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Abstract. Let X be a continuous time random walk on a weighted graph. Given the on-diagonal upper bounds of transition
probabilities at two vertices x1 and x2, we obtain Gaussian upper estimates for the off-diagonal transition probability Py, (X; = x)
in terms of an adapted metric introduced by Davies.

Résumé. Soit X une marche aléatoire a temps continu sur un graphe pondéré. Etant données des bornes supérieures sur la transition
de probabilité diagonale en deux sommets x| et xp, nous obtenons des estimées supérieures gaussiennes sur la transition de
probabilité Py, (X; = x7) (qui est en dehors de la diagonale) en termes d’une métrique adaptée introduite par Davies.
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1. Introduction

Let I' = ('V, E) be a connected, locally finite graph without double edges. The graph I" can be either finite or infinite.
Let u be an edge weight function on E, such that pyy, = uy, > 0 for each (x,y) € E, while u,, = 0 for each
(x,y) ¢ E. Let v, >0 for x € V. Denote by X = {X; : t > 0} a continuous time random walk on I" with generator

L0 =— S (FO) = £0O)itay.

Vv
* yey

Write P, for the probability measure of X starting from x.

If ve =) pyy for all x, then the process X is called the constant speed random walk or CSRW on V. It is a
process that waits an exponential time mean 1 at each vertex and then jumps to one of its neighbours. If v, = 1, then
the expected waiting time of each jump may vary. Moreover, such a process may explode in finite time.

In this paper, we fix vertices x1, x € V and functions fi, f> on R, such that forany i =1,2 and ¢t > 0,

Py, (X = x; (L.D)

)<L
AGE

Our interest is, under what circumstances Py, (X; = x) will have Gaussian upper bounds. Let d,, (-, -) be a metric of
I" such that

{ i Y du(x,y) gy <1 forallx €V,

(1.2)
dy(x,y) <1 whenever x,y € V and x ~ y.
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Metrics satisfying (1.2) are called adapted metrics. Such metrics were introduced by Davies [9] and [10], and are
closely related to the intrinsic metric associated with a given Dirichlet form. (One might expect that analogues of
diffusion processes on manifolds hold using the intrinsic metrics for random walks on graphs, see [12,13] and [17].)
FixA>1landy > 1.Let f: Ry — R,. Wesay that f is (A, y)-regular on [a, b), if the function f is non-decreasing
on R, and satisfies that

fys) <Af()/t)
f&) = f®

foralla§s<t<y*1b. (1.3)

In particular, if a = 0 and b = oo then we say that f is (A, y)-regular, which was introduced by Grigor’yan [14].

Theorem 1.1. Let § > 1. If each f; is (A, y)-regular and satisfies
fi() < Ae®" forallt e Ry, (1.4)

then there exist constants C1, 0 > 0 which are independent of A, y and §, such that

Px (Xt _xz) < CIAIS(V)CZ/U)CI)I/2 (_edu(X],xZ)z
1 = = _

Jh@n e ‘

where o = min{(2y) ™!, (648) ™"} and B = [1£51.

) fOrtZdv(xl,XZ)v

The problem of getting a Gaussian upper bound from two point estimates was introduced in the manifold case
by Grigor’yan [14]. In subsequent researches, Coulhon, Grigor’yan and Zucca [8] studied the problem for discrete
time random walks on graphs, while Folz [11] studied it for the continuous time random walks. The current paper
considers the same problem, however, it improves the result of [11] by no longer requiring a lower bound on v,.. The
improvement comes from imposing conditions on the transition probabilities P, (X; = x) instead of the heat kernels
p:(x, x). Note that the transition probabilities are invariant under the transformation from (u, v) to (cu, cv), where
(Cﬂ)xy = Clxy and (cv)x = cvy.

Remark 1.1. The condition (1.4) is quite natural. Note that P, (X; = x) > eXp(—’lf—)':t), where L, = Zy Mxy. It implies
that (1.4) holds if A=1and § = max{m m}. In particular, for CSRW one can take § = 1.

Vxp  Vxy
Remark 1.2. One can also trace the values of Cy and 0. Indeed, we select 0 = 107" in our proof.
Theorem 1.2. Let § > 1. If each f; is (A, y)-regular on [Ty, T2) and satisfies
fi() < Aé®" forallt € [Ty, T»), (1.5)

then there exist constants C1, 0 > 0 which are independent of A, y and &, such that

N C1AP (v, /vx)'/? (_ dum,xz)z) ~
Py, (X; =x2) < [COIACD ex % ; fort e [T, Tr), (1.6)
where o = min{(2y)~", (648)7'}, B = ['LL] and Ty = 8 2T2) V dy(x1, x2).

log2

Remark 1.3.

(1) If the growth rate of f; is either sub-exponential or polynomial, then the lower bound of T) will be improved, see
Theorems 5.1 and 5.2.
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(2) Theorems 1.1 and 1.2 are potentially very useful for random walks with random conductances. For example,
Mathieu and Remy [16] considered the CSRW on the infinite cluster Coo(w) and showed that P (X; = x) < ct —d/2
fort > Ny(w) and x € Coo(w). Using Theorem 1.2 immediately gives

d(x, y)*

Po(X; =y) <c1t4? exp<—C2 ) > Sey(w) Vd(x, ),

where Syy(w) = 643 (N (w)? v Ny (w)?) and d(x, y) is the graph distance. A more delicate result by a different
method was obtained in [2].

