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Abstract: In recent years, a large variety of continuous shrinkage pri-
ors have been developed for a Bayesian analysis of the standard linear
regression model in high dimensional settings. We consider two such pri-
ors, the Dirichlet-Laplace prior (developed in Bhattacharya et al. (2013)),
and the Normal-Gamma prior (developed in (Griffin and Brown, 2010)). For
both Dirichlet-Laplace and Normal-Gamma priors, Gibbs sampling Markov
chains have been developed to generate approximate samples from the cor-
responding posterior distributions. We show by using a drift and minoriza-
tion based analysis that the Gibbs sampling Markov chains corresponding
to the aforementioned models are geometrically ergodic. Establishing geo-
metric ergodicity of these Markov chains is crucial, as it provides theoretical
justification for the use of Markov chain CLT, which can then be used to
obtain asymptotic standard errors for Markov chain based estimates of
posterior quantities. Both Gibbs samplers in the paper use the Generalized
Inverse Gaussian (GIG) distribution, as one of the conditional distribu-
tions. A novel contribution of our convergence analysis is the use of drift
functions which include terms that are negative fractional powers of normal
random variables, to tackle the presence of the GIG distribution.
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1. Introduction

In recent years, there has been a huge influx of high-dimensional datasets from
various fields such as genomics, environmental sciences, finance and the social
sciences. Classical statistical methods are inadequate to analyze these high-
dimensional datasets. Hence, development of new techniques for analyzing these
datasets has been a major focus of statistical research in the last decade, and
continues to generate much interest. In this context, analysis of the standard lin-
ear regression model in a high-dimensional setting, is a well-studied and popular
research topic.

In particular, consider the model y = X3 + o€, where y = (y;)’; € R"”
is the vector of observations, X is the (known) design matrix, 8 € R? is the
(unknown) vector of regression coefficients, the components of € are iid standard
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normal errors, and o2 is the (unknown) variance parameter. The objective is
to estimate the unknown parameters 3 and o2. For many modern datasets, the
number of regression parameters (p, the dimension of 8) is much larger than
the number of observations (n). Classical statistical methods are not applicable
for analyzing such datasets. A natural approach in these situations is to look for
sparse estimates of 3, i.e., estimates where many entries of 3 are exactly equal
to zero. The lasso (introduced in Tibshirani (1994)) is a popular approach to
deal with this problem. In this approach, the estimate of 3 is given by

p
Blasso = argmin (y - X/B)T(y - Xﬁ) + )\Z |ﬂ]| ’ (11)

BERP =
where A is a user-specified tuning parameter. The estimate ﬁlasso also has a
Bayesian statistical interpretation. It is well known that Blasso is the mode of
the conditional density of 3 given o2 and y, assuming that the components of
B (conditioned on 0?) are independently distributed, with each component hav-
ing a Laplace prior distribution. Based on this observation, several authors have
proposed a Bayesian analysis of the linear regression model in high-dimensional
settings by using various adaptations/generalizations of the Laplace prior dis-
tributions for the entries of 3 (see Bhattacharya et al. (2013); Carvalho et al.
(2010); Figueiredo (2003); Griffin and Brown (2005, 2010); Johnstone and Sil-
verman (2002); Park and Casella (2008); Polson and Scott (2010); Tipping and
Smola (2001)). These prior distributions are referred to as “continuous shrink-
age priors” and the corresponding statistical models are referred to as “Bayesian
shrinkage models”.

In recent work, Bhattacharya et al. (2013) unify many of the standard Bayesian
shrinkage models under a common framework, and study their theoretical prop-
erties. They show that frequentist optimality of these Bayesian shrinkage meth-
ods depends heavily on prior concentration around sparse vectors, i.e., whether
the corresponding priors place sufficient mass around sparse 3 values (espe-
cially in high-dimensional settings). They further demonstrate that some pop-
ular choices of shrinkage models, including the Bayesian lasso (introduced in
Park and Casella (2008)), have sub-optimal prior concentration properties, and
develop a new class of continuous shrinkage priors called the Dirichlet-Laplace
priors, which have optimal prior concentration properties.

The Normal-Gamma model developed by Griffin and Brown (2010) is another
commonly used Bayesian shrinkage model, and contains the Bayesian lasso as a
special case. In fact, the Bayesian lasso model corresponds to a specific choice
of a hyperparameter in the Normal-Gamma model. Bhattacharya et al. (2013)
argue that for an appropriate range of hyperparameter values (not including
the Bayesian lasso case) the Normal-Gamma model shares the optimal prior
concentration properties of the Dirichlet-Laplace model.

For both the Dirichlet-Laplace and Normal-Gamma model, the posterior den-
sity is intractable in the sense that desired expected values cannot be computed
in closed form, and it is not possible to directly sample from the posterior density.
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As a result, for both these models, Markov chains have been devised to generate
approximate samples from the corresponding posterior density. A crucial, and
often challenging, task in this context is to investigate whether these Markov
chains are geometrically ergodic, i.e., whether the distribution of each of these
Markov chains converges to the corresponding posterior distribution at a geom-
teric rate. As we discuss below, establishing geometric ergodicity is important for
a meaningful statistical analysis of the corresponding models. A proof of geomet-
ric ergodicity of the Markov chain corresponding to the Bayesian Lasso model
is provided in Khare and Hobert (2013). However, an investigation of geometric
ergodicity for the Markov chain corresponding to the general Normal-Gamma
model and the Dirichlet-Laplace model has not been undertaken. Indeed, the
general Normal-Gamma model requires a much more complicated and nuanced
analysis as compared to the Bayesian lasso model (see Remark 1).

To clarify the importance of establishing geometric ergodicity, consider the
details of the Normal-Gamma model introduced in Griffin and Brown (2010).
The model is specified as follows:

y | 6702 ~ Nn(X/B702In)

B|o* 1~ N,(0,,0°D,),

o? ~ Inverse-Gamma(a, £) with o, & > 0 known

7; ~ Gamma (a,b) for j =1,2,...,p, with a,b > 0 known,
where NNV, denotes the p-variate normal density, and D is a diagonal matrix with

diagonal entries given by {r; }?Zl. The joint density for the parameter vector
(B, T,0?) conditioned on the data vector y is given by the following:

_(yfmezgy—xm _aTDgls
2 (& 20 e 20
T i1 g, 2 1 -
T e T (07) Y e R (1.6)
j=1

There is no direct method to sample from this intractable posterior density.
However, it turns out that B | 7,02,y is multivariate normal, o2 | 3,7,y is
Inverse Gamma, and the entries of 7 | 3,02,y are independently distributed
with a generalized inverse Gaussian distribution (see Section 3 for more details).
Using these standard densities, Griffin and Brown (2010) construct a Gibbs
sampling Markov chain {(8,,,, Tm, 02,) }m>0. The transition of this Markov chain
from (B,,,Tm,02) t0 (Byi1: Tm41,02%41) can be described by the following
procedure:

Iteration (m + 1) of the Gibbs sampler:

1. Draw o2,y from w(- | B, Tm,Y), i-e., from the conditional density given

(Bm? Tm, y)'
2. Draw Tp,q1 from w(- | 02,1,B8,,.y), i.e., from the conditional density

g’t"U@’fl (0-72714»17 ﬁm? y)
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3. Draw B,,.1 from w(- | Tm41,02,41,Y), i.c., from the conditional density
given (Tm+1, Ufnﬂ, y)-

As shown in Section 3, it can be established in a straightforward way that the
Markov chain described above is Harris ergodic, and its stationary density is
given by the density in (1.6). Harris ergodicity can be used to construct strongly
consistent estimators of intractable posterior expectations. In particular, if a
real-valued measurable function h satisfies

Exlh| ;:///m(g,f,a?)wg,f,a? |y)dBdr do® < o,

then irrespective of how the chain is started, the estimator

_ 1 &

hm = m——l—l ; h(ﬁm? Tm, 0-72n)

is strongly consistent for E,h. However, this estimator is useful only if an esti-
mate of the associated standard error can be provided. All known methods to
compute asymptotically consistent estimates of standard errors for h,, require
the existence of a Markov chain central limit theorem (CLT). In particular, we
need to establish that

Vil — Exh) % N (0,¢%)

where ¢? is a finite positive constant. In general, the only standard method avail-
able to prove a Markov chain CLT, and obtain consistent estimates of the asymp-
totic variance c2, is to prove that the underlying Markov chain is geometrically
ergodic (see Chan and Geyer (1994); Flegal and Jones (2010); Mykland, Tier-
ney and Yu (1995); Robert (1995)). In the current context, the Markov chain
{(Bys T, 02,) }m>0 is defined to be geometrically ergodic if there exists a pos-
itive real-valued function M, and a constant v € [0,1) such that, for every
(Bg,To,02) and r € N,

2
HK(ﬁoﬂ'o,G’g) - H”TV S M(/B07 To, 0_0)'77‘
where K7 », denotes the distribution of the Markov chain started at (3, 7o,
(,30,1'0,(70) 0

o2) after r steps, Il denotes the stationary distribution (corresponding to the
density in (1.6)), and | - ||rv denotes the total variation norm.

If the state space of an ergodic Markov chain is finite, then geometric ergod-
icity is immediate. However, establishing geometric ergodicity is a much more
challenging task for a Markov chain with an infinite state space. A significant
proportion of Markov chains arising in statistical applications (including the
Markov chains considered in this paper) have continuous state spaces. Despite
some success stories, for a large majority of these Markov chains, a proof of
geometric ergodicity is not available.

For the Normal-Gamma Markov chain described above, we prove the follow-
ing.

