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Abstract: In this paper, we focus on the problem of a multivariate density
estimation under an LL;-loss. We provide a data-driven selection rule from
a family of kernel estimators and derive for it L,-risk oracle inequalities
depending on the value of p > 1. The proposed estimator permits us to
take into account approximation properties of the underlying density and
its independence structure simultaneously. Specifically, we obtain adaptive
upper bounds over a scale of anisotropic Nikolskii classes when the smooth-
ness is also measured with the Lp-norm. It is important to emphasize that
the adaptation to unknown independence structure of the estimated density
allows us to improve significantly the accuracy of estimation (curse of di-
mensionality). The main technical tools used in our derivation are uniform
bounds on the Lp-norms of empirical processes developed in Goldenshluger
and Lepski [13].
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1. Introduction

Let X; = (Xi1,...,X;4), i € N*, be a sequence of R%valued i.i.d. random
vectors defined on a complete probability space (€2, 2, P) and having density f
with respect to the Lebesgue measure. Furthermore, Py denotes the probability
law of X" = (X1,...,Xp), n € N, and E; is the mathematical expectation
with respect to Py.

Our goal is to estimate the density f using observations X (") = (X1,...,X,,),
n € N*. By an estimator, we mean any X ("-measurable mapping f: R™ —
L,(R%) and the accuracy of an estimator is measured by its L,,-risk:

R [7.7] = (e |- 1) peinoe) az1

A discussion of traditional methods and a review of the vast literature on
the theory and application of density estimation is given in Devroye and Gyorfi
[6], Silverman [37] and Scott [38]. We do not pretend here to provide a detailed
overview and mention only the results which are relevant for the problems un-
der consideration. The minimax and adaptive minimax multivariate density
estimation under LL,-losses on particular functional classes was studied in Bre-
tagnolle and Huber [3], Ibragimov and Khasminskii ([19, 20]), Devroye and
Lugosi ([7, 8, 9]), Efroimovich ([10, 11]), Hasminskii and Ibragimov [17], Gol-
ubev [16], Donoho et al. [5], Kerkyacharian, Picard and Tribouley [23], Juditsky
and Lambert-Lacroix [22], Rigollet [34], Massart [30] (chapter 7), Samarov and
Tsybakov [36], Mason [29], Chacén and Duong [4], Goldenshluger and Lepski
[14], and Birgé [2].

Goldenshluger and Lepski [14] developed a data-driven selection rule from a
family of kernel estimators. Moreover, the selected estimator is minimax adap-
tive over a scale of anisotropic Nikolskii classes when the smoothness of the
underlying density and the error of estimation are measured with the same
L,-norm.

Lepski [27] proposed an estimator which takes into account the independence
between groups of coordinates of the observed vectors, for estimation under the
Loo-loss. Thus, it was shown that the adaptation to unknown independence
structure permits us to reduce the so-called curse of dimensionality. This result
was illustrated by application to adaptive minimax estimation over a scale of
anisotropic Nikolskii classes.

In Rebelles [33], the same problem was studied in the pointwise setting and
some comparisons between the local procedure and the global one in Lepski [27]
have been made.
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In the present paper, we address the same problem under an L,-loss, 1 <
p < 0. As in Goldenshluger and Lepski [14], we consider the case where the
smoothness of the underlying density is assumed to be also measured in the LL,-
norm. Our main goal is to derive optimal minimax adaptive rates in the context
of global estimation of a density, by taking advantage of the fact that some
coordinates of the observations may be independent from the others. Through-
out our article we compare both the results and methods used with those of
Goldenshluger and Lepski [14] and Lepski [27].

Minimax estimation In the framework of the minimax estimation, it is as-
sumed that f belongs to a certain set of functions I, and then the accuracy of
an estimator f is measured by its mazimal risk over X:

1

~ ~ q\ 4

Ry [7.2] :—sup<lEfo—fH> . pEll+00), g1
fex p

The objective here is to construct an estimator ﬁ which achieves the asymptotic
of the minimax risk (minimax rate of convergence):

R [f*, z} = ir%fR;‘J) [f, z} = onp(D).
Here, infimum is taken over all possible estimators.

Smoothness assumption Let X be the anisotropic Nikolskii class Ny, (5, L)
of d-dimensional densities (we recall the definition in Section 3.1). Here, § =
(Bi,...,B4) € (0,400)? represents the smoothness of the underlying density.

TpB

Then ¢, »,(Npa(B,L)) =n "7 where

— d 1- la S (172]7
B = lzlé ’ Tp = { vt (1.1)

3, p>2,
see, e.g., Ibragimov and Khasminskii ([19], [20]), and Hasminskii and Ibragi-
mov [17].

It is important to emphasize that minimax rates depend heavily on both the
dimension d and the index p of the L,-risk. The dependence on p disappears
when we estimate a density belonging to the class N, 4(3, L) on a given bounded
interval of RY, see, e.g., Donoho et al. [5] for the case d = 1.

To reduce the influence of the dimension on the accuracy of estimation (curse
of dimensionality), many researchers have studied the possibility of taking into
account, not only the smoothness properties of the target function, but also some
structural hypothesis on the statistical model. For instance, see the works on the
composite function structure in Horowitz and Mamen [18], Touditski et al. [21]
and Baraud and Birgé[1], the works on multi-index structure in Goldenshluger
and Lepski [12] and Lepski and Serdyukova [28], and the works on the multiple
index model in density estimation in Samarov and Tsybakov [36].

-1
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Let us briefly discuss one of the possibilities of facing to this problem in the
density model setting. As explained above, the approach which has been recently
proposed in Lepski [27] is to take into account the independence structure of
the density f, namely its product structure due to the independence structure
of the vector Xj.

Structural assumption Denote by Z; the set of all subsets of {1,...,d},
except the empty set. Let 8 be a given set of partitions of {1,...,d}. For
all I € T, denote also T = {1,...,d}\I and |I| =card(I). We will use § for
{1,...,d}. Finally, for all z € R? and I € Z, put x; := (x;);es and

fr(xr) = | _ f(z)dy.
Rl
Assume that fz = f, that fp = 1 and note that fr is the marginal density of
Xi,1. If P € P is such that the vectors X 7, I € P, are independent then f(z) =
[liep fi(zr), Vo € R?. In the sequel, the possible independence structure of the
density f will be represented by a partition belonging to the following set:

B(f) := {P eP: fla) =[] fi(ar), vz eRd}. (1.2)

IeP

Note that P(f) is not empty if we consider that ) € 9, or that 9 = {P} if the
independence structure of f is known. The possibility of choosing 3, instead
of considering all partitions of {1,...,d}, is introduced for technical purposes.
This is explained in more detail in Lepski [27], section 2.1, paragraph “FExtra
parameters” .

