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We consider stochastic dynamical systems on R, that is, random pro-
cesses defined by X} = \Iln(Xﬁfl), Xg = x, where ¥,, are i.i.d. random
continuous transformations of some unbounded closed subset of R. We
assume here that W, behaves asymptotically like A,x, for some random
positive number A, [the main example is the affine stochastic recursion
WU, (x) = Apx + Bp]. Our aim is to describe invariant Radon measures of
the process X, in the critical case, when Elog Aj = 0. We prove that those
measures behave at infinity like de We study also the problem of unique-
ness of the invariant measure. We improve previous results known for the
affine recursions and generalize them to a larger class of stochastic dynam-
ical systems which include, for instance, reflected random walks, stochastic
dynamical systems on the unit interval [0, 1], additive Markov processes and
a variant of the Galton—Watson process.

1. Introduction.

1.1. Stochastic dynamical systems. Let § be the semigroup of continuous
transformations of an unbounded closed subset R of the real line R endowed with
the topology of uniform convergence on compact sets. In the most interesting ex-
amples, R is the real line, the half-line [0, 4-00) or the set of natural numbers N.
Given a regular probability measure u on §, we define the stochastic dynamical
system (SDS) on R by

Xr =x;
(1.1) 0
X, = ‘yn( ﬁ—l)?
where {W, } is a sequence of i.i.d. random functions, distributed according to .

The aim of this paper is to study conditions for the existence and uniqueness,
as well as behavior at infinity, of an invariant infinite Radon measure of the pro-
cess X, that is, of a measure v on R such that

(1.2) pxg v(f) =v(f)
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for any f € Cc(R), where
s o) = [ ELF (X))o = A | fe@m@nas).

There is quite an extensive literature on the case when the process X, is pos-
itive recurrent, that is, it possesses an invariant probability measure. The exis-
tence of such a measure can be proved supposing that the process has some
contractive property (e.g., if ¥, are Lipschitz mappings with Lipschitz coefficients
L, =L(V,) and E[log L{] < 0), [9]). This invariant probability measure is well
described in several specific cases, such as affine recursions [i.e., ¥ (x) = Ax + B],
namely in the seminal paper of Kesten [15]. Goldie [13] and recently Mirek [19]
generalized Kesten’s theorem to stochastic recursions such that W (x) behaves like
Ax for large x. They proved that if EA = 1 (and some other hypotheses are sat-
isfied), then

: K . J—
zl_l)ngoz v{x:|x| >z} =Ct>0.

In other words, the measure v is close at infinity to ijrff .

Less is known for the null recurrent case, especially in a general setting. Exis-
tence and uniqueness of an invariant Radon measure have been the topic of two
recent works: Deroin et al. [8] on symmetric SDS of homeomorphism of R, and
Peigné and Woess [20] on the phenomenon of local contraction. We refer to them
for a more complete bibliography on the subject. As in the contracting case, affine
recursions is one of the first models being systematically approached. A seminal
paper in this area is the one of Babillot, Bougerol and Elie [2]. They proved exis-
tence and uniqueness of a Radon measure and gave a first result on its behavior at
infinity.

The goal of the present work is twofold. First of all, we investigate the behavior
at infinity of invariant measures, and for a large class of SDSs, we generalize and
improve results known for affine recursions. Second, we consider the problem of
uniqueness of the invariant measure. We give a relatively simple criterium that can
be applied for very concrete examples.

1.2. Behavior at infinity. It turns out that to prove existence and to describe
the tail of the measure it is sufficient to control the maps that generate the SDS
near infinity. In particular, we suppose that they are asymptotically linear, in the
sense that there exists 0 < o < 1 such that for all Y € §

(AL%) ¥ (x) — Ag(¥)x| < Bo(¥)(1 +|x|*)  forallx e R

with Ay () and By () strictly positive. We study here the critical case, that is,
Ellog A,]1 =0.

Existence of an invariant measure supported in R is relatively easy to deduce
from the well-known literature, because in this case the SDS is bounded by a re-
current process (we give more details in Section 2.3). The main result of the paper
is the description of the tail of invariant measures at infinity.



1458 S. BROFFERIO AND D. BURACZEWSKI

THEOREM 1.1. Suppose that there exists 0 < o < 1 such that the maps ¥V,
satisfy (ALY) w-a.s. and that

(1.3) EllogAy]=0 and Pl[Ay=1]<1,
(1.4) E[(|log Ay| +log* | By|)*™] < o0,

the law of log Ay, is aperiodic, that is,
(1.5)
there is no p € R such that log Ay € pZ a.s.

Let v be an invariant Radon measure v for the process {X;, },. Suppose that v is
supported by ‘R and it is positive on any neighborhood of +00. Then the family of
dilated measures §,—1 x v(I) := v(z1) converges vaguely on R’ = (0, c0) to C+d7”
as z goes to infinity for some Cy > 0, that is,

lim [ ¢z 'u)v(du)=Cy - ¢>(a)da—“
+

77— 00 Ri
forany ¢ € Cc(R?).

The key example of an asymptotic linear SDS is the affine recursion (called also
the random difference equation). Then § is the set of affine mappings of the real
line ¥ (x) = Ax + B with A > 0 and the process is given by the following formula:

(1.6) X5 = A, X5, + By, b =x.

Our results are also valid for Goldie’s recursions, for example, W(x) =
max{Ax, B} + C (with A > 0) and W (x) = ~/A2x2 4+ Bx + C (with A, B, C pos-
itive). Since the problem can be reduced, without any loss of generality, to the
case o = 0 (see Lemma 2.1), our hypotheses essentially coincide, in the one-
dimensional situation, with the class introduced by Mirek [19]. Our main theorem
should be viewed as an analog of Kesten’s and Goldie’s results in the critical case.

Other interesting examples can be obtained conjugating asymptotic linear sys-
tems with an appropriate homeomorphism. For instance, our result can also be
applied to describe invariant measures of SDS on the interval generated by func-
tions that have the same derivative at the two extremities. Theorem 1.1 also says
that invariant measures of SDS on [0, +-00) generated by mappings exponentially
asymptotic to translations, that is,

Y (x) —x +uy| <vye™ Vx>0

behave at infinity as the Lebesgue measure dx of R, if E(uy) = 0. This result can
be compared with the Choquet-Deny theorem saying that the only invariant mea-
sure for centered random walks on R is the Lebesgue measure. Another interesting
process that is «-asymptotically linear for & > 1/2 is a Galton—Watson evolution
process with random reproduction laws. In Section 6, we give more details on the
different examples.
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Let us mention that in our previous papers [3—5] we have already studied the
behavior at infinity of the invariant measure v for the random difference equa-
tion (1.6). However, the main results were obtained there under much stronger
assumptions, namely we assumed existence of exponential moments, that is,
E[A® + A7% + |B|%] < 0o for some 8 > 0. Theorem 1.1 improves all our previ-
ous results for affine recursions and describes the asymptotic behavior of v under
optimal assumptions, that is, the weakest-known conditions implying existence of
the invariant measure [2]. To our knowledge, for all the other recursions even par-
tial results are not known.

We would like also to remark that, in the contracting case, Kesten’s theorem
requires moment of order at least x and, as far as we know, there exist no results on
the behavior of the tail of the invariant probability when the measure is supposed
to have only logarithmic moment.

The proof of Theorem 1.1 is given in Sections 3 and 4. In order to describe v
at infinity, we give first an upper bound of this measure and prove some regularity
properties of its quotient. The techniques we use in the present paper are more
powerful than those applied in [4], and are heavily based on the renewal theory
for random walks on the affine group. Among other results, we prove directly
that v[—z, z] grows as log z (Proposition 3.1). Next, in Section 4, we consider the
Poisson equation for the additive convolution on R

J@)=pm* fx)+g(x),

where f(x) = [ ¢ (e *u)v(du) for some ¢ € C¢ (IR%) and fu is the law of —log A.
Notice that the asymptotic behavior of f and v is the same, therefore, it is sufficient
to study f. In the contrast to [4], we do not explicitly solve this equation. We
apply techniques borrowed from the work of Durrett and Liggett [10] (see also
Kolesko [16]), reduce the problem to the classical renewal equation with drift and
deduce its asymptotic behavior from the renewal theorem.

1.3. Uniqueness of the invariant measure. Another fundamental question is
to determine whether the invariant measure is unique or not. The nature of this
problem is different from the ones we have considered so far. In fact, uniqueness
depends on the local behavior of the system and it is no more sufficient to control
the random maps only at the infinity.