Theorem 1.1. The Normal-Gamma Markov chain {(B,,, Tm,02) tm>0 s ge-
ometrically ergodic for every n > 3,p, X, o, &, a and b.
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A similar result (Therorem 4.1) is established for the Dirichlet-Laplace Markov
chain in Section 4. The analysis is based on Harris recurrence techniques devel-
oped in Meyn and Tweedie (2009), Rosenthal (1995) and Roberts and Tweedie
(1996) (see Jones and Hobert (2001) for an extensive review). This method of
establishing geometric ergodicity of general state space Markov chains has been
previously used by several authors, including Hobert (2001); Hobert and Geyer
(1998); Jarner and Hansen (2000); Jones and Hobert (2001, 2004); Marchev
and Hobert (2004); Mengersen and Tweedie (1996); Mira and Tierney (1997);
Roberts and Rosenthal (1998b, 1999); Roman and Hobert (2012); Rosenthal
(1996); Roy and Hobert (2007); Tan and Hobert (2009); Tan, Jones and Hobert
(2012). In order to use this technique, one needs to construct a drift function,
and then use it to establish appropriate drift and minorization conditions (see
for example Proposition 3.1 and Proposition 3.2). However, there is no general
recipe or guidelines to construct the drift function and the corresponding drift
and minorization conditions. Constructing these in any specific application is
currently a matter of art.

Both the Gibbs sampling Markov chains analyzed in this paper use the Gen-
eralized Inverse Gaussian (GIG) distribution as one of the conditional distri-
butions. To the best of the authors’ knowledge, a drift and minorization based
analysis for Gibbs samplers involving the GIG distribution has not been under-
taken in previous literature. Gibbs sampling Markov chains in Khare and Hobert
(2012), Khare and Hobert (2013) and Choi and Hobert (2013) involve the In-
verse Gaussian distribution (which is a special case of the GIG distribution),
and require a much simpler analysis as compared to the anaylsis in Section 3
and Section 4 (see Remark 1). We construct a new class of drift functions, which
include terms that are negative fractional powers of normal random variables,
to tackle the presence of the GIG distribution. The details can be found at the
beginning of Section 3.1.

The paper is organized as follows. In Section 2, we establish notation for
standard densities that will be used in our analysis. Section 3 provides drift and
minorization conditions for the Normal-Gamma model. Section 4 provides drift
and minorization conditions for the Dirichlet-Laplace model. Section 5 contains
a discussion of future research directions. The appendix contains mathematical
results, including some new identities related to modified Bessel functions of the
second kind. These mathematical results play an important role in the analysis
in Section 3 and Section 4.

2. Notation

We establish notation for some standard densities that will be used in the anal-
ysis.

e N,(p,X) denotes the p-variate normal density with mean vector p and
covariance matrix .

e Gamma(a, ) denotes the gamma density with shape parameter o > 0
and rate parameter £ > 0.
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e Inverse-Gamma(a, ) denotes the inverse-gamma density with shape pa-
rameter a > 0 and rate parameter £ > 0.

e GIG(v,q, ) denotes the generalized inverse Gaussian density with param-
eters v € R, > 0,€ > 0, and corresponds to the density function

as
23K, (Val)

Here K, (+) denotes the modified Bessel function of the second kind. Since
faig is a density function, it follows immediately that

K,(Va) —/0 ;‘g—zx”fle*%(a“%)dx. (2.1)

Note that for any = > 0, K,(z) can be obtained from (2.1) by setting
a =z and £ = x.

Using (2.1), if X ~ GIG(v, o, &), then

_ \/gKu-i-l ( Vv ag)
VaK,(vag)

The appendix contains several new mathematical identities (along with proofs)

for modified Bessel functions of the second kind. These results are useful in the
subsequent analysis.

x”_le_%(‘”"’%), for z > 0.

faia(z)

E[X] (2.2)

3. The Normal-Gamma model

In this section, we prove that the Gibbs sampling Markov chain in Griffin and
Brown (2010) for drawing approximate samples from the posterior density in
(1.6) is geometrically ergodic. We first resolve a minor technical issue, and then
proceed to provide the details of the Gibbs sampling algorithm in Griffin and
Brown (2010). Consider the Normal-Gamma model specified in (1.2)—(1.5). Tt
can be shown that if a is chosen to be less than %, then the marginal density of
3 converges to infinity if one or more entries of 3 converge to zero. Such a choice
is intentional, and the objective is that the posterior density of (3,7,0?) will
concentrate on neighborhoods of sparse values of 8. To avoid technical compli-
cations in defining the conditional densities for the Gibbs sampling algorithm in
Griffin and Brown (2010), it is assumed that the parameter 3 takes values in R?,
where R := R\ {0}. Since the set R?\ R has Lebesgue measure (on R?) equal to
zero, expectations with respect to the density m(3,T,0? | y) remain the same,
whether we restrict 8 to R? or not. Hence, it is enough to be able to generate
samples from the density (8, 7,02 | y) restricted to the space R? x RE x R,

Griffin and Brown (2010) show that the conditional densities corresponding
to the density in (1.6) are given as follows.

e The conditional density of 3 given 7,02,y is the

N, (X"X+ DY) "Xy, 0*(XT"X + D)7
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density on RP. In particular,

T —11%
9 | X*X + D1z
i T,0°y)= —T—

(B—(XTX+D;1)71XTy)T(XTX+D;1)(B—(XTX+D;1)71XTy)

e 202 ) (31)

for B € RP. Note that a sample from any mulltivariate normal density of
R? is with probability 1 also a sample from the same density restricted
to RP. Hence it is easy to generate a sample from the above conditional
density.

e The conditional density of o2 given 3,7,y is the

ntp+2a (y-XB8) (y—XB)+8 D8+ 25)

I -G
nverse-Gamma ( 5 , 5

density. In particular,

ntp+2a
2
) (v - X8y - XB)+87D;'8+2)
7T(0' | /67T7Y) - 2n+p2+2aF(n+p2+2a)
" (02)_ nprte g (yfme(y—);f%wTD;lng (32
for % € Ry. Here R, := (0, 00).
e Given 3,02 and y, the variables 71,72, ... ,Tp are conditionally indepen-

dent, and the conditional density of 7; given B,0% and y is GIG(a —

2
%, 20, f—é) In particular

(T |B,0%y)
ol
p 2ba? —° a1y —2 2bT,-+—]21
N L B
Moo, (7a5)

p
for T € RY,.

Samples can be generated easily from all the conditional densities in (3.1), (3.2)
and (3.3) by using standard statistical software (such as R). As described in
Section 1, the conditional densities described above can be used to construct a
block Gibbs sampling Markov chain {(8,,, Tm,02,)}5_,. The Markov transi-
tion density corresponding to this Markov chain (with respect to the Lebesgue
measure on RP x RL x Ry) is given by

kna ((B,%,&z), (ﬁ,7,02)) =7 (ﬁ | 7,02,y) 0 (T | B,U2,y> 0 (02 | B,%,y) )

It is well known, and can be easily verified, that the joint density of (3, T,0?)
(conditioned on y) defined in (1.6), is invariant for the Gibbs transition density
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knc defined above. Since kyg is strictly positive, it follows that the corre-
sponding Markov chain is irreducible with respect to the Lebesgue measure on
RP x RL xRy (see (Meyn and Tweedie, 2009, Page 87)), and aperiodic. Results
in Asmussen and Glynn (2011) can now be invoked to conclude that the Markov
chain is positive Harris recurrent. We now proceed to prove geometric ergodic-
ity by establishing a geometric drift condition and an associated minorization
condition for the Gibbs transition density kn¢g. Using results from Rosenthal
(1995), this will immediately establish geometric ergodicity of the corresponding
Markov chain.

3.1. Drift condition

Consider the following function

V(B7.0%) = (y = XB)(y - XB)+ ' DB+ W + 2
j=11"7 j=1

P

where D is the diagonal matrix with the diagonal elements {7;}"_;, and

1
0(a) = aI[0<a§%] +min{§,2a— 1}I[a>%].

This function will be used to establish a geometric drift condition for the
Normal-Gamma Markov chain. The first two terms in V (3, T, 0?) are quadratic
forms in 3. The choice of quadratic terms like these is pretty standard. However,
the third term Zle ﬁ 18 a sum of megative fractional powers of the entries

of B (whose conditional distribution given T,0%and y is multivariate normal
with a non-zero mean vector in general), and is the new feature of this drift
function. We would like to differentiate this choice with the drift function in
Tan and Hobert (2009). The drift function in Tan and Hobert (2009) consists
of positive fractional powers of quadratic forms of variables whose conditional
distribution given the other parameters and the data is multivariate normal.

Let Exyol- | By, To,08] denote the expectation with respect to one step of
the Markov chain with transition density kyg, starting at (Bq, To,03). The
following proposition establishes a geometric drift condition for the transition
density kng.

Proposition 3.1. If n > 3, there exists constants 0 < v < 1 and ¢ > 0 such
that

EkNG [V(ﬁv T, 02) | (/607 To, O'g)] < ’Yv(ﬁoa To, US) + ¥, (34)
Jor every (By, T0,02) € RP x RE x Ry.
Proof. Tt follows by the definition of the Markov transition density ky¢ that,

EkNG[V(/BaTa02> | (/60770703)]
= E[E[E[V(ﬁv7-702) |77027y] |ﬁ07027y] |ﬁ07707y]7 (3'5)
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where E[- | 7,02, y] denotes the expectation with respect to n(- | 7,02,y)
(specified in (3.1)), E[- | By,0%,y] denotes the expectation with respect to
7(- | By, 0?,y) (specified in (3.2)), and E[- | By, To,y] denotes the expectation
with respect to (- | By, To,y) (specified in (3.3)).