In this paper, we focus on the problem of minimax estimation with L,-
risk over anisotropic Nikolskii classes Ny, q(3, L, P,f) (defined by (3.1) in Sec-
tion 3.1). The definition of these classes is a modification of that of classes
N, a(B,L) to take into account the possible independence structure P of the
target density f. Here, we need f and some of its marginals f; to be uniformly
bounded by a real number f > 0. In particular, we will prove in Section 3.2
that, for fixed 8 € (0, +00)4, L € (0, +00)4, P € B(f) and f > 0,

1
Pn,p ( N;D,d (ﬂa La Pa f)) = n7%7 7= inf [Z _] ) (13)

where 7, is given in (1.1).

If P = {0}, the class N, q(8, L, 0, f) coincides with N, 4(8, L) NF[f], where
F[f] is the set of functions uniformly bounded by f > 0, and we find again
the rate given in (1.1). Note however that if P # § then N, 4(8,L,P,f) C
N, a(B, L)NF[f] and the latter rate can be significantly improved. Indeed, if for
instance 8 = (3,...,8) and P* = {{1},...,{d}}, then 7 = f = B and

pB

_ B _ B
n P = (Npa(B, L, P*, 1)) < @np (Npa(B, L)) =n Twie. (1.4)
Moreover, ¢, ,( Np.a(8,L,P*,£f)) does not depend on the dimension d.
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We remark that minimax rates (accuracy of estimation) depend heavily on
the parameter (/3,P). Knowledge of this parameter cannot be assumed often in
particular applications. Hence, it becomes necessary to find an estimator whose
construction would be parameter free.

Adaptive minimax estimation In the framework of adaptive minimax es-
timation the underlying density f is supposed to belong to the given scale of
functional classes {¥,, a € A}. For instance, if ¥, = N, 4(5, L) then o = (3, L)
and, if ¥, = N, 4(8, L, P,f) then a = (8, L, P, f) (here, p is fixed).

The first question arising in this framework is the following: does there exist
an estimator f, such that

lim sup {cp;;,(a)Rz()q) {f*, Ea}} < 4oo Vo€ A, (1.5)

n—-+oo

where ¢, () is the minimax rate of convergence over 3. If such an estimator
exists, it is called an optimal adaptive estimator (O.A.E.).

As mentioned previously, Goldenshluger and Lepski [14] provide an O.A.E.
for estimation under L,-risk, 1 < p < 0o, over the scale {N, 4(8, L) NF[f]}.

In this paper, we construct an O.A.E. for estimation under L,-risk over the
scale {N, (8, L,P.£)}, 1 < p < oo. Therefore, we improve the adaptive rates
of convergence found in Goldenshluger and Lepski [14] when the target density
has an independence structure P # 0.

Furthermore, if 2 < p < oo, it is easily seen that, by considering the L,-loss,
we also outperform the adaptive rates of convergence obtained in Lepski [27] for
estimation under the sup-norm loss over the scale {N, q4(8, L, P, f)}. Indeed,

2r+1

o (N (3. LP0) < ne (Npa G LP0) = () 0 (10
r =T — 1/p, where ¢, ,( Np.a(8,L,P,f)) and T are given in (1.3). We see that
the gain is twofold. We win a factor “In(n)” and 7 > r.

In Rebelles [33], it was shown that there exists no O.A.E. for pointwise es-
timation over any scale {N, 4(8,L,P,f)} containing at least two classes. In
the pointwise setting, there is a “In-price” to pay for adaptation both to the
smoothness parameter of the target density and to its independence struc-
ture.

Organization of the paper In Section 2, we provide a measurable data-
driven selection rule based on bandwidth selection of kernel estimators and
we derive oracle inequalities for the selected estimator. In Section 3, we define
anisotropic Nikolskii classes of densities for adaptation with respect to their
independence structure and we provide adaptive upper bounds over a scale of
those functional classes. It is also established that the quality of estimation we
obtain is rate optimal for this problem. Proofs of all main results are given in
Section 4. Proofs of technical lemmas are deferred to the Appendix.
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2. Estimator’s construction and L,-risk oracle inéqualities
2.1. Kernel estimators related to independence structure

Let K : R — R be a fixed symmetric kernel satisfying [ K = 1, supp(K) C
[-1/2,1/2], [ K]loo < o0,

Lk >0: |K(z)-K(y)| < Lk |z —vy|, Vr,y € R. (2.1)

For all I € Ty, h € (0,1]¢ and = € R put

xr) :HK(ZEZ'), Vi, = th, K, (x5) VhI HK xi/hi);

el i€l i€l

fhz xr) 1ZKhI il — ).

Let hmazs Pmin and Vi, be fixed numbers satisfying 1/n < hpin < Amar <1
and he > Viin > 0. For all I € 7, let Hy be a fixed set of multibandwidths

maxr —

h; such that
HI g {hI € [hminuhmaw]lll V > szn }

Then, define the set of parameters
HIP]:={(h,P)e(0,1]*<xP: hy € Hy, VI € P},

and introduce the family of estimators

SIP] = {f(hP) Hth xr), )EH[‘B]} (2.2)

IeP

Note first that f(h 7 = fh is the Parzen-Rosenblatt estimator (see, e.g.,
Rosenblatt [35], Parzen [32]) with kernel Kj = K and multibandwidth h.

Next, the introduction of the estimator f(;ﬂ;) is based on the following simple
observation. If there exists P € B(f), the idea is to estimate separately each
marginal density corresponding to I € P. Since the estimated density possesses
the product structure we seek its estimator in the same form. Moreover, by
scrutinizing the proof of Theorems 1 and 2 below, we see that

R {fhP) f} <G (Ej SUPHth fIH >1 +Con V2 €1, 0o > 0.

Here and in the sequel ||.||s,; denotes the norm |.||L izl dz,), 5 € [1,+0],
1 e1,.
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Remark 1. As it is discussed above, if P € P(f) is known, the initial problem
is reduced to the estimation of marginals f;, I € P. Therefore, the natural loss
that can be used in the definition of the risk for our problem seems to be

(T 1) = sup |7 - 11
(f(h,P) f) sup Jny = J1 ot

In Section 2.3 we propose a data driven selection from the family F[ P |. The
possibility of choosing the sets Hy is introduced to make our procedure practi-
cally feasible. Indeed, H; can be chosen as an appropriate grid in [Amin, Pmaz] 11,
To define our selection rule, we need to introduce some notation and quantities.

