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EXTREME NESTING IN THE CONFORMAL LOOP ENSEMBLE
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The conformal loop ensemble CLE, with parameter 8/3 < k < 8 is the
canonical conformally invariant measure on countably infinite collections of
noncrossing loops in a simply connected domain. Given « and v, we com-
pute the almost-sure Hausdorff dimension of the set of points z for which
the number of CLE loops surrounding the disk of radius ¢ centered at z has
asymptotic growth vlog(1/¢) as e — 0. By extending these results to a setting
in which the loops are given i.i.d. weights, we give a CLE-based treatment of
the extremes of the Gaussian free field.

1. Introduction. The conformal loop ensemble CLE, for x € (8/3, 8) is the
canonical conformally invariant measure on countably infinite collections of non-
crossing loops in a simply connected domain D C C [20, 21]. It is the loop
analogue of SLE,, the canonical conformally invariant measure on noncrossing
paths. Just as SLE, arises as the scaling limit of a single interface in many two-
dimensional discrete models, CLE, is a limiting law for the joint distribution of
all of the interfaces. Figures 1 and 2 show two discrete loop models believed or
known to have CLE, as a scaling limit. Figure 3 illustrates these scaling limits
CLE, for several values of «.

1.1. Overview of main results. Fix a simply connected domain D C C and let
" be a CLE, in D. For each point z € D and ¢ > 0, we let N (¢) be the number
of loops of I" which surround B(z, ¢), the ball of radius ¢ centered at z. We study
the behavior of the extremes of N, (¢) as ¢ — 0, that is, points where N, () grows
unusually quickly or slowly (Theorem 1.1). We also analyze a more general setting
in which each of the loops is assigned an i.i.d. weight sampled from a given law .
This in turn is connected with the extremes of the continuum Gaussian free field
(GFF) [10] when k =4 and u({—0c}) = u({o}) = % for a particular value of ¢ > 0
(Theorems 1.2 and 1.3).

1.2. Extremes. Fix a > 0. The Hausdorff «-measure H, of a set E C C is
defined to be

Ho(E) = ;ij)l})(inf{Z(diam(Fi))“ \JF 2 E, diam(F;) < ¢ })
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FIG. 1. Nesting of loops in the O(n) loop model. Each O (n) loop configuration has probability
proportional to x'0@l length of loops o #100ps - 1 o certain critical value of x, the O(n) model
for 0 <n <2 has a “dilute phase,” which is believed to converge CLE, for 8/3 <k < 4 with
n = —2cos(4mw/k). For x above this critical value, the O (n) loop model is in a “dense phase,”
which is believed to converge to CLEy for 4 <k <8, again with n = —2cos(4m/x). See [11] for
further background. (a) Site percolation. (b) O (n) loop model. Percolation corresponds ton = 1 and

x = 1, which is in the dense phase. (c) Area shaded by nesting of loops.

where the infimum is over all countable collections {F;} of sets. The Hausdorff
dimension of E is defined to be

dimy (E) :=inf{a >0:Hy(E)= O}.
Foreachz € D and ¢ > 0, let

(L.1) ey = o)

" log(1/g)

©

FIG. 2. Nesting of loops separating critical Fortuin—Kasteleyn (FK) clusters from dual clusters.
Each FK bond configuration has probability proportional to (p/(1 — p))* cdges x 4# clusters [g]
where there is believed to be a critical point at p = 1/(1 + 1/,/q) (proved for q > 1 [1]). For
0 < g <4, these loops are believed to have the same large-scale behavior as the O (n) model loops
forn=/q in the dense phase, that is, to converge to CLE for 4 <« <8 (see [11, 17]). (a) Critical
FK bond configuration. Here g = 2. (b) Loops separating FK clusters from dual clusters. (c) Area
shaded by nesting of loops.
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Fi1G. 3. Simulations of discrete loop models which converge to (or are believed to converge to, in-
dicated with x) CLE, in the fine mesh limit. For each of the CLE s, one particular nested sequence
of loops is outlined. For CLE, almost all of the points in the domain are surrounded by an infinite
nested sequence of loops, though the discrete samples shown here display only a few orders of nest-
ing. (a) CLE3 (from critical Ising model). (b) CLE4 (from the FK model with g = 4) %. (c) CLE 6,3
(from the FK model with g = 2). (d) CLEg (from critical bond percolation) *.

For v > 0, we define
(1.2) ®,(CLE,) :=®,(") := {z eD: lir%/\N/z(e) = v}.
E—>

Our first result gives the almost-sure Hausdorff dimension of @, (CLE,). The
dimension is given in terms of the distribution of the conformal radius of the con-
nected component of the outermost loop surrounding the origin in a CLE, in the
unit disk. More precisely, the conformal radius CR(z, U) of a simply connected
proper domain U C C with respect to a point z € U is defined to be |¢'(0)| where
¢:ID — U is a conformal map which sends O to z. For each z € D, let E’Z‘ be the kth
largest loop of I which surrounds z, and let Ué‘ be the connected component of
the open set D \ [,’Z‘ which contains z. Take D =D and let T = — log(CR(O0, U&)).
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The log moment generating function of 7 was computed in [19] and is given by
—cos(4m/k) )
cos(r /(1 — 4/k)? + 81/k)

(1.3) Ac(2) :=1logE[e*] = log(

for—oco <A <1— % — g—'é The almost-sure value of dimy ®,,(I") is given in terms

of the Fenchel-Legendre transform A}, :R — [0, oo] of A, which is defined by
A% (x) :==sup(ix — Ac(M)).
reR

We also define
VAL (1/v), if v >0,
1.4 = 2
(14 W= 2 3K,
Kk 32

See Corollary 2.3 for discussion of the formula in (1.4).

THEOREM 1.1. Let « € (8/3,8), and let vimax be the unique value of v > 0
such that y,, (v) = 2. If 0 < v < vmax, then almost surely

(1.5) dimy; ®,(CLE,) =2 — y (v)

and ®,,(CLE,) is dense in D. If vmax < v, then ®,(CLE,) is almost surely empty.
(See Figures 4 and 5.) ) )

Moreover, if T is a CLE in D, ¢: D — D is a conformal transformation, I" :=
(), and ®,(T") is defined to be the corresponding set of extremes of T, then
D, (") = (D, (")) almost surely.

We also show in Theorem 4.9 that ®,, (') is almost surely uncountably infi-
nite for all ¥ € (8/3, 8). This contrasts with the critical case for thick points of the
Gaussian free field: it has only been proved that the set of critical thick points is
infinite (not necessarily uncountably infinite); see Theorem 1.1 of [10].

See Figure 4 for a plot of the Hausdorff dimension of @, (CLE¢) as a function
of v. The discrete analog of Theorem 1.1 would be to give the growth exponent of
the set of points which are surrounded by unusually few or many loops for a given
model as the size of the mesh tends to zero. Theorem 1.1 gives predictions for these
exponents. Since CLEg is the scaling limit of the interfaces of critical percolation
on the triangular lattice [3, 4, 22], Theorem 1.1 predicts that the typical point in
critical percolation is surrounded by (0.09189...40(1))log(1/¢) loops as € — O,
where ¢ > 0 is the lattice spacing.

We give a brief explanation of the proof for the case v = 1/ET: by the re-
newal property of CLE,, the random variables log CR(z, Uzk) — log CR(z, Uzk“)
are i.i.d. and equal in distribution to 7. It follows from the law of large num-
bers (and basic distortion estimates for conformal maps) that, for z € D fixed,
J\N/}(s) — 1/ET as ¢ — 0, almost surely. By the Fubini-Tonelli theorem, we con-
clude that the expected Lebesgue measure of the set of points for which N (g)
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2
1+24 %

dimy®, (CLE,)

; ¥ v
Vtypical Vmax 1

FI1G. 4. Suppose that D C C is a simply connected domain and let ' be a CLEy in D. For
k € (8/3,8) and v > 0, we let ®,,(T') be the set of points z for which the number of loops N (¢)
of T surrounding B(z, ¢) is (v +o0(1))log(1/¢e) as € — 0. The plot above shows how the almost-sure
Hausdorff dimension of ®,(CLEy) established in Theorem 1.1 depends on v (the figure is for k = 6,
but the behavior is similar for other values of k). The value 1 + % + g—g = dimy &, (CLEy) is the
almost-sure Hausdorff dimension of the CLE, gasket [14, 15, 19], which is the set of points in D
which are not surrounded by any loop of T".

1/ET is 0. It follows that almost surely, there is a full-measure set of points z for
which /\71(8) — 1/ET. In other words, v = vypical := 1/IET corresponds to typi-
cal behavior, while points in ®, (CLE,) for v # 1/ET have exceptional loop-count
growth.

The idea to prove Theorem 1.1 for other values of v is to use a multiscale re-
finement of the second moment method [5, 10]. The main challenge in applying
the second moment method to obtain the lower bound of the dimension of the set
@, (CLE,) in Theorem 1.1 is to deal with the complicated geometry of CLE loops.
In particular, for any pair of points z, w € D and ¢ > 0, there is a positive proba-
bility that single loop will come within distance ¢ of both z and w. To circumvent
this difficulty, we restrict our attention to a special class of points z € ®,(CLE,)

Vmax (K)

Vtypical (K )

FIG. 5. The typical nesting and maximal nesting constants (vyypical and vmax) plot-
ted versus k. For example, when k = 6, Lebesgue almost all points are surrounded by
(0.091888149... + o(1)) log(1/¢) loops with inradius at least €, while some points are surrounded
by as many as (0.79577041... 4+ o(1))log(1/¢) loops.
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in which we have precise control of the geometry of the loops which surround z at
every length scale.

The CLE gasket is defined to be the set of points z € D which are not surrounded
by any loop of I'. Equivalently, the gasket is the closure of the union of the set
of outermost loops of I'. Its expectation dimension, the growth exponent of the
expected minimum number of balls of radius & > 0 necessary to cover the gasket
as ¢ — 0, is given by 1 + % + g—'é [19]. It is proved in [15] using Brownian loop
soups that the almost-sure Hausdorff dimension of the gasket when « € (8/3, 4]
is 14+ 2 + 3% and it is shown in [14] that this result holds for k € (4, 8) as well.

We show in Proposition 3.1 that the limit as v — 0 of dimy &, (I") is 1 + % + g—’;
(equivalently, y, is right continuous at 0). Consequently, from the perspective of
Hausdorff dimension, there is no nontrivial intermediate scale of loop count growth
which lies between logarithmic growth and the gasket.