We evaluate the three conditional expectations one step at a time. Note that

Elly—X@)"(y - X8)+B"D;'8| 7,0%y]
= Yy +EB" (X"X +D; "B | T,0%y] - 2y" XE[B| T,0%y]
= Yy + (XX + D7) (XX + D7) Xy 3 +
trOXTX¥+D;U%@¥TX>+D;U*%XTX1+D;U%)02
—2y"X(XTX + D7) ' XTy
y'y =y X(XTX + DY) Xy + po. (3.6)

Let e; denote the 5" unit vector in R?. By (3.1), we get that the conditional den-
sity of 8; = e;frﬁ given T, 0%y is N (p;, sz), where p1; = e;[(XTX—i—D_,Tl)_lXTy
and 0% = o%e] (X" X + D) 'e;. Let Ax be largest eigenvalue of X7 X Tt fol-
lows that for every j =1,2,...,p,

3(a)
2

1 1
RO <02e;*-r(XTX+D-,-1)—1ej

@ 1 1 ’
- gd) e;fr(/\XIp—l-D.,Tl)*lej

1 1 kR
R (5 ST
o) ( X+Tj>

3(a)
2

Ay 1
St . (3.7)
g T,

A
m\
N

IN

Here (a) follows from the fact that AxI, — X7 X is a non-negative definite
matrix and (a’) follows from the fact that if u,v > 0 and 0 < § < 1 then

F( 1—6(a) )2173((1)
(u+v)° <u® +v°. Let k(a) := —— = for a > 0. Using Proposition Al

(see appendix) with §; playing the role of V, and utilizing the inequality in (3.7),
we obtain

5(a)
1 9 k(a) Ay’ 1
E W | 7,0%y| < U§(a) < k(a) 0(a) + 5(a) (3.8)

§ od(a) Tj 2
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for every j = 1,2,...,p. It follows by summing over all j = 1,2,...,p that

5(a)

- pr(a) Ay K(a) &
Z 18; |6(a) |70y | < 50(a) U 5(a) Z (3.9)

It follows by (3.6) and (3.9) that the innermost expectation in (3.5) can be
bounded as follows

8(a)

pE(a)A
EV(B,7.0%) | 7,0%y] < y'y+po® +(5)W+

M Z 3 +ZTJ (3.10)

317'7

For the next step, we consider the middle conditional expectation in (3.5). By
2
(3.3), we have 7 | By, 0%,y ~ GIG(a — 3,20, 1240 Tt follows by (2.2) that

- N
B . ) et (VEE)
75 1 Bo, o™y = 2007 | o, 12

a—3 2b7

2
2 1Boj|
(b) (|BOJ|> a + a +2b( p )

- V2bo V2b|B0;|
(bgl) |ﬁ03|
\/_a
) Bosl* 1
< .
= 3 + Ch 2 550, (3.11)

where C1 is an arbitrary positive constant (we will make an appropriate choice

K, 1(z) Yo
of Cy later). Here (b) follows from the fact that +2( y <2 L for v > 0

(see (Segura, 2011, Theorem 2)), (b') follows from the fact that /22 4+ y? <

|z| + |y|, and (b)" follows from the fact that |zy| < # < z? +y% By (2.1),
we get that

1 N A N )
E[(Tj)wl :/0 ‘”‘”(Iﬂoﬂ) 9K (\/ﬁ\ﬁoﬂ) dr

25 V2b|Bo; |
V2bo\ 7 Kei_sw ( . )
= (3.12)
|/80j| K 1 (\/%Iﬂ()]‘)
a—3 o
Now we separately consider three cases when a < %, > % and a = %
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Case 1: a € (0, 3).

By the property that K, (z) = K_,(z) (see (Abramowitz and Stegun, 1965,
Page 375)), we obtain

sad V2b| ;|
(q)# | Boj| K%_a(\/ﬂ \)
4(a)

0|
g
|Bo;
g
By Proposition A2 (see appendix), with 14 = % + 52 —a, 1 = % —a and

T = %, it follows that for arbitrary ¢* (we will make an appropriate choice

[eg
of €* later), there exists an € depending on €* and a such that, for % <€,

(3.13)

V/2b|Bo; | 5(a)  b(a)
K, M_a(f) (%42 _ g)2
2t <yl T mo2e . (3.14)

Ky, (%) - I'(3—a) (\/%Woﬂ) i

By (3.13), we obtain

o

V/2b| Bo; |
+< 2ba> PR @, (T)

(\/ﬂlﬁoj \) I[% <e]
)

I
|Boj| Ki (7‘/%'50”) [%26]
3 o
d(a d(a 9(a)
¢ arey (2 RRNCE b
S e e
[ ea—a®
2bo 2(1 —a)) 2
+<|ﬂ-|> e N P TR
0; \/%\Bwl) 2 ° =
< (+ *)( 3 )J(G) T(§+ 2% —a)2*s +
< €
|Bos I(3—a)
§(a) S§(a)
s (2(1 —a)) 2 (2b) 2
+(20)°5 - . (3.15)
€ e

where (c) follows by (3.14) and Proposition A4 (see appendix) with v := § —a

and x := 7\/%)7’8[”‘.
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Case 2: a > %

Note that if 2 > 0, then v — K, (x) is an increasing function for v > 0 (see
(Laforgia, 1991, Page 266)). Furthermore, by (Baricz, 2008, Page 69), it follows
that if 4 < s, v > 0, and = > 0, then

KV1+V(J:) < KV2+V(‘T)
Kul(x) B KV2(I) '

By choosing 11 = —v and vy = 0, it follows that KZ(z) < K2(z) for v > 0 and
x > 0. Since K, (x) is positive for v > 0 and = > 0, it follows that v — K, (z)
is an increasing function for v > 0. Using this along with (3.12) and the fact

uv < “2'2“’2 for u,v > 0, we get that
1 N AN @ (9p)"
2
E|—m| < 7] < ( z ) L@ E K@) g
()72 |Bos 2k(a) \|Boj| 2
Case 3: a = %
From (3.12) it follows that
5(a) ,
i VI ¢ K (V)
(1) 2 | Bos K, ( Qbiﬁwl)
By Proposition A3 (see appendix) with v := 0@ and x = \/%Wo]‘\, there exists
2 o
and € such that
K@ (%) 1
z o for0<az<eé. (3.18)

o [t Uk~ §

o

Ky (%) = 9% (%) (\/%Iﬂoﬂ)T

Hence by (3.17) and (3.18) we obtain,

1
: lm“?]

8(a) )
e\ T R ()
1Bo; ] Ko(mwm) [ et <o

o

-~ V2b|Boj|
(Y2 K‘“z‘”( o )
|ﬁ0j|

—

INZ

1 o 4(a)
o () e



616 S. Pal and K. Khare

5(a)

Vi )
+ : ———ao 1| VTlbosl |
|ﬂ0]| (\/%moj\)T [TZE]
6(a) é(a) 5a)
. 7 (26)72" | (2b)77
! 1] + : 3.19
(%) (|ﬁ03|> {%<e’] 6/6((1) 6/5(;) ( )

where (¢’) follows from Proposition A4 (see appendix) with v = 0 and =
V2b|Bos|

Let us denote Cy = 5y Tius )+ (1+ ) A==l ) and
(25) " K(a) o [21—a) 1
Cs 72 I[a>%]+(2b) 2 [ () +66(2a)‘|][0<a<§]
(2b)"5"

_%

3 Lt 3 ;
¢9(@) [a=3]"

Hence, combining the three cases, and using (3.15), (3.16) and (3.19), we have

for every a > 0,
&(a)
1
l; ————jizy' 52(72 <'—£I——) ‘F (73. (3.20)
(15) 2 | Boj |

By (3.10), (3.11) and (3.20), it follows that

E [E[V(B5T702) | T,O'Q,y] |605027Y}

ry e PR b1 ¢
= YYERT TG 5<Q>Z e +X;Ta [ Boso”y
pr@O +Cy) ]p J
< YRRt Y
J
B8 ap | p
+01;?+7+2b01 (3.21)

To analyze terms related to the outermost conditional expectation in (3.5), note
that by (3.2)

(v — XBo)T(y — XBy) + By D518, + 2¢

[ |/807707y] n+p+2a—2

(3.22)
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and
1 n+p+ 2«
E[_ | B07T07Y] -
o (v = XBo)"(y = XBo) + By Drg By + 2€
n+p+ 2«
< (3.23)
0 D=y Bo
Since §(a) < 3, it follows that g(z) = 2°%" is a concave function for x > 0.