See Balow and Chen [3] for the new application in a deterministic graph where volume doubling and Poincaré

inequality hold for all sufficiently large balls.

In Section 2, we show the Integral Maximum Principle for a positive subsolution function on R x V. From this,
we get the initial estimates of the transition probabilities, the case ¢ < d,, (x, y) included. In Section 3, we update the
results of the previous section, under the assumption that a certain regularity condition holds. In Section 4, we give
the proof of Theorem 1.1. In the final section, we consider functions which are regular only on an interval and have
different rates of growth; in doing so, we obtain Theorem 1.2.

2. Integral maximum principle

For any functions f, g on 'V, define

(f8) =) f()g(x)vy.

xeV
Then (-, -) induces an inner product space. Denote by || - || the induced norm. Let I be an interval of R. We say that

u:I x Vi Ry is a positive subsolution of the heat equation on I x V if

—u<dLu onlxV.
ot

Furthermore, we define a set of functions:
HD) = {u : u is a positive subsolution on I x V and |{z cu(t,z) #0 for some t € ]I}| < oo}

Leto € B CV with |B| < 0. Set
2
up(t,z) = —P,(X; =z, inf{s > 0: X, ¢ B} > 1). 2.1)
Vz
Then up =0 on Ry x (V \ B). Since I' is a locally finite graph, up is a positive subsolution on Ry x V and so

up € H(R4). Now we show the Integral Maximum Principle.

Theorem 2.1. Let h be a positive function on I x 'V and u € H(). If for each t € I one has

1 Z (1, x) — h(t, y)|? .9 logh(r,y) forallyeV @2)
< , ora ) ’
vy dh(e kG y) T o EY ’

X

then J(t) = (u’(t,-), h(t, -)) is non-increasing on 1.
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Proof. For brevity, we omit the notation ¢. Set Vi, g = g(t, y) — g(¢, x) for any function g on I x 'V and get

QRudLu, h) =2(uh, Lu)

=— vay(uh) - Viylt - plxy  since |{z:u(t, z) # 0 for some t € I}| < o0

X,y
= Z(/’Z(X)nyu + M()’)nyh) - Vyyll - fhxy

x,y
== Z((nyu)2h(x) + u(}’)vxyu : nyh)l/«xy

x,y

u()Viyh\* | @(y)Viyh)? S
= — h(x)V h t
;[ ( () Viyu + 6] + o) Kxy since h is positive
Vyph|?

Vel
_;u(y) G

|Vyyh]?
:;M(}’)z(; 4/’1)(})() /'ny).

Vieyh|?
By 2.2), Y, % Jxy < —vy2h(y) and hence

a a
(2udLu, h) < — ;M()’)z"yah(w = —<u2, 5h>'

On the other hand, by the condition that u is a positive subsolution on I x V, we have

d 0, 5 0 5 0 5 0
—J=—u"h)=2u—u,h ,—h)<QudlLu,h ,—h)<0.
7 8t<u ) <uatu >—|—<u 5 > QuLu )+<u 5
Therefore, J is non-increasing. O

Since the metric d, satisfies (1.2), Theorem 2.1 immediately implies Corollary 2.2 as follows. Define a set of
functions:

F@) = {h 1 h is a positive functionon I x V and foreacht € I, x, y € V with x ~ y,

|h(t, x) — h(t, y)I?
4h(t, x)h(t,y)

a
S _dv(xv y)zglogh(tﬂ y)}

Corollary 2.2. Let u € H(I) and h € F(L). Then J(t) = (u>(t,-), h(t,-)) is non-increasing on 1.

Next, some useful functions in F(I) will be given below. Let p(-) be any nonnegative function on V such
that

lo(x) — p(y)| <dy(x,y) foranyx,yeV withx~y. (2.3)

(In practice, one often chooses p(-) =d,(0,-) A R forsome o € V and R > 0.)
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Lemma 2.3. Lett > 0. Foreacht > 0and z €V, set

h(t,z) = exp{ (p(2) —47 et + 1)) 10g<1 v %) — %}
Then h(t,z) € F(Ry).
Proof. We first show that for any x € [0, co) and ¢ € [0, 1],

e —2< sz(ex +e " =2) (24)
and

] —e & Z&‘(l —e_x). (2.5)
By the Mean Value Theorem,

et f et ) efX1 _ o EX1 2 o2

2" te X —2) el —ed) enten

where x > x| > x» > 0. Consequently, (2.4) holds. In the same way, we can obtain (2.5).
Fix y ~zand e =d,(y,z). Then |p(y) — p(z)| <& <1 by (1.2) and (2.3). Write t ™ =t + 7 and

b= ("<Y)—4_lef+)1°g<lv = >_(P(Z)—4_let+)log<1v o )‘

4=lett 4=let+
Then

|h(t,2) —h(, y)I> e’ +e” =2
4h(t,2)h(t,y) 4 ‘

‘We shall consider three cases.
Case I: p(z), p(y) <4 lert. Then b =0 and

|h(t,2) —h(t, y)I> e’ +e” =2

ah(r, Oht,y) 4 =0.