Theorem 1.1 is a special case of a more general result, stated as Theorem 5.3
in Section 5, in which we associate with each loop £ of I" an i.i.d. weight &,
distributed according to some probability measure . For each o > 0, we give the
almost-sure Hausdorff dimension of the set

®U(r):={zeD B RACE o
of extremes of the normalized weighted loop counts a graph

- 1
(16) SZ (8) = WSZ (8) where Sz (8) = LE;@) SE,

and I";(¢) is the set of loops of I which surround B(z, €). This dimension is given
in terms of A} and the Fenchel-Legendre transform A7, of u. Although the di-
mension for general weight measures p and x € (8/3,8) is given by a compli-
cated optimization problem, when x =4 and w is a signed Bernoulli distribution,
this dimension takes a particularly nice form. We state this result as our second
theorem.

THEOREM 1.2. Fix o > 0, and define up({o}) = us({—o}) = % In the spe-
cial case k =4 and . = ug, almost surely

2
. T 2
(1.7) dimy ®L% (") = max (0, 2 — ﬁa )

This case has a special interpretation which explains the formula (1.7) for the
dimension. It is proved in [13] that for ¢ = \/7/2, the random height field S;(¢)
converges in the space of distributions as ¢ — 0 to a two-dimensional Gaussian
free field %, and the loops I' can be thought of as the level sets of /. Since 4 is
distribution-valued, /& does not have a well-defined value at any given point, nor
does h have level sets strictly speaking, but there is a way to make this precise. This
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GFF interpretation suggests a correspondence between the extremes of S;(¢) and
the extremes of /. The extreme values of 4 (also called thick points) can be defined
by considering the average h.(z) of 4 on d B(z, ¢) and defining T («) to be the set
of points z for which h.(z) grows like «log(1/¢) as ¢ — 0. Thick points were
introduced by Kahane in the context of Gaussian multiplicative chaos (see [18],
Section 4, for further background). It is shown in [10] that dimy T (@) =2 — T,
which equals dimy ®#B when o = 4/ /2 and k = 4. The following theorem re-
lates exceptional loop count growth with the extremes of the GFF. Loosely speak-
ing, it says that for each « there is a unique value of v for which “most” of the
a-thick points have loop counts N ~ v.

THEOREM 1.3. Letk =4 and us({~/7/2}) = up({—+/7n/2}) = % For every
« € [—+/2/7, /2/7], there exists a unique v = v(a) > 0 such that the Hausdorff
dimension of the set of points with S;(¢) — a as & — 0 is equal to the Hausdorff
dimension of the set of points with S, (&) — o and N,(¢) — v as € — 0. Moreover,

v(a) = oc coth( nza)
- Jn2 Jr2)

see Figure 6.

Outline. We review large deviation estimates and give some basic overshoot
estimates for random walks in Section 2. In Section 3, we give large deviation es-
timates on the nesting of CLE loops, and show the CLE loops are well behaved
in certain senses that are useful when we prove the Hausdorff dimension in The-
orem 1.1. It suffices to describe the CLE nesting behavior at single points to give
the upper bound (Section 4.1). For the lower bound (Section 4.2), we follow the
strategy of studying a subset of special points that have full dimension and are
only weakly correlated. We give a Hausdorff dimension lower bound proposition
that is cleaner than ones that have appeared earlier, and which allowed for simpli-
fications in the CLE calculations. In this section, we also show that the points of
maximal nesting are equinumerous with R. In Section 5, we explain the proof of

Vonax % 07107 === === === e

v(a)

— 2
Viypical = L
f | «a

—\2/x% 2/m
FI1G. 6. A graph of v(«) versus a, which gives the typical loop growth vlog(1/e) corresponding

to each point with signed loop growth alog(1/¢), for a € [—/2/m, s/2/7]. Also shown is the value
Vmax beyond which there are no points having growth vlog(1/e).
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Theorem 5.3, the extension of Theorem 1.1 to the setting of weighted CLE loops.
We also deduce Theorems 1.2 and 1.3 as corollaries of this result.

2. Preliminaries. In Section 2.1, we review some facts from large deviations,
and then in Section 2.2 we collect several estimates for random walks.

2.1. Large deviations. We review some basic results from the theory of large
deviations, including the Fenchel-Legendre transform and Cramér’s theorem. Let
1 be a probability measure on R. The logarithmic moment generating function,
also known as the cumulant generating function, of u is defined by

A = A, (1) =logE[e*X],

where X is a random variable with law p. The Fenchel-Legendre transform
A*:R — [0, oo] of A is given by [6], Section 2.2
A*(x) :=sup(Ax — A(R)).
reR
We now recall Cramér’s theorem in R, as stated in [6], Theorem 2.2.3.

THEOREM 2.1 (Cramér’s theorem). Let X be a real-valued random variable
and let A be the logarithmic moment generating function of the distribution of X.
Let S, =" | X; be a sum of i.i.d. copies of X. For every closed set F C R and
open set G C R, we have

limsupllogIP’[lSn € F] < —inf A*(y) and
n—oo N n yeF

1 1
liminf—logP[—Sn € G] > — inf A*(y).
n yeG

n—-o0 n

Moreover,
1

2.1) IP’[—S,, c F} < 2exp(—n inf A*(y)).
n yeF

Following [6], Section 2.2.1, we let Dp := {A:A(L) < o0} and Dp» =
{x:A*(x) < oo} be the sets where A and A* are finite, respectively, and let
Fa ={A'(}): 1 € D}, where A° denotes the interior of a set A C R. The fol-
lowing proposition summarizes some basic properties of A and A*.

PROPOSITION 2.2. Suppose that  is a probability measure on R, let A be its
log moment generating function, and assume that Dy # {0}. Let a and b denote
the essential infimum and supremum of a p-distributed random variable X (with
a = —o0 and/or b = 0o allowed). Then A and its Fenchel-Legendre transform A*
have the following properties:

(i) A and A* are convex;
(i) A* is nonnegative;
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(ii1) FA CDpx;
(iv) A is smooth on Dy and A* is smooth on Fy ;
(V) If Dy =R, then F = (a, b);

(vi) If (—00,0] C D, then (a,a + 8) C F for some § > 0;
(vii) If[0, 00) C Dy, then (b —8,b) C F} for some § > 0;
(viii) A* is continuously differentiable on (a, b);

(ix) If —o00 < a, then (A*) (x) > —oc0 as x | a;

(x) If b < 00, then (A*)'(x) — +oo as x 1 b.

PROOF. For (i)-(iv), we refer the reader to [6], Section 2.2.1.
To prove (v), note that

AG) = E[Xe*Y]
- E[e)‘X] )
Therefore,
E[ae X] E[be*X]

[AX]— ()—E[AX]_

Thus, F5 C [a, b], which gives F} C (a, b).
This leaves us to prove the reverse inclusion. Suppose ¢ € (a, b), and let ¥ =
X —c.
Then
E[Xe*X] E[Yer] Ellys0)Ye*' 1+ E[ly <o) Ye*']
E[e*X] =c E[e*Y] =c+ E[e*Y] :

Since D = R, the tails of X and Y decay rapidly enough for each of the above
expected values to be finite. Since P[Y > 0] > 0, the first term in the numerator
diverges as A — oo, while the second term decreases monotonically in absolute
value. So for sufficiently large A, we have A’(A) > c. Similarly, for sufficiently
large negative A we have A’(L) < c. Since A is smooth, A’ is continuous, so ¢ €
Fa- The proofs of (vi) and (vii) are analogous.

To prove (viii), note that 73 = (&, b) for some a < a < b < b. By (iv), A* is
smooth on (@, b). Therefore, it suffices to consider the possibility that a < a or b<
b. Suppose first that b < b. By the proof of (v), b < b implies that Dy = (A1, A2)
for some A, < co. Furthermore, observe that A’(A) — b as A 7 A,. It follows that
A(A2) < 00, and by convexity of A we have for all b <x<b,

A*(x) =sup[xi — A =xh2 — A(Lp).
A

A =

In other words, A* is smooth on (a, l;) and is affine on (l;, b) with slope matching
the left-hand derivative at b. Similarly, if a < a, then A* is affine on (a, a) with
slope matching the right-hand derivative of A* at a. Therefore, A* is continuously
differentiable on (a, b).
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To prove (ix), we note that since X is bounded below, D} = (—o0, §) for some
0 <& < 400. Moreover, there exists ¢ > 0 so that (a,a 4+ ¢) C F3, by essentially
the same argument we used to prove (v) above. Let D= (L:A'(A) € (a,a+¢)),
and note that the left endpoint of D is —oo. Since A’ is smooth and strictly in-
creasing on D (see [6], Exercise 2.2.24), there exists a monotone bijective func-
tion A:(a,a +¢&) — D for which A’ (A(x)) = x. In the definition of A*(x), the
supremum is achieved at A = A(x). Differentiating, we obtain

*\/ _ d
(A*) (x) = d—x[xk(x) — A(A(x))]
(2.2) =A(x) +x1'(x) = M (x)A' (A (x))
= A (x).

Since the monotonicity of A implies that A(x) - —o0 as x — a, this completes
the proof.
The proof of (x) is similar. [J

We also have the following adaptation of Cramér’s theorem for which the num-
ber of i.i.d. summands is not fixed.

COROLLARY 2.3. Let X be a positive real-valued random variable with ex-
ponential tails (i.e., E[e*0X] < o0 for some Ly > 0), and let A(L) = logE[e)‘X].
Let S, =" | X; be a sum of i.i.d. copies of X, and let N, =min{n:S, > r}. If
0 < vy <y, then

.1 . .
(2.3) rll)ngo . logPlvir <N, <wr]=— inf vA*(1/v).

vE([vy,12]
This is the origin of the expression vA*(1/v) in (1.4).

PROOF. Note that in the formula
A*(x) =sup[rx — A(V)],
A

the bracketed expression is 0 when A = 0. Because X has exponential tails,
A'(0) = E[X] exists. If x < E[X], then for some sufficiently small negative A,
the bracketed expression is positive, so A*(x) > 0. Likewise, if x > E[X] then
A*(x) > 0. We also have A*(E[X]) =0.

Let a =essinf X € [0, oo) be the essential infimum of X and b =esssup X €
(0, oo] be the essential supremum of X.

Because A* is convex on [a, b], by Lemma 2.4 proved below, vA*(1/v) is con-
vex on [1/b, 1/a]. The expression vA*(1/v) is O when v = 1 /E[X] and is positive
elsewhere on [1/b, 1/a], so it is strictly decreasing for v < 1/E[X] and strictly
increasing for v > 1/E[X].
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There are three possible cases for the relative order of 1/E[X], v, and v;. For
example, suppose v; < vy < 1/E[X]. We write

{Vll’SNrSVZI’}Z{ Z X[<r}ﬂ{ Z X,-Zr}::E,ﬂFr.

1<i<[vir]-1 1<i<|vor]
Since vA*(1/v) is continuous on (1/b, 1/a), by Cramér’s theorem,

]P)[Ec] :e_Ver*(l/Vl)(1+0(l)) and P[F,]= e—ver*(l/vz)(l-l—o(l))
r b

except when 1/v; = 1/b, in which case the expression for P[ E;] becomes an upper
bound. Therefore,

P[E, N F,] = P[F,] — P[F, N ES] = ¢~ v2rA7(1/v2)(IFo(D)

which gives (2.3). The proof for the case 1/E[X] < v; < v, is analogous, and in
the case v; < 1/E[X] < vy, both sides of (2.3) are 0. [

LEMMA 2.4. Suppose that f is a convex function on la, b] C [0, o0]. Then
x = xf(1/x) is a convex function on [1/b, 1/a].

