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THE ASYMPTOTIC VARIANCE OF THE GIANT COMPONENT OF
CONFIGURATION MODEL RANDOM GRAPHS

BY FRANK BALL AND PETER NEAL
University of Nottingham and Lancaster University

For a supercritical configuration model random graph, it is well known
that, subject to mild conditions, there exists a unique giant component, whose
size Ry is O(n), where n is the total number of vertices in the random graph.

Moreover, there exists 0 < p <1 such that R, /n LN p as n — o0o. We show
that for a sequence of well behaved configuration model random graphs with
a deterministic degree sequence satisfying 0 < p < 1; there exists >0,
such that var(/n(R,/n — p)) = o2 as n — co. Moreover, an explicit, easy
to compute, formula is given for o2, This provides a key stepping stone for
computing the asymptotic variance of the size of the giant component for
more general random graphs.

1. Introduction. The theoretical treatment of random graphs goes back to
Erd6s and Rényi (1959). The Erdés—Rényi random graph is constructed as fol-
lows. Suppose that there are n vertices, labeled 1,2,...,n. An edge exists be-
tween vertices i and j with probability u/(n — 1), independent of the remainder
of the graph, where it is assumed that 0 < u < n — 1. Therefore, for any vertex i,
its degree is Bin(n — 1, u/(n — 1)) [a binomial random variable with n — 1 trials
and success probability u/(n — 1)] and as n — oo with pu fixed, the vertex de-
gree distribution converges to Po(u) (a Poisson random variable with mean ). It
is well known that for large n, the order of magnitude of the size of the largest
connected component, R,, of the Erd6s—Rényi random graph depends upon the
threshold parameter . If i < 1 (subcritical), R, = Op(logn), if u =1 (critical),

R, = OP(n%) and if © > 1 (supercritical), there is a constant 8(u) > 0 so that
R, £ O(u)n. [Here, R, = Op(f(n)) means that there exists a constant C < 0
such that P(R, < Cf(n)) - 1 as n — oo and R, £ f(n) means that R,/f (n)

converges in probability to 1 as n — oo.] If R, Lc n, for some C > 0, we say that
a giant component exists. The size of the second largest component is O, (logn)
in the supercritical case, so there exists a unique giant component. For a sequence
of Erd6s—Rényi random graphs {G, }, indexed by the total number of vertices n, as
n — oo with fixed u > 1, it can be shown that

1 P
—-R,—p as n — oo,
n
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where p is the nonzero solution to p = 1 — exp(—up) and L, denotes conver-
gence in probability. Furthermore, a central limit theorem exists, with

1
(1.1) ﬁ(—Rn _ p) Ly N0, 0%)  asn— oo,
n
where aéR = % and -2 denotes convergence in distribution. See, for

example, Durrett (2007), Chapter 2, for a more detailed discussion of Erd6s—Rényi
random graphs.

Many graphs observed in the social sciences, epidemiology and computing do
not have a Poisson (vertex) degree distribution, although the Erd6s—Rényi random
graph provides a useful representation of the Reed—Frost epidemic in an homo-
geneously mixing population; see Barbour and Mollison (1990). Therefore, there
has been considerable interest in random graphs with arbitrary degree distribu-
tions. Random graphs with mixed Poisson degree distribution arise by letting each
vertex i have a connectivity parameter C; with the probability of an edge exist-
ing between vertices i and j being proportional to C;C;. Mixed Poisson random
graphs have been studied in, for example, Chung and Lu (2002) and Britton, Dei-
jfen and Martin-Lof (2006), Section 3, with a central limit theorem for the size of
the giant component given by Neal (2007), Theorem 5.2. The mixed Poisson dis-
tribution has the property that its variance is greater than or equal to its mean, with
equality if and only if the distribution is Poisson. By contrast, the configuration
model considered in this paper allows for an arbitrary but specified vertex degree
distribution.

In Molloy and Reed (1995), the configuration model with a deterministic degree
sequence was considered. The configuration model was introduced in Bollobas
(1980) and we refer the reader to Bollobas (2001), Section 2.4, for further refer-
ences. Suppose that D? is the degree of vertex i and suppose that S, =>_7" | D
is even. Then to vertex i assign D! half-edges and pair up half-edges uniformly at
random to form edges between vertices. This we term the Molloy—Reed (MR) ran-
dom graph. It is shown in Molloy and Reed (1995) that if % Z?:l D;?(D;.‘ -2)—
k >0 as n — oo and there exists & = (7o, 71, ...), satisfying > 70y m; = 1, such
that fori =0,1,..., Z;?:] I{D;;=i}/n — 71 as n — 090, there exists a giant com-
ponent of size O(n), subject to there existing § > 0 such that for all sufficiently
large n, Ay = max{i<j<u) D} < nl/4=8 1n Molloy and Reed (1998), it was shown

that R, £ pn, where p satisfies

(1.2) p=1-f(),

and z is the solution in [0, 1) of

1
(1.3) z=—f"(2),
u
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where f(s) = 3220 mist, f/(s) = 02 mis' ™! (s €[0,1]) and = Y2 im;.
The equations for p given in (1.2) and (1.3) are based on those given in Newman,
Strogatz and Watts (2001), where the deterministic degree sequence of Molloy and
Reed (1995) is replaced by taking DY, D5, ..., D, to be ii.d. (independent and
identically distributed) according to a nonnegative integer-valued random variable,
D,with P(D =i)=m; (i =0, 1,...). Note that using an i.i.d. degree sequence can
result in an infeasible degree sequence, with )7, D! being odd. In such an event,
the entire degree sequence may be resampled until a feasible degree sequence is
obtained or alternatively the final half-edge in the construction of the random graph
can simply be ignored. These equations are equivalent, but simpler, than those
given in Molloy and Reed (1998) for p, and both the MR and NSW (Newman—
Strogatz—Watts construction with i.i.d. degree sequence) random graphs have the
same asymptotic proportion of vertices, p, in the giant component for a given .
The above construction of the MR and NSW graphs can lead to a nonsimple graph.
That is, the random graph contains imperfections, in that some individuals may be
linked to themselves and there may be multiple edges between pairs of individuals.
Provided that D has finite variance, such imperfections are sparse in the limit as
n — 00, see Durrett (2007), Theorem 3.1.2. The results of this paper also hold if
the graph is conditioned on being simple, that is, having no such imperfections [cf.
Janson (2009b) and Britton, Janson and Martin-Lof (2007)].

The aim of the current work is to derive the (asymptotic) variance of the gi-
ant component for the MR random graph, var(y/n(R,/n — p)) — o2asn— oo
with an explicit, easy to compute formula for o2, This provides a key stepping
stone for computing the asymptotic variance of the size of the giant component for
more general random graphs such as the NSW random graph which we discuss
briefly in Section 7. Variance calculations for random graphs are limited, although
progress has been made in the near critical case, Riordan (2012). In Section 2,
we define a sequence of MR random graphs {G,} and state the key result Theo-
rem 2.1, along with the weak conditions required on the degree sequence, which
are similar to the conditions stated in Molloy and Reed (1995). Also in Section 2,
we show that Var(f (R, /n — p)) has the same asymptotic limit as n — o0 as
var(U, / /n), where U, is the total number of vertices which belong to compo-
nents of size less than or equal to [#?] and g is any fixed real number satisfying
0 < B < 1/12. In Section 3, we introduce a branching process approximation for
the construction of components in the random graph G,, which assists with com-
puting lim,,_, o var(U, / /n). The branching process approximation is valid for
the initial growth of components and mimics similar branching process approxi-
mations used for epidemic models; see, for example, Whittle (1955) and Ball and
Donnelly (1995). In Section 4, we compute lim,,_, o var(ﬁn /+/n) and this section
contains most of the technical details of the proof. Then in Section 5, we show that
the expression obtained for lim,_, Var(U,, /+/n) in Section 4 is equal to o2. In
Section 6, we consider the weakly supercritical case studied in Riordan (2012). In



1060 F. BALL AND P. NEAL

this case, p = 0 and o2 = oo but by indexing p and o2 by 1, we show that crnz ~ X,
(i.e. anz /X, = 1 asn — o0), where %, is defined in Riordan (2012), Theorem 1.1
(and Section 6) and shown to satisfy var(y/n(R,/n — p,)) ~ Z,. In Section 7,
we compare the asymptotic calculations with simulation studies for graphs of size
n =200 and n = 1000 and conjecture the existence of a Gaussian central limit
theorem for the size of the giant component. We also outline how to compute the
asymptotic variance of the giant component of the NSW random graph, the details
of which will be presented elsewhere. Finally, in the Appendix we present some
useful results for Galton—Watson branching processes that are used in the proof of
Theorem 2.1.