Case II: p(2), p(y) > 4= lert, By the Mean Value Theorem,

— 4Lt
b=|p<y>—p(z>|<log( 5 )+E o )

4=lett £

where & is some value between p(y) and p(z). Furthermore, we have 4 et <& < p(y) 4+ ¢ and

b < 810g<4§e—4l€t+/§)

+

48 —1\g=1 .+
§slog(t—+(1—(1—e )4 et /S)) by (2.5)
:glog(j—f—e—kl)gelog(4%—e+l>.

As aresult,

P et —2< exp(elog(4% —e+ 1)) +exp<—slog<4% —e+ 1)) —-2.
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Using (2.4) we get
—1
€b+e_b—2§82{<4M—e+l>+(4M—e+l) —2}
tt tt
582{4M—e},
tt
and hence
|h(t,2) —ht, P _ 5(p() [ & e\ _ ofp() 1 e
= — tx71)= — t-—7) 2.6
e ony N T a) =t T 2.6)

Case III: p(y) A p(2) < 4=Lert < p(¥)V p(z). Since |[p(y) — p(z)| <&, we have
p(N+e=pM Ve >4"tert and p(y) Vo) —47lert <e.
It implies

pN+e p(M)+e pOh)+e

4 =
t+ 4=lett 4=let+

(e—1)=e—1.

Hence

p(z)Vp(y)>‘

4=let+

< elog(m> < 810g<4% —e+ 1).

b= ‘(p(z) Vop(y) — 4_let+)10g(

4=let+

Similarly, we have (2.6) for this case.
On the other hand, note that (-, y) is differentiable on R and satisfies

Kl _ = P(y) \ t
atlogh(t,y)_ at((/o(y) 4 et )log<1v4let+> r)

p(y) )+ (p(y) —47let™) VO

L
=;+4 elog(lvdrlet+ pe

Therefore, in any case we have

lh(t,2) =h(, )P _ H(1  (p(y) e X
4h(t,Z)h(t,y) <¢ <;+<t—+—1>\/0>§_8 Elogh(t,y),

which implies & € F(R,). O

The following two examples can be obtained in a similar way as Lemma 2.3 and we leave it to the reader. See the
examples in [8, Proposition 2.5 and Theorem 4.1] for a reference.

Example 2.4. Fixa €0, 1]. Let hi(t, x) = e ~@/D Then hy € F(Ry).

Example 2.5. Fix D>5,R>1, A > %TR and s > 0. For eacht € [0,s] and x € 'V, set hp(t,x) = f:xp(—[)(p(;)2 .

s—t+A)
If 1 <p(x) <R foreach x €V, then hy € F([0, s]).
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Now, fix 0 € V and for each R > 0 set
Gr(D) = {g :gisafunctionon I x Ry, g(¢, r) is non-decreasing in r, g(~, d,(o,) A R) € .F(]I)}.
For brevity, we write Bg ={z € V :d, (0, z) < R}. The lemma below shows the way we use Corollary 2.2.

Lemma 2.6. LetT >t >0and R>r >0. Letu € H([t,T]) and g € Gr([t, T]). Then

T, R)
(7" R)

g(t,r)

. 2 [—
(w(T, )%, 1—1p;) < T

Jur, )|+ S (e, 92 1= 1),

Proof. Let p(z) = min{d, (o, z), R} for each z € V. Then p = R on 'V \ Bg and hence
(T, )% 1= 1ge) < (u(T, )%, ¢(T. p()))s (T, R)~".
By Corollary 2.2 and the hypothesis u € H([t, T]) and g(-, p(:)) € F([t, T]), we have
(u(T, %, g(T, p)) < (u(z, )% g(t, p))-
Using the condition that g(z, -) is a non-decreasing function, we get
(u(r. 9% g(x. p)) < (u(r. )%, 1p,)g(r.r) +(u(r. )% 1= 15,)g(1. R)
< g@n|u@ )| +g@ Bu. )? 1 - 1),
proving the lemma. (]
Furthermore, we set
Ho = {u e HRL) :u(0,z)= v;1/21{0}(z) for each z € 'V}.
Proposition 2.7. Let u € H,. For any t, R > 0, we have

R? .
lBR>§ exp(—gr) ift >R,

u(t, )1 -
( exp(—Rlog(128) +120) ifr <R.

Proof. Consider ¢ > R first. Take a = 451 then a € (0, %]. For each s >0 and r > 0, set

§1(s, 7) = e/,

By Example 2.4, g1 € Gr(R4). Use Lemma 2.6 and get for r € (0, R],

” 81(0 R)
g1, R)

)< g1(0 r)

2
(u(r, )%, 1-1g B

Juc, (0,92, 1—1g,).