PROOF. Since f is convex, it can be expressed as f(x) = sup; («; + Bix) for
some pair of sequences of reals {¢;};en and {B;}ien. For x € [0, 0o] we can write
xf(1/x) =sup;(a;x + B;), so it too is convex. [

PROPOSITION 2.5. Let X be a nonnegative real-valued random variable, and
let A(L) =logE[e*X]. Then

2.4) hi% vA*(1/v) =sup{r: A(L) < oo}.

PROOF. Let Lo = sup{Ar:A(X) < oo}, and note that 0 < Ay < oco. Recall that
A*(x) :=sup, (Ax — A(})), so

vA*(1/v) =sup(r — vA(R)).
A

The supremum is not achieved for any A > Ag. If Ag > 0, then E[X] < oo and for
v < 1/E[X] the supremum is achieved over the set A > 0 ([6], Lemma 2.2.5(b)).
For any A > 0 we have A(A) >0, so vA*(1/v) < g for 0 < v < 1/E[X]. On the
other hand, for any A < A¢ we have A(X) < oo, so liminf, o vA*(1/v) > A. Thus,
lim, ;o vA*(1/v) = Ao when A¢ > 0.

Next, suppose Ao = 0. Then the supremum is achieved over the set A < 0,
for which A(X) < 0. For any ¢ > 0, there is a § > 0 for which —e < A(A) <0
whenever —§ < A < 0. Since Ao =0, Pr[X =0] < 1, so A(—4) < 0. Let vy =
—38/A(—6). By the convexity of A, for 0 < v < vy, the supremum is achieved for
A € [—4,0]. For A in this range, A — vA(L) < ev, so 0 < vA*(1/v) < ev when
0 < v <vp. Hence, lim, o vA*(1/v) =0 when 1o =0. [
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We conclude by giving a parametrization of the graph of the function y, over
the interval (0, 00).

PROPOSITION 2.6. Recall the definition of A, in (1.3). The graph of y, over
the interval (0, 00) is equal to the set

(2.5) {( ! ,A—AK(A)>:—OO<A<1—%—3—K}.
A (2) A (D) Kk 32

PROOF. Recall that A% (x) = sup, cp[Ax — A (X)]. Since A/, is continuous
and strictly increasing, the maximizing value of A for a given value of x is the
unique A € R such that A} (1) = x. If we let A be this maximizing value, then we
have

(2.6) AL (x) =Arx — A (D).

Differentiating (1.3) shows that as A ranges from —oo to 1 —2/k — 3k /32, A (A)
ranges from 0 to co. Using (2.6) and writing v = 1/x, we obtain

1 1
“x ALY
and
vA*(1/v) = (AAL(A) — Ae(W)) = A — A“(’\).
“ Ay AL (L)

Therefore, {(v, vVAF(1/v)):0 <v < 00} is equal to (2.5). [
PROPOSITION 2.7. The function yj is strictly convex over [0, 00).

PROOF. Define x(1) = 1/A; (1) and y(A) =1 — A (1)/A (X). By Proposi-
tion 2.6, the second derivative of y, is given by

(%[%D /&6)
@n = (Snzsin2<%\/m) tan<%\/m))
/(277\/m —K sin(z%\/m»,

It is straightforward to confirm that sin? 7 tan? /2t — sin(2t)) > 0 for all ¢ €
[0, w/2) (where we extend the definition to ¢ = O by taking the limit of the ex-
pression as ¢ N\ 0). Similarly, sinh? (2t) tanh(z)/(sinh(2t) — 2¢) > 0 for all t <0
(again extending to ¢ = 0 by taking a limit). Setting t = 7v/8x A + (k — 4)Z, these
observations imply that the second derivative of y, is positive for all A less than
1—2/k—3x/32. O
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2.2. Overshoot estimates. Let {S,},en be a random walk in R whose incre-
ments are nonnegative and have exponential moments. In this section, we will
bound the tails of S, stopped at:

(i) the first time that it exceeds a given threshold (Lemma 2.8) and at
(i) a random time which is stochastically dominated by a geometric random
variable (Lemma 2.9).

LEMMA 2.8. Suppose {X;}jen are nonnegative i.i.d. random variables for
which E[X1] > 0 and E[eX1] < 0o for some Lo > 0. Let S, = 2?21 X; and
T, =inf{n > 0: S, > x}. Then there exists C > 0 (depending on the law of X and
Ao) such that P[S;, — x > a] < Cexp(—Aioa) forall x > 0 and o > 0.

PROOF. Since E[X] > 0, we may choose v > 0 so that P[X| > v] > % We
partition (—o0, x) into intervals of length v:

o
(=00, x) = Ulk where I =[x — (k+ 1)v, x — kv).
k=0
Then we partition the event S; — x > « into subevents:

o X
(S, —x>a}= U U En where E,, = {Sy € Ix, Su+1 = x + o).
n=0k=0
The event E, x implies X, 1 > kv + «, and since X, is independent of S, we
have
E[e)“)x]
PE, ] <P[S, € Ix] x Srokuta)”

On the event S, € I, since X, is independent of what occurred earlier
and is larger than v with probability at least 1 we have PLSp+1 € IklSy €

27
I, Sp—1. ..., $11 < 3. Thus,

> PIS, € L] =E[|{n:S, e I}|]] <2.

n=0
Thus,
X, 2E[e*X]  2E[erX]
P[S;, —x > a] < /;) otoTe S T gy X € -

LEMMA 2.9. Let {X;}jen be an i.i.d. sequence of random variables and let
Sp =i Xi.Let N be a positive integer-valued random variable, which need not
be independent of the X ;’s. Suppose that there exists Lo > 0 for which E[e?0X1] <
oo and q € (0, 1) for which PIN > k] < g*~! for every k € N. Then there exist
constants C,c > 0 (depending on g and the law of X1) for which P[Sy > o] <
C exp(—ca) for every o > 0.
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PROOF. Since qE[ekX ] is a continuous function of A which is finite for A =

Ao > 0 and less than 1 for A =0, there is some ¢ > 0 for which qIE[eZCX] < 1. The
Cauchy-Schwarz inequality gives

CSN [Z eCSkl{N ki|
i\/]E 2SPIN = k] = —1/22 [E[e2eX1]g)* < 0.

We conclude using the Markov inequality P[Sy > o] < e ¥E[eSN]. O

3. CLE estimates. In Section 3.1, we apply the estimates from Section 2 to
obtain asymptotic loop nesting probabilities for CLE. Then in Section 3.2 we show
that CLE loops are well behaved in a certain sense that will allow us to do the two-
point estimates that we need for the Hausdorff dimension.

3.1. CLE nesting estimates. We establish two technical estimates in this sub-
section. Lemma 3.2 uses Cramér’s theorem to compute the asymptotics of the
probability that the number N (¢) of CLE loops surrounding B(z, €) has a certain
rate of growth as ¢ — 0.

In preparation for the proof of Lemma 3.2 below, we establish the continuity of
the function y,. defined in (1.4). Throughout, we let vy, be the unique solution to

Ye(v) =2

PROPOSITION 3.1. The function Yy, is continuous. In particular,

3.1 limy, () =1— > _ ¥
. i v ———=
v]0 Ye K 32

The quantity on the right-hand side of (3.1) is two minus the almost-sure Haus-
dorff dimension of the CLE, gasket [14, 15, 19].

PROOF OF PROPOSITION 3.1. The continuity of y, on (0, co) follows from
Proposition 2.2(iv), and the continuity at O follows from Proposition 2.5 and the
fact that (1.3) blowsupat Ao =1 — % — 3= but not for A < Ag. U

LEMMA 3.2. Let k € (8/3,8), 0 < v < vmax, and 0 < a < b. Then for all
functions € — §(¢) decreasing to O sufficiently slowly as € — 0 and for all proper
simply connected domains D and points z € D satisfying a < CR(z; D) < b, we
have

logP[v < N(e) <v+6(e)]

lim =y (v), forv >0,
e—0 loge

(3-2) log P[(1/2)8(e) < N.(e) < 8(e)]
lim —& = =0 L 0),  forv=0,

=0 loge



EXTREME NESTING IN CLE 1027

where vy is defined in (1.4), and the convergence is uniform in the domain D.

PROOF. Let {T;};cn be the sequence of log conformal radius increments asso-
ciated with z. That is, defining U Z’ to be the connected component of D \ E; which
contains z, we have T; :=log CR(z; Ué‘l) —log CR(z; U;ﬁ). Let

n
Sy = Z T; =log CR(z; D) —log CR(z; UY) forn e N.
i=1

As in Corollary 2.3, we let N, = min{n: S, >r}.
By the Koebe one-quarter theorem and the hypotheses of the lemma, we have

(3.3) log(a/4) —loginrad(z; U') < S, <logb — loginrad(z; U').
Suppose first that v > 0. Let
E :={(v+n)log(1/¢) < Niog(a/4)+log(1/s)} and
F :={Niog(b)+10g(1/e) < (v + 8o — n) log(1/¢)}.

It follows from (3.3) that for all fixed o > 0 and 0 < n < §p/2 and for all ¢ =
&(n) > 0 sufficiently small, we have

[v<ANi(e)<v+8}DENF.

By Corollary 2.3, logP[E]/loge — infecyiy,vt50—n] Y (§). Furthermore,
Cramér’s theorem implies that P[F|E] = e 1t follows that

logP[v < N.(¢) <v+36
liminr QEEL SN@ =vHbol L
=0 loge £elv+n,v+80—n]

Letting n — 0 and using an analogous argument to upper bound the limit supre-
mum of the quotient on the left-hand side, we find that

 logPlv < N.(e) v+
lim = inf y(§).
e—0 loge &elv,v+do]

By the continuity of y, on [0, co), we may choose §(¢) | 0 so that (3.2) holds. The
proof for v =0 is similar. As above, we show that for §g > 0 fixed, we have

. logP[8o/2 < N(e) <do]
lim = inf yc(&).
=0 loge &§€[80/2,00]

Again, choose §(¢) | 0 so that (3.2) holds. [
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3.2. Regularity of CLE. Let D C C be a proper simply connected domain and

let ' be a CLE, in D. For each z € D, let £ be the jth largest loop of I" which
surrounds z. In this section, we estimate the tail behavior of the number of such
loops £ which intersect the boundary of a ball B(z, r) in D.

LEMMA 3.3. For each k € (8/3, 8) there exists p1 = p1(kx) > 0 such that for
any proper simply connected domain D and z € D,

}P’[,C;ﬂaD:@]Zp] > 0.

