5]) that the function

A*(0) = ili%{)\ﬁ — AN} ={20 — A(Xg)}, with A'(Ng) =0,

is non-increasing for € (0, E[X]). Therefore, letting
0 = N (\), (3.32)
it follows that:
1. for any 6 € (0, 0%],

)\ké — A()\k) 2 )\kak — A()\k) = A*(Hk) = Ssup {)\9 — A()\)},
AL <ALO

2. for any 0 € [0k, ),

A*(Q) = sup {)\9 — A()\)} > A*(Gk) = M\.0 — A()\k> > A0 — A()\k).
A <AKO

With these considerations, we get from (3.31) that

" A0 — A()\k) if 0 € (0, Gk],

xi(6) = { A*() if 0 € (01, B[X)), (3.33)

which ends the proof of Theorem 2.3.

3.4 Proof of Proposition 2.2 for the Galton-Watson case

In this section we assume that (Z,,) is a Galton-Watson process and prove (1.5), which
is a particular but simpler case of Proposition 2.2.

Proof. First note that for the Galton-Watson case, we have
ym] = 1. (3.34)

For convenience, we shall write r = r;. Using the additive property of integration and
the change of variable u = tm* for k > 0, together with Fubini’s theorem and the fact
that ym"™ = 1, we obtain

% /1 Ooé(gzs(u))u“ldu = iz / " G(p(u))u"Ldu
e [™
_ 72/ m*))(m )Rt
v =0
p— 1 " —k m r—1
_ 7/ kzo C((tm™))er = dt. (3.35)
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Since G(t

) = G(t) — vt and G(¢(t)) = ¢(tm) (as a particular case of (2.10)), we obtain,
for any k > 0,

TRG(O(mY) = 4ThG(b(tm")) — v e (tm”)
= RGN (G(1) — TG (4(1)). (3.36)
By (3.36), using a telescoping argument and the fact that lim_.., v *G°*(t) = Q(t), we
get

oo

S vTFG(tmb)) = 4Q((t) — vo(1). (3.37)

k=0

Therefore, coming back to (3.35) and using (3.37), we have

% /loo G(p(w))u"tdu = /1 Q(o(u))u" " du — /1m P(uyu” " du. (3.38)

Moreover, using the change of variable v = ¢/m and the relations G(¢(t/m)) = ¢(t)
and ym" =1, we get

1t .

- G rfld — m
Y Jo (@(w)u " Y Jo

" p() " dt = /m ()" Ldt.
0

Therefore, since G(u) = G(u) — yu, we obtain

- Gyt = L - Glo(u)du / p(u)u"du

v
/¢ Tldu—/(b Yu" "t du

_ /1 $(w)u" " du. (3.39)

Finally, using (3.38), (3.39) and the additive property of integration, we obtain
% /0 " Go(u))ur du = /1 " Q6w Ldu, (3.40)
which ends the proof of (1.5). O

3.5 Proof of Proposition 2.2

Let k > 1. For convenience, let r = ;. Using the additive property of integration, the
change of variable v = tl'I;tc for 7 > 0 and Fubini’s theorem, we have

Yk

1 oo 1 oo (M
—EM {/ Gk’l((f)g(u))ur_ldu} = —E" Z/ Gt (G (w))u" " du
Tk 1 =071

1 <M o
= _—_E® § :/ Gl (¢ (41157~ Vit
Yk 0 /1

1 & mio_
= 7} E™) U G (de (L))" 1t | . (3.41)
k “ 1
j:

Using the functional equation (2.10), it can be easily seen by induction that ¢ (¢II;) =
9j(drie(t)), where g;(t) = foo...o fj_1(t) is a random function depending on the
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environment &, ...,&—1 and 77¢ = (&;,&;41,...). Then, using the change of measure
(2.15), the independence of the environment sequence (¢;) and Fubini’s theorem, we see
that

E™ [/ Gk,1(¢g(tnj))[[;jtr—1dt:| — k™ [/ cr_jETjg [Gk,l(gj(¢Tj5(t))] tT_ldt:| .
1 1
(3.42)
Using the fact that Gy, 1 (t) = Gj1(t) — v,t* and the relations E[Gy. ., (g;(t))] = Grn+j(t)
and E[gf(t)] = G,;(t), we get

E™ [/17nj CT_jEij [Gk,l(gj (¢Ti§(t))] tr—ldt:|
R [ /1 Y e [Grgar (broe(®)) — Gry(brse ()] tr_ldt] . (3.43)
Moreover, since the environment sequence (&, &1, . ..) is i.i.d., we obtain, for any j > 0,
E™ {/1% ;7 [Grjg1(drie(t)) — Grj(drie(t))] trldt}

e [ / Y (G (6e(®) - Grs () t”dt} . (3.44)

Therefore, using equations (3.41) to (3.44), the fact that ¢, = ~; (for »r = r;) and Fubini’s
theorem, we obtain

oo

Lgo [ / N c‘:kmg(u))ur—ldu} = / b Z
(3.45)

Assuming E[m§] < oo, it follows from Lemma 3.2 that lim;_, 'Yin»,j(t) = Qi(t) € (0,00)
for all ¢ € [0,1). Then by a telescoping argument, we get

Grya1(9e() Gk,j@g(t»]

Grj+1(de(t)) Gk,j(ﬁﬁs(t))] =1
J+1 ,YZ

= Qroe(t)) — Groloe(t))