From u(0,z) =v, I 21{0} (2), it follows immediately that
(40,92, 1—=15)=0 and [u(0,)|* =

So,

0
u(, 21— 1g,) < lim £10,7) _ g1( ,()).
r—0+ g1(t, R) g1(t, R)
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Obviously, g1(0,0) =1 and hence
<M2(t, ‘)’ 1— IBR> < e_aR‘f‘(az/z)t'

Substituting the value of a into the above, we get the first inequality of the proposition.

Next, suppose ¢ < R. Choose T = (4c/e — 1)t, where b = (4c/e — 1) ~ 117.6 and ¢ = e_efl/l.Ol. For each
s>0andr >0, set

g2(s,7) =exp{(r — 47 e(s + T))log(l v %) - f}'
4= le(s + 1) T

Obviously, g2(0, 0) = 1. By Lemma 2.3, we have g» € Gr(R,). Since x log(R/x) < e 'R for any x > 0, we get

R
log(gz(t, R)) =(R— ct)log<5> —b

R1 LOIR + R1 ! t1 R b
= Rlog| —— o —ctlog| — ) —
£ t & 1.01c g ct

1.01R 1
> Rlog<T> + Rlog(l 016) —e'R—120

1.01R
= Rlog<T> —120. 2.7

From (2.7) and g» € Gr(R), we prove the second inequality of the proposition in the same way as we did the first. [

Corollary 2.8. Foranyz eV,

(v2/vo) 72 expl— 1=} ift>r>0,

Py(X;=2) <
o {(uz/vo)l/zexp(—glog(#)+60) ifr>1>0,

where r =d, (0, 7).

Proof. Recall the definition u 5 in (2.1). Denote by d (-, -) the graph distance of I". Set S,, = {z : d(0, z) < n}. Then §,
is a finite set since I' is a locally finite graph and hence us, € H,. Cleatly, us, converges pointwise to u as n tends to
infinity even if the process X explodes in finite time, where

1/2

u(t,z) = —

P, (X; =2).

Z

Let r = d, (0, z), then we have (us, (t,-)>, 1 — 1) > us, (¢, 2)*v;. So,
u(t,2)?v, = lim ug, (t,2)*v; < suplus, (t, )2, 1 — 1p,).
n—oo n
Combining the above inequality with Proposition 2.7, we get the desired result. O

The long range bounds for transition probabilities were already obtained by [11, Theorems 2.1 and 2.2], however,
Corollary 2.8 is more effective when t € [0.9r, 1.1r] and r = d, (0, z) is large.

3. Regular functions and integral estimates

Recallthat A>1landy > 1.Fix§d > 1,0, = 107% and 6, =61/5. Set

o =min{Q2y)~", (648)"'} and ﬁ:[logz—‘.
logy
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Letu € H, and f : R4 — Ry such that

[uct, - forallt e R,. (3.1

2 1
= 7as

In this section, we shall extend Proposition 2.7 into a result which can be used to prove Theorem 1.1.

Proposition 3.1. Suppose f is (A, y)-regular and satisfies f(t) < Ae’ forallt € R. Then there exists a constant
C1 > 0 which is independent of A, y and 8, such that for t > 0,

) (dy(0,) A (21))2 C AP
<u(t 9 exp( ; )>§f(2at)' 3.2)

Before proving the proposition, we establish some lemmas.

Lemma 3.2. If f is an (A, y)-regular function, then

F(27*) > <A/3 &>_kf(t) forallkeNandt > 0.
- fly="Pn

Proof. By the regularity, for any # > s > 0 we have

fobs) T feits <ﬁ‘1<Af<yf+1r>) _ sl

= : : (3.3)
O S A Ie2h) Frin ()
In other words, an (A, y)-regular function is also (A#, y#)-regular. Furthermore, by the monotonicity we get
£) £) FoPiHy o ( 5 f® ) (,s £ )k
Af ——— | = A" —F— ] .
FCFD = TP ]1__[ TGP —]l:__[k Fr=*0) IR 0

Lemma 3.3. If f(t) < Ae® for each t € R, then there exists a constant ¢ > 0 which is independent of A and 8, such
that

cA —107*R

2
(u(@, )% 1= 1) < F(R/(328)) ¢

fort >0and R € [t, 641].
Proof. Fix t > 0, R € [1,64t], x =t/R and a = (648)~". Then a < x < 1. Write aj = 4 'e(a + 0.45) and b =
~le(x 4 0.45). Then,
a1>47'¢-045>03 and a; <b<4"'e(1+0.45) <0.99.

For each s > 0 and r > 0, we define

r s
7)) = —47! 0.45R))log( 1 v - .
8(s.1) eXp{(r e(s +0.458)) °g< 41e(s+0.45R)> 0.45R}
By Lemma 2.3, we have g € Gr(Ry). Applying Lemma 2.6 gives
5 g(@R,aiR) 2 g@R,R) 2
t,) 1 —lp )< =¥—7—— R,- = R,H)%,1-1 . 34
(u(z, Bg) “GR.R) lu@Rr,)|" + g(xR,R)<u(a ) B,,,R> 34

By a direct calculation, we get g(aR,a1R) <1,

1 1
log(g(@R, R)) < R(1 — a1)10g<1 v —) <R(1-0.3) log<ﬁ> < 0.8428R,
a .
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and

1 1
log(g(xR, R)) = R(1 — b) log(g> - o% > R(1 — 0.99) log<@) —3>0.0001R — 3.