In the noncontracting case, this problem was studied first by Babillot, Bougerol
and Elie [2] in the context of the affine recursion and they proved uniqueness under
the assumptions of Theorem 1.1. Relying on their ideas Benda [3] studied in full
generality recurrent and locally contractive SDSs. The SDS is called recurrent if
there exists a closed set L such that every open set intersecting L is visited by
X, infinitely often with probability 1. The SDS is locally contractive if for any
x,y € R and every compact set K C R,

(1.7 lim [ X — X;[ -1 (X;) =0 almost surely.
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Benda [3] proved that if {X;} is a recurrent and locally contractive SDS, then it
possesses a unique (up to a multiplicative constant) invariant Radon measure. He
did not publish his results, however, they have been recently incorporated, with
a complete and simplified proof, into two papers of Peigné and Woess [20, 21],
where they also investigated ergodicity of SDS generated by Lipschitz maps with
centered Lipschitz’s coefficient.

Our aim is to consider very concrete families of Lipschitz mappings of R,
as the one presented in Goldie’s work [13]. Although recurrence of the corre-
sponding SDSs is immediate, the main obstacle in applying Benda’s theorem is
the local contraction hypothesis (1.7). In [21], the authors considered the reflected
affine stochastic recursion, being a mixture of the reflected random walk (described
below) and the affine stochastic recursion [defined in (1.6)]. Unfortunately, the
method of hyperbolic extensions they introduce cannot be applied to dynamical
systems, whose dependence on the affine recursion cannot be expressed in such a
direct way.

A different approach can be found in [8], where the authors proved a local con-
traction property for a symmetric SDS generated by homeomorphisms of R. Their
proof is very elegant but is heavily based on the additional assumption that the SDS
is generated by invertible mappings distributed according to a symmetric measure.
In particular, their results cannot be applied to noninvertible SDS, as the one gen-
erated by ¥ (x) = max{Ax, B} + C, one of the most interesting in applications.

Our contribution to the subject is to give sufficient conditions for uniqueness
that can be applied to some concrete mappings of Ry = [0, 00), such as ¥ (x) =
max{Ax, B} 4+ C and other Goldie’s recursions.

THEOREM 1.2. Suppose that R = [0, 00), @ = 0 and that the hypotheses of
Theorem 1.1 are satisfied. Assume moreover that:

(1) there exists B > 0 such that P(¥|[0, +00) C [B, +00)) > 0;

2) AW)x <V (x) < A(W)x + B(Y) forall x = 0;

(3) the functions V are Lipschitz and their Lipschitz coefficients are equal
to A(W).

Then the SDS defined on [0, c0) by (1.1) is locally contractive. Therefore, there
exists a unique invariant Radon measure of the process {X;,} on [0, 4-00).

The proof of this theorem is contained in Section 5.

1.4. Reflected random walk. The reflected random walk is the SDS defined
for x e Ry =0, 00), by

(1.8)
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where u, is a sequence of i.i.d. real valued random variables with a given law pu.
If u, > 0 a.s., then it was proved by Feller [12] that this process possesses a
unique invariant probability measure v, that is, a measure satisfying

wav(f) = f/ (I — yl)v(dx)(dy) = ff(x)v(dx)—v(f)

Moreover, the measure v can be explicitly computed: v(dx) = (1 — F(x))dx,
for F being the distribution function of w. The process has been also studied in
more general settings when u, admits also negative values (see Peigné, Woess
[20] for recent results and a comprehensive bibliography).

Here, we are interested in the critical case when Eu, = 0. Peigné and Woess
[20] proved that if IE(u]L)3/2 < 00, for uf = max{uy, 0}, then the process {X,}
is recurrent on R . As a consequence of Benda’s theorem, the process possesses
a unique invariant Radon measure v on R (local contractivity is easy to prove).
The reflected random walk can be transformed in an asymptotically linear system
by conjugating with an invertible function s of [0, 4-00) such that s(x) = e* for
large x. Then v (x) = s(|s~'(x) — u|) is asymptotically linear with A(y) = e™“.
Hence, Theorem 1.1 can be used to justify that the invariant measure of Y, behaves
at infinity like the Lebesgue measure. Nevertheless, in this case, one can prove
the same result under weaker moment assumptions and a much simpler proof.
A short argument based only on the duality lemma and the renewal theorem gives
the following.

THEOREM 1.3. Assume Eu; =0, I[:?l(u?')s/2 < 00, JE(ul_)2 < oo and the law
W of uy is aperiodic, then for every ¢ € Cc(Ry)

hm / ¢ —x)v(du) = C+f ¢(u)du
for some positive constant C .

The proof of this theorem will be given in Section 6.6.
We are grateful to the referees for their careful reading of the manuscript and
many helpful suggestions for improvement in the presentation.

2. Notation and preliminary results.

2.1. Reduction to condition (AL). Observe first that, conjugating the SDS
with an appropriate function, we can suppose without loss of generality that the
distance of the random map to a linear function is smaller than some constant. In
fact, we have the following lemma whose proof is postponed to Appendix.

LEMMA 2.1. Let 0 <« < 1. Suppose that \r satisfies
(AL%) ¥ (x) — Agx| < By (1 + |x]%).
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Then the conjugate function W, =r oy or~, where r(x) = sign(x)|x|' =%, satis-
fies (AL®) with Ag = Aé_“. The appropriate constant By can be chosen such that
log™ By < Cy(|log Ay| +logt By + 1), for the constant Cy, depending only on a.

If  is distributed according to w, the law v, is given by p, = 8, % *§,-1, and
if v is a p-invariant measure then v, = §, * v is u,-invariant. Thus, if Theorem 1.1
holds for v,, then it holds for v. Indeed
. —1 o —1,—1
lim ¢z u)v(du) _Zlingo/Riqb(z r= (u))v,(du)

Z—> 00 Ri

= lim ¢z~ u/ TN, (du)

Z—> 00 *
R+

T —(1—a), \1/(1-a)

= lim Ri¢((z i) Jvr(du)
da

a

_ c+/ﬂ; $(a"/0-)

d
—ci-o [ s

In order to simplify our notation, we will suppose from now on that @ = 0, that is,
forall y € §

(AL)  AW)x —B(W) <y (x) < AW)x+ B(y)  forallx e R.

Since R is closed, we can extend the property (AL) to all x € R for a suitable
continuous extension of ¥ to R. With a slight abuse of notation, we will denote
with the same letter (e.g., ), the map from R to R and its continuous extension
that verifies (AL) for all x € R. In the same way, v will be seen both as a measure
on R and as a measure on R whose support is contained in R.

2.2. Comparison of X; with the affine recursion. We assume that the maps
A= A(Y) and B = B(y) from § to R* = (0, o0) are measurable and that § is a
monoid closed by composition. Assumption (AL) implies

lim_ y(/x = lim y0/x=AW),
XER XER

therefore, the map A is a homomorphism from § to R* , that is, A(Yr| o Yp) =
A(r1)A(y2). The choice of B is not unique and it can be chosen as big as needed.
Let {W,};2, be ani.i.d. sequence of random variables with values in § of law 1.
We are interested in the study of the iterated stochastic function system
X; =¥, (X;_)) =V, - ¥i(x) and Xj=nx.

n—1
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If hypothesis (AL) is satisfied, the trajectories of the process X;, can be dominated
from below and from above by the affine recursions

@2.1) ZF=A,Z' | —B, and Y =A,Y'  +B,.

n—1"—
where, to simplify our notation, we note A, = A(¥,) and B, = B(¥,). We will
also assume, according to hypotheses of Theorem 1.1, a logarithmic moment of
order 2 4 ¢ and that log A is nontrivially centered. Without any loss of generality,
we can also choose B(), such that

2.2) B,>1 a.s.,
(2.3) P(A,x+ B, =x) <1 for all x.

In such a way, the two-dimensional process (Z;, Y;') satisfies all the assumptions
required by Babillot, Bougerol and Elie [2]. Thus, it is recurrent, locally contrac-
tive and possesses a unique invariant measure.

It will be convenient to use in the proof the language of groups. Namely, let
G = Aff(R) = R x R be the group of all affine mappings of R, that is, the set of
pairs (b, a) € R x RY acting on R: (b, a) : x = ax + b. Then the group product is
given by the formula

(b,a)-(b',a')=(b+ab,ad’),
the identity element is (0, 1) and the inverse element is given by
(b,a)' = (=b/a,1/a).

Let ug be the probability distribution of (B,, A,) on the group G. Then the ran-
dom elements g, = (B;, A;) are i.i.d. random variables in G with law ug. We
define the left and the right random walk on G:

(2.4) Ly=gn--- g1, Ry,=g1- - 2n.
Then Y} = L,(x).