3=0 'Ylile M
= Qulge(t) — o). (3.46)
Therefore, by (3.45) and (3.46), we have
Lo { / Gk71(¢§(u))u’“1du}
1
B { ' Qk(qbg(t))tr‘ldt} _E® { / ' ¢’§(t)t’”‘1dt} . (3.47)
1 1

Moreover, using the identity ¢¢(u) = fo (¢1e(t/mo)), the change of variable ¢ = u/my,
the independence between &, and 7€, the relation v, = ¢, and Fubini’s theorem, we get

E(T)[ moqs’g(t)t”dt} = EU / I3 ($re(u)) mou"~ 1du]
0

- O / B [f] (Sre(w)) my) “du}

- el
- E™ / c;leJ (ore(u)) urldu}
LJo

1
= 7, 'E™ [/0 Gra (¢£(u))urldu} (3.48)
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Therefore, from the identity G 1(t) = G 1(t) — v.t* and (3.48), it follows that

1 1 1 1 1

—EM [ / Gk71(¢§(u))uT1du} = —E" [ / Gk,l(%(t))trldt} —E™ [ / ¢§(t)t”dt]
V& 0 Yk 0 0

mo 1
=E" { gzﬁlg(t)trldt} —EM [/ qS’g(t)tTldt}
0 0

=E® { i (j)’g(t)trldt} : (3.49)

1

Finally, using (3.47) and (3.49), we obtain

%E(” { /O Gm(qsf(u))u”du]:Em [ /1 OQk(d)g(u))urldu}, (3.50)

which ends the proof of Proposition 2.2.

4 Applications

In this section we present the proofs of Theorems 2.8, 2.9 and 2.10 as applications of
Theorem 2.1. In Section 4.1 we give the rate of convergence in the central limit theorem
for W — W,, where we prove Theorem 2.8. In Section 4.2 we deal with the large deviation
results for the ratio R,, = Z,,+1/Z,, where we prove Theorems 2.9 and 2.10.

4.1 Central Limit Theorem for W — W,
In this section we prove Theorem 2.8.

Proof of Theorem 2.8. 1t is well known that W admits the following decomposition:

N

W~ W) =S (W(i) - 1),
1

i

where under P¢, the random variables W (i) (¢ > 1) are independent of each other and

independent of Z,,, with common distribution P, (W (i) € -) = Ppn¢e (W € -). Notice that

if o := essinf ™) > 1 then 62 (£) > ¢y — 1 > 0 (recall that mg(2) and 62, (¢) are defined
9]

m,

respectively in (2.5) and (2.43)). Therefore, condition lEZl2+E < oo implies that, for all

- wo1|*Te c 24e
k > 1, it holds E; ‘ 5 ‘ < %ﬁEk W — 1] < oo (see [14]). By the Berry-Esseen

theorem (see [11, Theorem 9.1.3]), we have for all x € R,

_ . 2+e
VZn 000 (TT€) %
Taking expectation with Z; = k£ and using Theorem 2.1, we get
IL, (W — W,,) W -1t _
Pp(—F—— "<z ) - @ < CE Ey |7,/
(T <o) - o) B [z
< CAgn(—¢/2). (4.1)

4.2 Large deviation rate for 7,

This section is devoted to the proof of Theorems 2.9 and 2.10. Recall that M,, ; is de-
fined by (2.46), where IV, ; are i.i.d. with generating function f,,, given the environment
¢ (see Section 2).
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Proof of Theorem 2.9. Since for all n € N, M,, ; — m,, has the same law as My ; — my,
and is independent of Z,,, we obtain

P(R, — my € D) > P(M,; —my, € D)Py(Z, = j)

jizk
C .
< Z %Pk(zn = ])
ik J
= C1Ex [2,7].
The result (2.47) follows from Theorem 2.1, and (2.49) follows similarly. O

Proof of Theorem 2.10. We start with a lemma which is a direct consequence of the
Marcinkiewicz-Zygmund inequality (see [11, p. 356]).

Lemma 4.1 ([18], Lemma 1.4). Let (X;);>1 be a sequence of i.i.d. centered r.v.’s. Then
we have forp € (1, 00),

(4.2)

_ BE(X|)n,  if1<p<2,
SUBPE(X) w2, if p>2,

where B, = 2min{k'/?:k € N,k > p/2} is a constant depending only on p (so that
B,=2if1<p<2).

We shall prove Theorem 2.10 in the case when p € (1, 2]. Using the fact that M,, ; —m,,
has the same law as M, ; — mo and is independent of Z,,, we obtain after conditioning

Pi(|Rn — mn| > a) =Y P(|Mo; — mo| > a)Pr(Z, = j). (4.3)
j=k

Using (2.46) and the fact that, under P¢, the rv’s No; —mg (i = 1,...,7) are i.i.d.
centered and with generating function fj, we get from Lemma 4.1 that, for p € (1, 2],

Pe(|Mo; —mo| >a) < a PE¢| Mo, —mol’

B p
< (%) srmdn
Taking expectation, we obtain

P(|M, ; — m,| > a)

N

B p
<ap) jlpr|Zl — m0|p.

Therefore, coming back to (4.3) and applying Theorem 2.1, we get

Pr(|R, — my| > a)

N

BLD b 1
—_— |E Z — p y —P]P "= s
(a> |Z1 mo| jgk] k(Zn = J)

BP g p 1-p
= 7 E|Zl — m0| Ek [Zn }
= CpafipAk,n(p - 1)7
with C}, = B,E|Z; —my|P. This ends the proof of Theorem 2.10 in the case when p € (1, 2].

The proof in the case p > 2 is obtained in the same way. O
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