PROOF. If k € (8/3,4], we can take p; = 1 since the loops of such CLEs
almost surely do not intersect the boundary of D. Assume « € (4, 8). By the con-
formal invariance of CLE, the boundary avoidance probability is independent of
the domain D and the point z, so we take D =ID. Let n = n° be the branch of
the exploration process of I targeted at 0 and let (W, V') be the driving pair for 7.
Let 7 be an almost surely positive and finite stopping time such that 7|[o ;] almost
surely does not surround O and n(t) # V; almost surely. Then 7n|[; ~) evolves
as an ordinary chordal SLE, process in the connected component of D \ n([0, t])
containing O targeted at V;, up until disconnecting V; from 0. In particular, |, o)
almost surely intersects the right-hand side of n|[o,;] before surrounding 0. Since
n is almost surely not space filling [17] and cannot trace itself, this implies that,
almost surely, there exists z € Q> NI such that the probability that 1 makes a
clockwise loop around z before surrounding O is positive. This in turn implies that
with positive probability, the branch n? of the exploration tree targeted at z makes a
clockwise loop around z before making a counterclockwise loop around z. By [20],
Lemma 5.2, this implies P[£! N 9D = 2] > 0. O

Suppose that D = D. By the continuity of CLE, loops, Lemma 3.3 implies there
exists ro = ro(x) < 1 such that

(3.4) P[L) © B(0,ro)] = %.

LEMMA 3.4. For each k € (8/3, 8) there exists p = p(k) > 0 such that for
any proper simply connected domain D and 7z € D,

P[£2 C B(z,dist(z, 3D))] = p.




EXTREME NESTING IN CLE 1029

PROOF. Let D; be the connected component of D \ L’; which contains z
and let X = CR(z; D1)/CR(z; D) < 1. Let ¢:ID — D; be a conformal map with
¢(0) = z, and let r = dist(z, d D). By the Koebe one-quarter theorem, we have
CR(z; D) < 4r, hence

|¢’(0)| = CR(z; D1) =CR(z; D) - M <4Xr.

CR(z; D) —
The variant of the Koebe distortion theorem which bounds |f(z) — z| (see,
e.g., [12], Proposition 3.26) then implies for |w| < rg < 1, we have
o

(1 —ro)?
Since the distribution of —log X has a positive density on (0, co) [19], the proba-
bility of the event E = {X < (1 — ro)z/(4r0)} is bounded below by p> = p2(x) >0
depending only «. On E, the right-hand side of (3.5) is bounded above by r, that
is, ¢ (roD) C B(z, r). By the conformal invariance and renewal property of CLE,
the loop ﬁ% in D is distributed as the image under ¢ of the loop C(l) in D, which
is independent of X. Thus, by (3.4), IP[E C B(z,r)] = P[E]P] E C B(z,r)|E] >
(P2)(p1/2)=:p>0. O

(3.5) lp(w) —z| <4Xr

For the CLE, I' in D, z € D and r > O we define
(3.6a) J0 =min{j > 1:£] N B(z,r) # 2},
(3.6b) JS, :==min{j > 1:£] C B(z,r)}.

COROLLARY 3.5.  JS, — JI is stochastically dominated by 2N where N is a
geometric random variable with parameter p = p(k) > 0 which depends only on

Kk €(8/3,8).
PROOF. Immediate from Lemma 3.4 and the renewal property of CLE,. [

LEMMA 3.6. Foreach k € (8/3, 8) there exist cy > 0 and ¢ > 0 such that for
any proper simply connected domain D and point z € D, for any positive numbers
r and R for which r < R and B(z, R) C D, a CLE, in D contains a loop L
surrounding z for which L C B(z, R) and £ N B(z,r) = @ with probability at
least 1 — (c1r/R)“2.

PROOF. For convenience, we let x = log(R/r) and rescale so that R = 1. For
the CLE, I',let A ; = —log CR(LL (). By the renewal property of CLE,, {A 11—
Aj} form an i.i.d. sequence, and their distribution has exponential tails [19]. Now
mln({k 1N (0,00)) =A ax which by Lemma 2.8 is dominated by a distribution

which has exponential talls and depends only on x. By Cramér’s theorem, there
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is a constant ¢ > 0 so that A I dex SX log4 except with probability expo-
2,

nentially small in x. By Corollary 3.5, J - C —J ml is stochastically dominated by

twice a geometric random variable, and 50 J < < J .1 1 cx except with probabil-
ity exponentially small in x. If both of these hlgh probablhty events occur, then
chl NB(z,e ™) =w. U

LEMMA 3.7. Let X be a random variables whose law is the difference in log
conformal radii of successive CLE, loops. Let fp; denote the density function of
X — M conditional on X > M. For some constant Cy. depending only on k,

sup fu < C x exp[—(1 —2/k —3k/32)x].
M

For all M and all x > 1, the actual density is within a constant factor of this upper
bound.

PROOF. The density function for the law of X is [19], equation (4)

Kk cos(47/K) Y (+1/2%* =1 —4/k)?
S L (4 5 e - 8/ di

j=0
For large enough x, the first term dominates the sum of the other terms. For
small x, a different formula ([19], Theorem 1), implies that the density is bounded

by a constant. Integrating, we obtain P[X > M] to within constants, and then ob-
tain the conditional probability to within constants. [

4. Nesting dimension. In this section, we prove Theorem 1.1, which gives
the Hausdorff dimension of the set ®,(I") for a CLE, I" in a simply connected
proper domain D C C. Define

() = {z € D:liminf N, (r; T) > v],
r—0

o (T = {z € D:limsup./\N/Z(r; < v].

r—0

Then the sets CIDUi(F) are monotone in v, and ®,(I") = d)j(F) Ne (). (We
suppress I from the notation when it is clear from context.)

PROPOSITION 4.1. <I>j(l") and ® (') are invariant under conformal maps.

Conformal invariance of these CLE exceptional points is easier to prove than
conformal invariance of the thick points of the Gaussian free field ([10], Corol-
lary 1.4).
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PROOF. Let¢: D — D’ be a conformal map, and let I" be a CLE, in D; ¢(I")
is a CLE, in D’. By the Koebe distortion theorem, for all &£ > 0 small enough

N (168]¢/ @) 7 T) = Ny (&5 (D) = e (el @] 7' T).

But
. M6t Tl N(e;T)
liminf = liminf
e—>0F log(1/¢) e—0+ log(1/(16Fe|¢/(2)]))
T ACEN)
= liminf ————.
e—0t+ log(1/¢e)
Thus,

liminf AV, (e; T') = liminf N, (e; (")),
=01

e—0F

50 (@(IN) = &} (p(I")). Similarly, p(@, () = &, (p(I). T

Observe that conformal maps preserve Hausdorff dimension: away from the
boundary, conformal maps are bi-Lipschitz, and the Hausdorff dimension of a
countable union of sets is the maximum of the Hausdorff dimensions. So we may
restrict our attention to the case where the domain D is the unit disk D.

4.1. Upper bound. Let I be a CLE, in D. Here, we upper bound the Haus-
dorff dimension of CDf(F). Recall that y, is defined in (1.4) and that vy is
the unique value of v > 0 such that y,(v) = 2. Moreover, y,(v) € [0, 2) for
0<v < vmax-.

PROPOSITION 4.2. If 0 < v < vypical, then dimy @ (CLE,) <2 — y,(v)
almost surely. If vypical < V < Vmax, then dimy d>j’(CLEK) <2 — y(v) almost
surely. If v > vpax, then @j(CLEK) = & almost surely.

PROOF. Observe that the unit disk can be written as a countable union
of Mobius transformations of B(0, 1/2). For example, for ¢ € D N Q?, define
¢4 to be the Riemann map for which ¢,(0) = ¢ and (p; (0) > 0. Then D =
Uq epnQ? Pq (B (0, 1/2)). By Mobius invariance, therefore, it suffices to bound the
Hausdorff dimension of vai N B(0, 1/2) for a CLE, in D. We will prove the result
for @7 N B(0, 1/2), as ®; N B(0, 1/2) is similar.

To upper bound the Hausdorff dimension, it suffices to find good covering sets.
Let 7 > 0. Let D" be the set of open balls in C which are centered at points of rZ>N
B(0,1/24r/+/2) and have radius (1 + 1/+/2)r. For every point z € B(0, 1/2), the
closest point in rZ? to z is the center of a ball U € D" for which B(z,r) C U C
B(z, (1+V2)r).

For each ball U € D", let z(U) be the center of U. We define

(4.1) Ut ={U e D" : Ny (r) = v).
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The conformal radius of I with respect to z € D is 1 — |z|2. For U € D", we
have |z(U)| < 1/2+7r/+/2,50 2 < CR(z; D) < 1 provided r < 1 — 1/+/2. Thus by
Cramér’s theorem (as in the proof of Lemma 3.2) and the continuity of y, (v), for
V > Vyypical W€ have

]P’[U c ur,v-i-] < pre@oll)

where for fixed v, the o(1) term tends to 0 as r — 0, uniformly in U.
Next, we define

(4.2) vt =yt
n=m

Suppose that z € ®F(I") N B(0, 1/2). Since liminf,_,oN;(g) > v, for any
V' < v, for all large enough n, NV;((1 ++/2)e™) > v'n. There is a ball U € U
for which U C B(z, (1 + +/2)e™), and so Ny ((1 4+ 1/5/2)e™) > N ((1 +
V2)e ™), so U € U¢ "V'*+. Hence, for any m € N and v/ < v, we conclude that
C™V'* is a cover for ®+(I") N B(0, 1/2).

We use this cover to bound the a-Hausdorff measure of & (I'). If m € N and
V> > Vtypical»

E[Hqo (P ()] [ dlam(U))a]
UeCcm:v ! 4
>N [@+V2e M PU eu ]
NZM gy epe™
> 2=y ()Fo(D)

n>m

4.3)

If « > 2 — y,(V'), the right-hand side tends to 0 as m — 0o. Since m was arbitrary,
we conclude that E[H, (@ (I"))] = 0. Therefore, almost surely H, (®; (")) = 0.
Any such « is an upper bound on dimy @j(F). The continuity of y,(v) then
implies that almost surely dimy CID‘J{(F) <2 — y(v) when v > vypicar. When v =
Vtypical» the dimension bound (which is 2) holds trivially. Finally, when v > vyax,
the bound in (4.3) shows that Ho(®;"(I")) = 0 almost surely. Therefore, @ (I") =
& almost surely. [

4.2. Lower bound. Next, we lower bound dimy (®,(I")). As we did for the
upper bound, we assume without loss of generality that D = ID. We will follow
the strategy used in [10] for GFF thick points: we introduce a subset P,(I") of
@, (I") which has the property that the number and geometry of the loops which
surround points in P, (I") are controlled at every length scale. This reduction is
useful because the correlation structure of the loop counts for these special points
is easier to estimate (Proposition 4.7) than that of arbitrary points in @, (I"). Then
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we prove that the Hausdorff dimension of this special class of points is at least
2 — y,(v) with positive probability. We complete the proof of the almost sure
lower bound of dimy; ®,,(I") using a zero—one argument.