A very important role in our proofs will be played by the random walk on R
generated by —log A;, that is,

(2.5 Sp=—(ogA1+---+1ogA,)

(we put the sign minus to follow notations of our previous works). Since
Elog A =0, the random walk S, is recurrent. Moreover, since we assume ape-
riodicity, the support of S, is just R. We often use the downward and upward
sequence of stopping times

(2.6) lp :=inflk > 1,_1:Sc < 81,1, ty=inflk > 1, _1: 8> 8;,_,}

and [g = o = 0. Observe that #; and /{ are almost surely finite, but have infinite
mean. On the other hand, hypothesis E(|log A|*T¢) < oo guarantees that Sy, and
Sy, are integrable (see [7]).
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In the sequel, we will use, depending on the situation, different convolutions.
We define a convolution of a function f on R with a measure 1 on R as a measure
on R given by

2.7 f*n(K)=/RIK(f(u))n(du)=77(f_1(K))-

Given z € Ri and a measure 1 on R, we define
(2.8) 8 ey 1(K) = fR 1k (zu)n(du) = n(z"'K).

2.3. Existence of an invariant measure. We conclude this section observing
that the existence of the invariant measure on R € R for a SDS satisfying the
hypotheses of Theorem 1.1 follows immediately from recurrence of the process
{X;} and Lin’s theorem [18].

More precisely, consider the positive operator Pf(x) = [ f (¥ (x))u(d¥) on
Cp(R). Then, since Z;, < X;, <Y, and (Z;,Y,) is recurrent, the process {X; }
is recurrent, that is, there exists a nonnegative function u € C.(R) such that
>0 o P"u(x) = oo for all x. Therefore, by [18], there exists a nonnull invariant
Radon measure v on R of the process {X;,}.

Observe that the support of this measure can be bounded (e.g., if the functions
W fix the point O, then the Dirac measure at O is an invariant measure). In this
paper, we are interested in measures having unbounded support. A sufficient (but
not necessary) condition to ensure that the invariant measure is not bounded is to
assume that the random functions W do not fix a compact subset C of R [i.e., there
is no compact C such that P(W(C) € C) =1].

3. First bounds of the tail of the invariant measure. We start to study the
behavior of v at infinity. In particular, we will prove in this section that v(dx)
does not grow faster than ‘i—x, the Haar measure of Ri. The behavior of v at oo is
related to the behavior of the family of measures 6,-1 * v. In this section, we prove
the following.

PROPOSITION 3.1.  Under the hypotheses of Theorem 1.1, we have the follow-
ing:
(1) There exists Co > 0 such that
v[—2z,z] < Co(1 +1logz) forall z > 1.

Moreover, if the support of v is not bounded on the right, that is, v(z, +00) > 0 for
all z e R, then:
(2) There exist M > 1 and § > 0 such that v[z, zM] > 6 forall 7z > 1.
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(3) Forall us > uy > 0, there exists C = C(uy, up, M) > 0 such that

v[eX ™ uy, ¥ us]
3.1 D[t o M1 <C(+y) forallx >0,y > 0.

In particular, the family of measures
when 7z goes to +00.

mézq xv on (0, +00) is vaguely compact

There are two key arguments in the proof of this proposition. One is the follow-
ing lemma that we will use several times in the sequel.

LEMMA 3.2. Let v be a positive p-invariant measure on R. Then for any pair
of intervals V,U C R,

v(V) = P(Tyy < 00) - v(U),
where
W=WV,U)={y eFlyU)CV}
and Tyy is the stopping time defined by Toyy = inf{n > 0: Wy --- ¥, € W}.

PROOF. Observe that the backward process
My, =V W, xv(V) My=v(V)
is a positive martingale with respect to the filtration generated by the W, . In fact,
EMu|Fr—1) =W1- W1k puxv(V) =W Wy kv(V).

Since (Vg - - - \IITQI,)_l(V) D U, for any fixed n € N, by the optional stopping time
theorem,

v(V) = E(Mrgan) = E(Uzg <) U1 -+ Wrgg  v(V)) = P(Tg < m)v(U).

We let n go to infinity to conclude. [J

The other crucial observation is that the backward recursion Wy --- W, (x) is
controlled by the right random walk R,, on the affine group generated by the prod-
uct of g; = (B;, A;) [see (2.4)]. More precisely, given g € Aff(R), we denote by
a(g) and b(g) its projections on R and R, respectively, then

a(Ry)x —b(R,) Vi ¥, (x) <a(Ry)x +b(Ry).

We use these bounds to estimate the stopping time that appears in Lemma 3.2.
In particular, as an immediate consequence of the lemma above, we obtain the
following.
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_ml+m2
’ k+k,

F1G. 1. The set W =W (my,my, k1, kp).

COROLLARY 3.3. Let
W = W(mi, my, ki, k2) = {(B, A) € Aff(R)|Aky + B < my; Ak; — B > m}
(see Figure 1) and Ty = inf{n > 0: R,, € W}. Then we have
v(my, my) = P[Tw < oo]v(ky, k2).

PROOF. The corollary follows from Lemma 3.2, taking U = [k1, k3], V =
[m1, m;] and noticing that Ty > Toy. U

Since the potential theory of the affine group is well understood, we have
enough tools to estimate P(7Tw < +00) in many situations. For a continuous and
compactly supported function f on Aff(RR), we define the potential

U 8g(f) :=E[Z f(Lng>] =E[Z f(&g)]

n=0 n=0
A renewal theorem for the potential U, that is, description of its behavior at infinity,
was given in [2], where the authors proved that for all & € C¢ (Aff(R)):

) dx
(3.2) lim U # 80,0y (h) = vg ® — (h)
a—0 X

for vg being a suitable nontrivial multiple of the invariant measure of the process
Y} =L,(x).
Now we are ready to prove the following lemma.

LEMMA 3.4. Suppose (1.3), (1.4), (2.2) and (2.3). There exist a compact sub-
set

Vo= {(B, A) € Aff(R)||B| < by, a; ' < A < ap)
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and a constant § > 0 such that:
(1) if W, = (0,2) - Vo= {(B, A)||B| < zbp, zay " < A < zap), then
P(Tw, <o00) > 46
forall z > 1;
(2) if Vo=Vo-(0,z7") = {(B, A)||B| < bo, a5 ' /z < A < ap/z}, then
P(Ty, < c0) > Tlogz
forall z>1.

PROOF. Step 1. First observe that for every V C Aff(R)
(3.3) U(VIVP(Ty < 00) = U(V).

In fact,

00 o0
Uw)= Z}P’[Rn eV]= IEI3|:1{Tv<oo} Z l{RTV RnTVeV}}

n=0 n=Ty
<P(Ty < o0)U(V™'V),
where R,l1 = RI_IR,, =gir1° " &n-
Step 2: Proof of (1). By (3.3), we write (assuming the denominator is nonzero)
UWwy)  UW0,2)- Vo)
UW:'wo) UV Vo)
A simple calculation relates the right random walk on the affine group to the

reversed left random walk L, = R, e &n LR gl_l. Observe that for any V C
Aff(R) we have

U(0,2)V) =Y P[R, € (0,2)V]=> P[R; e v71(0,27")]

n

(3.4) P(Tw, < 00) >

=Y P[L,(0,2) e VI ]=0(V7'(0,27")),

where U is the potential of the reversed random walk L,. Since the law of g, !
is also centered and verifies the hypotheses of [2], there exists a unique Radon
measure Vg on R invariant under [ig, the law of g~! = (B, A)~!. Then by (3.2)

. dx
: 1 1y =1y _ (v o XN -1
im U(©0.9V)= lim 0(v(0.2 ))_(va x)(v )

We take sufficiently large Vj such that

d
UMW 'W,)=U(Vy'Vo) >0 and (DG X —x(vol)) >0
X
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and, in view of (3.3), we conclude.
Step 3: Proof of (2). As in the previous step, by (3.3), we write
O U(Vo(0,z71))

3.5 P(T - .
( ) ( Vv, < OO) > U(VZ_IVZ) U((O’ Z)VO_IVO(O’ Z_l))

Now we have to estimate U (V) from below and U (VZ_1 V) from above. The latter
is the most difficult part of the proof.