2. Conditions on the degree sequence and statement of theorem. For
the asymptotic variance of the Molloy—Reed (MR) random graph, we need to
impose conditions upon the sequence of degree distributions {D"}. Let D" =
(D", ng e, D;’,) denote the degrees of the vertices in G,, where {G,} is a se-
quence of Molloy—Reed random graphs. However, we do not at this stage assign a
particular degree to a given vertex but instead look to exploit the exchangeability of
vertices with D" simply being a random permutation of D with D;' denoting the
degree of vertex i. The following arguments are simpler using D" (and exchange-
ability) rather than using D". Thus, throughout the paper we take G, to be con-
structed using D" with all n! vertex labellings equally likely. For j =0, 1, ..., let
=30 1{Din:j}/n with 7" = (!, 7', ...) and let 1, = Y_7_, D" /n. We as-
sume that there exists a proper nonnegative, integer-valued random variable D with
P(D=j)=m;(j=0,1,...)suchthat, forall j =0,1,..., 71;’ — Tjasn — o0.
Thus, the degree distributions are assumed to satisfy condition 1 of Molloy and
Reed (1995), being smooth and feasible. In Molloy and Reed (1995, 1998), addi-
tional conditions are placed on the sequence of degree distributions for them to be
well behaved. We place slightly stronger regularity conditions upon the sequence
of degree distributions as follows.

For k =1,2,3, let Ly = ?iojknj(z E[Dk]), which we assume to be fi-
nite. (Note that 4 = L;.) We require that v = Z?O:Oj(j —Dmj/uw=(Lr—Ly)/
L1 > 1 and 71 > 0. These ensure that the asymptotic degree sequence is supercrit-
ical (i.e., that a giant component exists in the sense defined in Section 1) and that
0 < z < 1 [where 7 satisfies (1.3)], respectively.

We require also that {D"} satisfies the following conditions.

(a) For all € > 0, there exists ng € N such that for all n > ny,
(i) forall j >0,
(2.1) Pl —mj| <&

and
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(1) fork=1,2,3,

o0
(2.2) Yol —Li| <e.

j=0

(b) There exists 8 > 0 such that for all ¢ > 0, there exists ng € N such that for all
n = no,

oo
(2.3) nf Y jlat—mj| <e.
j=0

(c) There exist_s 8 > 0 such that n=V/4=9HA, — 0 as n — oo, where A, =

maxi<;<n Dln

Note that condition (a)(i) implies Molloy and Reed (1995), condition 2.
Throughout this paper, we take g to be an arbitrary, positive constant satisfying
0 < B < 1/12 and condition (b). Immediate consequences of the above condi-
tions include Molloy and Reed (1995), condition 3(a): for all &€ > 0, there exists
K and n; such that |Zf:1 Jj( — 2)715.’ — Z?‘;Oj(j —2)mj| < ¢ forall n > ny.
Also w, = Y7, [_)l’.“/n — (= E[D]), vp = X1 D{’(Dl’.’ —1)/nu, — v and
Ay =0 DND? — 1)(D! —2)/npy — AM(= (L3 — 3Ly + 2L1)/Ly) < 00 as
n— oo.

THEOREM 2.1. For a Molloy—Reed random graph satisfying conditions (a)—
(©),v>1landm >0,

2.4) Vélr(ﬁ(% — p)) -0’ asn— oo,

with
2

2 2\, _ (.2
l—f//(z)/,lL{(1+Z)M 2f (Z )}

ol=1-p—f(H)+

(2.5) )

Z
T U= @y
where p satisfies (1.2).

{ZPu+22f"@) - f(2) - 221"}

A couple of remarks concerning Theorem 2.1 are as follows. First, provided a
closed-form expression is available for the generating function f, the formula for
o is easy to compute being a function of p, z, u, v, f'(z?), f"(z?) and f"(2)
only. Note that computing z usually requires numerical solution of a nonlinear
equation. Second, since f/(s) is a convex function in s, z is the solution in [0, 1)
of z= f'(z)/u and f'(0) > 0, we have that f"(z)/u < 1.
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The initial observations in proving Theorem 2.1 are as follows. First, let U, =
n — R, be the total number of vertices outside of the giant component and ob-
serve that to prove Theorem 2.1 it suffices to show that var(/n(U,/n — w)) =
var(U, //n) — o2asn— oo, wherew=1— p. We introduce U, as it is simpler
to study small components than the giant component as we can utilise a branch-
ing process approximation (Section 3) for the initial growth of such components.
However, working with U, directly is difficult, so we introduce a new process
ﬁn defined below, which counts the total number of vertices in small components
(less than [(nP] vertices). For vertices i and j in the graph G,,, let i <> j denote that
vertices i and j belong to the same connected component. For n = 1,2, ... and
i=1,2,...,nletC!'={j:j< i} with C!' = |C!|. Note that either C;' =C;’ or
Cc'n C;.’ =0d. Let x/' = l{cinf[nﬂ]} and U, = Y.i1 x;'. Since the second largest
component of a supercritical random graph almost surely consists of at most
y logn vertices for some 0 < y < oo [Molloy and Reed (1995), Lemma 11], the
precise value of g is not important as the asymptotic behaviour of U, is the same
for any value of 0 < 8 < 1/12 and that is why reference to § in the notation of U,
is omitted. (The above holds for any 0 < 8 < 1.) Furthermore using the proof of
Molloy and Reed (1995), Lemma 11, it is trivial to show that n P (U, # (jn) — 0,
whence E[(U,, — Un)z]/n — 0 as n — oo. Note that

var(U, /v/n) — var(U, /v/n)

=var((U, — Uy)//n) +2cov((Un — Uy)//n, Uy //n).

Now var((U, — U,)//n) < E[(U, — U,)*]/n — 0 as n — oo. Suppose that
Var(Un/ﬁ) — 0% as n — 00, where 62 < co. Then a simple argument using
the Cauchy—Schwarz inequality shows that the right-hand side of (2.6) tends to 0
as n — 0o, whence

\var(U, //n) — var(U, //n)| — 0 as n — oo.

Thus, we proceed by introducing useful branching process approximations for the

construction of components (Section 3) before showing that var(U,, //n) — o2 as

n — oo (Section 4).

(2.6)

3. Branching process approximation. To study U,,, it is helpful to introduce
approximating branching processes for the initial growth of components in the
random graph G,. We begin by outlining the construction of a component in a
random graph with a coupled branching process approximation. We also consider
the limit, as n — oo, of the approximating branching processes. At the end of the
section, we draw together the couplings of the size of a component in a random
graph and the (total) size of the approximating branching processes by providing
useful bounds on the probability that they are different.

Consider a subset of & of the n vertices in G, and let H" = (H,:’l, H,:’z, e H,:’h)
denote the degrees of the & vertices. Often, but not always, we will take h = n
and H" = D". Let 65,07, ... be independent with 6 drawn uniformly from
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{ki,kz, ..., kp} and 67,07, ... distributed according to 6", where
H}

3.1 P(0" =ki)={ hur(H")’
0, otherwise,
with p"(H") = h~! Zf‘zl H,Z . Let B"(H") denote the (Galton—Watson) branch-

ing process with one initial ancestor constructed from H" as follows. The initial
ancestor in the branching process has H,, offspring and the jth individual born
0

(i=1,2,....h),

in B"(H") has Hy, — 1 offspring. Now a component, C" (H") can be constructed
from the h Verticeé in H" using 6y, 6,65, ... as follows.
Let Vi ={6}}, &) 'Y be the set of the Hé:,), half-edges belonging to 6} and &) F

be the empty set. Fork =0, 1, ..., at stage k in the construction, V}/, E,Z”U and 5,?’F
are respectively the set of vertices currently in the component C" (H"), the set of
unattached half-edges and the set of formed complete edges. The construction now
proceeds sequentially through stages k =1, 2, .... The construction stops at stage
k if S,':’_[{ is empty, in which case the component C" (H") is completely formed and
C"(H") = V}/_,. Otherwise, a half-edge, E* say, is chosen uniformly at random

from 5,':’5 and is attached to a half-edge belonging to vertex 6;', subject to the
following conditions. If 6" ¢ {67,601, ...,6;_,}, then (i) Vi =V}, U {6/}, (iD)
the half-edge E* is paired with a half-edge from 6;' to form a complete edge,
which is added to the set £’} to give £""; and (iii) &Y = (E"Y \ (E*}) U F*,
where F* is the set of the other Hg"f — 1 half-edges that emanate from ;. If 6}’ €
{69,067, ...,6;_,}, then an attempt is made to add the same vertex for a second (or
higher order) time. In that case, choose a half-edge uniformly at random from the
Hé} half-edges that emanated originally from 6;. If the chosen half-edge belongs

to 8,’:’_[{ \ { E*}, then pair it with E* to form a complete edge; this creates a cycle in

C"(H"), so V} =V | with SIZI’F and & ‘U being defined in the obvious fashion.
Otherwise, a complete edge cannot be formed, in which case 6} is not used in the
construction of C"(H") and (V}, S,Z”U, S,Z"F) =WV, 5,:”_1{, 6’,?’_1?).

Let B"(H") denote the total size, including the initial ancestor, of the branching
process B"(H"). Let M,f‘(H”) =min{k : 0} € {6,607, ...,0;_,}} and note that if
B"(H") < M}(H"), then C"(H")(= |C"(H")|) = B"(H"). That is, the B"(H")
individuals in the branching process B" (H") correspond to distinct vertices in the
graph G,. We make extensive use of the above coupling throughout the paper and
this is the key motivation for focusing upon U, the total number of vertices in
small components.

