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Abstract. Consider biased random walks on two Galton—Watson trees without leaves having progeny distributions P; and P,
(GW(P1) and GW(P,)) where Py and P, are supported on positive integers and P; dominates P> stochastically. We prove that
the speed of the walk on GW(P;) is bigger than the same on GW(P,) when the bias is larger than a threshold depending on P;
and P,. This partially answers a question raised by Ben Arous, Fribergh and Sidoravicius (Comm. Pure Appl. Math. 67 (2014)
519-530).

Résumé. Nous considérons des marches aléatoires biaisées sur deux arbres de Galton—Watson sans feuilles GW(P;) et GW(P,)
ayant des lois de reproduction respectivement P; et P,, deux lois supportées par les entiers positifs telles que P; domine stochasti-
quement P>. Nous prouvons que la vitesse de la marche sur GW(Py) est supérieure ou égale a celle sur GW(P») si le biais est plus
grand qu’un seuil dépendant de P et P,. Ceci répond partiellement a une question posée par Ben Arous, Fribergh et Sidoravicius
(Comm. Pure Appl. Math. 67 (2014) 519-530).
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1. Introduction and main results
1.1. Introduction

Consider a supercritical Galton—Watson tree, i.e., a random rooted tree, where the offspring size of all individuals are
i.i.d. copies of an integer random variable Z, which satisfies P(Z = k) = px, k=0,1,... and ) ;. kpx > 1. The
tree has no leaves if po = 0. We shall use |x| to denote the distance of a vertex x from the root. Moreover x, will
denote the ancestor of x for any vertex x different from the root and x; will denote the ith child of x. Given a tree T
and B > 0, we define B-biased random walk (X,,),>0 on T as follows. Transitions to each of the children of the root
are equally likely. If the vertex x has k children and x is not the root then the transition probabilities are given by

1
P(Xpt1=x4| Xy =x) = 1+ Bk
P(Xn+1=xi|Xn=x)=m, l=1,2,,k
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We start the walk from the root of the tree and denote by P the law of (X,),>0 on a tree w. We define the averaged law
as the semi-direct product P = P x P® where P is the Galton-Watson measure (associated with offspring distribution
P) on the space of rooted trees conditioned on non-extinction.
Lyons [6] proved that if § > ﬁ, then the random walk is transient, i.e., lim,_, o, | X;;| = 00. Lyons, Pemantle and
Peres [7] showed that P almost surely, the speed
| X

v(B, P):= lim

n—-oo n

(1.1)

exists and is a non-random constant. A lot of work has been done on the behavior of the speed as a function of .
It was conjectured in [7] that v(B, P) increases in § on (ﬁ, o0) when the tree has no leaves, i.e., P{0} = 0. The

conjecture has been open for a long time until proven recently in [3] for large values of S.

Theorem ([3]). The speed v(B, P) of a B-biased random walk on a Galton—Watson tree without leaves is increasing
for B > B. for some B, > 0 very large when P{0} = 0.

Very recently, Aidékon obtained an expression for the speed v.
Theorem ([1]).

_EUBZ—DYo/(1—B+B Y1)
E[(BZ + DYo/(1 = B+ B oY)

where Y; are i.i.d. copies distributed as Px(ty, = 00) and Ty is the first hitting time of y.

v(B, P)

(1.2)

Using his own formula, Aidékon (private communications) can prove the monotonicity for 8 > 2 when P{0} =0.
However, the original conjecture is still open in the sense that it is not known if the monotonicity holds for every
B> 1/E[Z].

In this paper we shall investigate how the speed changes when one changes the progeny distribution keeping the
bias fixed.

The paper is organized as the following. In Section 1.2, we shall introduce our main results. In Section 2, we
shall describe in details our coupling method. Finally, in Section 3, we shall provide the proofs of all the results in
Section 1.2.

1.2. Main results

In [3], the authors raised the following interesting question, if P; stochastically dominates P,, does it imply that
v(B, P1) = v(B, P)? We show that this is indeed the case at least when the bias is large.

Throughout this paper, when we say P; dominates P, stochastically, we also mean that P; # P>. We also recall
that if P; dominates P, stochastically then there is a coupling of the random variables Z| and Z; having distributions
P) and P; respectively such that Z, < Z;.

We have the following result.