To deal with this second problem, we decompose the centered random walk
on the affine group in a contracting part and a dilating part using ladder stopping
times. This key idea has been applied in several different ways in important works
on the subject, for instance, [2, 11, 14, 17]. We use here a potential theoretic ver-
sion. Let {g;} be another sequence of i.i.d. elements of Aff(RR) independent and of
the same law as {g;}. We define Sy, I, Iy as in (2.5) and (2.6). We claim that

(3.6) Uy =E[Z f(Ln)] =E[ > f(E‘iLtk)]
n=0

k,i=0

In fact, for n > k define L’; =gn- - gk+1 and Li = e. Observe that

oo o0 l‘k+l_1 o0 tk+1—1
1
E[Z f(Ln)} = E[Z > f(Li)} = E[Z IE[ > f(L,-ker)lLka-
n=0 k=0 i=n, k=0 i=ty
Since for fixed k, the sequence {L?k‘ +i}i20 is independent of L, and has the same
law as {L;};>0, by the duality lemma (see Lemma 5.4 [4]) we have

ter1—1 1n—1 00
E[ > f(LiLy)|Ly =g] =E[Z f(Lig>} =E[Z f(E;.g)]

i=ty i=0 i=0

and we obtain (3.6).

Observe that El', (resp., S;) is a random walk with finite mean and negative
(resp., positive) steps. Take a, b > 2, then by (3.6) and the classical renewal theo-
rem [12], we have

U([—b,b] x [1/a,a])

o0
= Y P[b(R; L) <b; —loga < §; + S, <loga]
k,i=0
o0 —
= Y Ple b(Ly) +b(R;) < b —loga < ) + §;, <loga]
k,i=0

o0
< Z IF’[b(I?l-i) <b;—loga < §l_, + S, <loga] since b(L;) >0
k,i=0
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o o
= ZE[I[b(E)sbJE[Z L toga<s; +5, <toga18i- 1 Oﬂ
i=0 ’ k=0 ’

o0
<Cloga) P[b(R;) <b].
i=0

Since we assume B > 1 a.s., we have fori > 1:

R o pli- -5 —._ — -3
b(Rl_,) = b(Rl_i—lR[_i 1) —e ]l_lb(R[_i 1) +b(R[_i_1) > e i

That is,
OO —
U([—b,b] x [1/a,a]) < Cloga(l +) PIS; = —logb])
i=1

<Cloga(l 4+ Clogb).
Therefore, since
V'V € {(B, A)||BI < 2boaoz, a;” < A < ap),
we obtain
U(VZ_1 V) < K logao(1 + log z + log(2boay)).
To estimate U (V) from below as in the previous case, we just apply the renewal

theorem (3.2). Plugging those estimates into (3.5), we conclude. [J

PROOF OF PROPOSITION 3.1.  Step 1: Proof of (1). We apply Corollary 3.3
with [k1, ko] = [—z, z] and [m1, m2] = [—2bg, 2bp] and consider, according to the
notation there, the subset of Aff(RR)

W (=2by, 2bg, —z, z) = {g € Aff(R)|g([—z, z]) S [—2bo, 2bo]}
={(B, A)|Az + B < 2by}.

This subset contains the set
byt b
V, = {(B, A)‘L <A< Bl < bo}.
Z Z

We can apply Corollary 3.3 and, choosing bg large enough, Lemma 3.4(2) to con-
clude:

b2 < V=200, 2b0]
’ - P(Tvz < OO)

Step 2: Proof of (2). Take M > 1 and 0 < k; < kp. Set [m1, m3] = [z, ZM].
Then by Corollary 3.3

< Co(1 +1ogz).

v[z,zM] > P(Tw, < oo)v[ky, k2],
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F1G. 2. The set W = W(z,zM1,kq, k).

where
W, =W(z,zM, k1, k) = (0, 2)W({1, M, k1, kz) =: (0, 2) W
(see Figure 2). Observe that if k1, M and M/ k> tend to infinity, then
Wi ={(B,A)|Aki — B > 1, Ak, + B < M}

grows to Aff(R). Thus, there exists C > 0 such that if k; > C, M > C and
Mk, > C, the set W contains the compact set V defined in Lemma 3.4. There-
fore, P(Tw, < o0) is uniformly bounded from below for large values of z. More-
over, since we require the support of v to be unbounded on the right, one can
choose k; such that v[kq, k2] > 0 and we conclude.

Step 3. Proof of (3). Let ap, bo be sufficiently large numbers such that
Lemma 3.4 holds. Take M > max({2, 4a3}.

up M

First suppose that FriE Take [mi,m2] = [e¥,e"M] and [k1, k2] =
0

[e*tYuy, e* ™ us]. For x > log(by), the set
W(e*, e"M, e P uy, e uy)

={(B, A) € Aff(R)|Ae*uy + B <e*M; Ae*Vu; — B > &*}

contains the set

2
V()’)={(B,A)EAH(R)|B<I70,—SAS .
evuy eY2uy

Sipce (%) / (e)%“ = ’4‘4”"21 > a(%, we can apply Lemma 3.4 and prove that there
exists C > such that
v[e*TVuy, e¥u 1
[ ! 2] < <C(l+y) for all x > logbg, y > 0.

v[e*,e*M] T P(Ty(y) <o0)
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By the previous steps, the last inequality is satisfied for 0 < x < logbg and all
y > 0.
For general U = [u1, us] with ”2 > 4M2, we can deduce (3.1) covering U with a
a)

finite number of small intervals. D
Since the law of log A is aperiodic, proceeding as in [2] and [4], one can prove
that the family of quotient measures is asymptotically invariant under the action of
R% and converges to the Haar measure of R .
COROLLARY 3.5. Under the hypotheses of Theorem 1.1
llzrgngZq *v(¢) > 0,
where ¢ is an arbitrary nonzero and nonnegative element of C.(0, +00).
Furthermore, for ¢1, ¢p2 € C-(0, +00) and ¢, not identically zero,
§.1xv(p) Jrr #1(a)((da)/a)
im = .
=08 1k v(d2)  Jpr $2(a)((da)/a)

3.7

Therefore,

(3.8) lim Ot *v(@)
x—>+00  §,—x x V()
and
8-ty * V()
(Se*" * V(d’)

In particular, the function L(z) = §,-1 * v(¢) is slowly varying.

<Ky(1+y) forall x,y > 0.

PROOF. For the reader’s convenience, we present a sketchy proof (see Propo-
sition 2.2 [4] for more details). First, take a Lipschitz function ® whose compact
support contains (1, M) and let L(z) =6,-1 * v(P). Since the family of measures

~ 1 . .
v, = ngézq * v is vaguely compact, for every sequence we can extract its subse-
quence v, convergent to a limit measure 7.

For every Lipschitz compactly supported function ¢ and ¥ € §, there exists a

compact set U = U (¢, V) such that

o(57) ()= 2 ()

and
lim | [ (V) /zn)v(du) — [ $((Au)/zn)v(du)]
n— 00 L(Zn)
-1 -1
< lim Clz, 'blv(a™ z,U)
n—o00 L(Zn)

< Cnla™'0)- tim |26 =
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Thus, the function

8.1y ¥G V()
_ 1 0,zn ' y)
) =8y #n(¢) = lim —=7"—

on R is superharmonic with respect to the action of 4, the law Aj. Since h
is positive and continuous, by the Choquet—Deny theorem it must be a constant
function, that is 8, * 1(¢) = n(¢) for every a € R} . Because n(®) = 1, then 7 is
a fixed multiple of the Haar measure of R and

oy S xv@) _ [¢@(da)/a)
i—>+0 8 1 xv(®) [ D(a)(da)/a)’

This proves (3.7) and (3.8). In particular, if ¢ is nonzero, by Proposition 3.1, we
have

lizn_l)gfrﬁz_l *v(p) > /¢(a)ciz—a 'liZIll)glgf(Sz—l * V(D) > 0.
Take k such that the support of ¢ is contained in [1/k, k]. Then
e~ O w1 (¢) _ vlet/M. e M] v[e* T /k, e" k]
e *xv(p) T e Fxv(p) v[e*/M,e*M]
because the first quotient is bounded. [

=K+,

4. Homogeneity at infinity. In this section, we finish the proof of Theo-
rem 1.1. The main idea of the proof is similar to our previous papers [4-6]. Given
a nice function ¢ on R’ we define the function

f(x)= / (e u)v(du).
Ry
Behavior at infinity of the measure v is coded in the asymptotic behavior of f. To
describe f, we consider it as a solution of the Poisson equation

o f(x) = f(x)+gx),

where [ is the law of —log A and the function g is defined by the equation above.
We cannot use the classical renewal theorem, since the measure i is centered. In
our previous papers, we expressed f as a special potential of g. However, this ap-
proach was technically involved and it was not possible to establish the optimal
hypotheses. Here, we apply ideas due to Durrett and Liggett [10], who studying a
similar equation and applying the duality lemma, were able to reduce the problem
to the classical renewal theorem. In Proposition 4.1, we determine weak assump-
tions in the terms of the Poisson equation that enable to control the asymptotic
behavior of the solution.