It is also helpful to introduce a branching process B which represents the limit
as n — oo of the branching processes B} (= B"(D")). Let D be the random vari-
able with probability mass function P(D =k) = km/u(=kP(D =k)/E[D])
(k=1,2,...). Let B denote the total size, including the initial ancestor, of the
branching (Galton—Watson) process B, having offspring distribution D for the ini-
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tial ancestor and D — 1 for all subsequent individuals. The initial ancestor in B has
k offspring with probability 7z;' and subsequent individuals have k — 1 offspring
with probability k7’ /i,. Since by condition (a)(i), ;' — ¢ as n — oo for all
k > 0, it follows that the offspring distribution of {53} converges in distribution to

the offspring distribution of . Hence, B} (= B" (D)) N B, the total size of the
branching process B; see, for example, Lefevre and Utev (1999), Proposition 2.1.
However, we shall require the following explicit coupling of B and B} which goes

beyond Lefevre and Utev (1999), Proposition 2.1. Let T, (D" = 5 Z —0 |7r —7jl,

T,(D") =335, |W — %| and T,(D") = max{T,(D"), T,,(D")}. Thus, T, (D")
is the total variation distance between the offspring distributions of the initial an-
cestor in the branching processes B and 5, and T,,(D") is the total variation dis-
tance between the offspring distributions of all subsequent individuals in these two
branching processes. Using the triangle inequality, straightforward algebraic ma-
nipulation yields

~ - 1 &
32 T,(D")=<—> jl} n,|+—|u Mn|<—ZJ|7T — 7.
Hence,

(3.3) 7,(D") <m211 = mjl,

where u A 2 = min{u, 2}. By the existence of a maximal coupling [see, e.g.,
Barbour, Holst and Janson (1992), Appendix Al], random variables X{’ and X
having distributions givenby P(X| =k) =}/ and P(X| =k) =m (k=0,1,...)
can be defined on a common probability space so that P(X} # X1) =T, (D).
Similarly, for/ =2, 3, ..., random variables X;' and X; having distributions given
by P(X} = k) =km}! /i, and P(X; = k) = kmi /i (k=1,2,...) can be de-
fined on a common probability space so that P (X} # X;) = Tn (D"). The branch-
ing processes B and B can be defined on a common probability space using
independent realisations of (X}, X;) (I =1,2,...) in the obvious fashion. Let
MP = min{l : X]' # X;} and note that M? is stochastically larger than MP ~
Geom(f"n (]_)")), a geometric distribution with support N and mean f"n (I_)”)_l.
[A random variable X is said to be stochastically larger than a random variable Y
if, P(X <x) < P(Y < x) for all x € R.] It follows that, ifB < MD, then Bf = B.

Let Cf =C" (D"), corresponding to setting D? = 9,1, let C{ = |C}| and let

M2 = MA(D"). For x € R, let [x] denote the greatest integer < x. The above
couphngs give that for any 1 < k < [1nf],

P(licr <ty # lypn<iy) < P(M,} < [n”])

(3.4) :P( U {9{’:6}’})

0<i<j<[n”]
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_ PP+ e <Df )2
B 2 =1 \Hn

—0 asn — 0o,
by condition (a)(ii), and

P(lipr<iy # lip<ry) < P(M) <[n])

IA
=
=g
IA

=

(3.5)

—0 asn — oo,

by condition (b). [Note that in (3.4), P(6y =0}) = %, PO} =0y) = Z;’:l(l_)f
nu,)? and application of the Cauchy—Schwarz inequality shows that Py =
07) < P(0] =065).] Equations (3.4) and (3.5) play a key role in the sequel and by
the triangle inequality imply that for any 1 < k < [n#], P(lycn<xy # lip<iy) = 0
as n — oo.

4. Computing lim,,_, o var(U,//n).

4.1. Introduction. 'We are now in position to start in earnest the proof of (2.5).
Since all labellings of the vertices D" of the random graph G, are exchangeable,
we have that

noon
var(Uy /v/n) = % Zl Zl cov(x{", x})
i=1j=
4.1)
=var(x[') + (n — 1) cov(x{, x3)-
Since the degree sequences D" are well behaved [Molloy and Reed (1995, 1998)],
4.2) var(x{)=E[x!]1— E[x]]) = (1 —w)(=p(1 — p)) as n — oo.
First, note that
(n —1)ycov(xy, x3)

= (= DE[Lcp<pury (L <inryy = E g <inen))]

(4.3) = (n = DE[1peey liep =iy (e <inryy = D <iry])]

+ (1= DE[Lpgen Licr <oy (Licz <y — Ell ez <)) ]
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The first term on the right-hand side of (4.3) is equal to
(n — DE[1peenylicr<pry (1 — EN ey <pusp])]
= (n — DE[lpecnLicer<usn](1 — E[X2])-

The following lemma provides the limit of the right-hand side of (4.4), and hence
also of the first term on the right-hand side of (4.3), as n — oo. Note that {B < oo}
is the event that the branching process I3 goes extinct.

4.4)

LEMMA 4.1.

4.5)  (n=DEpech lcr<pmepl(1 = E[x3]) = E[(B — D1{s<oq)]p

asn — Q.

PROOF. Since (1 — E[x;]) = p as n — oo, it suffices to show that
(n — I)E[I{ZEC?}I{C?E[WS]}] —> E[(B — 1)1{B<oo}] asn — oQ.

Note first that, by exchangeability, P(2 € C{|C] =k) =(k —1)/(n — 1) (k=
1,2,...,n). Hence,

[n”]
(n = DE[lgeep licr<pappl = (0 = 1) Y P2 €CTICT =k) P(C} = k)
k=1
LR
(4.6) (n—l)Z—P (C} =k)

= E[(C] - 1)1{C1’s[nﬂ]}]~
Exploiting the couplings of C{, B} and B as at the end of Section 3, we have that
[E[(CT = Dlicp<pury] = E[(B = D1{p_ue ]|
<P P((CF = Dliep<pury # (B = D1 {p<iuey)
<nPP(M;} < [n]) +nP P(M < [nP])

B(nP nprN2 %

nf(nf +1 D!

<t (SR () )
2 i=1 nin (/’L/\z =1

By conditions (a)—(c), the right-hand side of (4.7) converges to 0 as n — oo.
Thus, the lemma follows by showing that

“4.7)
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Note that
|E[(B — D1p<puepy] — E[(B — D1{p<ocy]|
4.8) = E[(B = D1{},81<p<o0}]
o0
= Y (-DPB=j,B<o0).
j=[nP1+1

By Markov’s inequality P(B = j, B < 00) < E[B*1{p-o}]/j> and since the
branching process B is super-critical, Lemma A.2 ensures that E[B31{ B<oo}l <
oo. Therefore, it follows that the right-hand side of (4.8) converges to 0 as n — oo
and the lemma is proved. [J

We turn to the second term on the right-hand side of (4.3). Let H" denote a
set of distinct vertices in G,. Then, conditioning on the cardinality C{ of C{ and
exploiting exchangeability,

(n — DE[1pgenLicr<pry (g <y — ED ey <pasy))]

[nf]
= =1 P(CY =K E[lpgey(Licy<my — Ellicy <oy ])ICT =K]
k=1
[nf]
=(m—-D)Y P(Cl=k) Y P(CI=H"C]=k)
k=1 O H =k
4.9) i )
x E[1geny (L <impyy — Elcg <)) ICY = H"]
[nf]
=m—-1Y P(Ci=k) Y P =HC]=k)
k=1 H H | =k

x {E[Lipgen Licn <y |CF = H"] = E[1gen|CF = H" | E[1icp <pueyy]}-

We note that |H"| = k implies that

n—k
E[lpgeplCt = "] = ——.
which in turn gives
E[1agen ey <peyCT =H"]
(4.10) =P(Cy <[nfll2¢Ct.Cl =H") x P(2¢CHC =H")

—k
=2 p(er <[Pl gcr.Cr =H").

n—1
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Therefore, it follows from (4.9) and (4.10) that

(n — DE[TpgenyLicr<mey (L <y — EDyep<asn))]

[n”]

(4.11) =Y (m—kP(C{=k) >  PC=H'C}=k)
=1 H™ | H =k
x{P(C3 <[nfl2¢Cl.Cl =H") - P(C; < [2"])}.

The final term on the right-hand side of (4.11) is difficult to analyse directly. There-
fore, we exploit further couplings of the component construction to the branching
process approximation to derive the limiting behaviour of (4.11). In Section 4.2,
we show that, as n — o0, the limit of (4.11) is the same as the limit of n times
the difference between the extinction probabilities of two sequences of branching
processes, the latter being far more amenable to analysis. Then in Section 4.3, we
obtain the limit of the difference between the extinction probabilities.