LEMMA 4.3. Let I be a CLE; in the unit disk D, and fix v > 0. Then for
Jfunctions §(g) converging to O sufficiently slowly as ¢ — 0 and for sufficiently
large M > 1, the event that:

(i) there is a loop which is contained in the annulus B(0,¢) \ B(0,e/M) and
which surrounds B(0,e/M), and

(i1) the index J of the outermost such loop in the annulus B(0, ¢) \ B(0,&/M)
satisfies vlogs_1 <J <(w+4())log e 1,

has probability at least V<)1) g5 ¢ — 0.

PROOF. We define §(¢) to be 2 times the function denoted § in Lemma 3.2. Let
E1 denote the event that between v log e land (v+ %8 (¢))log g1 loops surround

B(z, €), let E5 denote the event that at most %5 (¢)log g1 loops intersect the circle
dB(z, €), and let E3 denote the event that there is a loop winding around the closed
annulus B(0, &) \ B(0,e/M).

Lemma 3.2 implies

(4.4) PlE|]=gWHtoD) a5¢ 0.

Corollary 3.5 implies that for sufficiently small e, we have
(4.5) PE2|Er] = 3.

Lemma 3.7 applied to the log conformal radius increment sequence implies that
for some large enough M,

]ﬂ
(4.6) P[CR(0; Uy"*) = M~ 2e|Er] = {.
Lemma 2.9 and Corollary 3.5 together imply that for large enough M

C N
4.7) P[CR(0; U, ")/ CR(0; Ug™) = M~ E] > 1.
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FI1G. 7. First step in the construction of the set of “perfect points” P, (I") of the CLET .

Combining (4.4), (4.5), (4.6) and (4.7), we arrive at
PIEiNE;NE3] = gVeW)to(l) ase — 0.

The event E1 N E; N E3 implies the event described in the lemma. [

We define the set P, = P,(I") as follows. For z € D and k > 0, we inductively
define (see Figure 7):

o Let g =0.

o Let Vzk = U.* be the connected component of D\ £ containing z. In particular,
V9=D=D.

o Let gof be the conformal map from Vzk to D with <p§ (z) =0 and ((pf)’(z) > 0.

o Lety =2+, .

e Let 7441 be the smallest j € N such that wi‘(ﬁ%) C B(0, 1,).
Let I:f be the image under (pf of the loops of T which are surrounded by £

and in the same component of D \ £ as z. Then ff is a CLE, in D.

Let M > 1 be a large enough constant for Lemma 4.3, and let E f to be the event
described in Lemma 4.3 for the CLE fi‘ and & = ;. We define

ki,ky . __ k
EfR .= () EL
k1 <k<ky
Throughout the rest of this section, we let
4.8) se= ] @ for k > 0.
0<i<k
LEMMA 4.4. There exist sequences {ri}reN and { Ry }ren satisfying

| log R
(4.9) ogri lim 0g Kg 1

1 =1
k—oo logsy  k—oo logsi
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such that for all z € B(0,1/2) and k > 0, we have
(4.10) B(z,r) C V¥ C B(z, Re)

on the event E?’k.

PROOF. For 0 < j <k, the chain rule implies that on the event Eg’k we have
(4.11) CR(z; V/) =CR(0; /' (V/)) CR(z; V/ ") <11 CR(z; V/ ),

where the inequality follows from the Schwarz lemma. Iterating the inequality
in (4.11), we see that

CR(z; V¥) < i1 CR(z; VET) <+ < (k1 -+ 10) CR(z; VY)
4.12)
=53, CR(z; D).

Since |(((pf_1)_1)/ (0)] = CR(z; Vzk_l), it follows from the Koebe distortion
theorem that VX € B(z,t%—1/(1 — tx—1)> CR(z; VF71)). Since CR(z; VF~1) <
ski—1 CR(z; D), CR(z; D) =1 — |z]> < I, and 1 < 1/2, we see from (4.12) that
Vzk C B(z,4si), so we set Ry = 4sy to get the second inclusion in (4.10).

To find {r¢}ren satisfying the first inclusion in (4.10), we observe that on Eg’k
we have

CR(z; VF) = M~ 't  CR(z: VI ) = - = MKty - 10) CR(z: V)
= MF5;, CR(z; D).
By the Koebe one-quarter theorem, we thus see that inrad(z; Vzk) >
I M~*s; CR(z; D). Since CR(z; D) > 3/4 for z € B(0, 1/2), setting ry = 7= M sy
gives (4.10).

A straightforward calculation confirms that these sequences {rr}reny and
{Ri}ren satisfy (4.9). O

We define P,(I") € D by
(4.13) P,(I) == ({z € B(0, 1/2): E?" occurs}.

n>1

Next, we show that elements of P, (I") are special points of &, (I"):
LEMMA 4.5. Forv >0, always P,(I") C &, ().

PROOF. It follows from the definition of E f that for z € P,, the number of
loops surrounding VZk is (v+o0(1))log sk_1 as k — oo. Lemma 4.4 then implies
that the number of loops surrounding B(0, si) is also (v +o0(1)) log sk_1 as k — oo.
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If 0 < ¢ < 1, we may choose k = k(&) > 0 so that sg+| <& < si. Then

No(s) logsi' _ Na(e) _ Nolsern) logsiyy
I loge=! T loge=1 — 10gskj:1 loge—!"~

logs;

Observe that log sg1/log sy — 1 as k — oo. From this, we see that both the left-
hand side and right-hand side converge to v as ¢ — 0, so the middle expression
also converges to v as ¢ — 0, which implies z € ®,(I"). U

We use the following lemma, which establishes that the right-hand side of (4.13)
is an intersection of closed sets.

LEMMA 4.6. For each n € N, the set P, , :={z € B(0,1/2): E?’" occurs} is
always closed.

PROOF. Suppose that z is in the complement of P, ,, and let k be the least
value of j such that E g fails to occur. Each of the two conditions in the definition
of E § (see Lemma 4.3) has the property that its failure implies that £ ﬁ also does
not occur for all w in some neighborhood of z. (We need the continuity of (pf
in z, which may be proved by realizing ‘/’1]5; as a composition of (pf with a Mdbius
map that takes the disk to itself and the image of w to 0.) This shows that the
complement of P, , is open, which in turn implies that P, , is closed. [J

PROPOSITION 4.7. Consider a CLE, in D. There exists a function f (de-
pending on k and v) such that (1) f(s) = s%M+T°W g5 5 — 0, and (2) for all
z,w € B(0,1/2)

(4.14) P{EX" N EQ"] f (max(sy, |z — wl)) < P[EX"P[ES"].
PROOF. Suppose z, w € B(0, 1/2). Let ry and Ry be defined as in Lemma 4.4.

If |z — w| < R,, then we bound }P’[E?*” N Eg;”] < IP’[E?’”] and, using Lemma 4.3
and the fact that R,, = 4s,,,

i 1 '
P[E?n] > 1_[ tll/ (v)+o(1) _ sr)l/,((v)+o(l) _ max(sn, Iz — wl)V (v)—l—o(l),

k<n

which implies (4.14). Next suppose |z — w| > R,,. Letting
u=min{k e N: Ry < |z — wl},
we have

P[EX" N EX"] =P[EX" N EYAIP[EX" NEW"EY" N EY"].
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By Lemma 4.4, w ¢ V' and z ¢ V,;, so we see that V' and V,; are disjoint. By the
renewal property of CLE, this implies that conditional on E?’“ NE 3;“, the events
E f and E ﬁ for k > u are independent. Thus,

P[EX" N EX"] =P[EX" N EQ"|P[EX" |PEL"]

< P[EPJP[EX"P[E,"]  so
PLED" N EX"|P[E,"] < PLED"|P[E,"].
Since
]P’[Eg’”] > SL):K(V)+0(1) — max(s,,, Iz — w|)%c(v)+0(l)’

(4.14) follows in this case as well. [

We take f; as in Section 4.2 and s as in (4.8). We will prove Theorem 1.1 using
Proposition 4.7 and the following general fact about Hausdorff dimension. The
key ideas in Proposition 4.8 have appeared in [5, 9, 10], but Proposition 4.8 gives
a cleaner statement that can be used with our construction of nested closed sets.

PROPOSITION 4.8.  Suppose P1 D P> D P3 D - - - is a random nested sequence
of closed sets, and {s, }neN is a sequence of positive real numbers converging to Q.
Suppose further that 0 < a <2, and f(s) = s as s — 0. If for each z, w € D
and n > 1 we have P[z € P,] > 0 and

(4.15) Plz, w € P,]f (max(s,, |z — wl])) <Pz € P,]P[w € P,],
then for any @ <2 — a,
P[dimy(P) > o] >0  where P:= () Py.
n>1
PROOF. Let u, denote the random measure with density with respect to

Lebesgue measure on C given by

dpn(@) _ Liep,np
dz Plz € P,]
Then E[u, (D)] = area(ID), and by (4.15),
Plz, w € Pyl
dzdw <C
Bl @)= [ Plze PdPlwe By W =15

for some constant C; depending on the function f but not 7.
For « > 0, the a-energy of a measure p on C is defined by

Io(p) = / f@ T @ ).
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If there exists a nonzero measure with finite «-energy supported on a set P C C,
usually called a Frostman measure, then the Hausdorff dimension of P is at least «
([7], Theorem 4.13). The expected «-energy of w,, is

_ Plz, w € P,] 1
Bl Lo )] = //w Plz e PPl e Py 1z — wje 24"

and when o < 2 — a, the expected «-energy is bounded by a finite constant C;
depending on f and « but not n.

Since the random variable w,(ID) has constant mean and uniformly bounded
variance, it is uniformly bounded away from O with uniformly positive probability
as n — 0o. Also, P[Iy(u,) <d] — 1 as d — oo uniformly in n. Therefore, we
can choose b and d large enough that the probability of the event

Gpi={b~" < ua(D) <band I (uy) <d)

is bounded away from 0 uniformly in n. It follows that with positive probability
infinitely many G,’s occur. The set of measures y satisfying 5~! < (D) < b and
is weakly compact by Prohorov’s compactness theorem. Therefore, on the event
that G,, occurs for infinitely many r, there is a sequence of integers ky, k3, ... for
which p, converges to a finite nonzero measure (. on D.