In the second part of the section, we apply this result to our problem. We show
that there exist slight perturbations of the functions f and g defined above which
satisfy all the required conditions. Finally, we deduce our main result proving that
the tail of the measure v converges at infinity.
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PROPOSITION 4.1. Let i be a centered probability measure on R with finite
moment of order 2 + € for some € > 0 and let f be a continuous function on R
such that

4.1 0<f(x)<C(l+x%) and /y fydx <C(1+y"),

where x* := max{0, x}. Let g be the continuous function on R defined by the
Poisson equation:

(4.2) ok f(x) = f(x) 4 g(x).

Suppose also that g is directly Riemann integrable, then

“3) Jim E[f0 8] - £ = e / g dx,

where S,, is the random walk of law [i1 and t and | are the stopping times
t=inf{n >0:8, >0} and [=inf{n>0:S§, <0}.
Moreover, if [p g(x)dx =0 and [ |xg(x)|dx < o0,

x+S;
(4.4) ) LirfooE[ / f(z)dz] f xg(x)dx.

1
E[S]

The notion of directly Riemann integrable functions is fundamental in renewal
theory and allows to apply the classical renewal theorem to the function g (see,
e.g., Feller [12]). The proof of this proposition will be given in Appendix.

Let v be a p-invariant Radon measure on R. We would like to apply the previous
proposition to the function f(x) = §.—x * v(¢p) for some fixed positive function ¢ €
CC (R%). Unfortunately, we are not able to justify that f satisfies all the required
hypotheses The main reason is that we are not able to control local properties of
a general measure v, namely its behavior near 0. Thus, the function f may not be
sufficiently integrable at —oo. However, it turns out that one can slightly translate
the measure v to overcome the problem

For this purpose, given ¢ € C/ ¢ (R%) and wo > 0 define

1) = [ Ble™ = wo))v(du.
8o (X) ==L *R fp(x) — fp(x).
Observe that f(x) = §e—x * vo(¢) where vy is the measure v translated by wo:
(@) = [~ wov(du),
R

that is, the invariant measure of the SDS obtained by conjugating the original one
with the translation by wg:

Yo(x) =¥ (x + wp) —
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Denote by ug its law. Observe that A(yo) = A(y) and we can choose B(yg) =
Awg + wo + B, hence o satisfies our main hypotheses if @ does. Since the trans-
lation does not change the asymptotic behavior, the measures vy and v behave in
the same way at oo, namely

(4.5) dim () = Be-s 0(9) = 0.

In fact,
+oo o0
/ |p(e " (u — wop)) — p(e  u)|v(du) < C/O le ™ wo|1[exm.ex (M+wp) v (due)
—00
< Cle " wol|log(e* (M + wy)),
when supp(¢) C [m, M]. Summarizing, translation of the invariant measure does
not change the problem we study, nor our assumptions. Existence of a correspond-

ing wp is provided by the following lemma, whose proof will be given in Ap-
pendix.

LEMMA 4.2. There exists wg > 0 such that for all ¢ € Cé (R%) the functions
fo and gy satisfy the hypotheses of Proposition 4.1.

Now we are ready to prove our main result.

PROOF OF THEOREM 1.1.  We claim that [ g4(y) dy = 0. In fact for all y we

can apply Corollary 3.5
JoOFY) _ iy St xw0(@)
r=>t00 fy(x) x—+o0 e™F xvp(9)

thus, since [E(S;) is finite, by dominated convergence E( f4(x + S;)/fs(x)) also
converges to 1. Fix ¢ > 0, then there exists x, such that for all x > x,

<é&

1
Mm@+&ﬂ—mm+E§/wUMy

and
‘Mmu+&n_4<
fo(x)
Therefore, fy(x) > | [g4(y)dyl/(eES;) — 1. Since by Lemma 4.2,

X
[ fomay<ca+,
—00
forall x > x, >0

x d
cu+nz/fuw@z(ﬁ%§}ﬂ—

Xg

1>(x — Xg).
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That is,

C(1
<eES; <hm1nfg + 1) =cES,;(C +1).

X—>+00 X — Xg

’/ 8p(y)dy

Letting £ N\ 0, we conclude.
In view of Corollary 3.5, the quotient f(x + y)/fs(x) is uniformly dominated
by 14+ S; forx >0and 0 <y < §;, thus

S S,
/tf¢(x+y)d thldyzst. P as.
s Jo(x) 0
By Fatou’s lemma,
S S
4.6) liminfE|: Jolety) dy} . E[]imjnf Ffox )
X—00 0 f¢()€) x—00 Jo f¢(x)

Therefore, by Proposition 4.1,

dy} =E[S,].

ELfy" fp(x +y)dy]
ELfy" (f(x + ¥)/ fp(x)) dy]

<— | go(x)xdx.
Emmm¢é¢
In particular, this proves that f,(x) is bounded above. Since by Corollary 3.5, we

already know that f4(x) is bounded below, f St f¢}()z+)y) < CS;. This allow to

use the dominated convergence theorem instead of Fatou’s lemma in (4.6) and to
replace the inferior limit with the real limit and the inequality with the equality.
Thus, we have

hm sup fo(x) = hm sup

S;
Jim_fs(x) = lim i?[fo fo(x +y)dy]
YZORLSo (fpx + )/ fp(x)) dy]

= ;/ xX)xdx = L’/ (x)xdx
" E[SIES] e ~ o2 Je®? ’

where 02 = fxz,ll(dx) (see [12] for the proof that E[S;]JE[S;] = 02).
To conclude, take a nonzero nonnegative function ® € C Cl (0, +00). We have
proved that the following limit exists:
lim 6,1 % v(P) = lim fox)=C
400

7—>+00

and by Corollary 3.5 the constant C is strlctly positive. The same corollary also
implies that for all ¢ € C.(0, +00)
—1 % V()

z—1>151-10082_1 % V(d)) l}l_}_loomz_l)llll (S -1 % U(q>)

c a
:&¢mmmvmé¢@2“ O
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5. Uniqueness of the invariant measure.

PROOF OF THEOREM 1.2. Notice first that for any compact set K

dim L (X3)[ X5 = X0| < |y = Y/ [limsup Ay - Ay 1k (X))

= |y — /| limsup —X%IK(X%)
n—soo Xp/(A1---Ap)
C(K)

<limsup —————.
n—oo Xp/(A1---Ap)

Thus, it is sufficient to prove that

. X
lim ——— =+o00.
n—>o0 Ar... A,
. Y . . .
Notice that the sequence Al}-(-{lA,, in nondecreasing. Indeed, since W, (qu) >
y
A”Xn—l’

X; _wn(X,{_l)> X

n—1

Ap---A, A|---A, " Al---A,_1

Therefore, it is enough to justify that for arbitrary large fixed M > O the sequence
is a.s. at least once greater than M. Let

Ug,y = {¥ € FI¥[0, +00) C [B, +00) and A(¥) < y}
and
V, = (W e FIAW) <al.

In view of our hypotheses, there exist « < 1, 8 > 0, and y such that these two sets
have positive probability. For a fixed xg, take N > 0 such that ¥~ 'Myxg < B
and let Yo = Y12 with ¢y € Ug ), and ¥, € VaN_l. We claim that

Yo(x)
A(Po)x

5.1 >M for all 0 < x < xo.

In fact,

Yo(x) = Y1 (Y2(x)) = B> M(ya ~xg) > MAW1)A(Y)x > MA(o)x.

Observe that since X; is recurrent, there exists xo > 1 such that P[0 < X, <
xp i.0.] =1 for every y > 0. Let us fix y, xo and define a sequence T} of hitting
times of [0, xo]

To =0,
Ty =inf{n > Tr—_1 + N : X} < xo}.
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By recurrence, all Ty are almost surely finite. Let \Ill.j =W o0---0Wy, then
{\IIT"Jr } is a sequence of i.i.d. random transformations distributed as uV. Since

T
uN (Ug., VN=1) > 0 there exists almost surely ko such that \IJT: eUp, VN1

Then, by (5.1), we have

Tk +N
X7, 4 o (X7)
0 > > M.

Al"'ATkO+N Al"'ATk0+N ATk0+l"'ATkO+NXTk() O

T N
v (X, %o

6. Examples. In this section, we present some of the more significant classes
of stochastic dynamical system to which the results of the previous sections apply.