4.2. Recasting the limit of (4.11). Let D" 4 denote the set of vertices in G,
excluding those vertices in a given set of vertices, H". Suppose that 2 ¢ H" and
let (f’g and Bg denote respectively the component containing vertex 2 and the asso-
ciated branching process constructed using vertices D" - For the present, H" is
an arbitrary but specified set of vertices that satisfies |H"| < [n#]. Throughout the
remainder of this section, H" will be equated with C} and we will construct CVQ’ and

. . Sno . . D

the associated branching process B} using the vertices not in C}'. Let Cy 12 C5 and
D . . .

Bg’l = B}, denote the component containing vertex 2 and the associated branching

process constructed using vertices D", independently of the construction of C'. Let

Cv'g, ég’, C; T and BS’ I denote the cardinalities of the appropriate sets. We outline
how the above four processes can be usefully coupled on a common probability
space. Let hy, =n — |H"|, ull = {npun — Y icpn D'}/ hn and

D"

1
(4.12) P "=i)={ h,uH
0, otherwise.

(ie{l,2,....n}\H"),

Let ég, é{l, ... be independent with é(’)’ distributed uniformly on {1, 2, ..., n}\ H"

and GV,’: 2 6" for k > 1. Then Cv’z1 and 3’21 can be constructed using D" o and

é(’}, éf, ... in an analagous fashion to that described in Section 3. Let Q,‘f (k) =

Zf:(} leziﬂ 1{(;;1:(;,;} be the total number of matches in {56’, éi’, e, é,?} Then
i =V

if B) =k and Qfl‘(k — 1) =0, we have that C; = Bj, that is, the addition

of each new individual in the branching process corresponds to the addition of
a new vertex to the component containing vertex 2. (Recall that B} includes
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the initial ancestor.) A key observation going forward is that given a set H",
Crleyen =Hr,2 ¢,

To couple (135 A Cy ’I) with (l?”, CVE’), we use independent (given H") Bernoulli
random variables Uy, U, ..., U[’:zﬂ]+1‘ Let P(Uy = 1|H") = |H"|/n, the prob-
ability that a randomly chosen vertex belongs to H" and for k > 1, let P(U}! =
HCY) =X jenn D;? /(nuy), the probability that a randomly chosen edge belongs
to a vertex in H". For k > 0, set 0,:“1 = é,f if U =0.If U} =1, draw 98’1 uni-
formly at random from " and for k > 1, if U ,:’ =1, set 9,:’ - j with proba-

bility D;? /D ienn D? (j € H™"). It is straightforward to show that 6 12 60y and

for k > 1, 0,?’1 L 9" Then construct (B;’I, Cg’l) as before using 961’], 0{”1, e
Let QB (k) = Y¥_,U”, the total number of times in the first k + 1 chosen
vertices, a vertex from H" appears in the construction of B;”I . Note that if
B} =k and QF(k — 1) =0 then By’ = BY. Also if C} =k, Q2(k) <1 and
Q,If (k) =0, then Cg - Cv’g, since we need to take into account that there may
exist 0 <i < j <k such that él" = éf [If Cv'g = k and there is at most one
match among {56’, OV{’, e é,’:} then {é{)’, éi’, e é,’:} determines Cvg’ It then fol-
lows that C;’I = Cvg (whence Cg’l = CV'E’), since QB (k) = 0 implies 07’1 = é]”
(j=0,1,...,k).] Finally, if B'21’I =k with QA(k —1)=0and QB(k — 1) < 1
then C;”I = Bg’[, since Q4(k — 1) =0 and QF(k — 1) < 1 ensure that all
the individuals in Bg’l correspond to distinct vertices in C; T [If Q,’? k-1 =
0B(k—1)=0then 6]’ 01" ... 0" are clearly distinct. If Q7 (k — 1) = 0 and
OBk — 1) =1, then there exists 0 < jo < k — 1 such that 0‘;;’1 € H" and 97’1 = é‘?
for j =0,1,....,k—1 (j # jo). Now é]" ¢ H" (j=0,1,...,k — 1), so since
56’, él", o Qv,?_l are distinct then so are 9(')1’1, 0;1’1, o 9:’_11.]

LEMMA 4.2.

Jim (2 — D E[Lpgen Ler <y (g <ty — ENeg <))

i) = Jim (2 — DE[1gen Lcr <oy ez <ty = ED et gy )]

= Mm_ E[Licr <oyl agep)

n—0o0

x (n = D{E[L g gy 17" = CT] = ELL gt gy 1]

provided that the final limit exists and is finite.

PROOF. The first equality follows from E[l{cg,lf[nﬂ]}] = E[l{C’gs[nﬂ]}]'
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Using (4.11) and a similar decomposition for the right-hand side of (4.13), we
have that

|(n = DE[pgen L <iary (g ey = ENyent ey )]
= (0 = DE[Lcppuep lipgey
XAE[ gy <oy H" = C1] = BN gt g 1]

(]
=|> (n—kP(C=k) >  P(C=H'CI=k)
k=1 H | H | =k

(4.14)

x ({P(cs <[n"ll2gci.ci =#") - P(Cy" < [n"]))

—{P(By <["1I1") - P(By" < [n"])})).

Note that {(VTE‘ |H" =CT'} 2 {C312 ¢ C], C] =H"}, from the construction of Cn, so
P(CH2¢C,Cl=H") = P(CHH" =C).
Therefore, it follows that the right-hand side of (4.14) is less than or equal to

max  (n— DH{P(Ch < [n#]H") — P(Ch! < [nP)))

{H";|H" | <nP)
(4.15) ) )
—{P(B; <[n"]1H") - P(By" < [n"])}I.

We start by considering fixed 7" with |H"| < [nf].
Using the above couplings, we have that, for k =1,2, ..., [nﬂ],

P(Cy =kIH") = P(B} =k, 01 ([n*]) = 0. 0B ([n]) < 1171")
+P(Cy =k 02 ([n]) = 1. 02 ([n*]) = 011"
+ P(CY =k, 0, ([n")) + 07 ([nF]) = 211").

Since the distribution of Cg’l is independent of H", we have that, for k =
1.2,....[n"],

P(Cy =k)= P(CH" = kIHY)
= P(By' =k, 07 ([n"]) =0, 07 ([n"]) < IH")
+P(Cy! =k, 05 ([n*]) = 1, 07 ([n"]) = 011"
+P(Cy! =k, 02 ((n°]) + 02 ([n"]) = 21M™).
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Also, fork=1,2, ..., [nf],
P(BY =kIH") = P(B5 =k, 0, ([n"]) =0, 02 ([n"]) < 111")
+P(By =k, 0, ([n"]) = 1, 07 ([n"]) = O1H")
+ P(B} =k, 0 ([n"]) + 07 ([n"]) = 217").

Therefore, using a similar decomposition for P(B = k), it is straightforward to
show that

(n = DI{P(C3 = ["]H") = P(CT" < [nF]))
(4.16) —{P(BS <[n"]im") - P(By" <[n"])}]
<20 = DP(Q; ([(n"]) + 07 ([n"]) = 21H").
We study the right-hand side of (4.16) in order to bound the right-hand side of
(4.14).

Given H", we have that Q,f([nﬁ]) and Qf ([n?]) are independent. Therefore,
the right-hand side of (4.16) is bounded above by

2{(n = DP(Q)([n"]) = 2IH") + (n — D P(Q ([2"]) = 2IH")
+(n = DP(Qp ([7"]) = 1H") P(QF ([n"]) = 11H")}.

We are interested in the case H" = CJ, where |C}| < [n?]. Under condition (c),

(4.17)

for all sufficiently large n, A, = max{j<j<pn) l_);’ < nélT, and consequently, we have
that, for k > 0, | ¥ cpn (DIN¥| < nPn. Since B < 1/12, it follows from condition
(a)(ii) that, for k = 1,2,3, n71 Y430 (DMK > $Li and n=! Y7_ (DIHF < 2Ly,
for all sufficiently large n.