2.2. Auxiliary estimators and quantities

For I € Z, and h,n € (0,1]? introduce auxiliary estimators

fhfﬂn (:EI) = Km * ﬁlI (Il)v

where stands for the convolution product on RI|. Obviously, f, o ﬁ]hh .-
We endow the set P8 with the operation “o” introduced in Lepski [27]: for
any P,P' € B

“ ”

PoP ={INT #0, TP, I'cP'},

that is, in its turn, a partition of {1,..., d}.
This allows us to define for h,n € (0,1]¢ and P, P’ € P

fney @) =TI Form @), (2.3)

IcPoP’!

The ideas that led to the introduction of the estimators f/l\(h)'p))(n)'pl), based
on both the operation “*” and “o”, are explained in Lepski [27], Section 2.1,
paragraph “Estimation construction”. Note that the arguments given in the
latter paper do not depend on the norm used in the definition of the risk and
remain valid for estimation under LL,-loss. Here, we give only the following sim-
ple explanation. Inspired by the methodology proposed by Goldenshluger and
Lepski [14], Section 2.6, we seck auxiliary estimators in the form (2.3) noting
that

fapy,mp) = Fnp,in,p)-

Moreover, we remark that fm/ (xp) — Ef{fm, (xp)}, I' € P ap € Rl is the
sum of i.i.d. bounded and centered random variables and, therefore, is “somehow
small”. Thus, we can expect that

7773’ H fm/ Tp) ~ H Ef{fm/(zl/)}-
Iep rep
For all P € B(f), where B(f) is defined by (1.2), one has

H E; {fm, Ty } H H E; {ﬁ;m,, (Imlf)} = H Ky fr(zr).

rep’ I'eP’ IeP:INT"#0 I€PoP’
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Finally, since th is an estimate of f;, we come to the introduction of f(h77;)7(n77;/)
and we can expect that

Fnen (@) = fonpy. (.o (2)-

However, we emphasize that the methodology developed by Goldenshluger
and Lepski [14] cannot be applied to the selection of a partition P since it
is not based on the selection from a family of linear estimators. Furthermore,
the estimation under L,-loss, 1 < p < oo, instead of sup-norm loss, leads us
to modify the method proposed in Lepski [27] by introducing the following
quantities and some specifical technical arguments to compute our risk bounds;
see the proof of Theorems 1 and 2, Section 4.2.

For I € Zy and h € (0, 1]¢ define

128’”1/;071 HKhIHpJ? p 6 [15 2)7
LA{p(hI) = 23_57"0_1/2 1K n a1 D=2
32 {ﬁp (Khl) Vil HKhIH2,Ij| ;P> 2,

R 15p [ 1 1 — 2\ £ ’
Pp (K}”) = m{n 2 l/RI <ﬁ; |:Kh1(:17[ —Xiy[):| ) dI[]

+ 27’1111)_1}’Kh1||p7]}

For h € (0,1]% and P € B put Uy, (h, P) := sup;ep Uy(hr).

We will see in Section 4.1 that the quantities ﬁp(h,P) can be viewed as
uniform bounds on the L,-norm of the stochastic errors related to the estimators
from the family §[B]. Such “majorants” were developed in Goldenshluger and
Lepski [13] and used in Goldenshluger and Lepski [14] for multivariate density
estimation under L,-loss. Let us remark that LA{p(h, P) is a deterministic quantity
when p € [1,2], and a random one when p > 2. In both cases, it follows from
the results in Lemmas 1 and 2 below, that

(5 [@n.P)])" <cy sup (nVi,) 7, V() € HIP],

where C5 > 0 is a constant and v, is given in (1.1).
Define finally A, := d[ G,]¥?~ 1, where

~

th

Gp:=1V ||KH§I sup sup < sup
(hP)E H[B]P'EP \IEPP/

p,z) 1{7>/¢@}u{73¢@}] :

We remark that if ¢ = {0} then G, = 1.
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2.3. Selection rule and oracle inequalities

For h € (0,1]¢ and P € B introduce

~

Ap(h,P) = sup [Hﬁh?»(ﬁ/ﬁﬁn?/)
(nP)E H[ ]

—Apﬁp(n,P’)] . (24)
p +

Define finally (ﬁ,?s) satisfying

~

Ap(h,P) + MUy (0, P) = 3,0 P) + AT (0, P)] . (25)

inf
(h,P)e H[ R ]

Our selected estimator is f:z f@_ﬁ).

It is easily checked that (h,P) exists, is in H[ P | and is measurable, see,
e.g., Lepski [27], section 2.1, paragraph “FEzistence and measurability” , for more
details.

We also emphasize that the construction of the proposed procedure does not
require any condition concerning the density f. However, the following mild
assumption will be used for computing its risk:

fewf,m]:{f: sup  sup ||fz||OOSf,m<f>¢®}, >0, (26)

PP P [€PP’

where B(f) is given in (1.2). Note that the considered class of densities is de-
termined by 3 and in particular

F6A0}] = {7 171 < £} FIEAPH = {7 sup Il < £ B(7) = (P}

Define, for (h,P) € H[ P ] such that P € P(f),

~

g \7
th_fI > 5 QZl
p,1

If the possible independence structure P of the target density is known, the
latter quantity can be viewed as an “LL,-risk” of the estimator f(, p), defined
with the loss

Rz()q) [(h,P), f]:= (Ef sup sup
PP IEPP!

ﬁu _fI

l(f(hyp),f) ‘= sup sup

PePRIePoP! p,1

In this case, we see that the effective dimension of estimation is not d, but
d(P) := sup;cp |I]. Therefore, the best estimator from the family §[ P ] (the or-

acle) should be f(;- p+) such that

RW [(*, P*), f] = inf RW [(h, P), f].
b [( ) f] prenim pegir [(h, P), f]

Let us provide the following oracle inequalities for our selected estimator f
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Theorem 1. Assume that nVy,n > 1. For all 0 < f < 400 and all ¢ > 1:

(i) if p € [1,2) and n > 3V 4%PC=P) then, Vf € F[f, P ],

R [7 7] < inf R [(h, P), f] + Vi 3:1}
p [f f} =l (h,p)e%[l%]mem(f){ P ( ) /] ?gg(n )

[N

+ apon 2;

(i) if p = 2, n > exp{\/8(f2 +4)} V [8(f? + 4)]? and hmar < [In(n)]=2 then,
vfeF[f,B],

[V

RW|f | < inf R [(h, P), Vi)~
1 771 00 e {6 10 P11+ g

1
+ apon 2.

The constants oy ; = oy (K, d,q,p,f), p € [1,2], i = 1,2, are given in the proof
of the theorem.