Theorem 1. Assume that Py and P, are two probability measures on positive integers such that Py dominates P>
stochastically. Consider B-biased random walks on GW (P1) and GW (P»). Then for every § > 0, there exists a By :=
Bo(P1, P2, 8) > 0 such that for any B > By, we have v(B, P1) > v(B, P»). The constant By equals max{p, % + 6}
where

E[(1/Z) = 1/Z2)17,<7,] E[Z5(1/Z) —1/Z))] 1}’ (13)

,31 =C5 - min{ ,

E[1/Z),-1/Z}] E[1/Z,—-1/Z}]
and cg is a universal constant depending only on §. Here, Z1, Z, are independent and are distributed according to Py
and P respectively, Z\ and Z!, are jointly distributed so that Z\ > Z, almost surely and their marginal distributions
are P and Ps.
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Remark 2. There is a universal cut-off B1 = B1(M) which works for all P> supported on {1,2, ..., M} since we have

11 11
E\Zo\ 7= )| =M-E| = —— |-
Z2 Zl ZZ Zl

The other expression inside the parentheses in the definition of By in Theorem 1 is more useful when “the distribution
of Zy is much larger than that of Z»”, we shall illustrate this in Corollary 5.

Remark 3. Suppose Py dominates Py and are both supported on positive integers. Then v(8, P1) > v(8, P2) follows
trivially in the following cases.

(1) Itis easy to see (via a coupling argument) that if the maximum of the support of P; is not larger than the minimum
of the support of Py, then for any > 0, we have v(8, P1) > v(B, P).
(i) We have v(1, Py) > v(1, P») just by considering the expression

Z -1
U(17P)=EP|:Z—|—1:|

obtained in [7].
(iii) Note that v(1/Ep,[Z], P,) =0, v(1/Ep,[Z], P1) > 0, and v(B, P;) is continuous in B for j =1,2. Thus, for
some small ¢ > 0 we have v(B, P1) > v(B, P») for0 < <e+1/Ep,|[Z].

Further (ii) and (iii) hold even when the offspring distributions are supported on non-negative integers as long as
we define the speed as in (1.1) conditional on non-extinction of the trees.

We can improve the threshold By of Theorem 1 by making stronger assumptions.

Theorem 4. Suppose Py and P, are two probability measures on positive integers such that for some £ > 1,
there exists a coupling of Zil), Ziz), o, Zie) and Zél), Zéz), e, Z;e) for which min{Z{l), Ziz), e, Z{e)} >
maX{Zél), Zéz), ceey Zy)} almost surely, where Z;l), ey Z;e) are i.i.d. distributed according to P; for j =1,2. Then
for any 6 > 0, we have v(8, P1) > v(B, Py) for any B > max{K - ,311/2, 24—3 + &} where the constant K equals 24—7 .33/3,

Corollary 5. Assume that Py and P, are two probability measures on positive integers such that Py stochastically
dominates P;. Let m; := Ep,[Z] and Zi(n) be the number of children in the nth generation in GW (P;), denote the law

o
of Zi(n) by Pl-(") for i =1,2. Assume that there exists some 0 > 0 such that E[e?%1"] < co. Let f be the generating
function for P and o := —log f'(0)/log f'(1). Further assume that m; > mrznaxn/a’(l/a)ﬂ} (if P1{1} =0, then
o = oo and this condition is automatically satisfied).
Then, for any B > 23 /4, there exists some k = k(Py, P2, B) such that v(B, Pl(k)) > v(B, Pz(k)). (We emphasize that

v(B, Pl.(k)) is the speed of a B-biased random walk on a Galton—Watson tree having Pl.(k) as its offspring distribution.)
The following corollary is the counterpart to Theorem 1.2 in [3].

Corollary 6. Assume all the assumptions in Theorem 1 and recall the definition of By from there. Moreover, assume
that the minimum degrees of both P1 and P> are bigger than d (for some d > 2), i.e., d; == min{k > 1, P;(Z =k) >
0} >d, fori e{1,2}.

Then we have, v(B, P1) > v(B, P») forany B > Boy/d.

2. Constructing the walks

Let us describe precisely the coupling we use. Let U; have uniform distribution on (1/(8 + 1), 1). Let (U;)i>2
be i.i.d. uniformly distributed random variables on [0, 1] independent of Uj. Let {(Z;’ o Zé k=1 be iid. ran-
dom vectors such that for each k, Z’Lk has the marginal distribution P; and Zé! ¢ has the marginal distribution
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P, and with probability 1, we have Zé,k < Z} . Finally let {Z; ;}x>1 be iid. P; for i = 1,2. The sequences
Ui}iz1AZ1 b i=1,AZ2 i dw=1, {(Z] ., Z5 ;) }e=1 are independent of each other.

In our proof we shall work conditional on an event which ensures that the roots are only visited once, for this reason
we only need one copy of Uj. Note that our definition of Uj is slightly different from the one in [3].