6.1. The random difference equation. The first example is naturally the SDS
induced by random affinities, that is ¥,(x) = A,x + B,, for a random pair
(Bn, Ap) € R x R%. Then X, is given by formula (1.6). This process is called the
random difference equation or the affine recursion. It is well known that under the
assumptions of Theorem 1.1 this process is recurrent and locally contractive, thus
it possesses a unique invariant Radon measure v; see [2]. Behavior of this measure
at infinity was studied previously in [4—6] under a number of additional strong hy-
potheses. Theorem 1.1 provides an optimal result, in the sense that the hypotheses
implying existence and uniqueness of the invariant measure, are sufficient also to
deduce that this measure must behave at infinity like Cdx dx

6.2. Stochastic recursions with unique invariant measure. Our results can also
be applied to a more general class of stochastic recursions that behave at infinity
as Ax [i.e., ®(x) ~ Ax for large x]. In the contracting case (E[log A] < 0), those
recursions were studied by Goldie [13] (see also Mirek [19], who described this
class of recursions in general settings, including more examples). Just to give some
concrete examples let us mention that our results are valid (under rather obvious
and easy to formulate assumptions) for the following examples:

o ¥y, (x) =max{A,x, By} + Cp, for A,, By, C;, > 0.
o Wy, (x) = /A2x2 + Byx + Cy. for Ay, By, Cy > 0 and A = B? —4A2C <0.

In both cases above, the mappings ¥; , are Lipschitz with the Lipschitz coefficient
equal to A. This is obvious for the first example. For the second one, denote xg =

252, D= -7 A2 Observe that since W , (x) = VAZ(x — x0)? + D, its derivative

205 —
\Ilé,n(x)z A”(x — x0) _A 1 A

VAR —x0) +D 1 (D/(A2(x - x20)2)

is an increasing function that tends to A. Hence, under appropriate moment as-
sumptions, the SDS on R generated by the random functions defined above sat-
isfies assumptions of both Theorems 1.1 and 1.2. Therefore, the corresponding
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random process possesses a unique invariant measure, which behaves at infinity
like €4

If we do not suppose A = B2 —4A%C < 0, then W, , are still asymptotically
linear functions to which Theorem 1.1 applies, but we cannot prove uniqueness of
an invariant measure.

6.3. Random automorphisms of the interval [0,1]. SDSs acting on the real
line after conjugating by an appropriate function can be seen as random automor-
phisms of the interval [0, 1] fixing the end points. Our key property (AL) is trans-
lated in this setting into requiring that the automorphisms “reflect” at the same
way in 0 and in 1, in the sense that the derivative in these two points has to be the
same. The B term is then related to the term of order two at these end points [or
order 2 — «, if we conjugate a SDS that satisfy (AL%)]. More precisely, we have
the following.

COROLLARY 6.1. Consider a SDS on [0, 1] defined by random functions ¢ €
C ([0, 1]) fixing O and 1, differentiable at the extremities of the interval and such
that

¢'(0) =¢'(1) =: ay.

Let
0 . 0 . ¢ (u)
= f (1-— 0 = f 0,
Ai ue[l(;}l/Z]( @) >0, b2 D
A= sup ‘M < oo,
uel0,1/2] u
) . I —¢@)
1 1
= f 0, = f ——=>0,
181 ue[lln/Z,l]d)(u) = '82 ue[lll}Z,l] 1—u =
—1- —1
ﬂ31 = sup ¢(u) a¢2(u ) < OQ.
uell/2,1] (u—1)

Suppose that E[|logay|**¢] < oo, E[|log Bi|>T¢] < oo, for some & > 0, all i, k,
and that E[logag] = 0. Then the SDS on [0, 1] is conjugated to an asymptotically
linear SDS on R that satisfy the hypotheses of Theorem 1.1. Therefore, there exists
at least one invariant Radon measure v on (0, 1) and for every such a measure v,
which charges a neighborhood of O, there exists a strictly positive constant C such
that forall 0 <a <b < 1

lim ¥(a/z, b/z) = Clogh/a.
z—>400

PROOF. Let
1

1—u

1
r(u)=——+
u
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be a diffeomorphism of (0, 1) onto R. In the technical Lemma A.3, whose proof
is postponed to Appendix, we prove that the conjugated function Wy =ro¢ o r1
satisfy (AL) for A(Wy) = 1/ay and

Atap+p3) 1 (+ag+8) L)
a3 By ag By B/
where C, depends only on the function r. Thus, under the hypotheses of the corol-
lary, the conjugated SDS satisfies the assumptions of our main theorem.
Let fi be the law of ¢ and u = r * i % r—! be the law of the conjugated SDS

on R. Then v is a u-invariant Radon measure on R if and only if b = r~! % v is
a fi-invariant Radon measure on (0, 1). Then by Theorem 1.1 and since |r(u) +

1/ul <2forO<u<1/2,
(52 ()b B) (-5

§V<—£—2,—£+2)+v(—£—2,—£+2)—>0
a a b b

B(W,) < C,(

for z — 4o00. Thus,

o . Z z
Zlulloov(a/z,b/z)—ZBva(—;,—Z) =Clogb/a. [

6.4. Additive Markov processes and power functions. When an asymptotically
linear SDS is conjugated by a homeomorphism of the real line which behaves as
the exponential at infinity, it is transformed into a SDS that is asymptotically a
translation or, by the reversed conjugation, a power function.

More precisely, consider a SDS generated by functions ¢ such that

6.1) | (x) — x + sign(x)uy| < vge !

for some constants ug and vg. This class contains mappings of [0, oo) that are
equal to translations outside a bounded set, that is, a Markov additive process as
defined in Aldous ([1], Sections C11, C33). Let s be a continuous bijection of R
such that

—X

s(x)=¢* forx>1 and s(x)=—e forx < —1.

Then the SDS generated by ¥4(x) =so¢ o s~ ! satisfies hypothesis (AL) with
A(yg) =e 9. Hence, under moment conditions that can be obtained with stan-
dard calculations, if E(uy) = O there exists an invariant measure which behaves at
infinity as the Lebesgue measure dx, that is,

Z_1)i1J1r100f)(05—i—z,,B—i-Z)=C(/3—0l)

for every measure of unbounded support, some constant C > 0 and all 8 > «.
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In a similar way, a SDS generated by function ¢ such that
x| - sign(x)e P10+ < 4 (x) < |x|% - sign(x)e b1 log(xI+2)"

for some « is associated to an a-asymptotically linear system by the reverse con-
jugation ¥ (x) = s7lo ¢ os and A(Yy) = a. Thus, if E(loga) =0 and some
moments are finite, for any invariant measure v, whose support in unbounded on
the positive half-line, there exists a strictly positive constant C such that for all
l<a<§p

. log B
Z 7\ —
ZhrJP D(c ,ﬂ)_Clogloga.

6.5. Population of Galton—Watson tree with random reproduction law. Con-
sider the following model of reproduction of a population. Let {p,|w € 2} be the
set of probability measures on the set of natural numbers N and A(dw) be a proba-
bility law on 2. At each generation, a law of reproduction p,, is chosen according
to A(dw) and each individual j is replaced by r; offsprings, r; chosen according
to the law p, and independently from the other individuals. To prevent the ex-
tinction of the population, a random immigration i,, it added to the population.
More formally, if the population consists of x € N individuals, the population of
the following generation is

X
Vor(x) =iy + er,
j=l1
where the reproduction law w € €2 is chosen according to A(dw), r = {r;}; are
ii.d. of law p, and i, is a random variable. If every generation is independent
from the previous one, then the evolution of the population is a SDS on R = N of
law u(dy) = ®pu, (dr)A(dw). If Erlz < 00, the law of iterated logarithm proves
that the v, r are p-almost surely a-asymptotically linear with an error of order x“
for all @« > 1/2 and

A(Y)=A, = / rp,(dr) = average number of offspring per individual for p,,.
N

Unlike the classical Galton—Watson process, in our context A, is not constant, but
varies from one generation to another. The key parameter, that decides whether
the system is recurrent, is E(log A,) = [log A,A(dw). To apply Theorem 1.1, we
need to control moments of B(y). The details are stated in the following lemma.
Our estimates are fairly rough and the hypotheses could be probably improved, but
this go beyond the purpose of our paper.

LEMMA 6.2.  Suppose E(r{) = [ [ 7] po(dr)i(dw) < 0o. Let a > 3/4 and

[V r(x) — Apx]
B =B = ’
V) w,r i:g ]

k)
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then there exists a finite constant Cy that only depends on o such that
2 . \2
E((logt B(¥))™™) < Co(1 +E((log" in,) ) + E(r])).