Theorem 2. Let £ >0, ¢ > 1 and p > 2. Assume that for some constants C'3
and Cy4

n>CsV 3, WVimin > 1V Cy, n~YCD < Ry < [In(n)] "

Then, Vf € FIf, ],

R@ |7, f| < inf R (1, P, v ;}
p [f f} =l (h,p)e%[l%]mem(f){ P ( )f]+§lel7§(n )

_1
+ apon 2.

The constants C3, Cy and oy, p > 2, i = 1,2, are given in the proof of the
theorem and depend on K,d,q,p and f.

Here, we see that the possibility of choosing the set of partitions B is inter-
esting for other reasons than the computational one. Indeed, the latter results
lead us to consider various problem in the framework of density estimation.

First, it is possible to consider that 8 contains the two elements ¢ and
{{1},...,{d}}, if we suppose that the target density has independent compo-
nents. We may also consider that 8 = {P} if the independence structure of the
underlying density is known...

Next, for P8 = {0} (no independence structure) we automatically obtain
oracle inequalities given in Theorems 1 and 2 in Goldenshluger and Lepski [14],
up to numerical constants. The proof of Theorem 3 in the latter paper indicates
that, for p € [2, 00),

1

n 7\ —1/2

EfohI—le ; > Cy (Vi) ;
D,
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where Cy > 0 is a constant. This lower bound holds under very weak assump-
tions on the density f and, together with the result of our Theorem 2, leads to
an oracle inequality

R(@) [(h,P), f] +ap12n71/2,

R [A, } <a inf
v ST < (hP)eH[ B 1PeP(s) P

for some constants @, ; >0, ¢ = 1,2.
If B = {0}, then R [(n,0), f] = R [f(h)@), f] and we obtain a so-called

LL,-risk oracle inequality. Note, however, that for all other cases, Rl(jq)[(h, P), fl

is an upper bound of Rl(jq) [J?(hj)), f], up to a numerical constant. This seems to
be a price to pay for taking into account the possible independence structure of
the underlying density and, thus, for reducing the influence of the dimension on
the quality of estimation.

Furthermore, comparing our results with those in Goldenshluger and Lepski
[14], we remark that another price to pay for our problem appears through the
constant ay, 1; see the computations in the proofs of Theorems 1 and 2. Indeed,
the prime interest is to obtain oracle inequalities with a constant «y, 1 close to 1,
and this seems to be more difficult whenever we consider that the target density
has an independence structure P # 0.

However, Theorems 1 and 2 in the present paper lead us to consider various
problems arising in the framework of minimax and minimax adaptive estimation.
This is the subject of Section 3 below.

2.4. A short simulation study

Consider that we estimate a bivariate density (d = 2). Thus, the set of partitions
B contains the two elements P; = {{1}, {2}} and P> = {{1,2}}. Moreover, if we
consider that the smoothness parameter h = (hq, h2) is fixed, we only have to
compare the accuracy of the estimator J?(hj)l) with that of the classical kernel
one f/l\(h)pz) = fh Then, the main question is: does our strategy choose the
partition P; when the two components of X; are independent?

Here, we answer to this question in the following case:

f(xl,xz) = 2 1 267(1?4’13)/(202)7 o= 0, 1’
Yixea

7. J S

Ky, (z;) = hi\/%e , h;=0,0313, i =1,2.
For simplicity, we estimate f on a grid of 100 x 100 points in the domain
[~1/2,1/2]? via Fast Fourier Transform, by using n = 1000 simulated random
vectors. Because f is an isotropic density, the smoothness parameter h = (hy, hs)
is an isotropic vector properly chosen in the dyadic grid {h = (27%,27%): k € N,
logy(In*(n)) < k < logy(n)}, in order to minimize both the Lo-risk (average over
1000 samples) of ']/[Ehﬁpl) and the one of ﬁh1p2).
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Fic 1. Comparison of La-losses.
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F1G 2. Comparison of selection criterions.

Figure 1 shows the boxplots of values of the Ls-loss of both estimators .]/C\(hj)l)
(on the left) and fl(h)pz) (on the right) over 1000 samples. Note that, in this case,
fl(h)pl) outperforms .]?(hj)z) 991 times and

RV [ Finpuys /] = 0.2884 < 0,3523 = REY [ Joupay, f]

where, here, Rél)[f(h_,pi), f] denotes the Lo-risk of .]/C\(hypi), 1 = 1,2, average over
1000 samples. R

Figure 2 shows the boxplots of values of both selection criterions Ay (h, Py) +
Aold> (b, P1) (on the left) and Ag(h, Pa) + Asldo(h, P2) (on the right) over 1000
samples, with a random quantity Ao multiplied by ¢ = 0,01. Here, our strategy
chooses the partition P; 999 times. We conclude that, for this example, the
selected estimator outperforms the classical kernel estimator in almost all cases.
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3. Lp adaptive estimation

In this section, we discuss adaptive minimax estimation over a certain scale
of anisotropic Nikolskii classes when the smoothness of the underlying density
is assumed to be measured with the same Lj,-norm that used to measure the
quality of estimation.

3.1. Anisotropic Nikolskii classes of densities related to
independence structure

We start with the definition of the anisotropic Nikolskii class of densities we
use in the sequel. Let {eq,...,es} denote the canonical basis in R®, s € N*.

Definition 1. Let p € [1,00), 8 = (B1,---,08s), Bi > 0and L = (Ly,..., L),
L; > 0. A probability density f : R®* — R belongs to the anisotropic Nikolskii
class N, 5(8, L) if

ﬁi*[ﬁdj VieR, Vi=1,...,s.

(i1) | DI f+te) = DIV p )| < Lalt

Here DF f denotes the kth order partial derivate of f with respect to the variable
t;, and | B;] is the largest integer strictly less than f3;.

In order to take into account the smoothness of the underlying density and
its possible independence structure simultaneously, a collection of anisotropic
Nikolskii classes of densities was introduced in Lepski [27], Section 3, Defini-
tion 2. However, since the adaptation is not necessarily considered with respect
to the set of all partitions of {1,...,d}, the condition imposed therein can be
weakened. For instance, if 8 = {0} (no independence structure), we want to
find again the well known results concerning the adaptive estimation over the
scale of anisotropic Nikolskii classes of densities {INV,, a(8, L)}, that is not possi-
ble with the classes introduced in Lepski [27]. For these reasons, the following
collection {N, 4(8, L, P)}» was introduced in Rebelles [33], Section 3.1.