For Q,’?([nﬂ ]) > 2, we require that either there exist distinct i, j, k € {0, 1, ...,
[n#]} such that 67 = é;? = 07" or there exist distinct 7, j, k,1 € {0, 1, ..., [##]} such
that é," = «931 and é,’j = él”. Without loss of generality, we may assume that i < j, k

in the first case and i < j, k, [ in the second case. There are therefore two cases to
consideri =0andi >1.Fori =0,

POy = v}l: M) = Z{ —1|7-t”| X( o D )2}

> menr Dy,

PO =0"=011H) = > <—D;1 _ >3
l ! I¢H" Zm¢7—t" Dfn

8 L, - 1613

pry? < 253
- L?n3 g( 1) = L{’n2
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for all sufficiently large n. Using the independence of QVI-”, é;’, é,? él” we have that
fori >1, '
PO =07.0¢ =0/ H") = P(0] =07 IH")P(6F =6]'|H")

=(x (#ﬁf){;)z)z

reHn

2
16 (&, - 0 64L3
< E D" <2
- L?n“( (D7) ) - L‘I‘n2

r=1

for all sufficiently large n, and by similar arguments for i =0,

64L,
L2

P05 =06},6; =0/1H") < ——,
ln

for all sufficiently large n. Since 8 < 1/12 and the bound for i > 1 is the larger in
both cases,

(n— DP(Q7 ([n"]) = 21H")

n—1 16L 64L3
B 3 3 B 4 2
(4.18) =— {([n 1+1) % +(["1+1) % }
-0 as n — 00.
Similarly, for all sufficiently large n,
Vn—1([nP1+1)? 8L
V= TR0 = 1) < VDB
(4.19) !
-0 as n — 0.
Now turning to Q,f ([nﬂ]), we have that
(n =D P(Q; ([n"]) = 21H")
(P —1] [nP]
<Y Y @a=-DHPU'=1LU;=1H")
i=0 j=i+l
[P =11 [n”]
= > Y (—LHPU'=1H"PU;=1H")
i=0 j=i+l

(4.20)

H'S i D" Y g D'\ 2
s(n—l){[”ﬂ]| 2 Liided +[”ﬂ]2(‘ o j) }
n Nty niby
HSﬂAn n2,3 (”ﬁAn)z}
n2u/2 n2u?/4

(for all sufficiently large n)

4
—|——2>—>0 as n — 0o.
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Similarly, for all sufficiently large n, we have that

" -
Vn=1P(Q7 ([n")) = 11" <nf) < "—1( pabd LAY D?/”“")
jeH
nf  2n?h+i
(421) < n—1<—+ )
n nu
—0 asn — o0.

Therefore, it follows from (4.18)—(4.21) that for any H”" satisfying |H"| < [nf],
(4.17) converges to 0 as n — 00; moreover, this convergence is uniform over such

‘H'". Hence, the right-hand side of (4.14) converges to 0 as n — oo and the lemma
follows. O

For a branching process, it is far simpler to study its extinction probability than
the probability that its total size is less than [n?]. The following lemma provides
useful bounds between these two probabilities as n — o0.

LEMMA 4.3.
(n = DE[Licp <oy Lagep) (E[1 g oy " = 1]
(4.22) ) )
- E[l{égg[nﬁ]}rH = Cl ])] -0
and

(423) (0 = DE[Lcpzpuy L pgep (U prt )] = ELL gnt )] = 0

asn— oQ.

PROOF. We prove (4.22) with (4.23) following by similar but simpler argu-
ments.

Given that C} < [nP], it follows from conditions (a)—(c) that there exists § > 0
such that for all sufficiently large n, regardless of the set C"', v, = Zl¢cn D} (D} —
1)/Z,¢Cn D” >1+8andk, = > gcr D”(D" — 1)(D" 2)/Zl¢cn D” <Ai+1l<
Q. Therefore it follows by Corollary A.4 that for any [ € N, there ex1sts a finite
constant A = A 5+1.s such that for sufficiently large n, E [(B”)l (B1< Oo}] < A*
By Markov s inequality for any / € N and for all sufficiently large n,

E[1 oo/ H" = C1] = E[1 g0 ) H" =C1]
= P(B; < o0) — P(B} <[n”], B} <o)
(4.24) — P(BY > [nP]|BY < 00)P(BY < o)
< [n*) ' E[(B2)' 1B} < 00] P(B} < o0)
< [n#] 7' A},



1074 F. BALL AND P. NEAL

By choosing any / > 1/8, we can bound from above the left-hand side of (4.22)
by (n — D[nP17'Af > 0asn — o0. O

By Lemma 4.3 and the triangle inequality, we have that

lim_E[1ien ey Lipgen)

n—>oo
X (0= DUE[L g gy " = CF] = ELL gt oy 1]
(4.25) )
= lim E[l{cffg[nﬁ]}l{%(?il}

n—oo

X (I’l - 1){E[1{}§£‘<oo}|Hn =C?] o E[I{Bg’1<oo}]}]’

should the latter limit exist. Thus, we have reformulated the limit, as n — oo,
of (4.11) in terms of the limiting behaviour of the extinction probabilities of two
sequences of branching processes. Moreover, there is a straightforward coupling
between the two branching processes which is exploited in Section 4.3.

4.3. Comparing extinction probabilities of coupled branching processes. Let
yn = P(By < oo|H" =C],C} < [n?]) and = P(Bg”l < 00) denote the ex-
tinction probabilities of the branching processes l;g and B} ! respectively. Then
Sn = fu(Gn) and yn = fo(zn), where for s = 0, fu(s) = ;=er Xjecrs /s fuls) =

1 n Drg _ o0 n .k v .
s ijl §s7h =) p_omys”, and Z, and z, satisfy

v 1 X1 v
in = I&_fn(zn)’
(4.26) 1”
in = _f;;(zn)
MUn

with i, = # > jger DY, fu(s) = 4 fuls) and f;(s) = % f(s). Note that for

all 0 <5 < 1, fu(HICT < [nP1}, fuls) L f(), fZ(S)l{C" <[nP1}, £1(s) 2
F(5), ftnl{C" < [nP1}, n BN w and v, [{C] < (nf1}, v, P yasn— 00, where

b, = m > jgcn D;?(D;? — 1). Then, using Britton, Janson and Martin-Lof

(2007), Lemma 4.1, it is straightforward to show that Z,|[{C] < [n*]}, z, L5 zas
n— 0o.

For k=0,1,..., let by denote the total number of vertices in C{ with degree
k.Let H' = Y2 kb}, the sum of the degrees of the members of C. If C{ con-
tains no cycles, then H' =2(C7 — 1). Using M and M;"? = min{k > M2; 6} €
{05,607, ...,6;_,}}, it is straightforward to show that P(H{ = 2(C{ — 1)|C} <
[n?]) — 1 and there exists ¢ > 0 such that n1+$P(H1” >2CT|CT < [nP]) — 0 as
n — oo [cf. (3.4) and (4.18), resp.]. In words, if C{ is small (< [n/;]) then with high
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probability it contains no cycles and the probability of containing 2 or more cycles
i% very small. For k =0, 1, ..., let 7} = ﬁzmc? I{D;!zk}’ sofor0<s <1,
() = R0 s,

The limit, as n — 00, of the right-hand side of (4.25) is computed in Lemma 4.6
following a preliminary lemma and corollary. A key observation in obtaining the
limit is that, using the coupling of C{, B} and B, it is easily shown that, for k =
0,1,...,

(4.27) bPH{CT < [nP]) 2> bel(B <00} asn — oo,

where by denotes the total number of individuals having degree k in the branching
process B3, where an individual has degree k if it has k — 1 offspring (k offspring
in the case of the initial ancestor).

LEMMA 4 .4.

. i |
as n — oQ.

PROOEFE. First, note that

n(Zn_Zn)=n ZkVnd 1__annk 1}

”k 1 Hn 23
n o0
(4.28) =V—<un—ﬁn>2kﬁ,ﬁzk 1+—Zk — )i
n (e e]
o Ykl @ =),

Since C{C" < [nP]} - B|{B < oo} and H!|{C" < [nP]} -2 2(B —
1)|{B < 0o} as n — 00, we have that

5 Cc? " n
n(un — i) {CY <P} = (—n_lc?)ZDHmH{’ (et =n”}
i=l

L _Bu+2B-1|{B<oo) asn— oo.
Then, since (i, [{C} < nP}, uy —> p, Z,1{CY < nP} L5 z and £ G)C] <
nh} BN f/(z) as n — oo, where z and f’(z) are defined in (1.3), we have that

(ttn — Mn)Zkﬁ;’fEk {cr <nf)
fnfn
(4.29)

p 1
H _2

. [2B—1)—Bu)f'@)I{B <00}  asn— oc.
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Similarly,
n o0
— Y k(i — =) Cr <)
- (Z”éc'll 1{[)7:"} _ 2=t 1{Dn_k})zk 1‘{cn <nf}
n n—Cr n " !
1 & n n k1
L PGS By ey B
= ¢ct eCt
(4.30) 1 1
1 & 1 n|yk—1 n B
:M_Zk n_C" > Lproiy )CF = b2, ‘{Cl <n”}
" k=1 I ject

1 o0
N . > k(B - bk)zk_l‘{B < 00)
k=1

B
/'@ ——Zkb k=1 asn — oo.
K =

(Convergence in distribution of the infinite sum can be justified by exploiting that,
for any zo € (0, 1), Zl?iko kZ¥1 > 0 as kg — oo uniformly in z € [0, zo].)

Turning to the third term on the right-hand side of (4.28), by the mean value
theorem, for fixed n, there exists ¢, lying between z,, and z,, such that

431 = Zk A = — ) — Zk(k — Dy

Mo = Hon 1 =5
Now Z,[{C" < nP} and z, both converge in probability to z as n — 0o, hence so
does ¢,,. It then follows that Zk L k(k — l)n,?(pn 2|{C” nfy A, f”(z) as

n — 00. As noted in the paragraph following Theorem 2.1, f”(z)/n < 1 There-
fore combining (4.29), (4.30) and (4.31) with (4.28), we have that

n(Zy — z){CF < nP)

D 1 f'(@) k-1
- 1—f”(z)/ui 28 =Dl __Zkbkz }’{B@O}

1
_ kbkz—z {B < o0} asn — 09,
- @/ MZ ‘

since z = f'(z)/nand 2(B — 1) = Y 32 kby. O
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COROLLARY 4.5.

n(yn — yn)|{Hn = n’ Cn = [nﬂ]}

“32) 2 1Bf@2) - Zbkz t T Zkbk (z — 25~ }‘{B<oo}

f”( =

asn— oQ.