Thus, (3.4) becomes
(uct, 21— 1) < o~ 0-0001R+3 ”u(a& ,)”2 +eO.843R+3(u(aR, 21— lBa1R>'

By (3.1) and the hypothesis f(s) < Ae%S | we obtain,
1 Ae2a5R
<M(t, .)2’ 1 — lBR) < 6—040001R+3 60'843R+3(M(QR, .)2’ 1 — lBu R).
fQaR) fQaR) 1
By Proposition 2.7,

ai

<u(aR, 31— 1Ba1R) < exp(—a1R10g<—> + 120>.
a

Therefore,

123

Ae _ ai
(u(t, )%, 1 —1p,) < FGah) <e DAOOLR . exp<2a5R +0.843R —aiR log(;))).

Substitute a = (648) ! and get,

123
(u(t, )1 - 1BR) < Ae—(e—o.ooom +e—RC),

~ f(R/(328))
where C = ay log(64a;16) — 0.8743. Since a; > 0.3 and é§ > 1, we have C > 0.01. So,

N2 24¢' o001k
R N =

Proposition 3.4. Suppose that f is (A, y)-regular and satisfies f(t) < Ae® for all t € R... Then there exists a con-
stant Cy > 0 which is independent of A, y and §, such that

CoAP R?
(u(t, .)2, 1— IBR) < 7Qan exp<—917> forallt > R > 10°.

Proof. Fix L =log(A# f(ég;/)ﬁ))’ D =100and A = % If 6 RTZ —L— ﬁ < 01, then we complete the proof since

(e, 21— 1g,) < Jut, )|

< 1 < eel ex <L+L_9 R_2>
=Fon = Fan P DA '
e AP exp(1/(DA)) ( R2>
= exp|l —61—
fQe/y#) t

e AP exp(1/100) < R2>
< exp| —61— |,
f@/y) t

where the last inequality uses the monotonicity of f. Therefore, we may assume that

2

R 1
t>R>10° and GlT—L—mzel. (3.5)
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This implies that R </ < R? and L < 6, &
Let p(x) = (R —dy(0,x)) v 1 for any x € V. Then p satisfies (2.3) and 1 < p(x) < R. For each s € [0, t] and
r >0, set

((R—r)vl)z)

87 zeXp<_ D(t—s+A)

Then g € Gr ([0, t]) by Example 2.5 and the argument above about p. From Lemma 2.6, we get that for any r € [0, R]
and s € [0, ¢],

g(s,r g(s R)
e, 751 = Ty < g(t, R) || s, || (t,R)( u(s. )% 1= 1g,)
1/(DA R—r)? RS

We shall iterate using (3.6). Let us build a sequence {(¢;, R;) : 0 < j < jo}. Take
tj=1/20"1, Rj=R/2+R/(j+1) foreach0<j < jo;

and
Jo=min{j: R; >1;}.

Then jo > 1 and forall 0 < j < jo we have r; > R; > R/2 > 1. Hence
tj—tjit1=t;/2> R/4=A.

From tj,—1 > R/2, we get

log(8t/R)
< —.

log?2
R? .
Using the identity (R; — R4 ?= = Grntgar Ve obtain
(Rj —Rjs1)* _ (Rj—Rj1)’ 2/ R?
D(lj—lj+1+A) Dt; DG+ 2+ 1
Note that
2J-1 261
min : : cji>1t= ~1.5x 1072,
100(j + 1)3(j +2)? 100(6 + 1)3(6 +2)2

Sicne 61 = 1079, it follows immediately that

R; —Rji1)? R?
R R e X
D(tj —tjy1+4) t

Iterating (3.6), we obtain

() 1= 1gg) = (u(tr,)* 1= gy, )

L exp(j/(DA)) (Rj — Rj11)? -1 R
- Z f(2tj+l) eXp(_D(tj _tj+—1+A))+ Xp< DA )(u(fjo, )5, 1 IBRJO>

= A1+ As.
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By Lemma 3.2, we have
FQtiv) > f@ne 7t 3.7

Using (3.5), we conclude

1 R2\ ! [ R? 1
raror(-n ) 2 on(~i( 7 -1 55))
1 R2\ ! ,
N exp(—917) ; exp(—j61)

6791(1 _ 6791)71 R2
= e ) 9

On the other hand, since 2¢;, =tj,—1 > Rj,—1 > Rj, > t,, we use Lemma 3.3 to get

A =<

=

<A 0tryy (3.9)
~ f(R}y/(328))

where c is a constant which is independent of A, y and §. By Lemma 3.2 and (3.3), we also have
. . —Jjo+1
AR 2 (1) 5 (ap L0132 s
328 ) — 328 ) — f(t/(328y#)) 328

o (are G0 T
—< f(zr/yﬁ>> / (ﬁ)

<I/t(l‘j07 -)2, 1-— lBRj())

4 —2joL
> - )2l 3.10
> f<328>€ (3.10)
So,
Jjo—1 » Jo—1 cA —104R,
Ar=exp 22— Vu@; . )2 115, )< o
2 eXp< DA >(”(f° ) By ) exp( DA )f(RjO/(?)ZB))e
cA Jo . 4
<2 p LY v 2i0L —1074R/2).
= 7/ (325)) exp(DA T / )
Note that

2

log(8¢/R R
o < 0g@1/R) DA=25R and L=6—.