Hence, by Jensen’s inequality for concave functions, we obtain

3(a)

1 2
E{W|60’To’y] = <E[%|ﬁo,7'o,}’]>
{ n+p+2a 8(a)
(y— XBy)T(y — XBy) + B D718, + 2¢
5(a)
n+p+2a| 2
: {T} (3.24)

It follows by (3.5), (3.21), (3.22), (3.23) and (3.24) that

Ekzvc[ B8, , 02) | (ﬁovTOvUCQ))]

ap p
< y'y+n OQZW 5 TPE (0" By Toy] + -+ 5
8(a)
pr(a)(Ay® + Cs) Y85
+E 0-5(11) |/807707y +01J:ZlE F |/607707y
P 1 5(a) n+p+ 2« =5
< y'y+ala sz Gor 7 7 +pRa)(Ay? +C3)[ 2 ]
L, XBO)T(y — XBo) + By D7y By +26 , ap
b ntp+2a—2 b
B p
+Ci(n+p+20)> (3.25)

ﬁg‘D"_'olﬁO 2b01 '

j=1
Note that by the Cauchy-Schwarz inequality,

2 2
P

P P v (g2, 32 P

2
St < (S ) - (5 Bm) < (28 (35
=1 =1 j=1 Y j=1 '0J j=1

g( )Zp:roj . (3.26)
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It follows from (3.25) and (3.26) that
EkNG[ (/657- 02) | (605T07U(2))]

< ng +Cl(n+p+2a ZTO_]

=1

» [(y - XB)"(y = XBy) + B D7 8]

n+p+2a—2
§(a)
2&p 8(a) n+p+2al
T
—_— Ay +05) | —
Y Yt e g TR@ON + 3>[ 2 ]
p p
T T e
Hence, we obtain
Eye[V(B,7,0°) | (Bo, T0,08)] <AV (Bo. T0,00) + ¢, (3.27)
where
2 st Cpt2a]F
T p & n—+p «
@ yy+n+p+2a_2+pﬂ(a)(x + 3)[ % ]
+ 2 2b01 (3.28)
p
=M Cs, C 2 _— . 3.29
. aw{n@ 2 Gl pt20), Lol )
- r(gtar ), 4
Recall that 6(a) = aljgcq< 1)+ min{z,2a—1} |51, K(a) = T and
o\ I l+5(a)7a QM
02 - 2"‘@1(‘1)][0‘2%] + (1 t+e ) (2 F?%—a)) - I[0<a<%]' Hencea
2
1 o LG = 5)]
Ii(a)cz — 51[‘12%] + (1 + € )m[[o<a< ] (330)
Note that F([i;;?&(ﬁ;{) < 19+<2 for ¥ > 0 and ¢ > 0 (see Gurland (1956)). Let

0<a< % Taking ( = §,9 = 5—@ we get F[(%()Qr(giz) < - L= )Qia . If we choose

2 . . oy .
€ < ﬁ (remember €* is an arbitrary positive constant of our choice) then

% < 1. Hence k(a)Cs < 1.

The assumption n > 3 w111 automatically lead to the fact that

clearly (1 + €*)

n+p+2a 2 < 1’

and if we choose C; = (recall that Cy is an arbitrary positive constant

2(n+p+2o¢)
of our choice), then Ci(n+p+2a) = % Hence 0 <y < 1, which establishes the
required result. O
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Remark 1. The Bayesian lasso model in Park and Casella (2008) arises as a
special case of the Normal-Gamma model, when the hyperparameter a in the

Normal-Gamma model is chosen to be 1. In this case, the conditional distribu-
tion of % given 3,02,y reduces to an Inverse Gaussian distribution for each

1 < j < p. In Khare and Hobert (2013), a proof of geometric ergodicity of the
Bayesian lasso Markov chain is provided by using a drift function of the form

P
(y—-XB)"(y-XB)+8"D;'B+> 7

J=1

Hence, the term of the form E?:l ﬁ is not required. This significantly sim-
J
plifies the drift and minorization analysis in the Bayesian lasso case.

3.2. Minorization condition
For every d > 0, let
Byg = {(ﬁo,ro,ag) ERP xR? x R, : V(By, T0,02) < d} .

The following proposition establishes an associated minorization condition to
the geometric drift condition in Proposition 3.1.

Proposition 3.2. There exist a constant 0 < € = é(V,d) < 1 and a probability
density function f on RP x RE x Ry such that

kne ((60’7-0’0'3)7(/3’7-702)) 2 gf(,@,T,O'Q) (331)

for every (By, To,03) € By.a.

Proof. Recall that

kne ((Bo,T0,03), (B, 7,07%))
= Tr(/B|T7025y)7T(T|1607U25y)7T(U2 |605T07Y)' (332)

Note that, if (B, T0,03) € By.q4, then ﬁgD;OlﬁO +>27-170j < d, hence

p
(5§D;0150) Sy | < d
j=1
It follows by (3.26) that

p
> B < d. (3.33)
j=1
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By (3.3)

p
(7| Bo. 0 y) = [ [ 90i(7 | Bo: o), (3.34)

j=1
2
where go; (. | By, 0?) is the GIG(a — 3,20, %) density. Hence

90;‘(7'3‘ | Bo> 0'2)

Q ( J
= (a—3) N
Bog| 1272 25| Bo, |
[U\/%} 2Ka—% ( )
(=) _1(opr,a_d?
> [a\iﬁ} 2K, -3 (\/?d) (Tj)afé—le 2(% J*ch,z)
- (G‘*l) (ail)
1Bogl | ™ = V/2b|B0; | a : \/2bd
T T (550 | ] T (29
a—% 9K (\/%d)
d 2 a—il\"% ) ,
S { , ] " ( 9i(T5 [ o%), (3.35)
|ﬁ0_]| o )

where (e) follows by (3.33), and g;(7; | 02) is the GIG(a — %,2b dz) density.

s o7
Let us consider the function z +— g‘igg for z > 0. By (Segura, 2011, Page 526)

4 go(x 4Kz
we get that —x%&()) <i4+,/3+2%and —x%&()) > 1+ ,/1+ 2% Hence
%(109(253)) = d%f(om()) - d%ﬁlw()) >0.50z +— g?gm; is an increasing function

for x > 0. As @ > m, we get that

o

() ko (22)

o

o () T (=)

(3.36)

a

Let a = a + I;,_1j. Hence, by (3.35) and (3.36), we obtain

1
2

: 4 |t 2Kay (2¥)
90 (75 | Bos o’ y) = { ] 5

S 2
|Boji| K; 1 (\/%\Boﬂ) gi(mj | o%)
2

-4 2\  — -1
(e A K# (bd )6 202 i ,
a—3

a
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where (¢/) follows from the Proposition A5 (see appendix) with s := v/2bd and
t:ZO’&Hdl/:Zd—%.
Note that a — % # 0 for every a > 0. Using Proposition A7 (see appendix)

. V/2b|Bo; ~
with x = % andV:a—%wehave

90 (15 | Bo, 0% y)

_ G—1l—(a—21 __1
. l(%)%'“‘%da%] 8o 1#=4=(") Kasy (ba?) e 52

~ 2
- i\T; |0 ).
2“1_%|F (|ZL—%|) g]( ]| )

gld_%l
(3.38)

As (By, T0,08) € Bv.g and §(a) > 0, we have W < d and hence |Bo;| >
]

—L Tt follows that
FHO)

90 (15 | By 0, y)

— 1 ) lam—d]—(a—1) K1 (bd?
{ = Iy }{{(%)élaél 4@ 2 (o) gi(1j | 0®).

(3.39)

Now using (3.34) and the lower bound specified in (3.39) for each j = 1,2,...,p,
we get that

7T(T | 1307025y)

__P a a 2 b
o L gy et gomp-tigg=p] K 04
= ) orla-3l 218217 (Ja — 3|)

xS [T aimi10%) ¢ (3.40)
j=1

We now bound (a2 | By, T0,y) and the term depending on o2 in (3.40). Note
that for (B, T0,03) € By,4, we have

(v = XBo)"(y = XBy) + Bo D7y By +26 _ d+2¢

: 5 (3.41)

Note that

(y = XBo)"(y — XBy) + B4 D7} B + 2¢
= yl'y—2y"XBy + B85 (XX + D 1B, + 2¢
= yy-y' X(X"X+D;) "Xy +26+

_1
2

2
+ [ (XTX + D7) (XTy = (XTX + D;1)8) |12
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Y

Yy -y XXX +D; ) X Ty +2¢
1
> yly—yTX(XTX + Elp)_lXTy + 2¢. (3.42)

The last inequality follows since 0 < 79; < d for every 1 < j < p. Note that
I X(XTX—i— I,)71 X7 is a positive definite matrix. Hence y?y—y? X (X7 X +
I p) 1 XTy > O It follows by (3.41) and (3.42) that for (B, To,08) € By.a,

__P_
e 202
2

p|(~l*%| 7T(0' | 605 70, Y)

g
P —
e 202 g\ ntpt2a g _ =xpp T y-xB0)+8% D7 Bo+2¢
= ﬁ g ) 2 e 202

pla—3

o 2

ntp+2a
2

(v = XBo)T(y = XBy) + B D718 + %)
X

2n+P2+2a1_‘(n+p2+2a)
vy — yTX(XTX + L11) X Ty +2¢]" 7
> d"P
> | ; |
(02)_ n+p+2a;p\25.71\ _16_ d+22652+p
X F(n+p2+2a)
ntp+2a
{yTyfyTX(XTXQJr%Ip)’IXTy+2£} z [(ntet2ectpl2a1ly | ,
_ 2
= [d+2£+p} [EFEPTEEE I—\(n+p2+2a) h(o®),
2
(3.43)
where h(0?) is the Inverse-Gamma(Z2t2 +2a+p [2a-1] 4E2EP) density. It follows
from (3.32), (3.40) and (3.43) that for all (50,7'0,00) € Bvd,
kne ((Bo, To.02), (B,T,0%)) > Ef(B,T,0?), (3.44)
where
_ i-di-@-37 Kz (bd%) )P
: = {[(Qb)%la%d(aé)#} _ le ( )1 } %
210721r (Ja — 31)
nt+pt+2a

Y'y—y" X(XTX+41,) ' X y+2¢ et p+20-tp|2a—1]
2 M(——)

(3.45)

n+p+2a+pl2a—1] F(n+p+2a) ]
{d+2£+p} z 2
2

and f (+) is a probability density on RP x R x Ry given by

P

f(B.7.0%) =7 (8| 7.0%y) H (r; | 0%) p (o).
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Since kna((Bg, To,08),) and f() are both probability density functions, it
follows by (3.44) that € < 1. This proves the required result. O

The drift and minorization conditions in Proposition 3.1 and Proposition
4.2 can be combined with (Rosenthal, 1995, Theorem 12) to establish geomet-
ric ergodicity of the Normal-Gamma Markov chain with transition density ky¢g-.
Theorem 1.1 is a straightforward corollary of Theorem 3.1. Note that the follow-
ing theorem not only provides a proof of geometric ergodicity, but also provides
quantitative convergence bounds which may be used to compute the number of
iterations required for the Markov chain distribution to get sufficiently close to
the stationary distribution.