PROOFE. Observe first
|Wa),r(x) — Apx| <i,+ | Z);':](rj — Ayl ‘
x% 41 X% 41

Thus,

| 32521 (rj — Ap) [\ 2T
(log™ B(y))*™ < C((C +logT i) > + sup (log+ =) 7o ) )
xeN x¥+1

Let y; :=r; — A, be centered random variables. For a fixed reproduction law w,
denote by PP, the quenched probability. Since under PP, the variables y; are inde-
pendent, E,(y;,¥j,¥j;Yj,) = 0 if there exists an index ji that is different from all
the others. Then standard calculus shows that

X

4
X

Ew[ZyJ} = > Eo0jypyiyi)
j=1

J1,J2, 73, ja=1
= xEo(y}) + 3x(x — D(Eu[y?])* < 4x2E,, ().

Finally, since o« > 3/4, we have

E(sup(log+ |Z)J€=l(r/ B Aw)|)2+€)

xeN x¢ + 1
X yilG Eoll X%, ;14
wex(g () ) ex( 5 =)
ey X+l ien @+ D
4x7E, (v} 4xE(y}
< CE(Z T ) —cy Tl <o .
xeN xeN

6.6. Reflected random walk in critical case. The reflected random walk
Vi =Y —unl,

is an example of an asymptotic translation for which (6.1) holds. Thus, we can
apply our main Theorem 1.1. However, in this case the same results hold under
weaker hypotheses and a much more direct proof. We give here the proof of The-
orem 1.3, stated in the Introduction.

PROOF OF THEOREM 1.3.  Define the upward ladder times of S, = >_7" | u;:

to=0,

tk+] = 1nf{n > 1y : Sn > Stk}
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and put uy = S, — S;_,. Then {it;} is a sequence of i.i.d. random variables and
every uy is equal in distribution to Sy, . We define reflected random walk for {i}:

7 =x.
Vi =Y = i,
then Y,f = Yt’]:. In view of the result of Chow and Lai [7], E(ﬁk)l/z < 00 and this is

sufficient for existence of a unique invariant probability measure v; of the process
{Y;"} (see [20] for more details). Let us define the measure

t—1

w(f)= [ JE[Z f(Y,f)}vz(dX)-
+ n=0

Notice first that this is a Radon measure. Indeed, define /; = inf{n > [;_;: S, <
Si;_,}. Since IE(ul_)2 <00, —o0 < ES; <0 (see [7]). Take any f € Cc (R, ), then
by the duality lemma [12]

t—1
vw(f)=[ E S = 8p) |ve(dx)
J o e o
(6.2)

:/ E[Z fx —Sln)]vt(dx).
R+ n=0

By the renewal theorem,

E|:Zf(x—Sl”):| <CEM#n:a<x—-35,<pBl<C|f -«

n=0
therefore, vo(f) is finite, and thus vy is a Radon measure.
Next, since w; * v; = v;, we have

t—1
W vo(f) = /R /R E[Z f(Y,lx_y)}M(dy)v,(dx)
+ n=0

:fR E[Z f(Y;):|Ut(dx):VO(f)—
+ n=1

Therefore, vg is a u invariant Radon measure, so vg = Cv and without any loss of
generality we may assume v = V.
Finally, by (6.2), the Lebesgue theorem and the renewal theorem

le)ngo /R+ fu—2)v(du) :ZE’H&O/IMEL;) f&x—=38, — z)i|v,(dx)

1
= “ES, /]R+ fx)dx

and the theorem is proved. [J
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APPENDIX: PROOFS OF TECHNICAL RESULTS

In this appendix, we give the postponed proofs of the technical results stated
in Lemma 2.1, Proposition 4.1, Lemma 4.2. At the end, we formulate and prove
Lemma A.3, which is used in Section 6.3.

PROOF OF LEMMA 2.1. We will prove the result only for positive x, since for
negative values of x the same argument is valid just by conjugating with the map
X = —Xx.

Suppose first x > 1. We have

r(Aar™ () = Bo (14 [r ' (0)|"))

<, (x) <r(Aer ™' (x) + By (1 4+ [r 1 (0)[")),
r(Aaxl/(l_“) — By (1 +xa/(1—ot)))

<Y (x) <7 (Agx 070 4 By (14 x%/079)),
r(Agx/1=9 = Bycyx®/1-0)

< Yr(x) < 7 (Agx 17 4 Bueax®/(17%),

where ¢, only depends on «. Suppose further x > ¢y By/Aq, then Agx!/0=®) —
Bycgx® (179 = 0 and

(Aaxl/(l—a) _ Bacaxa/(l—a))lfa

<v¥r(x) = (Aaxl/(l_"‘) + Bacax“/(l—“))l_“‘,
A(lx—ozx(l—a)/(l—a) _ A;ax_a/(l_a)Bacaxa/(l_a)

< (x) < Al7exU=e/U=) 4 _gyAjex—@/A=0p ¢, x@/ 1=
A7y — AZ¥Bycy

<Yr(x) < A% 4+ (1 — @) AL Bycy

since for xog > 0 and & > 0, by concavity (xg + hl-o < xé_“ + (- a)xo_ah
and (xo — )7 > xé_‘" — xy“h. Hence, we proved the lemma for x >
max{l, cq By/Ay} Now, for x < 1

"(Aaxl/(l_a) — Bo(1 +x‘¥/(1—a)))

< U () = P(Aax 0 4 By (14 x9/ 1)),
—(2By)' ™

<Y (x) < (Ag +2B,)'
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and for x <cyBy/Aqg.

Co By a/(l—a))>1—o¢
—| Bx( 1
(0 (57)

B\ 1/(~a) B\ o/ (1=a) \ @/(1-a)
swr(x)s(Aa(cj‘ ) +Bo,<1+("”‘;l ) )) .
o o

Hence, the lemma follows. O

PROOF OF PROPOSITION 4.1. Step 1. Let #; and [; be the stopping times
defined in (2.6). Let U; be the potential of the random walk ;, and let

o
R(x):= Y E[g(x + 85;)] = Ui(5; *r &)
k=0
Since the function g is directly Riemann integrable and —oo < ES; < 0, the func-
tion R is well defined and finite for every x. Notice also that by the duality
lemma [12]

00 t—1
(A.1) R(x)=) E[g(x+S;,)] =E{Zg(x+5k)i|.
k=0 k=0
Step 2. We claim that
r—1
(A.2) E[f(x+S)]—f(x)= E[Z glx+ Sk):| = R(x).
k=0

Indeed, the process f(x + S,) — Zz;é g(x + Sr) forms a martingale [for this
purpose one just has to iterate the Poisson equation (4.2)]. Then for any fixed n,
T A n is a bounded stopping time, therefore, by the optional stopping time theorem
we have

(tAn)—1
F)=E[f(x+ Sian)] = E[ Y g+ Sk):|-

k=0

To justify that, we can let n tend to infinity and change the order of the limit and
the expected value to obtain (A.2) observe that

E[f(x + Siam)] < CE[1+ (x + Sian) 7] < CE[1 + (x + §1) 7] < o0
The second term is uniformly dominated in n by

t—1 [e%)
E[Z gl(x + Sk):| =Y E[lgl(x + S)] < o0,
k=0

k=0

therefore converges to R(x) when n goes to infinity.
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This proves that
E[f(x+S)] = f(x) = R(x) = Ui(6x *r &)

and by the renewal theorem we obtain (4.3).
Step 3. Let

G(x):= /_xoog(z) dz.

If we suppose [ g(x) dx = 0 then

G(x)= f+oog(z) dz — /xoog(z) dz = —/;OOg(z) dz.

—0o0

Thus,
G| = [ @ dzl () + | 8@l 110,100 (0) = G1 () + Ga)

and G is directly Riemann integrable since functions G; are monotone and inte-
grable on their support:

0 +00 p+00 0
/ Gi(x)dx = / / 1 <x<01|g(2)|dx dz 2/ |28(2)| dz < oo,
—00 —00 —0 —00

+00 +00 400 oo
f Ga(x) dx = f / 1eoro018(2)| dx dz = / 28(2)|dz < oo.
0 —00 —00 0

Furthermore,

00 +00 400
/ G(x)dx :/ f 1;<x<0)8(2)dx dz
—0o0 —0oQ —0o0

+00 p+o0
- / f Vo018 (2) dx dz
—0Q —0Q

+o00

= —f zg(2) dz.