PROOF. Note that

(4.33) nGn = yn) = 1(faGn) = fuGn)) +1(foGn) = falzn))-

It is straightforward using a similar argument to (4.30) to show that

n(fuGn) — faG){CY < [2])

(4.34) =ny (@ — )i |{Ct < [n"]}
k=1
i> Z(Bnk—bk)zk’{B<oo} as n — oo.

~
Il

1

By the mean value theorem, there exists (pz BN z as n — 00, such that

(4.35) n(faGa) = fa@) = frl@n)nGn — 20).
The corollary then follows by substituting (4.34) and (4.35) into (4.33), and then

using Lemma 4.4 and z = f'(z)/u. [It is easily shown that f, (<p,%) BN f'(z) as
n—o0.] O

LEMMA 4.6.

E[Lcp <y liagepy X (n = D{E[L gy o) |H" =C{] = ElL s _ ) 1}]

(4.36) —>E|:{Bf(z) Zbkz o fﬁ( i Zkbk(Z—Zk_l)}l{B<oo}:|

k=1
asn— oQ.

PROOF. The lemma follows from Corollary 4.5 by showing that

{Liep <t Lagep (0 = DLE[L gy o) 11" = C7] = ElL s _ ) 11}

_n—l

=, = {Lier<nsny LipgepynGn — yn)}

(4.37)

is uniformly integrable.
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Fork=1,2,..., let ¢ = k-3 0n i) and let o’ = Y jecn Ly
Let ¢" = % and @" = CT? For 0 <5 <1, let gu(s) = 2, ¢#'s*~! and let

hu(s) =32 w,?sk. Let B4 and B™® be branching processes coupled to ég
and ) I such that if 67 ¢ Cy, the kth individual in all four branching processes
has Dg,ﬁ — 1 (k = 1) offspring. (The Oth individual is the initial ancestor and has

l_)gg offspring.) If 6" € C{, let the kth individual in B™4 have no offspring, whilst
the kth individual in 8”8 has infinitely many offspring. Let 3, and j, denote the

extinction probabilities of 8”4 and B™ 8, respectively. Then $, and ¥, are given
by

yn = hn(zn) + én,

)_7}1 = hn (Zn)’
where Z,, and Zz,, are the smallest solutions in [0, 1] of

Zn=8n(Zn) + én,

Zn = &n(Zn)-
Then J, > Yo Zn > Zp and [n(Yn — yn)l = n()}}n — Yn), since )A’n and y, form upper
and lower bounds for the extinction probabilities of the branching processes B}
and Bg’]. Noting that c% gn(s) is increasing in s, and simple algebraic manipulation

gives

H
nGn =) S —— 75—
T a1 - g Ga))

Thus,
(4.38)  [n(Fn — yn)| <C"+h/(1)H—1n <C"+71n

. n n — A — A ’

P (U —gh Gy T T =g Ga)

since A}, (1) < wp.

Fix0 <& <min{l,v—1}and K =2f"'(1)/L; =2 < oo. Itis straightforward
using Lemma A.3 to show that for all sufficiently large n, 1 — g, (2,) > e2/(4K).
Therefore, since nH‘gP(Hf1 > 2C{) — 0 as n — oo, we have that for all suffi-
ciently large n,

E[|n(yn - Vn){l 1 cn B 1{2¢C”}]
( |39) {l 1 |<[nP]} 1

I+
<1+ E[(CT) 81{|c;1|§[nﬁ]}](1 t—0
By (3.4) and (3.5) at the end of Section 3, n*# P (1ycn<(usy # L<ury) — 0 as

n — oo. The lemma follows, since Lemma A.2 proves that E[B21{B<oo}] < 0.
Il
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5. Computing o2. From (4.1) and (4.3), we have that
var(Uy /</n)

—ZZCOV X ,Xj

i=1 1
(5.1) =

= var(x{) + (n = DE[1pecy Licn <oy (Lica <ty — ENer<poy])]
+ (n = DE[LagenyLicr<pryy (Licp <tnryy — E ey <puepy))]-

Therefore, it follows from Section 4 [specifically (4.1), (4.2) and Lemmas 4.1, 4.2,
4.3 and 4.6] that lim,,_, o, var(U,, /+/n) is equal to

p(1—=p)+ E[(B—1Dlp<co)]p

(5.2)
EHBf(z) Zka T f”( T Zkbk z—z7 }1{B<oo}:|

k=1

We proceed by showing that (5.2) is equal to o2, which completes the proof of
Theorem 2.1. In order to complete this, we need three preliminary lemmas for the
branching process B.

Let BB denote a single-type branching process with one initial ancestor and off-
spring distribution D — 1, where P(D =k)=km/u (k=1,2,...).LetY and X
be nonnegative integer valued random variables with probability mass functions
PY=0)=zmjwand P(X =1)=72Im/u (I=0,1,...), where w and z are
the extinction probabilities of the branching processes 5 and B, respectively. In the
branching process B, the offspring of the initial ancestor and subsequent individ-
uals, conditional upon extinction of 3, are distributed according to ¥ and X — 1,
respectively. [Note that P(X = 0) = 0.] We start by deriving the expected value
of by [the total number of individuals having degree k in the branching process B;
see (4.27)] conditional upon extinction of the branching process.

LEMMA 5.1. Fork=0,1,...,
(5.3) El[bxl{p<oc}] = P(B <o0)P(Y =k) + E[(B — 1)1{B<oo}]P(X =k).

PROOF. Let Zgy, Z1,..., be 1ndependent with Zo Yand Z, =X -1 (i =

2,...). Let T = min{n : Zo +Z1+---+Z,=n}. Then T is the total size
(not including the initial ancestor) of the branching process B3 conditioned on ex-
tinction. Fix k € Zy. Let Vo = l{zy=ky — P(Y = k) and V,, = 17—y — P(Y =
k)y + 3" (lyzi=k—1y — P(X =k)) (n=1,2,...). Then {Vp, Vi,...} is a mar-
tingale with respect to {Zg, Z1,...}. Also, T is a stopping time with respect to
{Zy, Z1, ...}, E[T] < oo as the branching process is subcritical and E[|V,4+1 —
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VullZo, Z1, ..., Z,] <1 for all n. Thus, by Corollary 3.1 on page 260 of Karlin
and Taylor (1975),

E[Vr]= E[W] =

Now,
Vr=by— P(Y=k)—TP(X =k),
SO
54 E[by|B <oo]=P(Y =k)+ P(X=k)E[T]

Equation (5.3) follows immediately from (5.4), since E[T] = E[(B — 1)|B < 00]
and E[bxl{p<occ)]l = E[bk|B < o0]P(B <00). [

LEMMA 5.2.
n

PROOF. Let B denote the total size of the branching process B. Then

X—1
E[1§|B<oo]=1+E[Zz§,- B }

i=1

where El, Eg, ... are i.i.d. according to B (and independent of X) and the sum is
vacuous if X = 1. Thus,

E[B|B <oo]l=1+ E[X — 1]E[B|B < ],
whence, since E[X — 1] = f”(z)/ < 1 (see remarks after Theorem 2.1)
1 1

EBIB <ol =1 =11 ooy

Now

E[(B —1)1{p<occ}] = E[(B —1)|B < 00] P(B < 00)

Y
(5.5) = E[Z B;
i=1

= E[Y]E[B|B < 0] P(B < 00),

:|P(B < 00)

where

E[Y] = le b Zf (2)

’

_u
1)
U

by (1.3). The lemma follows since P (B < 00) = w.
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LEMMA 5.3. Forany(Q<s <1,

3 KE[br1l(g<oo)] = +7szf/(”)
kg(:)s [br1{B<ocy] = f(52) e

and

z2f'(s2) sz22 " (sz)

(5.6) Y ks* 'E[bil{p<oo)] = 2f (s2) +

Pt L= f"@/u " 1= f"@)/u
PROOF. Using (5.3) and Lemma 5.2,
g)skE[bkl{Bm}] = wg(j)s" Z]Z" + jjf(‘z)/u :1 ok Zk_;kmc
(5.7) = flsD)+ = f,, o Z k(s2)*~'m
= f(s2) + Wf (52).