We claim that u, is supported on P. To show this, we use the portmanteau
theorem, which implies that if 7, — 7w weakly and U is open, then w(U) <
liminfy 77 (U). Since P, is closed for each n € N, we have

us(C\ Py) < lieminf,uké (C\ P, =0,
—00

where the last step follows because 1, is supported on Py, C P, for ky > n. There-
fore,

M*(C\ P) :nli)ngoﬂ*((c\ P,) =0,

SO (L4 18 supported on P.
To see that u, has finite o-energy, we again use the portmanteau theorem, which
implies that

/fdugliminf/fdw
£—00

whenever f is a lower semicontinuous function bounded from below and
pe = w weakly. Taking f(z, w) = [z — w|™%, w¢ = pr, (d2)puk, (dw), and p =
u(dz)u(dw) completes the proof. [J

PROOF OF THEOREM 1.1. Recall that conformal invariance was proved in
Proposition 4.1. We now show that dimy; ®,,(I") =2 — y,(v) almost surely, when
0 < v < vmax. (The case v = vy, uses a separate argument.) We established the
upper bound in Section 4.1, so we just need to prove the lower bound.



EXTREME NESTING IN CLE 1039

Suppose v < vmax. For each connected component U in the complement of the
gasket of I', let z(U) be the lexicographically smallest rational point in U, and let
¢y be the Riemann map from (U, z(U)) to (D, 0) with positive derivative at z(U).
By Proposition 4.8, for any € > 0, there exists p(e) > 0 such that

Pldimy (P, (v (T10))) =2 = v (v) — €] = p(e).

By Lemma 4.5 P,(py(I'|y)) C ®,(py(I'|y)), and by conformal invariance we
have dimy &, (py ('|y)) = dimy @, (I'|y), which lower bounds dimy @, (7).
Since there are infinitely many components U in the complement of the gasket,
and the I'|y’s are independent, almost surely dimy ®,(I") > 2 — y,(v) — €. Since
& > 0 was arbitrary, we conclude that almost surely dimy ©,,(I") > 2 — y,. (v).

It remains to show that ®,,(I") is dense in D almost surely, for 0 < v < vp,x. Let
z be arational point in D, and recall that U. Zk is the complementary connected com-
ponent of D \ £’Z‘ which contains z. Almost surely CDV(FlUZk) has positive Haus-
dorff dimension, and in particular is nonempty. Since there are countably many
such pairs (z, k), almost surely ®,,(I'|;x) # & for each such z and k, and almost

surely for each rational point z, diameter(UZ’f) —0. O

THEOREM 4.9. For a CLE, T in a proper simply connected domain D,

almost surely ®, . (I') is equinumerous with R. Furthermore, almost surely
®,, . (I') is dense in D.

PROOF. As usual, we assume without loss of generality that D = ID. We will
describe a random injective map from the set {0, 1} of binary sequences to ID
such that the image of the map is almost surely a subset of ®,, _(I"). The idea of
the proof is to find two disjoint annuli in D such that I contains a loop winding
around each annulus, I" has many loops surrounding these annuli, and for which
the nesting of these loops is sufficiently well behaved for the limiting loop density
to make sense. We then find two further such annuli inside each of those, and so
on. Every binary sequence specifies a path in the resulting tree of domains, and the
intersections of the domains along distinct paths correspond to distinct points in
d,, . ().

Let M > 0 be a large constant as described in Lemma 4.3. For a CLE I" in D,
let E%]? . (v) denote the event that there is a loop contained in B(0, ¢) \ B(0, /M)
surrounding B(0, e/M) and such that the index J of the outermost such loop is
at least vlogs‘l. If (D,z) # (D,0), I'"'isa CLE in D, and ¢ > 0, let Ezl?g(v) be
the event Eg)f (V) occurs for the conformal image of I" under a Riemann map from
(D, z) to (ID,0). If {e;}jen is a sequence of positive real numbers, let EZD'”(v) =

EZD{’;’A}OO (v) denote the event that EzDg (v) “occurs n times” for the first n values
DA€ 1 j=1 >

of ¢ in the sequence. More precisely, we define E ZD *(v) inductively by E ZD Ty =
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(v) and

281
Uj,n 1
(4.16) EX"(v) = EJ, (W) NE_ () e, )

for n > 1. For the remainder of the proof, we fix the sequence &; :=t; =27/~1
and define the events E ZD ' (v) with respect to this sequence.

For a domain D with zg € D, let ¢ be a conformal map from (ID, 0) to (D, zgp),
and let FP-20" (1) denote the event that there is some point z € B(0, 1/2) for which

5@)(”) occurs. By Lemma 4.6 and Propositions 4.7 and 4.8, we see that there is

some p > 0 [depending on x € (8/3, 8) and v < vyax], such that P[FP207 ()] >
p for all n.

For each k € N, we choose vi € (Viypical» Vmax) $0 that y, (vg) =2 — 2~%=1 For
each k e Nand £ € N, we define g; ¢ = 2 2k=t,

Suppose z € B(0,1/2) and 0 <r <1/2and 0 <u <r/M.Forn e Nand v <
Vmax, We say that the annulus B(z,r) \ B(z,u) is (n, v)-good if (i) there exists a
loop contained in the annulus and surrounding z (say £ is the outermost such

loop) and (ii) the event FUZJ’Z*”(V) occurs.

For g, r > 0, define u(q,r) = (q/C)"/*r'+2/% where C and « are chosen so
that every annulus B(z,r) \ B(z, u#) contained in D contains a loop surrounding z
with probablhty atleast 1 — C(u/r)* (see Lemma 3.6). For 0 <r < 1/2, let S, be
aset of —— 100r 5> disjoint disks of radius r in B(0, 1/2). By our choice of u(q, r), the
event G that all the disks B(z, r) in S, contain a CLE loop surrounding B(z, u) has
probability at least 1 — g. We choose r ¢ > 0 small enough so that for all n € N,
with probability at least 1 — 21-2k=t there are two disks B(z, rke) in Sy, such
that B(z,rk.¢) \ B(z, u(qk ¢, 7k,¢)) 1s an (ng, vi)-good annulus. This is possible
because on the event G, the disks in S, , give us independent trials to obtain

10017,
a good annulus, and each has success probability at least p. Abbreviate uy o =
u(qgk.¢, rk,¢). Finally, we define a sequence (ny)reN growing sufficiently fast that

logu
(4.17) lim M_O

k—0 Zk—1 log s,
Now suppose that I" is a CLE in the unit disk. Define
A=AD,0,r,u,q,n,v)

to be the event that there are at least two disks B(z,r) and B(w, r) in S, such that
B(z,r)\ B(z,u) and B(w,r) \ B(w,u) are both (n, v)-good. If (D, z) # (D, 0)
and I is a CLE in D, define A = A(D, z,r,u,q,n,v) to be the event that
A(D,O0,r,u,q,n,v) occurs for the conformal image of I under a Riemann map
from (D, z) to (D, 0). Abbreviate A(D, z, 7 ¢, Uk ¢, Gk.¢, Nk, Vi) as Ak e(D, 2).
We define a random map b +— D}, from the set of terminating binary sequences
to the set of subdomains of D as follows. If the event Aq 1(ID, 0) occurs, we set
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£(D) =1 and define Dy = w;l(UI(Z)) and D = 1(Ul(w)) where z and w are
the centers of two (n1, v1)-good annull ©; (resp (pw) is a Riemann map from

(D, z) [resp., (D, w)] to (ID 0),ze U N and w € Uw 1 are points for which

J

BN i1
U;
E.

p (1) and EU“ ™ (p1) oceur, and (%) [resp., I(ll))] is the index of
the nth loop encountered in the definition of EZ "(v1) [resp., E "(v))] [in other
words, the first such loop is denoted J in (4.16), the second such loop is the first
one contained in the preimage of B(0, &7) under a Riemann map from (UZJ ,2)

to (D, 0), and so on]. If A does not occur, then we choose a disk B(z,r1 1) in
C

JS, )
Sr,, and consider whether the event A1 2(U;" L1y occurs. If it does, then we set
’ C

JZ r
£(D) =2 and define Dy and D; to be the conformal preimages of U, ' and

C
U,iw'rl’z, respectively, where again z and w are centers of two (n1, v1)-good annuli.
Continuing inductively in this way, we define £(ID) € N and Dg and D [note that
£(D) < oo almost surely by the Borel-Cantelli lemma since Y, 2! ~2¥=¢ < oo].
Repeating this procedure in Dg and D beginning with k =2 and £ = 1, we obtain
D; j C D, fori, j € {0, 1} x {0, 1}. Again continuing inductively, we obtain a map
b+ Dy, with the property that D, C D; whenever b’ is a prefix of b.

If b € (0, )N, we define 2, = My a prefix of » Dby Since Y, 282727 < o0,
with probability 1 at most finitely many of the domains Dj have £(Dp) > 0. It
follows from this observation and (4.17) that

liminf A, (£) > viax.
t—0

But by Proposition 4.2, almost surely every point z in D satisfies

lim Sup/{lfz(I) = Vmax-
t—0
Therefore, zp € @y, (T).
Since the set of binary sequences is equinumerous with R, this concludes the
proof that ®, . (I') is equinumerous with R. The proof that &, (I") is dense
now follows using the argument for density in Theorem 1.1. [J

Vmax

5. Weighted loops and Gaussian free field extremes. The main result of
this section is Theorem 5.3, which generalizes Theorem 1.1 and highlights the
connection between extreme loop counts and the extremes of the Gaussian free
field [10]. Let I" be a CLE,, and fix a probability measure © on R. Conditional
on I, let (¢§7)cer be an i.i.d. collection of u-distributed random variables indexed
by I'. For z € D and ¢ > 0, we let I";(¢) be the set of loops in I which surround
B(z, ¢) and define

_ S . Sz (e)
SZ(S)_,;erZz(fE and SAs)——lOg(l 5%
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For a CLE, I" on a domain D and « € R, we define ®4 (I") C D by
o4 = {ze D:lim S.(e) =a.
e—>0

To study the Hausdorff dimension of ok (I'), where I" is a CLE, on D, we
introduce for each («, v) € R x [0, 00) the set

(5.1) o4 (1) := |z € D: lim 8 (¢) =a and lim AV, (e) =v].
’ e—0 e—0

Let A}, be the Fenchel-Legendre transform of 4 and let A} be the Fenchel-
Legendre transform of the log conformal radius distribution (1.3). We define

* (o4 * 1
VAM 5 + VAL ) v>0,

(52) ')/K (a, ])) — \)l/l\mo y/( ((X, U/), YV = O and o # O’

2 3k

lim y,(V)=1—=-=>—

, v=0and ¢ =0,
AN K 32

where the limits exist by the convexity of A} and AJ, [Proposition 2.2(1)]. Note
that y, (o, v) may be infinite for some (¢, v) pairs. Note also that the second and
third limit expressions for « = 0, v = 0 agree except when A:L(O) = 00, because
lim, ¢ v’A;(O/U/) = 0 whenever A% (0) < oo.

THEOREM 5.1. Suppose v >0, o € R, CDg,,,(CLEK) is given by (5.1), and
Vi (a0, v) is given by (5.2). If v« (t, v) < 2, then almost surely,

(5.3) dimy q)g,v(CLEK) =2 —ye(a,v).
If yie (@, v) > 2, then almost surely ®) ,(CLE,) = @.