Definition 2. Let (3,p, P) € (0, 4+00)?x[1, 00]? xR be fixed. A probability den-
sity f : R — R4 belongs to the class Ny, 4(3, L, P) if f(z) = [1,ep f1(a1), Vo €
R4, and

f[ S NPI,\I\(ﬁI’L1)7 VI € PIOP”, V(PI, PH) S m X ‘p

Finally, recall that the condition f € F[f,} | is required in Theorems 1 and 2,
and define

Npa(B,L,P,f):=Npqa(B8,L,P)NF[£,P], 0<f<+oo. (3.1)

In the next section, we illustrate the application of Theorems 1 and 2 to adaptive
estimation over anisotropic Nikolskii classes of densities N, 4(5, L, P, f).
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3.2. Adaptive minimazx estimation

For p € [1,00) and (3,P) € (0,+00)¢ x P define ¢, ,(3,P) := n_%, where
~p is given in (1.1) and

-1
Ti=7T(8,P) =il By, Bri= [Z H , LeP. (3.2)

icl
We provide the following minimax lower bound.

Theorem 3. For any f > 0, any (3,L,P) € (0,00)% x (0,00)¢ x B and any
pe(1,00)

n—r—+0o0

lim nf {gpn;(ﬁ,mn%fngq) fiNpa (B,L,P,f)]} >0,

where infimum is taken over all possible estimators.

The proof of Theorem 3 coincides with the one of Theorem 3 in Goldenshluger
and Lepski [15], up to minor modifications to take into account the independence
structure of the underlying density. Therefore, it is omitted.

Our goal now is to show that ¢, ,(5,P) is the minimax rate of convergence
on the anisotropic class Np 4(8, L, P, f), and that a minimax estimator can be
selected from the collection §[ B | given in (2.2).

Assume that § € 93, that #; is the dyadic grid in {h1 € [hmin, himaz)'!
Viy = Vinin}, I € T4, and consider the estimator fdeﬁned by the selection rule
(2.4)—(2.5). We show below that the quality of estimation of f is optimal up
to a numerical constant on each class N, 4(8, L, P, f), whatever the nuisance
parameter (3, L, P,f). We achieve the latter goal with properly chosen kernel
K and numbers Aoz, Pmin and V.

For a given integer [ > 2 and a given symmetric Lipschitz function v : R — R
satisfying supp(u) C [-1/(21),1/(20)] and [, u(y)dy = 1 set

w(z) == i ( i ) (—1)i+1%u (%) , z€R. (3.3)

i=1
Furthermore we use K = w; in the definition of the collection of estimators

S8 ]. The relation of kernel u; to anisotropic Nikolskii classes is discussed in
Kerkyacharian, Lepski and Picard [23]. In particular, it was shown that

/K(z)dz=1, /sz(z)dz:O, Ve=1,...,1—1. (3.4)
R R

Choose finally Apae = [I0(1)]~ VP hpin := n~! and Vi, := (Cy + 1)n ="
Theorem 4. Let p € (1,00). Then for any £ > 0 and any (B, L,P) € (0,1]¢ x
(0,00)¢ x B one has

lim sup {gp;;(ﬁ,P)R;ﬁ) [f, Nya(B,L, P, f)” < 0.

n—-+oo
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It follows that ¢, ,(8,P) is the minimax rate of convergence on each func-
tional class N, 4(5, L, P,f) and that our estimator, which is fully data-driven,
is an O.A.E. over the scale of functional classes {Np 4(8, L, P,f)}(5,0,p,5)- Let
us briefly discuss other consequences of Theorem 4.

First, if 8 = {0}, we obtain automatically the minimax adaptive upper bound
given in Goldenshluger and Lepski [14], Theorem 4.

Next, in view of the latter consideration, Theorem 4 allows us to compare
the influence of the independence structure on the accuracy of estimation. For
example, we see that

onp(8.0) > ¢ny (B,P), WP £D.

We conclude that the existence of an independence structure improves signif-
icantly the accuracy of estimation with IL,-risk. The same conclusion was ob-
tained in Lepski [27] for density estimation under the sup-norm loss and in
Rebelles [33] for pointwise density estimation. It is also important to emphasize
that there is no price to pay for adaptation to the independence structure in
the framework of estimation with an LL,-loss, whereas there is a “In-price” in
the pointwise setting, see Rebelles [33]. Note that, if 8 = {f} (no independence
structure), there is still a “In-price” to pay for adaptation to the smoothness
parameter when we consider the pointwise criterion. This was shown for the first
time in Lepski [26] for the Gaussian white noise model, in the unidimensional
case.

Finally, in view of the embedding theorem for anisotropic Nikolskii classes,
see, e.g., Theorem 6.9 in Nikolskii [31], if Z?:l 1/B; < p, there exists a number
f := f(8,p) > 0 such that N, 4(5,L,P) C F[f, P |. Therefore, we deduce from
Theorems 3 and 4 that our estimator is an O.A.E. over the scale

d
{ Npa(B,L,P), (B,L,P) € (0] x (0,+00)" x B, Y 1/ <p } :

i=1
4. Proofs of main results

The main technical tools used in our derivations are uniform bounds on the
L,-norm of empirical processes developed in Goldenshluger and Lepski [13]. We
start this section by giving corresponding results established in Goldenshluger
and Lepski [14] for multivariate-density estimation under L,-loss.

4.1. Uniform bounds on the L,-norm of kernel empirical processes

Let f e FIf,B ], f > 0, and I € Z, be fixed. Remind that % < hmin < hmaz < 1,
that s
HI g {hl S [hminvhmaz}| | : VhI Z Vmin }a

and put

Ay, = [1V In(hmaz /B I, By, = 1V [[1]1085 (Fmas /hain)] -
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For hy € (0,1)l and x; € RII, define &, (z;) := ﬁ”(x]) —Ef{ﬁ”(:zrl)}, and

l/R' </RI [Kns (wr = )]’ fl(yl)dyl) g dxfl %

1_
+2nP1HR%JuJ}.

[SIES

15p ) _
pp (Kn,) == m{”

Propositions 1 and 2 below follow immediately from Lemmas 1 and 2 estab-
lished in Goldenshluger and Lepski [14], Section 4.1. Indeed, assumptions (K1)
and (K2) required in the latter paper are satisfied for Lx = Lxk := d||K||% 'Lk
and koo = | K||%.

Proposition 1. (i) If p € [1,2), then for all integer n > 427/(2=P)

hreHr

~ q % % 1 2TL%_1
E; sup [||gh,||p)1 — U, (hr) L < CLAfns exp — g1
(i1) Assume that 8[f2hl7lllam +4n~12] <1, then

1

f2h‘77lz|a;ﬂ +4n~3

~ g z 16q)~ !
{Ef sup |l llz,r — o hr)] } SCQA;{[ITmexp{_ (169) }
hreHr +

Here C; = Ci(Lk, koo, |1],q), i =1,2.