The proof of the lemma is completed by noting that (5.6) follows by differentiating
(5.7) with respect to s. [

We complete the proof of Theorem 2.1 by noting that w = f(z) and, by (5.2)
and Lemmas 5.2 and 5.3, we have that

. U,
o )
=p(l—p)+ E[(B—Dl{p<co}]p

EHBf(z) Zbkz —I— f”(Z)/M Zkbk 7 —275 }1{B<oo}:|

k=1
(5:8) =p(1—p>+%
2 /02
v’ _ 2y 2 S(@%)
o l—f”(z)/u} I = T

.z / 2f'(2) 22 f"(2)
T o {Z<Zf Ot T o tis f”(z)/u>

2 2f'(Z%) 2 (%)
(Zf = om T f”(z)/u)}'
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Straightforward algebraic manipulation, using w + p =1, w = f(z) and f'(z) =
U, gives

. Un _ _ — )2 Zz—“_ 2
nlggovar<ﬁ)_p(l o)+ (1—p) +1—f”(z)/u f(z%)
2
< (2 / o2
+71_f,,(zw( [ +2f'@) = £'(2%))
(5.9) )
Z— 2 2 p1 (2 2 e 2
A E e @ - @) =)
=02

as required.

6. The weakly supercritical case. The weakly supercritical case, studied in
Riordan (2012), corresponds to v, | 1 as n — oo, sufficiently slowly such that
n'3(v, — 1) = oo as n — oo. In Riordan (2012), Theorem 1.1, it is shown that
/n(Ry,/n— py,) is asymptotically normal with mean 0 and var(\/n (R, /n — p,)) ~
21,/ (v, — 1), where p, and z; denote the solutions to (1.2) and (1.3), respectively,
with {7;} replaced by {r'}, u replaced by 1, and f(s) and its derivatives replaced
by fu(s) =272, ni”s" and its derivatives [cf. (4.26)]. Similarly, let anz be given by
(2.5), with z, p, n and f replaced by z,, pn, 1y and f,, respectively. We proceed
by showing that

2pn
v, — 1’

6.1) a2~

n

whence from Riordan (2012), Theorem 1.1, it follows that var(\/n(R,/n —
Pn)) ~ 0,12. We assume that conditions (a)—(c) in Section 2 hold, and also that
20 j*mj <ooand >0 j471;’ — X520 j*mjasn — oo.
Let 6, =1 — z,, then §,, — 0 (z, — 1) as n — oo. Using (1.3), we have that
In = t fi(zn), whence, using Maclaurin’s theorem,

1 & :
=8 =—> in/'(1—8,)"""
M {2
1 & i—1)(i—2
(6.2) =— Zin{’(l — (=18, + Maﬁ) +0(57)
Hn ;2 2

A
=1—vd, + 7”5,% +0(82).
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Recall that z,, is the smallest solution in [0, 1] of s = Min £ (s). Thus, (6.2) implies
that §, =2(v, — 1)/A, + 0(8,). Therefore, it follows from (1.2) that

e} o0
pn=1= (1=8)'n =1= (1 =is)m]" +0(8n)
i=0 i=0

2pp
= Upbp +0(0p) = T(Vn — 1) +0(n).

n

(6.3)

Thus, p, ~2(v, — 1)y /Ay, in agreement with Riordan (2012) equation (1.11). It
is straightforward using a binomial expansion to show that, for k =1, 2,

fal@h) =7l (1= 8"
i=0

(6.4) -
= Zﬂ,-"(l —kidy) +0(8n) =1 —kénpn +0(3y),
i=0
and, similarly, that
(6.5) £1(2h) = pn(1 = k8uvn) + 0(8p),
(6.6) ,:/(Zﬁ) = tn(Vn — képAn) + 0(8pn).

Since 8,1, ~ 2(v, — 1), it follows from (6.6) that

1= f/ @)/ n =1 = {vu = 2(0n — 1) + 0(8,)}

(6.7)
=v, — 1+ 0(5,).
Therefore, turning to anz [cf. (2.5)], it follows from (6.3) and (6.4) that
(6.8) 1= pn = fu(27) = 1tnbu + 0(8n);
using (6.5) and (6.7) that
2
Z 28, pn vy — 1)
6.9 o (142, —2f () = e 1);
and, using (6.5)—(6.7), that
Z2

n 2 2 e (2 2 e 2
0= 7o bt i ) = (@) = 2 fa (z3)

. 28npn(p — 1) + Spptnrn + 0(8y)
B (v —1)2
N v, — 1 '

(6.10)
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Substituting (6.8)—(6.10) into the equation for cr,% [cf. (2.5)] yields

0(8n)
v, — 1

(Un — 102 = 8uptn (g — 1) + 28,140 (2 — 1) + 2, (1 +8,) +

0(8n)
S

since v, — 1 ~ §,, and (6.1) follows.

:Zﬂn"i‘

7. Concluding remarks. The main interest in the variance of the giant com-
ponent of a configuration model random graph is for a given degree sequence D",
where 7 is finite. Therefore, we briefly illustrate that the asymptotic expressions
are applicable for moderate n by considering n = 200 and n = 1000. For four
different distributions, D, given below, we generate D” mimicking D. That is,
we ensure that D” satisfies [nP(D = k)] < > 1{5;1:,(} <[nP(D =k)]+ 1 for

k=0,1,.... Then using D", we simulated 10,000 random graphs and recorded
the size of the giant component in each graph. For each D", the mean proportion
() and scaled variance (0,%) of the giant component from the simulated graphs
are compared with p and o2, the formulae for the mean and variance, respectively,
given by the asymptotic results. The results are presented in Table 1 for the four
degree distributions:

(1) P(D=1)=P(D=3)=1/2;

(2) D ~ Geom(g) with ¢ = 0.5 and support N, i.e. P(D =k) = 0.5 (k =
1,2,...);

(3) D ~Po(p) with u=2,ie. P(D=k)=e22X/k! (k=0,1,...);

(4) P(D=k) k™ (k=2,3,...,n) and P(D = 1) =2P(D = 3) with
m=4.

Table 1 shows that there is good agreement for n = 1000 between the theoretical
calculations of the mean and variance of the giant component and the results ob-
tained via simulation. Although larger discrepancies are observed for n = 200, the
theoretical results are still useful in this case.

TABLE 1
Simulation results against theoretical (asymptotic) calculations

Theoretical n =200 n=1000
D p o2 lon = Pl log — 2| o = p loZ — o2
1 0.8148 0.2936 0.0053 0.0456 0.0008 0.0051
2 0.7639 0.3416 0.0017 0.0152 0.0002 0.0050
3 0.7968 0.1365 0.0017 0.0025 0.0002 0.0016
4 0.8906 0.3530 0.0057 0.0346 0.0035 0.0167
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F1G. 1. Histogram of Ry, with n = 1000, based upon a sample of size 10,000, together with density
plot of N (np, no?2), both with degree distribution 1.

A natural extension of Theorem 2.1 is to seek a central limit theorem for the
size of the giant component R, [cf. (1.1)], that is, \/n(R,/n — p) N N(0,0?)
as n — o0o. This is supported by the simulation study as illustrated by Figure 1
where, for degree distribution 1, a histogram of the simulated R, is plotted, to-
gether with the density of the N (nu,no?) distribution. Similar plots were ob-
served for the other three degree distributions mentioned above. Further support
for the existence of a central limit theorem is given in Figure 2 as follows. For
each of the four degree distributions and for n = 200, 300, ..., 1000, 10,000 ran-
dom graphs were simulated. For n = 200, 300, ...,1000 andi =1, 2, ..., 10,000,
the size R! of the giant component and the normalised squared difference N\ =
(Ril —np)? / (no?) were recorded. The latter were grouped into batches of 10 with,

for j =1,2,...,1000, S,{ = Zi]gj . N,i. If a central limit theorem exists then S,%

10j—9
will converge in distribution to a X120 distribution as n — oo. In Figure 2, the empir-
ical 5%, 50% and 95% quantiles for (S!, S2, ..., S1909) (n =200, 300, ..., 1000)

are plotted for each degree distribution, w1th the three horizontal lines denoting the
corresponding quantiles of the X120 distribution. Figure 2 shows convergence of the
S, quantiles towards the X120 quantiles as n increases.