PROOF. Suppose that I" ~ CLE, in a proper simply connected domain
DcCC.If «a =v=0, then CDQ,U(F) contains the gasket of I', which implies
dimy ®4 (') > 2 — y,(0,0) [14, 15]. Furthermore, ®k ,(I") C ®¢(T"), which
implies by Theorem 1.1 that dimy ngv(r‘) <2 — y,(0,0). Therefore, (5.3) holds
in the case « = v =0.

Suppose that («, v) # (0,0), and assume y, (o, v) < 2. For the upper bound
in (5.3), we follow the proof of Proposition 4.2. As before, we restrict our attention
without loss of generality to the case that D = ID and the set (I)Z,,,(F) N B(0,1/2).

For the remainder of the proof, we interpret the expression 0A*(«/0) to mean
lim, o vA*(a/v) for A* € {A},, AL} and o € R. Fix ¢ > 0. We claim that for
6 > 0 sufficiently small,

1 1
(5.4) inf W A* (—) > vA;(—> —% and
V' e(v—8,v+8)N[0,00) v/ v 8

K
o o €
(5.5) inf VvV A* (—) >3 A (UA* (—) — —).
Vew—_8,v48)N[0,00), K\ “\v 8
a'e(a—68,a+6)
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[We include the minimum with 3 on the right-hand side of (5.5) to handle the case
that vAJ (a/v) = oco. The particular choice of 3 was arbitrary; any value strictly
larger than 2 would suffice.]

The continuity of vA% (1/v) on [0, 0o) (Proposition 3.1) implies (5.4).

For (5.5), we consider three cases:

(i) If v > 0, then (5.5) follows from the lower semi-continuity of A; (see the
definitions in the beginning of [6], Section 1.2, and [6], Lemma 2.2.5).
(ii) If v =0 (so that o« % 0) and lim,_, ¢ xA:L(l/x) < 00, We write

o v d
(56) leM(?) =ao - (;AM<;)>

Assume that o’ > 0; the case that &’ < 0 is symmetric. If § € (0, «), then o’ €
(o — 8, a + 8) implies that ’ is bounded away from 0. Therefore, (5.6) and the
lower semi-continuity of A7, imply that for all n > 0, there exists § > 0 such that

v/ o
* : %
JAPL(W) > )}irbeM(l/x) -,
whenever 0 <V < § and o’ € (@ — 8, o + 8). Since a’ > a — 8, we can choose
n > 0 and then é > O sufficiently small that (5.5) holds.

(iii) If v =0 (so that o #~ 0) and limxﬁoxA;(l/x) = 00, then the lower semi-
continuity of A7 implies that there exists § > 0 such that (5.5) holds with 3 on the
right-hand side.

We choose 6 > 0 so that (5.4) and (5.5) hold, and we replace the definition (4.1)
of U™V T with

U = (U e D" [Nyw)(r) = v| < 8 and Sy () — af <8},

where D’ is defined as in Section 4.1 in the proof of Proposition 4.2. As in (4.2),
Cov =, o, USSPV i 3 cover of @y, () N B(0, 1/2) for all m € N. Sup-
pose that y, (a, V) < 2. Using Lemma 3.2 and Cramér’s theorem, we see that for
sufficiently large n,

PlU e U] < P[|S ) (e7") — af < 8|Now(e™") — v| < 6]
(5.7) x PNz w)(e™) —v| <]

< o~ (ml@v)—e/2m

If y(a, v) > 2, then the same analysis shows that P[U € YSP(—)-V:¢] < ¢~ for
some ¢ > 2. The rest of the argument now follows the proof of Proposition 4.2.
For the lower bound, we may assume ¥, («,v) < 2, which implies that
vA:L(oc /v) is finite. We consider the events denoted by Ef in the discussion fol-
lowing Lemma 4.3, which we now denote by Ef(l). We also define events on
which we can control the sums associated with the loops in each annulus. More
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precisely, suppose that (8¢ )k is a sequence of positive real numbers with 6y — 0
as k — oo. We define

EX2) = {So(t: TX) € (@ — 80 log 1, (@ + &) log 1 1))

[Recall the definition of ff from Section 4.2 and that So(#; ff) represents the
weighted loop count with respect to F§ , where we define &, for £ € f‘f to be
equal to the weight of the conformal preimage of £ in I'.] We define the events
Ef = Eé‘(l) N E§(2) and E?l’kz = ﬂ],?:kl Ef as before. Similar to (5.7), we have
by Cramér’s theorem

VA? (a/v)4o(1)
PIEXQIEE(D] =1, " ,

provided 8 — 0 slowly enough. We multiply both sides by ]P[Eé‘(l)] =

VAL (1/v)40o(1)

t and get

P[E] = t{”(a’vHo(l) as k — oo.

Thus, Proposition 4.7 and its proof carry over with y, (v) replaced by y («, V).

It remains to verify that 15(01, v; ') C q>f;,v(r), where 15(01, v; I') is defined to
be the set of points z for which E ZI” occurs for all n. We see that limgﬁojgl/}(e) =v
for the reasons explained in the proof of Lemma 4.5. Moreover, lim,_, ¢ S;(¢) =«
for analogous reasons. By Proposition 4.8, this completes the proof. [

In Theorem 5.3, we show that dimy ®5 (CLE,) is almost surely equal to the
maximum of the expression given in Theorem 5.1 as v is allowed to vary. In The-
orem 5.2 we show that, with the exception of some degenerate cases, there is a
unique value of v at which this maximum is achieved.

THEOREM 5.2. Let @ € R and let u be a probability measure on R.

(1) Ifa =0, then v — Y, (a, v) has a unique nonnegative minimizer vy.
(1) If a > 0 and u((0,00)) >0 or if o <0 and u((—o0,0)) > 0, then v
Vi (@, V) has a unique minimizer vgy. Furthermore, vg > 0.
(i) If @ > 0 and u((0,00)) =0 or o <0 and u((—o0,0)) =0, then for all
v € [0, 00) we have y, (a, v) = o0. In this case we set vy = 0.

PROOF. For part (i), note that when o = 0, the expression we seek to minimize
is vAp O)+vAL(l/v). If A‘;L(O) < +00, then this expression has a unique positive
minimizer because its derivative with respect to v differs from that of VA% (1/v)
by the constant A/*L(O) and, therefore, varies strictly monotonically from —oo to
+o0. If A7, (0) = +o00, then v =0 is the unique minimizer.

For part (iii), observe by Cramér’s theorem that A; (x) = oo when x and o have
the same sign, so y, (o, v) = 00.
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For part (ii), we may assume without loss of generality that & > 0 and
©((0,00)) > 0. Define a = essinf X and b = esssup X for a u-distributed ran-
dom variable X, so that —oco <a < b < +00. Since 1 ((0, o0)) > 0, we have b > 0
by Proposition 2.2(v).

We make some observations about the functions f, : (0, 00) — [0, 0] and
fi :(0, 00) — [0, co] defined by

fu) = vAZ(%) and fi(v) :=vA% (%)

First, they inherit convexity from A}, and A} by Lemma 2.4. Note that the sum
f) = fu,(v) + fi(v) is also convex.

By Proposition 2.2(viii), Aj, is continuously differentiable on (a, b). The chain
rule gives

fror==2w3y (%) + a3(%)

If a > —o0, then Proposition 2.2(ix) implies (A;)’ (x) > —ooas x \  a. Similarly,
if b < 0o, Proposition 2.2(x) implies (A;)/ (x) > 400 as x /' b. In other words,

. / _ .
(5.8) v}g}a fu(v) =400 ifa>0 and
. / _ .
5.9 vl\lg}b fM(v) = -0 if b < o00.
Recall from Proposition 2.6 that (note f, = yi)
1 AV 2 3k
{(v,fK(v):O<v<oo}={< JA— ):—oo<k<1————}.
AL(V) AL (V) Kk 32

Suppose —00 < Ag <1 —2/k —3k/32.If v =1/A}(X9), then

=] b= aomon)/ (5

dAlr=x A=A
When we take Ao — —oo (which corresponds to taking v — +00) and Ap —
1—2/k — 3k /32 (which corresponds to taking v — 0), respectively, in the explicit
formula (1.3) for A,, we obtain

[1/A’K<x>]) — Ac(ho).

(5.10) Si\%f;(v) =00 and
. / _
5.11) Jim fw) =+oo.

We complete the proof of (ii) by treating five cases separately. For each of the
cases (i)—(ii) and (iv)—(v), we argue that f/(v) ranges from —oo to +oo for v €
(a/b, ¢/ max(0, a)) [if a < 0 so that max(0, a) = 0 then we interpret «/0 = +00].
Upon showing this, continuous differentiability of f [Proposition 2.2(viii)] guar-
antees by the intermediate value theorem that the equation f’(v) = 0 has a solu-
tion. The convexity of f, and strict convexity of f, (Proposition 2.7) imply that
the solution is unique. Case (iii) uses a separate (easy) argument.
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(1) a <0 < b < co. Note that fli(x) — —oo as x \ /b and f/(x) - 400
as x — +o00. Since f,(x) / oo as x \( «/b and f/i(x) -+ —00 as x — +00, we
conclude that f'((a/b, +00)) = (—0o0, +00).

(i) @ <0 < b =o00. We have f'((0, +00)) = (—00, +00) since f(x) goes to
—oo as x N\ 0 and to 400 as x — +o0.

(iii)) 0 <a=b < 0. Since a = b, A/:(x) =+o0 forall x #b,sov=a/bis
the unique minimizer of v — y, (a, v).

(iv) 0 <a < b < 0o. We have f'((a/b,a/a)) = (—o0, +00) since fli(x) goes
to —oocas x \ya/bandto +ooasx S a/a.

(v) 0 <a <b=o0. Wehave f'((0,a/a)) = (—oo, +00) since f,(x) goes to
—o0 as x \( 0 and fli(x) goesto+oocasx Saja. U

THEOREM 5.3. Let o € R and let v be a probability measure on R. Let vy =
vo(a) be the minimizer of v — Y, (a, v) from Theorem 5.2. If v, (a, vo()) < 2,
then almost surely

(5.12) dimy @4 (CLE,) =2 — y, (o, vo(e)).
If yie (o, vo(a)) > 2, then ®l (CLE,) = @ almost surely.

PROOF. The lower bound is immediate from Theorem 5.1, since
DL(T) DD (oD,

where I' is a CLE,. For the upper bound, we follow the approach in the proof
of Proposition 4.2. It suffices to consider the case where the domain is the unit
disk D, and without loss of generality we may consider the set &% (I'") N B(0, 1/2).
Observe that if « = 0, then

(5.13) ¥ (0, v):vA;(O)—I—vA;(l/v).