Proposition 2. Let p > 2. Assume that n > C3, nVyin > Cy, and hl,rlll,m >

1/v/n. Then

' ,\ q I 2 Ly C,
i) {Bs 5w [l ~Gpen] '} < Caad, B ntemd -2
et " fhinas
-~ q
(7)) Ey sup [Z/Ip(hl)]
hreHr

120p\ 7 1 a
<32 (14 22) s [, () v (Kl )|
np hr€Hr

+ 32C7A?;{IBHI7’LQ(I;;2) exXp {—Cgbmp} 5 Vﬂ] - H[,

4
where by, = vt ifp e (2,4) and by, = {fhinac} ™" if p € [4,00). Here
Ci — Cl(LKu kooa |I|7Q7p)7 1= 4757677787 CS = 03(LK7 kooa |I|7q7p7 f)

The following result is obtained straightforwardly by application of Theo-
rem 2 in Goldenshluger and Lepski [13]. All technical arguments are given in
the latter paper and its proof is omitted.
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Proposition 3. Let p > 2. Assume that n > C3, nViyin > Cy, and hl,,lll,m >

1/v/n. Then

1
a)a 2 C
{Ef sup (16 s = 9pp (K | } sch;a,exp{— }
hreHr +

h/f;w,m

Here C; = Ci(Lk, koo, |I],q,p, %), i = 9, 10.

All constants appearing in Propositions 1, 2 and 3 can be expressed explicitly,
see corresponding results in Goldenshluger and Lepski [14] and in Goldenshluger
and Lepski [13].

To compute our risk bounds we need the following technical lemmas. Define

&= suw sup sup [[n, ], ~Uplhr)]
PP &PIcPoP hicHr +

Gi=_sw  sup sup [l I, — 900 (Kns)|
PP &P IcPoP hicHr +

B, = K A, (masx (G P })

and «Zp(h,’P) '= SUPpr ey SUPrepopy ﬁp(hl), (h,P) € (0,1]% x B.
Lemma 1. Let Vi, be a fized number such that nVi,, > 1.
(i) Assume that p € [1,2) and n > 3V 42P/2=P) Then,

(B l6l)* < erl@n™d, (B [6]")" < esla), VFEFIEP],

(i) Assume thatp = 2, n > exp{/8(f2 + 4)}V[8(f2+4)]? and himaz < [In(n)] 2.
Then,

(Br Il < eslan ™t (Br[6]")" < eala), VS EFIEP],
(1ii) If p € [1,2], then, Vf € F[f, 3],

Ap(h,P) <128 | K||Z sup (nVi,) ", Y(h,P) € H[P].
Iep

Lemma 2. Let p > 2, and assume that for some constants Cz and C,4
n > Cs, NVin > 1V Oy, n~ VD <p < [ln(n)] .
Then, Vf € FIf, ],

() Elglnt < D gy 1t < 99 (B 5,]7)" < erla:

1 1
nz nz

(i) (& [A0.P)]") " < ext@sup (i) F + 29 vin Py e i,

IepP nz

All constants involved in the latter lemmas are given in their proofs, those
are postponed to the Appendix.
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4.2. Oracle inequalities: Proof of Theorems 1 and 2.
Set f e F[f, B ], f > 0. We divide this proof into six steps.

1) Let (h,P) € H[B ], P € B(f), be fixed. Thus, h; € Hy, VI € P.
In view of the triangle inequality we have

‘ o~

3P T f(h?)Hp + Hf<h,7>> -

I
)
R
=
E

o

)

o

@

=

5

=

o

=

o

e,

>

)

}/
=
¢}

Here we have used that f hP).(hP)
obtain

|F=1] <2[8 0P+ (hP}+Hfhp> A IR

2) Suppose that P = {I,...,L,}, m € {1,...,d}. Since P € P(f), for any
r € R4

[fonpy @) = f(@)] =

T 7ne@n) = T fr(z0)

IeP IeP

DI ACARAS fus (1) <H|fzk<xzk>|>.
i=1 j=it1 k=1

H ’fhz Ty

Here we have used the trivial equality: for m € N* and a;,b; € R, i =1,...,m,
m m m m i—1
H a; — H bi = Z(ai — bl) H aj <H bk> N (42)
i=1 i=1 i=1 j=i+1 k=1

where the product over empty set is assumed to be equal to one.
In view of P € B, the triangle inequality and the Fubini-Tonelli theorem we

establish
P71k>

m 1—1
e~ 1] <32 o - 51 (T
= Pl | \g1

m
I H Hfhfj
pli\ 2o

m(ap\/{fl_l/p}) suprh, fr

IeP

p,1

Here we have used that |[K||; > [ K = 1. Since G}, > 1, it follows

o - 51, =@ o)) gl -5,

IeP

(4.3)
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3) For any (n,P’) € H[B] and any = € R?

‘f(h,P),(n,P’)(x) — fop ()

= H H K’?ml’ *ﬁlmﬂ(‘xlﬁp)_ H ﬁ?l’(xl’) :

I'eP! [eP:INI'£0 I'ep’

Therefore, by the same method as the one used in step 2, we establish

Hf<h,7>>,<n,7>'> - f(n,m}

p

— qd(d—1) N N
S d [ Gp ] ?U.p/ H thﬁI’!nIﬁI’ - fn,z . (4‘4)
I'ep IeP:INI"#D p,I’

Here we have used Young’s inequality, that [|[K|; > [K =1 and that G, > 1.
4) In view of Young’s inequality, for any I € Z; and any n € (0, 1]¢
HEf {fm()}

Then, by the same method as the one used in step 2 and (4.5), for any
(n,P") € H[*P ] and any I' € P’ we get

1 R | ER IO}

I€P:INI'#D IeP:INI'#0 p. I’

dpel—21
| = W Tl g < 1l Wl < KRS (45)

<d (@7 Vv {HKHfflf%})dﬂ sup HK,]IN, * (fAhmﬂ - fmzf)

IeP:INI'#0D ‘p,lﬁ]’

_ 1\ d-1 ~
<d|K[{ (G v {IKI{E 5} swp || oy = i (4.6)

I€P:INI'#0) p, AN’

5) For n € (0,1]% and I' € Z,, since P € P(f), we have for any x € R?