10> <R <t <R?,
- 0~ log2

)

From these inequalities, we calculate
Jo - log(8t/R) - log(8R) - log(8 - 10%)
DAR ~ 25R?log2 ~ 25R2log2 ~ 25-10°-log2

2joL log(8¢/R) R
oL _ oy og(8t/ )—5201
R log2 ¢ elog2

<52x1077;

<85x107°.

So, [{—"A +2joL —107*R/2 < —6 R and hence

Ay < Le—ﬁR < Le—Gle/f (3.11)
~ f(t/(328)) ~ f(t/(326)) ' '
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Finally, we choose
Co = 11001 4 =61 (1- 6791)71 T
and complete the proof.

Proof of Proposition 3.1. Write p(z) =d, (0, z) A (2t) for short. If ¢ < 10°, then the result is trivial since

o+ 1006,

fQen

2
<u(t, )2, exp<92p7)> < ! ||u(t, ')”2 <

So, we may assume that 7 > 10° in the following.

Fix R=t2 andn = (%1. Then 2"R >, and ¢ > 2/~'R > 103 for each 1 < j < n. Write

To={ut, 2. ™ p).  Yoo=(ult. )2 e /11~ 15,)
and set
Y= (u(t, )2, erpz/z(lejR - 132./—1R)> forl <j<n.
Then
)02 n
<M(t7 )%, eXP(927>> <To+ YY)+ Yoo
Jj=1

We estimate each Y'; separately.
The first term admits the estimate

Yo < (u(t, )2, e* 1) < |ut, )| <

e
Tren

Next, for each 1 < j <n, we have

Ty = e, 7 Uy 1) < B 1~ 1,

J !'—1R>'

Set Cy as in Proposition 3.4. Then

CoAP
fQat)

By definition 6, = 6 /5; therefore we get

(M(t, ')21 1—- lBijlR) =< exp(_gl 4]_1)

C()A/3
fQat)

For the remaining term,

ij

exp(—92~4j_1).

Too < ¥ (u(t,)?, (1 - 1g,)).
Using Proposition 3.4 again gives

< A0t COA/S e COAﬁ et < COAﬁ

Yoo = fQan)" T fQan T fQan

39
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Therefore,

2 6> n B B
» o’ e CoA g, .41y 4 C0AT
<”“’ : ’e"p(gz t >>5 f(2t)+,§ Foan P4 a0
CiAP
<
= fQRat)’

where

o0
€y =410 4 ¢ Zexp(_Gz 4771 + Co.
=1

4. Proof of Theorem 1.1

Proof of Theorem 1.1. Recall the notation /. from Section 2. Fix t > d, (x1, x) and s =¢/2. For each z € V and
ie{l,2},set

1 i (s, 2)2
pi(s.2) =dy(xi.2) A (2s) and  hi(s,2) = exp<5 -ezM).
S

Then 21 (s, 2)? + 2p2(s, 2) > dy (x1, x2)* and so

62 dy(x1, x2)?

hi(s, 2)h(s, 2) zexp<? f) 4.1

Let d(-, -) be the graph distance of I". As in Corollary 2.8, we define

172
Dy
uij(s,z) = i’ ]P’x,.(Xs :z,inf{l eRy :d(x, X)) zj} >s)

Z

172
X

Py, (Xs =2). Then {u;j(s,z): j =1,2,...} is a non-decreasing sequence and satisfies

and u;(s,z) = -

Lim wu;i(s,z) =u; (s, 2).
j—oo
By (1.1), for any / > 0 we have

[Juij (2. ~)||2 <|Jui . ')Hz =P, (Xy=x;) =< man

Since u;; € H,;, we use Proposition 3.1 and get

s (s M2 = (o5 2 pi(s, ) AP CiAP
”ulj(s, )hz(s, )” —<M1](S, ) ,exp<92 P )>§ fl(zas) — fi(at)'

By the Monotone Convergence Theorem,

C AP
filar)’

i (s, Yhi (s, )|* = /li)rroloHuij(s, Yhi(s, )| <
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By (4.1) and the Cauchy—Schwarz inequality, we obtain

Vx.
le (Xt - x2) - ZPM (X\" = Z)]P)xz (Xc = Z)_2
Vz
zeV
= (e, /ox) (5, ), w2 (s, )
0 dy(x1,x2)?

< (i, /) i (5, Y (s, ), ua (s, Hhas, -)>exp(—3 f>

IA

02 dy(x1, X2)2>

(Vs /0e) 2 |r (s, Y (s, ) || luas, Hhats, ) | exp(—; -

- C1AP (vy, /v )/? ox (_@ . du(x1,x2)2)
A fi(at) fa(at) 2 t '

Set 0 = 60, /2 and we complete the proof. (I

5. Regularity on an interval

Proof of Theorem 1.2. First, we show that

(dv(o, ) A (21))? C, AP _
<u(t,-)2,exp<92 . >>5 f(lzw) fort € [ (2« 1T1)2,T2/2). (5.1)

Take t € [~ 'T1)%, T2/2), tj =1/2"', R; = R/2+ R/(j + 1), jo=min{j : R; > t;} and R = ¢'/? as in Proposi-
tions 3.1 and 3.4. Then

20t j, > aR/2=ozt1/2/2 >T.