—0o0
Step 4. By the renewal theory, U;(§, *r G) is well defined and by Fubini’s
theorem

/_xoo R(z)dz = /_OOO /_xoog(z +u)dzU(du)

= /_OOO /_:u g(z)dzU;(du)

= U;(8; *r G).
On the other hand,

[ r@a=E|[ fe+spd- [ so] =E[/:+St F@dz|
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In fact, the two integrals above are finite because by our hypotheses

—o0

X X+S[
[ B+ sy =] [ fordy| <CE[1+ (x4 5]
—00
and ES; < oo since & has moment of order 2 + €, see [7]. Thus, we proved
X+S;
B [ f@dz] =8 i6)
X
and we can conclude using again the renewal theorem. [J
PROOF OF LEMMA 4.2. Step 1. Let 0 < y < 1, then the set of v > 0 such

that the function u — (¥ — v)™7 is v-integrable on (v, +00) is of full Lebesgue
measure. In fact, for any interval [a, b] C (0, c0),

/;(/voo(u—v)_yv(du)) dv
:/a%(/au (u—v)~ Vdv)v(du)—i—/ (/
< [C(f e (X[

=C+ /oo(u —b)7V(b—a)v(du) < co.

u—v)77 dv)v(du)

S

Q

w Y dw)v(du)

Take wy, such that [°°

w U — wo) 7 v(du) < 0o, then

fo = [~ ple™ = wo)d =€ [~ er - wo) Vi) = Ce,

wo wo

this gives good estimates of fy for negative x’s.
Step 2. Let supp(¢) C [m, M]. By Proposition 3.1, the tail of v is at most loga-
rithmic, therefore for x > 0,

fox) <v([e*m + wo, e" M + wo]) < v([e*m, e" (M + wp)]) < C(1 +x)

and

/_ fedy=c A; /_ yealian(e™ (e = wo)) dyv(du)

M +
< CAI[W()<M53X(M+W())] log ;v(a’u) < C(l +Xx )

This proves (4.1).
Step 3. We need to justify that g, = 1 * fy — fy is directly Riemann integrable,
and moreover [, |xg(x)|dx < co. We recall first that, since g is continuous, to
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prove that it is directly Riemann integrable is sufficient to show that |g| is domi-
nated on (—o0, 0] (resp., on [0, +00)) by an integrable nondecreasing (resp., non-
increasing) function. For x < 0,

i* f(x)
+00
=/ . fo(x +y)u(dy)

—x/2 +00
- / Cer ey + [ K(1+ ()
—0

—x/

o
< Cer@/? | K(1+1yl)i(dy)

—x/2

1 > -
=Cey(x/2)+|x|T+g/ /21((1+|y|)|y|1+su(dy)
—X

C
<7’
T 14 |x|te

since [t has a moment of order 2 + ¢. Thus, g¢1(—,0] is directly Riemann inte-
grable. Furthermore,

0
/oo|x|/:e*f¢<x)dx

-/ OOO [xl fp Cx + ) dxi(dy)
-/ ;OO [ k=it dxiatay)
_ /_;OO(/_OOO % = ylfp(0dx + /Oy+ [ = 31 fol) dx ) tdy)

< /+°°<c /OOO Ix — yler dx +2y] /Oy+ f¢(x)dx)ﬁ(dy)

[ee)
+0o0 o =
< C/_ (14 Iyl + [yP)ady) < oo,

o
Step 4. To check that g4 is directly Riemann integrable and |xgy(x)| is inte-
grable for positive x, we show that
o0

Z sup  |xge(x)| < oco.

n=0n=<x<n+l

Applying 1o invariance of vg and since A(y¥9) = A(y), we obtain

(0] = / / B (AWu)) — (e (W (w)))vo(du) po(dp)|.
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The function qz(x) = ¢ (e¥) is a Lipschitz on R, hence

[B(e™ (AWIu)) — d(e™ Y (w)]

. ¥ (u)
< min{ C|log 7. 21|
<minfe| L 1| 2y
A(Y)u
(| BGW) . (Au
< minc| T 2l =0 5.
where we use the convention that logz = —oo for z < 0 and p(y) :=

min{C|§|,2||¢||oo}. Takenow O <n <x <n+ 1

Ixl|p(e™ (Au)) — p(e " ¥ (w))|
4 Au+ B

<log

Au
2 P(?) (Apiog(y )/ (Me))<n<log(yr () /m)] + Llog((Au)/(Me))<n<log((Au)/m)])-

Thus,

o0

Z sup  |xge(x)]

n=0n=<x<n+l

<[ sw xllple (Aw) = (e @) hono(dh)
n=0n<x<n+l

Au+ B Au eM
< [ [10g* 2 -p(;)zlog7v0<du>uo<dw>

eM
<2log—
m

1 A A
X /(/ (log+ - —|—logJr B+ 10g+<Fu + 1>)p(?u)vo(du))p,o(d1//).

To estimate the last expression, we use the fact that there exists a constant C such
that for all nonincreasing functions 4 : [0, 4+00) — [0, +00) and all M > 0

[ #at/dysota
(A3) ®

+00 d
<c+1og" M) (Ihloo+ [ H@(1 +10g) Z ).
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Before we prove the last inequality, let us check how it implies the lemma. Since
logt(z+ Dp(z) < C/(1 4 2)'/* for z > 0, by (A.3), we have

1 A A
/<logJr — +log" B+ log+(—u + 1))p<—u>vo(du)
m B B

< C(1+1log"(B/A4))

x ((1 +log" B)
1 dz
o)1+ o))

< C(1+ (log* B)2 +log" Blog™ A).
The last expression is pg-integrable and we conclude.
Finally, to prove (A.3) we write

/ h(|ul/M)vo(du)
R

+o00
+ f ((1 +log" B)p(2) +
1

< Ihlloovo([—Me, Me]) + / Vpueanh (1l /M) vo(du)

o
<C(1+log" M)|hlleo + ) f Lient1 1> fuf>enpr Vo (di)h(e")
n=1

o.¢]
< C(1+log* M)llhlle + Y (log* "+ M) + 1)h(e")

n=1

0 et d
§C(1+log+M)|Ih||oo+Z/ l(long(zezM)—l—l)h(z)7Z
n=1 e ’

0 d
< C(1+1log™ M)|h|x +/1 (log™ (z) +log™ M + 3)h(z)7z. 0

LEMMA A.3. Let ¢ € C([0, 1]) be a function fixing 0 and 1, derivable at 0
and 1 and such that ¢'(0) = ¢'(1) =: ay. Suppose

0 . 0 ) o (u)
= f (1-— 0, = f 0,
hi ue[l&l/Z]( W) > B> w0l u
B= sup ‘M <o,
uel0,1/2] u
. 1 —¢u)
1 1
= f 0, = — >0,
Ai ue[llr}2,1]¢(u) = h2 well2n] 1—u
) —1—apu—1)
/31 = sup < 0.
3 uel1/2,1] (u—1)?
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Consider the diffeomorphism of (0, 1) on R

1 1
r(u)=——+ .
u 1l—u

Then Wy =r o ¢ or~! satisfy (AL) for A(Wy) = 1/ags and

(I4+ap+p) 1 (A+ap+p) 1
— o  tot—— 4+t —1)’
agp; By agp, By

where C, depends only on the function r.

B(Wy) < C,(

PROOF. Since the function r satisfies r(#) = —r(1 — u) and our assumptions
on ¢ near 0 and 1 are symmetric, it is sufficient to prove the condition (AL) only
for negative x. Since ,Bg < 00, by the Taylor expansion we have

(A.4) ¢(u) =au+es(u)  with |ey(u)| < Bu* foru <1/2.
Moreover, simple calculus shows that

(A.5) rl (x)= —l +€,.-1(x) with €,-1(x) = (%) for x — —o0.
X X

For x < 0, we write

x _|x -1 x 1
= [T et o) <[

1
ap ¢(r1(x>>‘+ 601

Notice that for x < 0, r~!(x) € (0, 1 /2), therefore, the second factor can be
bounded by ﬁ So, we need just to estimate the first term. We write
1

x ‘:|¢<r—‘<x>)x—a¢|
ag TN lag- ¢TIl

Take M = —r(1/10), then for x € [-M,0] we have ¢(r~'(x)) > BYr~!(x) >
,Bg /10 and hence

I(x)=

M+a¢
o -

I(x) <10
* agpy

Now we consider x < —M. Since there exists 1 such that xr(x) > n, by (A.4)
and (A.5), we have
lp(r 1 (x)x + ag) - x|
I(x)= 1 1 I
ag - (@r="(x)))/(r="(x)) - |xr=1(x)]
1
agBIn

=

o (r7 ) x + ag x|
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