Ef {ﬁh/ (5171/)} /Km/ (yr —zr) H frar (Yrnr)dyr

I€eP:INI'#0
- H ]Ef{fnjmﬂ («f]m[/)} .
IeP:INI"#D

Here we have used the product structure of the kernel K and the Fubini theorem.
Thus, in view of the triangle inequality and (4.4), for any (n,P’) € H[ B ],
we get
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1 Finy 0 = Fonoy o — Aply(m, ")

IT e = 11 Ef{fnm/(')}

/ 7
TeP” Ul repirnr+0 IE€PINI'#0

< A, sup {

p, I’

. —&p<n,7>’>}.

We deduce, in view of (4.6) and the trivial inequality [sup, z; — sup, ¥;]+ <
sup; [zi — yil+,

ﬁp(h,P) <f, sup sup
PIEP IEPP!

ﬁzz —fI"pI+Ap§p- (4-7)
Finally, since |K||; > 1 and f, > A, > 1, it follows from (4.1), (4.3) and (4.7)

17— 1

) < 3?,,{ sup sup } Fnr — lep , +ﬁp(h,P) —i—{,,} . (4.8)

PrEP I€POP’

6) Consider the random event B, := {G, > C,}, where C,, is a constant to
be specified.

o For p € [1,2), put Cp = (1 + 128|K[|%, + |K[|{f'~/7)[K[[{ + 1.

Remind that nVj,, > 1, Vh; € Hy, I € Zy. In view of Lemma 1 (i)—(iii),
Markov’s inequality, (4.8), and the Cauchy-Schwarz inequality we get B, C

{6 =1}, [Ps(B,))" < e1(dg)n"/?, and

. q i
(Efuf-fuplB;)

- 128|K|Y ¢
< 34 K| [C,) 1<R;q>[<h,7>>,f]+sup 1Ko 1@),

rep (nVi,)™ nz
1
—~ q q
(o] 10)

< 3c1(49)cs(4g) (RED ((h, P), f] + 128 [K|[L +€1(20)) n™ 2,

RED [(h,P), f] < e1(2) + 128 [ K| + K £171/7 1 1717,
Thus, we come to the assertion (i) of Theorem 1 with

2_
a1 = 384d” K] KL, [Co)"
- d dyel—1/p
p,2 = 31 (4g)ea(da) (256 K| + (1 + [K|{E /7 + 21 (20))

d 2_
+3e1(q)d” KT [C)T
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e Similarly, for the case p = 2, we get the assertion (ii) of Theorem 1 with the
same o, 1 and

p,2 = 3es(dg)ea(da) (256 KL + (1 + [K{E 7 + 2¢4(20) )

+3cs()d® | K|§ [Cp)4 L

e For p > 2, put C, = (1 + 92 + |K||{f'~V/?)||K||{ + 1, where T is given by
(A.5) in the proof of Lemma 2. In view of Lemma 2, Markov’s inequality, (4.8),
and the Cauchy-Schwarz inequality we establish B, C {(, > 1}, [P f(Bp)]qu <
ce(4q)n~1/?, and

Gl )

< 302 | G} (R;” (0P) S g ST O ) ,
n hr

Gl )

< 3cg(4q)cr(da) (RED [(h,P), f] + es(20) + co(20) + c5(24) ) n*,

N|=

RED [(h,P), f] < ¢5(2q) + cs(2q) + co(2q) + [[K[[{ £171/7 + £172/7.
Thus, we get the assertion of Theorem 2 with

a1 =31V es(g)ld? KIS [C,]" 7,
ap,2 := 3¢6(4q)cr(4q) {2[C5(2q) +cs(2g) +co(29)] + (1 + K] )fl—l/iﬂ}

+3[calq) + cs(q)]d? K] [Cp) "
O

4.3. Upper bounds for adaptive minimax estimation: Proof of
Theorem /4

Let £ > 0, (8,L,P) € (0, x (0,00)% x P and f € N,.a(B, L, P, £) be fixed.
In view of the triangle inequality, Vh € (0,1]4,

~

sup sup || fa, — f1

PePRIePoP! p,1

< sup sup Ef{fhf(')} = f1 + sup sup ||§h1 ”pJ ) (49)
PrER IEPSP! vl Prep IePoP’

where Ef{fn, (x1)} = Kn, * f1(z1) and &, (z1) := fu, (x1) — Ep{fn, (x1)}.
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Note first that, by applying Proposition 3 in Kerkyacharian, Lepski and Pi-
card [24], it is easily established that, for any h € (0,1]¢, any P’ € 9 and any
ITePoP,

HKm*ﬁ—jﬂu1s§:qaauunuL0%%Sc?QE:M% c>0. (4.10)
il P el

Next, by the choice of hpaz, we get from Lemma 1 (i)—(iii) and Lemma 2
(1)~(i)

1

a —

(Er sm swp el )" <0 (swpavi) ™). (@
PeBR IecPoP! IepP

Consider now, for all I € P, the system
WP =B = Vi) ", igel

The solution is given by

hi=n wioiP el IeP, (4.12)

where (5 is given in (3.2).

For all I € P, hy € [hmin, hmaz]/'! and Vi, > Vi, for n large enough and,
remember, H; is the dyadic grid in {h; € [Rmin, hmaz)" : Vi, > Vinin}. Then,
if hy denotes the projection of h; on H; one has (h,P) € H[ P | for n large
enough. It follows from Theorems 1 and 2, (4.9), (4.10) and (4.11) that

Rz()q) [f’ f] < Cay | sup ZEBZ + sup (anI)_Vp + apon 2, (4.13)
IeP

IeP icl

C > 0, for n large enough. Indeed, the choice of the numbers A4z, Amin and
Vinin implies that the conditions required in both theorems are satisfied. Finally,
in view of the properties of the dyadic grids, it is easily seen that we get the
statement of Theorem 4 from (4.12) and (4.13). O

Appendix: Proof of Lemmas 1 and 2

Set f € FIf,B ], f > 0. We obtain Lemmas 1 and 2 by applying Propositions 1
and 2 with I € PoP’, (P,P’) € P x *P.

A.1. Proof of Lemma 1
We divide this proof into several steps.

1) Note that

G< D D s [len s~ Gtk ||

PPIeR IePopr M1EH
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In view of Proposition 1 (i), if p € [1,2) and n > 3 Vv 42P(2—P)

PR - 4/q 1 2n?/P—1
Erlglts Y Okl it o {20
P, P &P IcPoP!