Using (1.5) and the regular condition on [77, T>), we still have the inequalities (3.7), (3.9) and (3.10). Therefore, we
can get (5.1) in the same way as we did Proposition 3.1. Furthermore, by (5.1) and the Cauchy—Schwarz inequality,
we finish the proof of Theorem 1.2 similar as that of Theorem 1.1. (]

Heat kernels having either polynomial decay or sub-exponential decay appear in many groups, see Hebisch and
Saloff-Coste [15, Theorem 4.1]. More importantly, there are a lot of papers which studied random walks on Z¢ with
random conductances and showed that

d/2

Py (X, =x) <cvet™ for all > 1, 5.2)

under different conditions, such as [1,2,4-6]. A general feature of these random walks with random conductances is
that one may have (5.2) with either v, — 0 or t, — 00 as x goes to infinity. Thus the condition (1.4) fails for small
time ¢ and so we cannot apply Theorem 1.1 directly to give a uniform bound on P, (X; = -). This is the motivation for
our studying the regularity on an interval.

The lower bound of 77 in Theorem 1.2 can be improved if one knows that the growth rate of f; has either sub-
exponential or polynomial.

FixA>1,y>1,0)= 107 %and 6 = 0/2 = 01/10 as before.

Theorem 5.1. Let § > 0 and ¢ € [0, 1). If each f; is (A, y)-regular on [Ty, T>) and satisfies
fi(t) < A" forallt €Ty, Th), (5.3)

then there exists a constant C1(A, y, 8, €) > 0 such that for each t € [ﬁ, 1),

C1 (v, /32 < dv(xl,x2)2>
P, (X; = < - —),
X =2 = R /

where Ty = (2°8T}) v dy (x1, x2).

5.4
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Theorem 5.2. Let ¢ > 0. If each f; is (A, y)-regular on [T1, Ty) and satisfies
fi(®t) < At® forallt € [Ty, Tr),

then there exists a constant C1(A, y, €) > 0 such that (5.4) holds for t € [fl, T»). Here,
Ty = (2'%Ty log(Ty v 1)) V dy (x1, x2).

Let’s begin with Theorem 5.1. As the proof of Theorem 1.1, we need some results which are similar to Propositions
3.4 and 3.1.

Proposition 5.3. Let§ > 0and e € (0, 1). Let u, f be defined as in Section 3. Suppose further that f is (A, y)-regular
on [Ty, Tz) and satisfies

f() <A’ forallt € [Ty, T). (5.5)
Then there exists a constant Co(A,y,8,€) > 0 such that for R > max{4, 2k 118)/0=) 24 T)I+9/2} gnd 1 €

[k ~1R?/+8) T, /2), we have

2 Co R?
<u(t, )41 — IBR> < mexp(—&T).

Here, k = (648)1/(1+6)

Proof. We only show the part of the proof which is different from that of Proposition 3.4.
Fix R > max{4, 2« 1+8/0=8) 2e1)(1+8)/2y and 1 € [k "' R¥ 0+ 75 /2). Take L, D, A, R; and ¢; as in Propo-

.. . 2 2
sition 3.4. We may still assume that 6; RT —L— ﬁ > 6. (Hence r < RZand L < 01 RT.) However, we set

2/(1+¢€)
J

jozmin{j:R z/ctj}.
Since R > max{4, 2k 118)/(1=8)} ‘for j < j, we have
tj >k RV s e N(Ry2)Y ) = R2 22,
Hence
tj—tjit1 =t;/2> R/4=A.
From R > 2(xT7)11+8)/2 it deduces
tiy ="tj—1/2 >k Y(R/2YITE) 2> 712,
So, Th <2tj41 <2t < T for each j < jo. By the hypothesis that f is (A, y)-regular on [T}, T2), one has
fQti) = f@eE
the same as Lemma 3.2. Hence (3.8) holds under this circumstance, too. That is,

A /Z_Zl exp(j/(DA)) exp(_ (Rj — Rj1)? ) _e ey exp(_el R_?)
' o fQ@tiy1) D@tj—tjr1+A)) ~ f@2n t)

Next, if 1, < R}, then by Proposition 2.7,

—lp. 1 K
<l/t(l‘j07 .)2, 1— 1BR_/-0> < 6‘1672c1 Rj, <cre A R <o exp(—Est/(]+€)>v
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where c1, ¢ > 1 are constants. If ¢, > R, then by Proposition 2.7 we still have

_R2 .
<M(fjo, .)2’ 1 — IBRjO) <e R_]-O/(gljo) < exp(_%Rif/(l-i-S)) < C26Xp<_lK_6R28/(1+S)>'

2/(1+¢)
Jo

From R > ktj, and Rfo/ £11+ ® - Kktj,—1, we get the following inequalities respectively:

1 16kt
. 2/(14¢) .
tjiy <R /k and jo < log2 log(RZ/(l+s))'

Hence

_ 1 16kt
oL 2/(1+6)
f@n = fQ@jelt < R k) eXP{ log2 <R2/<1+8>> ' L}
By (5.5) and the assumption L < 6, RTZ,
2°8 re/(14e) ! L6kt S
fQ@2r) < AeXP<K_£R " €Xp log2 log R2/(+e) | o t

< Aexp( 22 R26/050) ) expl 16 r2e140) |
ke elog2

Since t < R% and R > 4, there exists a constant c3 such that

jo \ - L 16kt 1
P\ Da ) =P\iog2 B\ R0+ | 258

- 1 | 16k R? IR
=P\ log2 B\ R¥+a ) 258 ) =

Combining the above inequalities gives

Jo—1
Ap = exp<ﬁ><u(tj0, 21— 1BR,-0>

< 309 exp(_lk_6R2e/(1+s))

IA

€3¢ eXp _ K Rre/a+e)) ! - Aexp ﬁR%/(Hs) exp o 161 R26/(1+e)
16 f(Q21) K€ elog2

266 6
c exp SE 20 N g6k |RE/HO ,
fQ21) 16 k¢  elog2
where ¢4 = c3c2 A. Substituting « = (648)'/(17¢) and using the condition t > x ! R%/(1+9)
c4 K 2%k 61 26 /(1
As < ——+—+ 16 | R?/(1+8)
2= %0 eXp(( 16" 64 " elog2 K)

<« exp _ K p2e/(+e)
20 64

4 ( 1 R2>
< exp\ ———)-
£ 21 64 1

This completes the proof.

43
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Proposition 5.4. Under the condition of Proposition 5.3, there exists a constant Cy(A, y, 8, €) > 0 such that

2
<u(t )2 eXp( (0. ) A (21)) >> < Co fort e [288T11+8,T2/2).

t T f@/y)

Proof. We only show the difference from Proposition 3.1. Fix « = (648)!/(%8) and 1y = max{16, 4« ?+2)/(1=8),
A+ €}. Lett € [288 T11+8, T>/2). If t < 1y, then as before the result is trivial. So, we may assume further # > 1.
Fix R =1'/%. Then

R> max{4, 2ucd+e)/(=e) 2(KT1)(1+8)/2} and «t > R¥(1+9),
Define 6;, T ;j and n as in Proposition 3.1. However, we set
m =max{j LKt > (ZjR)z/(HE)}.

Then by Proposition 5.3, for 1 < j <m A n we have

C .
/= f(t;)y) exp(~624771).

If m + 1 < j <n then use Proposition 2.7 and get

. . 2j71 2 4j71
Tj < 64192<u(t, ')2, 1— B2_/—IR> < e4j92 . eXp(—( g ) ) < exp(——).

12
By the definition of m, one has k1 < (21 R)?/(+8) = (m+141/2)2/(+¢) ap( 5o,
gmtl o o lege _aassE (5.6)
By (5.5) and (5.6), we still have

Ae®"” 4771 A mo A7
n = () 27 -

A , 41 A 471
< —exp<4f_3 - —) = —exp(——).
@) 12 f@) 48

For the other terms T and Y, one can get the estimates the same as we did in Proposition 3.1 and so we finish the
proof. (]

Proof of Theorem 5.1. If ¢§ = 0, then the problem is reduced to Corollary 2.8 since each f; has a constant upper
bound on [T}, T2). Otherwise, if § > 0 and € € (0, 1) then we can get the proof as Theorem 1.1 by using Proposition 5.4
and the Cauchy—Schwarz inequality. (]

Proof of Theorem 5.2. We obtain a similar result as Proposition 5.3 just by setting
Jo= min{j : Rjz-/log R; > /ctj},
and then prove the theorem as above. (]

Enlightened by Boukhadra, Kumagai and Mathieu [6], we give an application of Theorem 5.1. (See our further
reseach [7] for the application in a concrete example.) Set

Pe(Xi =)

Vy

pl‘(-xvy):

for the heat kernel of X.



Pointwise upper estimates for transition probabilities 45

Example 5.5. Suppose p;(x;,x;) < kt~%* fort > t; andi € {1,2}. Suppose Vy,, Vx, = 1y “. Then for each € > 0,
there exists a constant Co(d, k, €) > 0 such that

9 dV (xl ’ x2)2

pi(x1, x2) < Cot ™2 eXP(- p

) fort =117 v d,(x1, x2). (5.7)

Proof. Let f;(¢t) = /c_lv;l,ltd/2 fori € {1,2} and t € R. Then for each r > 11,

Px,-(Xt zxi) = Vx,-pt(xi’xi) S f.l(t)

Note that f; is (1, 2)-regular and for ¢ > 11,

Filey =s o 2 < /2 <12 < g exp(279),

where A is some constant which depends only on d, k¥ and ¢. Applying Theorem 5.1 gives

C 1/2 d , 2
Py (=) = P exp(<0 ™R ) or 0y ),
V1/4) f2(t/4) t
which implies (5.7) immediately. ]
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