Theorem 3.1. Let p, X, «,&,a,b be arbitrary, n > 3, and let vy, @ and € be as

defined in (3.29), (3.28), and (3.45) respectively. Let d > %, A= %

and U = 1+ 2(yd + ). Then for any (8o, To,02) € RP x RY xRy, r € N and
0<s<1,

ars (LU0 p
< (1-9) +(F> (1+m+v(ﬁ0770708))'

T
HKNG)(ﬁO)TUvo'g) HNG TV

where K]TVG,(BO,-:-O,U%) denotes the distribution of the Normal-Gamma Markov

chain started at (B, To,03) afterr steps, and Uy denotes the joint distribution
of the (B,7,0?) (conditioned on y) in the Normal-Gamma model.

4. The Dirichlet-Laplace model

In this section we analyze the Dirichlet-Laplace Bayesian shrinkage model in-
troduced by Bhattacharya et al. (2013). As in Section 3, let y = (y;)!"_, denote
the data vector and X denote the known design matrix. The Dirichlet-Laplace
model in Bhattacharya et al. (2013) can be specified as follows

y|B.0® ~ N(XB,0%I,)
Blo*.¢,0 ~N(0,0°Dy)

0? ~ Inverse-Gamma(a, £) ., & > 0 fixed

iid. 1
¢17¢25"'7¢p ~ EiZ?p (5)

(¢1,02,...,6p) ~ Dir(a,a,...,a),0 ~ Gamma (pa, %) , (4.1)

where n = (¢, ¢,0), D, denotes a diagonal matrix with diagonal elements
(1j¢36))_,, and a is a known positive constant. Let

P
Spi={ (8= 65 2 0and 305 =1

j=1
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Then, the parameter n = (¢, ¢, 0) takes values in the space A, := R} xS, xR
It can be shown if a is chosen to be less than 1 in the Dirichlet-Laplace model,
then the marginal density of 3 converges to infinity as one or more entries of 3
converge to zero. For the same reasons as those discussed at the beginning of
Section 3, we assume that the parameter 3 takes values in RP.

The joint density of (3,n,0?) (conditioned on y) with respect to the Lebesgue
measure on R? x A, x R4 is given as follows

m(B,m,0% |y)
_w=xp)Ty-xp) ,BTDEIB p Y
¢ 2o e 2 e a—2 —1 -2/ 2\—a-1_—5%
! P e 2 (o e o2,
(V2m)rom  (V/2m)PoPOP 31;[1 <\/ Y; & ) (@)

(4.2)

To perform Bayesian statistical inference for this model, we need to compute
expectations with respect to the above posterior density. However, these ex-
pectations are not available in closed form, and there is no direct method to
generate samples from the density in (4.2). Bhattacharya et al. (2013) derive
the following expressions for the conditional densities associated with the den-
sity in (4.2).

e The conditional density of 3 given 1,02,y is the
Ny (XTX + DN ' Xy, o®(X"X + D))
density on RP. In particular

(B |n,0%y)

|XTX+D;1|% B (57(XTX+D;1)*1XTy)T(XTX:D;I)(ﬁf(XTXJFD;l)*lXTy)
_n 20

(Vampar ’
(4.3)

for B € RP.
e The conditional density of o2 given the variables 3,1,y is

n+p+2a (y—Xﬁ)T(y—Xﬁ)+5TDn15+25>
2 ’ 2 '

Inverse-Gamma (

In particular,

ntp+2a
) (v = XB)" (v~ XB) + 87D, B+ 2¢)
7T(0' | ﬁ7 n, y) = 9 n+P2+20£ 1—\( n+p2+20c )
v T (y— Tpgt
% (0%)- niptoa 716_< xp)T( ifim Dy ' B+2¢ 7

(4.4)

for 02 € Ry.



Geometric ergodicity for shrinkage models 625

e For j = 1,...,p, conditioned on ¢, 0, 3,02 and y, the random variables
v;,7 =1,2,...,p are independently distributed. The conditional density

of ¢; given ,0, 8,02,y is GIG(%, 1, fegp) In particular

(=557 )es)

.-
1 2 2u; (222
rlnesy) = () ¢ )L w
for ¢; € R4. For the GIG(v, o, &) distribution, in the special case when
V= % or v = —%, the expected value can be obtained in closed form. In
fact,
185
E (¢, 0 =1 4.6
("/’Jlﬁa u¢ Y) +¢J90, ( )
and
1 o0
E (— | 6,02,¢,9,y) = (4.7)
¥; 185
e The conditional density of (¢, #) given 3,02,y is given by
1 p 1851
7T(¢),6‘ | ﬁ,o2,y) x 9_p 116 a¢]9¢a 2\ gpa—1,-%
j=
LI
o P! H e 7%° 0p;)* =25 .  (4.8)

Bhattacharya et al. (2013) show that a sample from this density can be

generated as follows: Draw random variables T4, T, ..., T, with
Tj|ﬁ,02,y~GIG(a—1 12|ﬂ3|) (4.9)
and set
9_ZT and@——for]_m,..., . (4.10)

7j=1

Using the conditional densities described above, a Gibbs sampling Markov chain
(Bons Mn» 02,)5°_ can be constructed to sample from the density in (4.2). The
state space of this Markov chain is R? x A, x Ry, and the transition from
(Bons Mn» 02,) £0 (Bryg1s Mg 1, 02 41) can be described as follows
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Iteration (m + 1) of the Dirichlet-Laplace Gibbs sampler:

1. Draw o2,y from 7(- | B, My, y) (as defiend in (4.4)).
2. Draw M, 1 = (Vi1 Py, Oms1) in the following way:
(a‘) Draw (¢m+1a 9m+1) fmm 7T(' | IBmv Ur2n+17Y)
(as described in (4.8), (4.9), and (4.10)).

(b) Draw 1,5 from w(- | Opmg1, @psrs Bt Ooag1,y) (as described in
(4.5)) independently for j =1,...,p.

3. Draw B, from w(- | 41,0211, y) (as described in (4.3)).

The transition density of the Markov chain defined above (with respect to the
Lebesgue measure on R x A, x R.) is given by

kDL((B,ﬁ,52)7(ﬁ,n702)) = 7 (BIn,a%y) ﬁﬂ(¢j|97¢>73,02,y)

j=1
x T (¢,9 | Bwﬁy) m (02 | B,f?,y) :
(4.11)

It is well known, and can be easily verified, that the joint density of (3,7, 0?)
(conditioned on y) defined in (4.2), is invariant for the Gibbs transition density
kpr, defined above. Since the Markov transition density kpy is strictly posi-
tive, by exactly the same argument as in Section 3, it can be shown that the
corresponding Markov chain is Harris recurrent. We now prove geometric ergod-
icity by establishing a geometric drift condition and an associated minorization
condition for the Gibbs transition density kpr,.

Remark 2. Note that the conditional densities of 3 and o2 (in (4.3) and (4.4))
are very similar to the conditional densities of B and o2 in the Normal-Gamma
model (see (3.1) and (3.2)). Hence, for the steps in the analysis involving the
conditional densities of 3 and o2, we heavily use the results established for anal-
ogous steps in Section 3. However, the conditional density of the parameter n
in the Dirichlet-Laplace model is significantly different and much more compli-
cated than the conditional density of the parameter 7 in the Normal-Gamma
model. Hence, steps involving components of 1 require a different and more
involved analysis than in Section 3.

4.1. Drift condition

P8 ra+4-a)

Let 6*(a) = argminge g 1) S5 s TO-a)

. Consider the following function

P P
V(B.m.0%) = (v~ XB) (y —XB) + 87D, B+ —L 13 w0202,

el 1cF1 LS Rt

where 6(a) = §*(a)Ijq<1) + $ljaz1) + min{2(a — 1), 3} =1}, and D,, is the
diagonal matrix with diagonal elements {1/1]02(;5? “_1- Note that 0 < d(a) < 1.



Geometric ergodicity for shrinkage models 627

Let Ex,, [ | Bo,Mo,08] denote the expectation with respect to one step of
the Markov chain with transition density kpy, starting at (B,,ny,08). The
following proposition establishes a geometric drift condition for the transition
density kpr, .