< Cl(Q)nil/Qv C1 (q) = Z Z Ch (ZKv kOOv |I| 7Q)

PP &P IcPOP!
ons !
exp{ — ,
P 7374

since Ay, < [In(n)]l < [In(n)]?, VI € Z,.
Similarly, in view of Proposition 1 (ii), if p = 2, n > exp{\/8(f2+4)} V

[8(F2 + 4))2 and himas < [In(n)]72, (Ef|&,|7)7 < cs(q)n=1/2, with

+

[N
=

X sup [ln(n)]% n

neN*

Cg(q) = Z Z 02(ZK7]€007|I|7Q)

P,P/ER IEPP

n(n)]” A Vi H

2d
X 1 @ —
nen- l[ nml* nexp { 1692 + 4]

since, furthermore, 0 < hl,,lll,m < hmaz, VI € 1y.

2) Foranyp>1, G, <1+ K|

DY sup{[th,np,f—ﬁp<hz>]++ﬁp<h1>+HE-f{ﬁf}Hp,f}

PPrep Iepop M1EHT

G, < 1+dPP KX 5

SIS S s ([l -Gt |+ G |

hIGHI
’ ’
P,P'eB IcPoP («])

Put f = 1V f. We get from (A.1)

= d dgl—%
£, < d®|K|; <261|‘3I3|2||K||1f !

.
DS S {[ugmup,,—ﬁp<m>}++ap<h,>}> |

PPreq IePop MEH
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If p € [1,2] and nV,,, > 1 then

ST 3T sup Uy(hy) < 12849 K| . (A.2)
PP ep Iepop MEHL

since supp(K) C [-1/2,1/2] and nV}, > 1, Vh; € H;.

Below we use the inequality (A.2) and the following trivial equality:

1 1 d?
= l(}Elf |Y|qd2)qd2] , (A.3)

(s

for any random variable Y.
In view of Proposition 1 (i), if p € [1,2) and n > 3 v 42PC=P) (E,|f,| )%
ca(q), with

d2

e =K v Y Cl(fK,koo,|I|,qd2) byl
P, PP IEPSP!

27’)}2/1)71
exp{_ 3TqP }>
i),if p=2,n > exp{/8(f2 + 4)} V[8(f2+4)]* and
< c4(q), with

a, = 130d [P [|K [, T

=

by := 1+ sup <[ln(n)]tfdn
neN*

In view of Proposition 1 (i
= L
hmas < [In(n)] 72, (E¢[fp|7)s

d2

=K oy S Y Tk T0d) | by|
P, P &P IcPoP!

a, = 130d [P | KL F

by =1+ sup (Un(nﬂ #nt exp { EGédl][fQAf;] }>

3) Let (h,P) € H[ B | be fixed. One has V4, , > V3, VI € P, VI' € P,
VP’ € B. Therefore, Vp € [1,2],

1—1

~ 1 P

Ay(h,P):= sup sup U,(h;) <128 K% sup ( ) .
PrER IEPOP! nVh,

Thus, we finish the proof of Lemma 1. O
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A.2. Proof of Lemma 2

Let p > 2. Assume that n > Cs, nVm > 1V Cy and n= V@D < p 00 <

[In(n)]~?, where

C3 = sup sup [Og(f}(,koo,|I|,’Lq,p,f)\/03(ZK,koo,|I| aiquapv f)} )
I€T,i=1,2,34

Cy = sup sup [Cu(Lx, koo, |1|,iq, p,£) V Ca(Li, koo, || ,iqd®, p, )] .
I€T,i=1,2,3,4

First, similarly to the proof of Lemma 1, step 1, it follows from the asser-
1
tion (i) of Proposition 2 and Proposition 3 that (Ef|¢,?)s < c5(q)n~'/? and
(EflG|)* < eola)n™"/2, with

cs(q) = Z Z Cs(Lx, koos |1, 4, 1)

P,P'ER IEPP!

x sup ([In(n)] ¥ [log,(m)] % exp {~Ts(q) In(n))*})

neN*

Ts(q) :=f! inf f Li, koo, |I
¢5(q) pmf o B Co(Lic; koo 114, p),

Cﬁ(q) = Z Z CQ(ZK;kOOa|I|5q7paf)

P, P'ER IEPOP

X sup ([ln(n)]

neN*

C, = f f C L 00y I )
C6(q) 73}/;1’6‘,]31617?073/ 10(Lk koo, 1], 4, p, £).

2d
q

nt exp {~es(@)(m)?})

Next, the assertion (i) of Proposition 2 allows us to assert that

1
qd?\ qad?

123 [l -],

P, Prep Iepopr MEHI

< Tr(q)[logy(n)] 3 n® exp { —cs(g)[n(n))?} (A4)

67(q) = Z Z 05(ZK; koo; |I| 5qd2ap)7

PP eP [€PoP’

Cs(q) :=f~ Linf inf  Cg(Lk, koo, ||, qdz,p)
pp/emle oP!
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Note that, for any P, P’ € B, any I € Po P’ and any h; € H;, in view of
Young’s inequality,

15p  _
o () = o0 {2 KT, * Sl + 20V 7 K

15 ) ) )
< g V)T RIS 2V )V K
_ 45 K d ?1/271/1)
pp (Kn,) <T(nVi,) V2 €= Pl q;op > HKHZO - s

since supp(K) C [-1/2,1/2], nV}, > 1 and p > 2.

Below we use the trivial inequality (a + b)* < a® + b* for any a,b > 0 and
€ (0,1). Thus, we deduce from the assertion (ii) of Proposition 2 and (A.5)
that

1
qd?\ qd?

E Z Z sup Uy(hr) (A.6)
PPrey IePopr MEMI
qd? qﬂ%2
PP EP IEPOP! ( )

12 €10(q)bn
< a2 [ (14 L) 4 ca(qlogs(m] it~ exp { - U0Rez 1]
np q

sup u o(hr)

Eg(q) ‘= Ssup sup 07(IK; koo; |I| 5qd27p)a
P, preyP I€POP’

Cio(g) == inf inf Cy(Lk, ke, ||, qd®,p),
7)7)/913]6730

where by, , = n*/P~1if p € (2,4) and b, , = [In(n)]*f =1 if p € [4,00).
It follows from (A.1), (A.3), (A.4) and (A.6) that (Ef|fp|q)% < c7(q),
cr(q) = d?||K||

- d?
x[(deHKH?f B s+ 20 ) v ) vea(o)
e0(@) Fup 1Y |
| 1+2 sup (Dot exp { - [es(aimGu)] o |20 | 1) _
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Finally, we get the assertion (ii) of Lemma 2 from Proposition 2 (ii) and

(A.5), with
cs(q) := 327d B> (1 + 120p/ Inp)T
Cg(q) = Z Z C7(ZK7koou|I|7Q7p)
PP/ EP [€PP!
_ En
< sup (logy ()] exp { - 22022 1),
neN* q
11(q) »= infp pr infrepop Cs(Lx, ko, |1, q,p). U
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