A key extension of the results of this paper is the asymptotic variance of the gi-
ant component of a Newman-Strogatz—Watts (NSW) random graph model, where
the deterministic sequence D" is replaced by taking Dy, D, ..., D, to be i.i.d. ac-
cording to a nonnegative integer-valued random variable, D. As noted in Section 1,
the degree sequence might be infeasible with }_"_, Df being odd, in which case,
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FI1G. 2.  Empirical 5%, 50% and 95% quantiles for each degree distribution (1—dot; 2—squares;
3—diamonds; 4—triangles) and corresponding x120 quantiles (lines).

we simply ignore the last half-edge in the construction of the random graph. For the
NSW random graph, we can again show that var(\/n(R,/n — p)) and Var(l}n/ﬁ)
have the same asymptotic limit (should one exist) as n — co. However, in comput-
ing Var(Un/ﬁ) = var(x}) + (n — 1)cov(x{, x3), we need to take into account
variability in D". As above, it is straightforward to show that var(x{') — p(1 — p)
as n — oo. However, for (n — 1) cov(x{, x5 ), we use the law of total covariance,
writing

(n—1)cov(xy, x5)
(7.1) = (n— D) E[cov(x], x3ID")] + (n — 1) cov(E[x}ID"], E[x3|D"])
= E[(n — D) cov(x], x4 D")] + var(v/n — 1E[x]'|D"]),

since, by exchangeability, E[ X£’|I_)”] =FE[ Xflll_)"]- That is, the covariance com-
prises two parts, variation in_the construction, and hence in the size of the gi-
ant component of G" given D" (this is the variation which is observed for the
MR random graph) and variance in the (mean) size of the giant component of G”"
due to variability in D". For g,6>0andn=1,2,..., let K g’ s denote the event

that (1) n=U/4=9 A, < ¢, (ii) (2.1) holds for all j > 0 and (iii) (2.3) holds for
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k =1, 2,3, with the components of D" drawn independently according to D. Note
that the conditions v > 1 and 71 > 0 are conditions upon D, which are satisfied
if E[D(D — 1)] > E[D] and P(D = 1) > 0. It is relatively straightforward, but
lengthy, to show that provided that there exists y > 0, such that E[D37] < oo,
then there exists § > 0, such that for all ¢ > 0, nP((K";’(S)C) — 0 as n — oo, from
which it is straightforward to show that the first term on the right-hand side of (7.1)
converges to 012 =02 — p(1 — p) as n — oo. It can also be shown that

var(vn = 1E[x{'|D"])
2
(12) — f() =@+ (m)

% {ZZ(f//(ZZ) + f”(l) _ 3/") + f’(zZ)(3 o 2f”(z)/,u)}
as n — oo. This gives for the NSW random graph that var(y/n(R,/n — p)) —
2 h
ofsw» Where

2
s =01 = )+ T n(1+5)

(7.3) \

Z
A @
The details of the proof of (7.3) will be presented elsewhere along with other ex-
tensions such as the variance of the size of a Reed—Frost epidemic which becomes
established on a (MR or NSW) random graph, Britton, Janson and Martin-Lof

(2007), Section 2.3, and the size of the giant component of a percolation model on
a random graph, Janson (2009a).

(kv =2)+ f"(2)).

APPENDIX: RESULTS FOR GALTON-WATSON BRANCHING PROCESSES

In this section, we present various useful results for Galton—Watson branching
processes utilised in the proof of Theorem 2.1.

Let B be a Galton—Watson branching process where the initial ancestor has off-
spring distribution Y and all subsequent individuals have offspring distribution X.
ForO<s <1,let f(s) = E[sY] and g(s) = E[sX]. Let B denote the total size,
1nclud1ng the initial ancestor, of the branchmg process B. Then B =1+ Zl 1 B

where By, Ba, ... areii.d. _copies of B, the total size, including the initial ancestor,
of the branching process B in which all individuals have offspring distribution X.
Further, By, Bo, ... are independent of Y. Let p be the probability that the branch-
ing process BB goes extinct. Then p = f(z) where z is the smallest solution in [0, 1]
of s = g(s). We assume throughout that P(X = 0) > 0 implying that z > 0.

We present two lemmas concerning the moments of the total size of branching
processes. Lemma A.1 is for subcritical branching processes. Lemma A.2 is for su-
percritical branching processes conditioned upon extinction and follows straight-
forwardly from Lemma A.1.



1088 F. BALL AND P. NEAL

LEMMA A.l. Suppose that there exists k € N, such that E[XX] < 00 and
E[X] < 1. Then E[B*] < o0.
If in addition E[Y*] < 00, then E[B¥] < oo.

PROOF. Note that, for E[X] < 1,
E[B]=1+ E[X]E[B]
1
T 1-EXI

We now prove that E [BX] < 0o by induction on k.
Let By, B, ... be i.i.d. according to B. Then

-r| ()
)l

Since for all j € N, (Zile B;)) < x/1 ZiX:l B;i [as f(x) = x/ is convex], it
follows that

wa oG]l e) o]

<ol z ]|

=E|x/! iE[éif]}

L i=1

(A.3) = E[X/]E[B’].

Therefore,

(A.4) E[E"]5§<§)E[XJ]E[BJ]+E[<gz§i>k]
Now
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where the inner expectation consists of X¥ terms of which X are E [Ek]. The
remaining X¥ — X terms are of the form ]_[j!”zl E[f?fj], where M > 2 and
l1,lo, ..., [y > 1 withli +1+---+1y = k. By Jensen’s inequality, for 1 <[ <k,
E[él] — E[(Ek—l)l/(k—l)] < E[B?k—l]l/(k—l)’ SO

E[(é Bl-)k} < EIX]E[B*] + E[x* — X]E[B*]F 1.

Hence, since E[X] < 1,
k—1

which is finite by 1nduct10n.

A similar argument based upon B 2 + Z,'Y:1 B; completes the proof of the
lemma. O

LEMMA A.2. Suppose that E[X] > 1. Then for any k € N,
E[B*1{p-o0)] < 0.
Consequently, for any a, 8 > 0,
(A.5) n“(P(B<oo)— P(B<[nf]))=>0  asn— oo.

PROOF. le k € N. Let ¥ and X be 1nteger—valued random variables with
P(Y =) =7PY =1)/p and P(X =0)=7""P(X=1)(=0,1,...). Then
E[Y yk l<oo and E[X Xk ] < 00. Let Bbea branching process where the 1n1t1al ances-
tor has ¥ offspring and all subsequent individuals offspring distribution X. Then

E[X]= g'(z) < 1 implying that B is a subcritical branching process, and further-

more, letting B denote the total size of l%, B|{B < o0} L é; see, for example,
Waugh (1958), Section 6. Thus,

(A.6)  E[B*1{p-o0)] = E[B*|B < 00]P(B < o0) = E[B*]P(B < 0),

and the right-hand side of (A.6) is finite by Lemma A.1.
Fix o, B > 0 and take [/ € N such that [ > «/8. Then note that

P(B < 00) = P(B < [n?]) + P([n?] < B < 0)
= P(B <[n”]) + P(B > [n]|B < 00) P(B < 00),
since {B < [n?]} C {B < oo}. However, by (A.6) agd Markov’s inequality, P(B >
[nP]|B < 00) P(B < 00) < ([nP]) ™! P(B < 00)E[B'] and (A.5) follows. [J

It is well known that for supercritical branching processes z < 1, and moreover,
g'(z) < 1. However, g’(z) can be arbitrarily close to 1. Lemma A.3 provides a
useful upper bound for g’(z) in terms of the first and second moment of X.
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LEMMA A.3. Suppose that there exists ¢ > 0 such that g'(1)(= E[X]) >
1+e¢.Thenif g"(1)(= E[X(X — 1)]) < 00, we have that 7 < 1 — % and
2
@ <1—
T 4"

PROOF. Since g”(s) is increasing in s, we have by the mean value theorem
that, for all w > 1 —¢/g”(1), g'(w) > 1. Hence, forall w > 1 —&/g"(1), g(w) <
w, implying that z < 1 —¢/g" (1).

Lety=1— %. Then similarly, g’(y) > g’(1) — (1 — y)g” (1) giving g’(y) >
1 + /2. Since g'(s) is increasing in s, by the mean value theorem,

gD -=g-g@=g0)—z

and

l—g(=¢g)—g=gMU—-y)

€
>(1+Z)d—=y).
_( +2)( ¥)
Thus, y — g(y) > (1 — y)e/2, giving (since y —z < 1)

(A7)

g/(z)fg(y)—zzl_y—g(y)

-z y—z

2

& £
51—5(1—)’):1—m,

as required. [

Corollary A.4 follows from Lemma A.3 and is required for the proof of
Lemma 4.3.

COROLLARY A.4. For any k € N and any 0 < ¢ < L < 00, there exists a
constant Ak ¢ < 00 such that for any supercritical branching process B with
EX]>1+eand EIX(X -] <L,

E[B*1(p-oo)] < Ak L.

PROOF. Fork eN and.O <e<L<oo,letCype= Z?ioik(l — e/L)i and
Di.1s= Zf’ioik(l — 8/L)’_1. Then Cy. 1 ¢ and Dy 1 . are both finite. Therefore,
by Lemma A.3,

2

(A8) E[ff]zgip(xzi)zi—l —g) <1 _j_L,
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o0 o
(A.9) E[X"] <Y ik <Y i* U —e/L)Y ™ =Dy s
=0 =0
1 & 1 ,
(A.10) E[YX] 5;2 ;Z (1—¢/L) =Ck,L.¢/p
i=0 i=0

where X and Y are defined as in Lemma A.2.

Recall the branching process B, defined at the start of the Appendix. Let B
denote the total size of B, conditional upon B going extinct. Then it is straightfor-
ward, using the proof of Lemma A.1, (A.8) and (A.9), to show that there exists a
constant Ak, L.e» such that

(A.11) E[BX]
Following (A.4), we have that

(A.12) gzk:( ) 1E[B].

=0

Al

IA

From (A.10), (A.11) and (A.12), there exists a constant A 7, ¢, such that E[ék] <
Ak, L,s/ p- Finally, note that

) A
E[B*1{p<c0)] = P(B < ) E[B"] < p% = Ak, L,

as required. [J
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