Proposition 4.1. If n > 3 and a > a* (as defined in Proposition A8 (see
appendiz)), there exists constants 0 <~y < 1 and ¢ > 0 such that

EkDL[V(ﬁu'r]uU2) | (ﬁovnovag)] S WV(ﬁov'r]OvU?)) + 1) (4'12)

for every (By,mg, 03) € RP x A, xRy
Proof Tt follows by the definition of the Markov transition density kpjy that

Eyp, [VE/Gu n, o? | (ﬁov No> Ug)]
= E[E[E[V(ﬁ,’l’],02) |77702aY] |ﬁ07027y] |ﬁ077707y]' (413)
As in the proof of Proposition 3.1, we evaluate the three conditional expectations

one step at a time. Note that the innermost conditional expectation is with
respect to the conditional distribution of 3, and by (4.3),

Blno®y~N,(X"X+D;") ' XTy, o> (X"X +D; "))

Hence, the method for simplifying the innermost expectation here will be very
similar to the method for simplifying the innermost expectation in the proof of
Proposition 3.1. By exactly the same argument as the one leading to (3.6), it
follows that

E|y-XB8)"(y—-XB)+8"D,'B|no%y

= yTy—yTX(XTX—i—D;l)*lXTy + po?. (4.14)
~ r(l=3@ )2#
Let K(a) := =—=2—=——— for a > 0. By a similar argument as the one leading

ors
to (3.7) and (3.8), it follows that for every j = 1,2,...,p, 8 ~ N (u;, sz), where

pj=el (XX + D, ") ' X"y and 07 = 0%e] (XTX + D, ') 'e;, and

5(a)
1 K - e 1

E [ g | ’]’], 0‘2, y‘| S K;S(la) S K/(a) ? g(a) — (4.15)

;1@ o2 O i)y gl
It follows from (4.14) and (4.15) that

E[V(8,n,0%) | n,0%,y]
oy | R 1 .
T 2 | PRlA)AX Kla 0242
< ylytpot+ =S+ 0 Z — —+ Zwﬂ 3.
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We now analyze the middle conditional expectation in (4.13), which requires
K 1
:[sg((,ll)) ?:1 5(a) _ | /8070'2,)’] and
wj 2 gd(a) ¢j(a)

getting an upper bound for F]

E| :5:1 "/’jez(b? | By, 0%, y].

We first consider F| ;):1 ¢j92¢§ | B, 0%, y]. Note by (4.9) and (4.10), ¢, |
By, 0%,y ~ GIG(a — 1, 172@)'
Hence

a

K, 230j|>
2|50j|> < 7

E[¢J9 | ,80,0'2,}’] = <

(

Bojl

) / . a+ /a2 + 2180l

S 2|BO]| o
o 9 16o;]

o

Q

< 2042 @, (4.17)

g

where (g) follows from (Laforgia and Natalini, 2009, Theorem 1.2). Furthermore,

K, 2M>
50j|> H( i
77 s (V212

2
[Boj
K, AL
Y (pl) o (Vo)
o Ka< / |500j|)

E[(¢79)2 |ﬁ07027y] = (2|

2

. 2 4 9lBojl
@S) <2|[30j|> (a+1)+4/(a+1) + 224

o 9 1Bosl
< 2((a+1)2+(a+1)2+2m>

g
< 4(&—!—1)2—0—4M, (4.18)
g

where (h) follows from (Laforgia and Natalini, 2009, eq. (1.9)) and (i) follows
from (Laforgia and Natalini, 2009, Theorem 1.2). By (4.6), we get that

E[;$56% | By, 0”,y]
E [¢?92E[¢J | ¢j595605027Y] |/6070'27Y}

E {@292 (1 + ('f(g(j) | B07027Y}
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|ﬁ03|

= FE [¢?92 | ﬁ07027 } [¢J9 | /607 7}’} . (419)

Let Cy,C5 > 0 be arbitrary (we will make appropriate choices for Cy and Cy
at the end of the proof). It follows by (4.17), (4.18) and (4.19) that for every

j:]"27"'7p7

Bly;$30° | By, 0”,y]

< 4(a+1)2—|—4@+@<2 +2 |ﬁ03|>

< - .

< 4(a+1)2+2(a+2)|ﬂ0j|+\/§|50J'|‘/|5§j|

9 |Bo; | 1 8o, 2

R Yt

D o+ 2 oy (Lul) L e, (1Bul) L 2T

- a 4 o 64C3
+2 1 Boil\ 2

: 4(a+1)2+a01 203 [01(a+2)+C]<|%|), (4.20)

where () follows from the fact that wv < “72 + % for w,v > 0 (with u =

VC W“] = %) and (j') follows from the fact that uivi < Su+ g for
u,v >0 (Wlth u = iiﬁ(@)av = (%3)3)
2
Next, we consider E| k) | By,02,y]. Since 0 < d(a) < 1, it

5(a
S(a)w 2 95(a)¢6(a)

follows that = ~— 2°(@) is a concave function for 2 > 0. By Jensen’s inequality
and (4.7), we obtain

E | 607 Y
(U(bj ) 1/}]

5(a)

|:_|ﬁ050. ¢7Y:|} i |130707y

IN
&

0(;5]

it
- B {”9‘“} | Bo0ry
l

U(bj |BOJ|

= E
U|ﬂ0;

|6an'y
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(k) 1 a-—3 1
(4.21)

5(a) ’
0160, Ko ( 2m)

where (k) follows from (4.9), (4.10), and (2.1). Now consider the three cases,
a* < a <1l a>1and a =1, where a* is as defined in Proposition A8 (see
appendix).
Case 1: a* <a < 1.

5* (a)

Let ¢* = %[FQ( 1152* (\a/);) r(li%)—a) —1]. Proposition A9 (see appendix)~ ensures
that ¢* > 0. Using Proposition A2 (see appendix) with v; = 1 + @ - a,
vo =1—aand x = @, there exists an € depending on €*,a such that if

@ < € then

K By ( 2\50j|) I 1+@_a25(2a) 5(411)
143 g 2 <(14e) ( 2 ) Si) (4.22)
Kia(y/254) I(1 - a) (2160;) ¥

Since a* < a < 1 and K,(x) = K_,(x) (Abramowitz and Stegun, 1965,
page 375), it follows by (4.21) and (4.22) that

1
B i P
(06,;0)° ™ ;2

) F(l + @ — a)26(2a) Ué(f)

o oA T 1+
Qo) E T—a) @) e V<

K 5. 2\ﬁ0j|
1 1+“(2)—a< ° /)y

et w (o5 1

Using 4.23 and Proposition A4 (see appendix) with v = 1 —a, § = g(a), and

< (I+¢*

>l

(4.23)

T = @, we obtain
1
B P
a
(0¢j9) wj 2

(L+e) D+ —a)

|[30j|g(a) I'(l—a) I[\/@«] *

|~
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5(a)
1 (3—2a) 2
3 —— + 1| It fa5.7
a) (a) 0ils,
(2010 1%) [ﬂﬁoﬂ} = [\/72]
5(a 5(a 5(a)
1 (14_6*)1“(1—1—@—(1) 1 2% (3 —2a)2 1
I'l—a) gd(a) 2 0
(4.24)

|50j|5~(“)

Case 2: a > 1.
In the argument leading to (3.16), it was established that v — K, (z) is

a increasing function for v > 0. It follows from (4.21), and the fact viui <
25 (a)]® _ 1
(20’)5(“) and v = W) that

%U+%u§u+%uforu,v>0, (with u =
1 2170 (R(a))’

1
E T = 34 |6 ,02,}’ S ) = =
(06,0)7® 5 0 27 (a)| Bo; 5@ o(a)
J
~ 3
! 2(~(a)” (4.25)
o";(a)

2R ()| Bo; @)

Case 3: a = 1.
%,x =4/ —ngl, there exists

By Proposition A3 (see appendix) with v =

€ > 0, such that for \/2@ <€
K~(1) ( 2“370]) 5(1)
= VY o1
< — - (4.26)
Ky (\/z'ﬂf:ﬁ) 2% (1) 2180

Hence, using (4.21), we obtain

1 2
5(1) | ﬁova Y

E 5(1
(U¢j6‘) ( )"/Jj2
1 pRicl
< _ 7
- s s 2|Bo; | e
olos) 27 (1) 21 5 1Y P <]
e (V22)
+ 3(1) - I 21Bojl < ,
(20]B0;[*) Ko( 2—“3;]") [Vt
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(’€<//) 1
2 (1) [ [V <]

s
1 i 1 27 1 1
2% (1) | Bo; |5 ) 6,@ 6/5 )

(4.27)
where (k") follows from Proposition A4 (see appendix), with v = 0 and z =
\/ 212l

. ) P+ )
et us denote Dy = 5=sTja>1) + (1 4 ¢ )Wl[ad] and

2°5 | (3-2a) 2
Dy 2 (7(a))* Ilas1) + 555 ( aa)) + 1| o<y
€ 2 €2

1
—m T 1} Ijg=1]-

2
Hence, combining the three cases, and using (4.24), (4.25) and (4.27), we have
for every a > a”*,

E —1 — | Bp, 0 y| < Ds Di_ (4.28)
3 3(a 0 Bo;5(@) 3(a)
(0¢;0) (“)w | B0 a

It follows by (4.16), (4.20) and (4.28) that

E[EV(8,1,0%) | n,0%y] | ﬁo,az,y}

5(a)

Fa)A pR(a) Dy
< yvTy+ 2+p’€(a~) X ~ +
= VYT TS 3Z|50J|6<a> o3(a)

Mat+1)2+ a2 1 Crat2) + 0o S Bl 4o
p(da+ 1)+ =5 * 20 +[Ci(a+2) + 2]; S5 (4.29)

Finally, we consider the outermost conditional expectation in (4.13). It follows
by (4.4) that

- Xp XBo) + 8, D, 8 2
E[0? | By, 10, ¥] = (y o))" (2’+p+02)a_ 20 0 (4.30)

E[i|ﬁ " y] _ n+p+ 2«
g2 [T (y — XBo)T(y — XBo) + B2 Dnl By + 2¢
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n+p+ 2«

g 4.31
B Dal By 430

Since 0 < 6(a) < 1, it follows that g(z) = °() is a concave function for z > 0.
By Jensen’s inequality, we obtain

1 n+p+ 2«
E ' Mo> <
{ Sy | Bty } l(y — XBo)"(y — XBo) + B3 Dn) By +2¢
n+p+ 2« =3
=5
By (4.29), (4.30), (4.31) and (4.32), we obtain

Ex[V(B,1,07) | (By 10, 07)]