If A;‘L(O) = 00, then the first term in (5.13) is infinite unless v = 0. It follows that
vp(0) = 0 in this case. If A; (0) < o0, then the derivative of the first term with
respect to v is a nonnegative constant A7 (0), while the derivative of the second
term is a strictly increasing function going from —oo to oo as v goes from 0 to co.
It follows that A;(l. (0) < oo implies vo(0) > 0. We first handle the case A;: (0) < o0.

Let ¢, (o) = yie (o, vo(e)). Since vAy (1/v) and vA;(ot/v) are convex and lower
semicontinuous, we may define v; and v so that vA}(1/v) < ¢, (e) if and only
if 0 <v; <v <y < oco. Observe that [vy, V2] is nonempty since it contains
vo(ar). We also define v} :=inf{v > v; 1WA} (@/v) < cu(a)} and v, i=sup{v <
vy vA;(a/v) <cu(a)}.

We claim that

Ve > 0,38 > 0 so that V(«', v) € [@ — 8, + 8] x [v], V5] we have

(5.14) vA} (o /v) > VA (a/v) — 5.
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Using (5.13), observe that if o = 0, then ¢, () is less than y, (0, 0), which im-
plies that vy > 0. Therefore, (5.14) follows in the case ¢ = 0 from the lower
semicontinuity of A; at 0. For the case o > 0, we observe that vA/; (x/v) fi-
nite on [v], v;]. By lower semicontinuity and convexity of A%, this implies that
VA7 (a/v) is continuous on [v{, v5]. Since [v], v5] is compact, we conclude that
vAJ, (a/v) is uniformly continuous on [v], v5]. Since VA, (a’/v) can be written as
%‘;—?’A;(oz /(va/a')) (a straightforward limiting argument shows that this equal-
ity holds even when v = 0), the uniform continuity of A7, implies (5.14) except
possibly at the endpoints v{ and v). However, since A7, is lower semicontinuous,
(5.14) holds at v{ and v} as well.

Recall the collection of balls D" for r > 0 that we defined in the proof of Propo-

sition 4.2. For n € N, let

Q" :={Q e DS (e™") € (@ —8,a +8)).
Our goal is to show that for all Q € D®*P(—™ and n sufficiently large,
(5.15) P[Q e Q"] < e cu(@)—e/2)

The rest of the proof is similar to that of Proposition 4.2. To prove (5.15), we
abbreviate N;(g)(e™") as N and write

P[Q € Q"] =E[P[S.(g)(e™") € (@ — 8, + 8)IN]].
We split the conditional probability according to the value of N:
P[0 € Q"]
E ]E'[l{./’\7¢[l)l,112]}]P)[SZ(Q) (e_n) € (O( - 8, o + 8)|N]]
+E[l{ﬁe[vl,VZ]\[v;,vé]}P[SZ(Q) () e(@—38,a+8N]]
+ E[I{J’\V/’e[vi,vé]}P[SZ(Q) (ein) c(a—96,a+ 5)|N]]
The first term on the right-hand side is bounded above by e "(€u(@+o(D) " pe.
cause of our choice of v; and v,. Similarly, the second term is bounded above by
e~ (Cu@+o(D) by Cramér’s theorem and our choice of v} and vj. Thus it remains
to show that the third term is bounded above by e Meu@)=¢/2) for all n sufficiently
large. Multiplying and dividing by e NALA/N), applying Cramér’s theorem, and

using (5.14), we find that for large enough n, the third term is bounded above
by

[l 5ep ]}e—n(J\NfA;;(a/J\Nf)+J\7A;(1//\7)—s/2)enj\7A;(1/ﬂf>]
vi,V2

< e @ —e/HE Ne[vi’vé]enﬁz\;(l/ﬁm].
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Thus, it remains to show that E[lﬁe[vi’vé]enﬁ[\;(l/ﬁ)] =¢°™ . Applying (2.1)
from Cramér’s theorem, we find that if viypical < vé, we have

E[1 nJ\N/A;(l/J\N/)]

Ne [Vtypical» Vé] €
((Vé _Vtypical)n-l

=D DR 1| PRIy
k=1

en/\N/A;a //\7>]

’—(Vé —Vtypical)7?|

e (k Vs
< Z e /n)E[l{(k—l)/nSN—Vtypical}]
k=1

’—(Vé —Vtypical)1|

< Z en[fK(k/n)*fk((kfl)/n)]’
k=1
where fi(v) := UAZ(%). The mean value theorem implies that the summand is
bounded~ above by exp(supve[vtypml,%] fi(v)). Therefore, the expectation on the
event {N € [Viypicals vé]}~is O (n). An analogous argument gives the same bound

for the expectation on {N" € [v], viypicall}, SO

E[lﬁe[viv%]enﬁm;(l/ﬁ)] =0(n)=e"".

Now consider the case A; (0) = oo, which implies that vg(0) = 0. As in the
case A;: (0) < o0, it suffices to show that for every ¢ > 0, there exists § > 0 such
that

(516) ]P>[|§Z(e_n)| < 8] < e_n(VK(O,O)—S)‘

Choose 1 > 0 small enough that vAY (v) > 1 —2/k — 3k /32 — ¢/2 whenever v €
(0, ). Then choose § > 0 small enough that Al*L(x) >2/n forall x € (—8/n,8/n)

(this is possible by lower semicontinuity of A*). Again abbreviating /\NQ(e_”) as
N, we write

P[|S:(e™)] < 8] = E[P[|S:(e™)| < 8|]]
=E[P[|S:(e™)| < 81N 1 5¢10.)]
+ E[P[|§Z(e_")| = 8|N]1Ne[n,oo)]'

Bounding the conditional probability by 1 and using our choice of 1, we see that
the first term is bounded above by e «©:0=8) For the second term, we note
by (2.1) in Cramér’s theorem that the conditional probability is bounded above by

Zexp<—n/\/|y|1§naf/ﬁA (y)).
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On the event where A is at least n, the factor J\~/inf‘y|§8//\7 A*(y) is at least 2,

which implies that the second term is bounded by e~2". This establishes (5.16)
and completes the proof. [

PROOF OF THEOREM 1.2. The logarithmic moment generating function of
the signed Bernoulli distribution is Ap(n) = logcosh(on). When « = 4, for-
mula (1.3) for A, simplifies to

—logcosh(mwr/—24), A <0,
Ag(X) =
—logcos(m+/21), A>0.
Using the definition of the Fenchel-Legendre transform,
o
vo(a) A% ( ) +v0(a)A*( ) = inf sup[na + 1 —v(A4(X) + Ag(n))].
B vo () 4 vo(a) v>0 nf[ ( )]

By the minimax theorem (see, e.g., [16]), the right-hand side equals

sup inf[no + A — v(As(A) + Ap(n))] = sup [na + A].

n. V=0 n.%: Ag()+Ap () <0
Since A4(A) is continuous in A and A4(A) — coas A — 00, if A4(A)+Ag(n) <0,
then A can be increased so that A4(A) + Ap(n) = 0. Thus, this last supremum can
be replaced by the supremum over A and 7 satisfying A4(A) + Ag(n) =0.

Observe that Ag(n) > 0 for all n, and A4(X) < 0 only when A < 0. It follows

that if A4(A) + Ap(n) =0, then A < 0 and we can use the formulas for A4 and
A g to conclude that

(5.17) As(A)+Ap(n) =0 implies on = m+/ —2A\.
So we have
o
vo(a) A% <—) + vo(a)AZ( ) = sup (na+X)
vo () vo(ar) na: As(M)+A g (10)=0
= sup(ﬂ\/ —2A+ A)
r<O\ O

_ w2a?
T 2027

since the supremum is achieved when A = —a’72/20%. O

PROOF OF THEOREM 1.3. In light of Theorems 5.1 and 5.3, it suffices to

show that the maximum of 2 — y, («, v) is obtained when v = %coth(”aﬁ). As in
the proof of Theorem 1.2, we begin by writing

* a * 1
Ve (o, v) = VAT (;) + vAM<;> = suf[na + 1= v(AcR) + Au(m)]
m,



1050 J.MILLER, S. S. WATSON AND D. B. WILSON

At the minimizing value of v and the corresponding maximizing values of n and A,
the derivatives of the expression in brackets with respect to v, A, and 5 are all zero.
Differentiating, we obtain the system

AW + Ay () =0,
/ 1 / 1
ALY = A () =~
o V

The first equation implies on = w+/—2A as in (5.17). Substituting for A in
the equation A (1) = éA/M(n), we get o = 25/, Finally, substituting into

1 : 2 .
<N (m) = 1/v gives v = 2 coth(*;%), as desired. [

6. Further questions. One of the consequences of Theorem 1.1 is that for
each « € (8/3, 8) there exists a constant ¢ such that the following is true. Almost
surely,

sup S, () = ¢(1 + o(1)) log(1/e) as e — 0.

zeD
Is it possible to remove the o(1) and give the order of the correction term? In
particular, in analogy with the work of Bramson and Zeitouni [2] for the discrete
GFF, is it true that there exist a constant b such that

sup S, (e) =clog(l/e) + bloglog(l/e) + O(1) as ¢ — 0?
zeD

Do the discrete loop models that are known to converge to CLE have the same
extreme nesting behavior as CLE?

Notation.

D is a simply connected proper domain in C, thatis, @ C D C C (page 1013).
" denotes a CLE, process on D (page 1013).

N (&) is the number of loops of I" which surround B(z, ¢) (page 1013).

®, () is the set of all z € D such that NV (¢) = (v + o(1))log(1/¢) as ¢ — 0
[(1.2) on page 1015].

L is the sequence of loops of I which surround z (page 1015).

£ is the jth loop of I" which surrounds z (page 1015).

U/ is the connected component of D \ £ which contains z (page 1015).

¥« (V) is the exponent for how unlikely it is for a point to be surrounded by a v
density of loops [(1.4) on page 1016]:

logP[J 5, = (v4o(1))log(1/r)] = (v (v) + o(1)) log(1/r).

e A, is the log moment generating function for the log conformal radius distribu-
tion, and A} is its Fenchel-Legendre transform (pages 1016, 1020).
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e S;(¢) is the sum of the loop weights over the loops of I which surround B(z, ¢)
[(1.6) on page 1018].

° /\N/Z(s) and gz (&) are normalized versions of N (¢) and S,(¢), obtained by di-
viding by log(1/¢) [(1.1) on page 1014 and (1.6) on page 1018].

e (. is the weight distribution on the loops (page 1013).

e (T;)72, is the sequence of log conformal radii increments for CLE loops which
surround a given point (page 1027).

o 1, =2"&+D and 5, = [Ti<j<xtj (page 1034).

° JQ, is the index of the first loop of £, which intersects B(z,r) [(3.6) on
page 1029].

° ]ZC is the index of the first loop of £, which is contained in B(z, ) [(3.6) on

,r
page 1029].
e I, (¢) is the set of loops of I which surround B(z, €) (page 1041).
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