E[E[E[V(8,m,0%y) | n,0%y]| By, o2 y] | B, 1o, ¥]

(y — XBo)"(y — XBo) + By Dy, By + 2¢
n+p+2a—2

» -
~ 1 n+p+2af 2 _ 3(a)

bpot2, 1
+p(4(a—|—1) + o +2C3)

IN

vy +p

|ﬁ0.7|2

4.33
BIDa1B, (433)

p
+[Ci(a+2)+Co] Y (n+p+20a)
j=1

By exactly the same argument as the one leading to (3.26), we obtain

yu ﬁT‘BD‘” e < 00505, Tt follows from (4.33) that

EkDL[V(5777702) | (605770700)] (/3077’050'0) +907 (434)
where
and

a—+ 2 1
= 4 1)2 i
© p<(a+ )  + c +2C23>
tpt2a] i) e
n+p « _ s(a) T D
- A2 D .
+{ 2€ ] p“(a){ x ¥ 4}+y y+[n+p+2a—2}

The assumption n > 3 automatically leads to m < 1. Recall that Cy, Cy
are arbitrary positive numbers of our choice. If we choose the constants C7 =
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) and 02 =

W ) then Clearly [Ol (a+2)+02](n+p+20[) = l

1
4(n+p+2a "~ 2
~ 1 wn~ D42 _q) .
Note that H(G)Dg = 5‘[[‘1211 + (1 + € )Ii(a)w[[a<1]. If a* < a < 1,

then d(a) = 0*(a), and it follows by the definition of ¢* and Proposition A9

. ~ W DO+ g r(i= @y pay e _g
(see appendix) that k(a)(1 + € )W =1+1 2(%@3 \/F) ( o) ) <1

Hence if a > a*, then 0 < v < 1, which establishes the required geometric drift
condition.

4.2. Minorization condition

For every d > 0, let

By a= {(ﬁ()a??oﬁg) €RP x Ay x Ry : V(By,m,07) < d}~
The following proposition establishes an associated minorization condition to
the geometric drift condition in Proposition 4.1.

Proposition 4.2. There exist a constant 0 < €* = e*(f/, d) <1 and a probabil-
ity density function f* on RP x A, x Ry such that

kpr ((ﬁm MNo> 08)7 (ﬁﬂ”la 02)) > e*f*(ﬁanv 02) (4'35)

for every (By, My, 78) € By 4

Proof. Throughout this proof we will assume that (3, n,,03) € By ;- To estab-
lish the minorization condition, we will construct lower bounds for appropriate
conditional densities appearing in (4.11). If (B, 19, 08) € By, then by a simi-

lar argument as the one leading to (3.33), we get >30_, f5; < d*. Let m; = %
and m.; = %ga. Since |Bo;| < d, it follows that m; > m.;. Hence
(1 —mjp;)? _ (14 m34?) R 1 Uj
2¢)m3 2;m2  my;  — 2ym? 2
L %
- 21/)jmzj 2
1—ma)? 1
< Uomgty) | 1 (4.36)
21/)jm*j m*j

It follows by (4.5) and (4.36) that,

L a-magep?
_ 1 1 PR S R L
2 Moas 29 ;m?2
™ (’Q/J] | 97¢7ﬁ070 7}’) > e ’ (27T¢J) e T

(777 ) g5 (0 16,6.0%),  (437)
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where g;(1; | 0,¢,0%) denotes the GIG(3,1 ) density. By (4.8) and

29 7(15292 2
(Bhattacharya et al., 2013, Page 17), we get that

p
m (6,0 | By, 0% y) =07 T] 95, (650 | Bo.0?) (4.38)
j=1

where g&;(- | By, 0?) denotes the GIG(a — 1,1, 2@) density. Note that

e enggj((bj@ | 60a02)
2|80, |

(6,0)° 2 ¢ Tt (904 5500)

5 (mion)“%l KoL ( /Qioj|>

(¢j9)a_2 e_% (¢j9+¢j%)

T ()7 (V)
) (VE) 1 s oram)
) s (v |27 s ()
)7 K (
(

g5 (60 | 0*), (4.39)

where g¥(- | 0%) denotes the GIG(a — 1,1 4d) density. Furthermore by Proposi-

[

tion A6 (see appendix) with v =a — 1, s = 4d and t = o we get

a—1
4d\ 4d
2 (—) Ka—l ( —) > e
o o
In the argument leading to (3.16), it was established that v — K,(x) is a

increasing function for v > 0. Since K_,(x) = K,(z) (see (Abramowitz and
Stegun, 1965, Page 375)) and |a — 1] < a + 1 for a > 0, it follows that

Ko-1(4/ @) < Kat1(y/ 2‘@‘”') for a > 0. Therefore it follows by (4.39), (4.40)
and Proposition A7 (see appendix) that

U

K, (V2d) o)) @a0)

e ed gég ((bje | 60a02)
2 <%>% Ko (/%)
a—1
2 (2|€01|) 2 Kot ( 2601')

Y
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Y

g5 (60 | 0?)

——g;(650|0%),  (441)

= K (V2) 20T ] %
a 1

where (m) follows by the fact that |Sy;| > —— for (8y,my,03) € By ;- Finally
dd(a) ’

we bound the conditional density of o2 given B, m, and y. Note that since

(Bo:m0,03) € By ;. it follows that

(v = XBo)" (v = XBo) + Bo Dy B +2§ _ d+2¢
2 - 2

(4.42)

Furthermore by exactly the same argument as the one leading to (3.42) it follows
that

(y = XBo)" (y — XBo) + ﬁgD;()lﬁo +2¢

1 —1
> yly—-y'X (XTX + Elp> XTy +2¢. (4.43)

It follows from (4.4), (4.42) and (4.43) that for (8y,m¢,08) € By ,

efi_g 9
ob 7T(O' |/307770a}’)
+p+2 n+P2+201
_nrpric T —
e (o) ! ((y_XIBO)T(y_XIBO) + Bo Dn01,80—|—2§)
= Up 2n+172+2ar(n+p2+2a)

=X T v=xB0)+8E Dy Bo+2¢
X e 202

n+p+2a

[yTy —y'X(XTX +10,) ' Xy + 25} 2

2
(02)7 n+2g+2a 1 d+2256+22pd
X
2
F( n+p2+ « )

Y

n+p+2a
|:yTy_yTX(XTX;—%Ip)*ley+2£j| F(n+2p+2a)
2
= n+t2pt2a T n+p2+2a h*(O' )a (444)
(f)

[d+2£+2pd] 2
2
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where h*(0?) denotes the Inverse-Gamma("t2t2e 4126 12pd)

density. Let

f*(B,m,0%)
P P
= W(ﬁ | 777027}’) ng ("/}J | g, ¢702) o=t Hg;(¢J9 | 02) h*(02)'
j=1 j=1
(4.45)
It follows by (4.37), (4.41) and (4.44) that
kDL ((1607 Mo 03)7 (/Ba n, UQ)) > E*f*(ﬁv n, 02)7 (446)
where
e i Kaa (m) (2d) T
e = 2
d5@ T (a + 1)2@
T, Tx(xTx4lry-1xT nind2a
Y y—y X(XTX+51,) X y+2£] et 2p4 20
| : respee)
X nt2pt2a I—\(n+p+2a)' ( : )
2

[d+2£+2pd} 2
2

Note thst kpr((Bg, N9, 05), ) and f*(-) are both probability density functions.
Hence, by (4.46), it follows that e* < 1. O

The drift and minorization conditions in Proposition 4.1 and Proposition 4.2
can be combined with (Rosenthal, 1995, Theorem 12) to establish geometric
ergodicity of the Dirichlet-Laplace Markov chain with transition density kpy,.

Theorem 4.1. Let p, X, o, & be arbitrary, n > 3, a > a* and v, @, € be as

defined in (4.84), (4.47). Let d > 12_—‘2, A= #ﬁvd and U =14 2(yd+ ¢).

Then for any (Bg, My, 08) € R? x A, xRy, 7eNand0<s <1,

r *\T'S Us " ‘2 7 2
|55 8ymyopy = Tloe ], < (1=€) +(A1_s) <1 Tt V(ﬁomo’%))
where KBL,(ﬂo,no,aﬁ) denotes the distribution of the Dirichlet-Laplace Markov

chain started at (Bg, Mg, 03) afterr steps, and Upy, denotes the joint distribution
of (B,m,02) (conditioned ony) in the Dirichlet-Laplace model.

5. Discussion

In recent years, a number of Bayesian shrinkage models have been developed
to tackle high-dimensional data sets. As mentioned earlier, most of these mod-
els use Markov chains to sample from the intractable posterior distributions of
the parameters. However, important theoretical properties such as geometric
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ergodicity of these Markov chains have not been previously investigated. In this
paper, geometric ergodicity of Gibbs sampling Markov chains corresponding to
the Bayesian shrinkage models in Griffin and Brown (2010) and Bhattacharya
et al. (2013) has been established. The new and interesting feature of these
Markov chains, especially from the point of view of establishing geometric er-
godicity, is the presence of the Generalized Inverse Gaussian distribution as
one of the conditional distributions in the Gibbs sampler. To tackle this, we
introduced novel drift functions which include the term > %, ﬁ (recall that
for both models, the conditional distributon of 8 given other parameters and
the data is multivariate normal). The GIG distribution involves modified Bessel
functions of the second kind, and the properties of these functions are invoked
frequently in the intricate drift and minorization analysis presented in Section 3
and Section 4.

Note that the results in Section 3 (for the Normal-Gamma model) hold for ev-
ery p, X, ., &, a and b. The results in Section 4 (for the Dirichlet-Laplace model)
hold for all values of p, X, a, &, but require that a > a*. As mentioned earlier,
the structure of the conditional distribution of the parameter 7 in the Dirichlet-
Laplace model is more complicated than the conditional distribution of the
parameter 7 in the Normal-Gamma model. Hence, it is not entirely surprising
that we were able to prove a stronger result for the Normal-Gamma model.
Using the insights obtained from the analysis in this paper, in future research
we plan to investigate geometric ergodicitiy (or the lack of it) for the Dirichlet-
Laplace models when a < a*, and for Markov chains corresponding to some of
the other Bayesian shrinkage models proposed in the literature.

Appendix: Mathematical identities

Proposition Al. Let V' be a normal random variable with mean p and variance

r(i58)2'
v2. Then for any § € (0,1), E[ﬁ] < %

_(=—pw?

\/21—me 2v2 . For every t > 0, define

Proof. Let f(z) =

Ay = Hz: f(z) >t}
= {x: \/;_Wye(m_%v%ﬁ > t} = {:v e —pl < \/—272109 (\/ﬂwt)}

(A.1)

Let A} be the “symmetric rearrangement” of A; defined by

Ay ={z:2|z|] <length(A,)} = {x ) < \/—272109 (\/%vt)}

1 _ a2
= . 272>t . A2
{“7 N } (4.2)
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Let f* be the “symmetric decreasing rearrangement” of f defined by

2

oo oo 1 22
) = Iipeanrdt = I . dt = e 27, A3
oo [Chewn [1 s ghe e 0

V2T

Note that the function g(z) = ﬁ where 6 € (0,1) is decreasing function of

|z| and symmetric around 0. It can be easily proved that the “symmetric de-
creasing rearrangement” of g is given by g*(x) = ﬁ By the Hardy-Littlewood
inequality (Lieb and Loss, 2001, Page 82), we get that

/ f(@)g(x)dz < / F*(2)g" (). (A.4)
R R

If V.~ N(u,~?), It follows that

(@=—m)?
p

IN

/R 1 (@)g" (@)dz

_ a?
1 e 202

- 2/ L .
R, 12|° V27

z2
72

1 1 / 15 e % 1
Fl—| < — Uz ——du=—
) <5 [ e

By a change of variable with u = %; we get that

Proposition A2. Let v1,v2 > 0. Then for arbitrary €* > 0 there exists € > 0
such that
Kin(2)
Ky, ()

T(vg)20 2

for all 0 < & < € (obviously € will depend on €*,v1,vs).

Proof. By (Abramowitz and Stegun, 1965, Page 375), if v > 0, then % —
Kuy (@) e
2YIT(vq)

1 as ¢ — 0. It follows that [12527"(12)] — 1 as * — 0. Hence for arbitrary

2272
Ky (2)
2”10 (vy)
positive €* there exists € > 0 such that % <1l4efor0 <z <e
Kl/ * vi—v
Therefore KV;EJ;; <(1+e )% for 0 <z <e. O
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Proposition A3. Let v > 0. Then there exists € > 0 such that

K, () _ 2% /T
Ko(z) ~— 2r (3) 2v’

for all 0 < x < € (obviously € will depend on v).

Proof. By (Abramowitz and Stegun, 1965, Page 375), if v > 0, then Ko=)

2VT (v
[ZE]

1 as z — 0, and [fz{gig(g)} — 1 as © — 0. Hence there exists ¢ > 0 such that

Ky (2)

27T (y) . _ 11 e

[,?(j”(m)] <2for 0 <z < e Let ¢ := min{e,e T2 %) where k = ;(4) . Note
[~ Toa ()] 2T /m

that 0 < € < 1. As a result  — —log(z) is positive and strictly decreasing

. / K, (x) 2"T'(v) / /
functloil;)n x € (0,€¢]. Hence ) < P Toa (] for0<az<e. AsO< ¢ <
e T2 s it follows that

K, (z) - 2"T(v)

2% ,
Ko(z) = o [“log (e TWF 7™ ~ a0 () av P OST S

Proposition A4. Let v >0, 6 € (0,1) and x > 0. Then
K, s(x)  (2v41)%
KV(.I) - x%

Proof. Let v1,v5 € R,z > 0 and 0 < w < 1. By the integral form of the modified
Bessel function of the second kind (Watson, 1995, page 181) we obtain,

+ 1.

Kopp+(1—w)rs (T) = / e~ cosh (wiy + (1 — w)w)t) dt.
0
Since the hyperbolic cosine function is a log-convex function, we obtain

KwV1+(1—W)V2 (I)
/ e~ = Coh ) (cosh(v1t))* (cosh(vat))' ™ dt
0

IN

1-w

/00 (eiI'COSh(t)cosh(ult))w (eiI'COSh(t)cosh(ugt)) dt
0

(m) o0 w o0 1—w
< (/ e_w'c"Sh(t)cosh(ult)dt) (/ e_m'COSh(t)COSh(UQt)dt)
0 0
= [Ku @) K@), (A.6)

where (m) follows from Holder’s inequality. Hence, for v > 0 and ¢ € (0, 1), we
obtain

K, s(2) K, 1-8)4w41)s (@)

K, () B K, (x)
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oK@ K@)

- K, (x)

o _KU+1(I %

- %47

@ [+ /o]’

= T

- '2(u+§)+xf

< MJFL (A7)

)

The last inequality follows form the fact that (y + 1)% <yz+1ifé € (0,1) and

y > 0, and (q) follows by (Segura, 2011, Theorem 2). O
Proposition A5. Let v € R and s,t > 0. Then 2K,(}) > Ky (%)672%.

Proof. By choosing a = § and £ = 7 in (2.1), and the fact that uv < % . ”7
for u,v > 0, we obtain

2K,,(§) = / g lem 3 (i) gy
t 0

o) ys2 2
= e 2i2/ yugle_%< 2 +2y) 1 dy
0 2y
= 6_2’%21/00 y%_leié(y; +%)dy
2 Jo
2
= e 2:2 Kv (S—) (A 8)
2
The last equality follows by choosing o = % and £ = % in (2.1). Il

Proposition A6. Let v € R and s,t > 0. Then

@ ()= [ () 0

Proof. By choosing o = 1 and § = £ in (2.1), and the fact that uv < % . ”7
for u,v > 0, we obtain

2(5)71(1, 2 = / e~ lem 2 (v45) gy
t t 0

N
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vV
N
8
=
7
m}—‘
Py

vV
m\
[N
—
[N
+
[V
¥
S—
S—
3
N =
<
NN
|
)
m\
[N
—
<
+
¥
<
S—
QL
N

e {e%K% ( g) (g)] . (A.9)

The last equality follows by choosing a =1 and § = § in (2.1). O

Proposition A7. Let v # 0 and x > 0. Then 2K, (x) < z~"IT(jy|)2/V!.

Proof. If v > 0, then for any x > 0, by choosing @ = 1 and ¢ = 22 in (2.1), we
obtain

o0 22 (o] y
2K, (z) = :C_”/ y”_lefé(“?)dy < x_”/ y' e 2dy <x'T'(v)2".
0 0
(A.10)
If v < 0 then for any x > 0 we get from (Abramowitz and Stegun, 1965,
Page 375) and (A.10) that

2K, (z) = 2K_,(z) < 2~V (—v)27" < 2VT(—v)27". (A.11)

O

Proposition A8. Let ¥(«) %‘:{S‘) denote the digamma function. Then,

there exists a unique a* € (0,1) such that V(1 — a*) — $W¥(3) — 3log(2) = 0.

Proof. Let g(a) := 21U (1—a)—1 V¥ (3)—1log(2). Note that ¢'(a) = —3¥'(1—a) <
0 for a € (0,1) as ¥'(-) is always positive on the positive part of real line. Now
g(0) = 0.346 > 0 and g(3) = —3log(2) < 0. Since g is continuous and strictly
decreasing on the interval (0, 1), it follows that there exists a unique a* € (0, 1)
such that g(a*) = 0.

Although there is no closed form expression for a*, standard numerical meth-
ods reveal that a* ~ % O

et " " . . (3 ra+s-a)
Proposition A9. Let a € (a*,1). Then 0*(a) = argminge g ) ST T
RV e

1s well defined, and

-5
Proof. Fix a € (a*,1) arbitrarily. Let f,(0) := 1;(;_7)1“(1};;7%;)“) Let gq(0) :=
2/

L (log(fa(0))) = 2¥(1+ & —a) — 2T( — 2) — L10g(2). It follows that g, (d) =

101+ 5 —a)+ 20/ (3 — %) >0, as U is always positive on (0,1). As a result
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9a(9) is strictly increasing on (0, 1). Since ¥(-) is an increasing function on (0, 1),
we obtain

w0 = 5 (P00 =¥ - tog2))

< % (\11(1 _at)— \1/(%) _ log(2)) 0. (A.12)

for a € (a*,1). Note that for a fixed 6 € (0,1), the function a — g,(d) is
decreasing in a € (0, 1), hence for a € (a*,1)

9a(:8) > g1(.8) = = (V(4) — ¥(.1) — log(2)) > 0. (A.13)

N | =

Since the function 0 — g4(d) is strictly increasing and differentiable on (0, 1)
with g,(0) < 0 and g,(.8) > 0, it follows that there exist a number 6*(a) € (0, 1)
such that g,(0*(a)) = 0. Since g,(d) < 0 for § < 6*(a) and g,(6) > 0 for
0 > ¢*(a), it follows that § = 0*(a) is the point of global minima for the
function 6 — f, () on (0,1). Note that g,() = d%log(fa@)) < 0 for § < 6*(a).
Therefore f,(6*(a)) < fo(0) = 1. O
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