We construct two random walks X,(,l) and X,(,2) (on GW(P;) and GW(P;)) and another walk Y,, on Zx¢ in the
following way. Define Yy := 0 and forn > 1,

n
Yo=Y Uus1/n — lu<yginh. neN.

i=1
We start XD and X@ at the roots and grow the trees GW (P1) and GW (P>) dynamically. For simplicity we drop

the time parameter n and denote the position of X ,(,i) by x@).

Now, if at timen > 0, X ,(11) and X ,(12) are at two sites x) and x@, neither of them visited before by the correspond-
ing walks, then we assign Z| , , , and Z} , , | many children to x(M and x@ respectively (recall that Zy i1 =22y 1)

If at time 7, one of the walks, say X! is at a site x(I) previously visited by the walk while the other walk X® is
at a new site x® then we assign Z , 1 many children to x®.

Let us now explain the rules for transition. Denote the number of offsprings of x) by Z; and let x,ﬁi) be the kth
child of x© (i = 1,2).

Define

__ B ._(L><L_L> ._(;_;>L
m=wrnz: "7\ )\z " z) "T\sf1 zp+1)z

1 1 1
N4 := <m_M)Z_17 ns:=n3 — n4l.

Then whenever Z1 > Z,, we move according to the rule explained below.
When U,4+1 € (1/(B + 1), 1) we have the following cases.

(1) Consider the random walk XD

. . 1 1 .
o 1f Upy1 € (517 + (i — D1, g7 +im], then X =xf) fori=1,2,....2.

(2) Consider the random walk X @ .

o IfU,4 € (ﬁ% + (i — Dna, ﬂlﬁ + iny], then we have Xﬁil :x(Zzz)+17i, wherei=1,2,..., Z>.

. . 2 2 .
e IfU,y € (ﬁ—l—zznz—i-(z —Dny, ﬁ—l—zznz—i-lm],then we have X,(lil =x(22)+1_i,wherel =1,2,...,7Z,.

When U, 41 € (0,1/(8 4+ 1)) we have to consider two cases. If n3 > n4, then we use the following coupling.
Figure 1 gives an illustration.

(1) Consider the random walk XD

e IfU,11 €0, ﬁ], then we have X,(llll =x4(<1).
o IfU 4 € (ﬁ + (@ — 1)na, ﬁ + ing4], then we have X;IJ:] :x(zll)Hfi, wherei =1,2,...,7;.
(2) Consider the random walk X .
o IfU,11 €10, ﬁ], then we have Xﬁ:l = xf).
e IfU,; € (ﬁ + (i — 1)ns, ﬁ + ins], then we have X,(IZJZI :x(ZZZ)H_i, wherei =1,2,..., Z>.
e If Uyq € (ﬁ + Zons + (i — Dna, ﬁ + Zons + ing], then we have Xﬁ] = x(ZZZ)H_i, where [ =

1,2,...,7Z>.
If n3 < n4, then we use the following coupling. Figure 2 is an illustration of the following coupling.

(1) Consider the random walk XD
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_1
Z1p+1 1
> Z2P+1 1 B
> i BCES e B+l .
Zzo
T Z1 — Zaiina Z25M4 Zy — Zoym Z2;m
GW (P) (21 (ZoANZoA Dy 23 (1Y ZiZ1-1N Zot Ty 2o (2 1IN
U O O O O O A U A
T T Zoims|  Za;ma Za;m2 Za;m
GW (P,) Zn (WA (1 ZaxZe-hy 2~ 17N (21N
EEEE N N M (D N S MV S S U AN D N

Fig. 1. The coupling for 3 > n4. In the illustration, we use Z; n4 etc. to denote Z, many subintervals with each subinterval of length 14 etc.

Z18+1 1
—> 28+l 1 b
< > B+l e B+1 =
ZZO
T 4y — Zoina Za;ms Z2;m3 Zy — Za;m Za;m
GW (Py) Z0 (ZotZs) (1Y Z3NZ2-1N 1IN ZiNZi-1N  Zo+INTZo 21N
C -0 X J U 4. A J--\C . I J A T
T T Z2;m3 Za; 12 Za;m
GW (P. " Z3N Z2-10 1~ ZoxZo-1y 2~ 1~ "2 2 1Y
(P2) . D IS U S SR IT G S S Gy

Fig. 2. The coupling for ng4 > n3.

If U,y €10, ﬁ], then we have Xfllil = xil).

i=1,2,...,72,.

(2) Consider the random walk X @,

2 2
X2, =52,

o If U,41 €0, ﬁ], then we have it

o If Upy1 € (g5py + (0 — D3, ﬁ + in3], then we have X

IfUyqr € (ﬁ + (i — D, ﬁ + in4], then we have X

If Unt1 € (557 + (0 — D3, ﬁ + in3], then we have

Finally if Z; < Z> we move according to the following rule.

(1) Fori=1,2:

1 _
n+l =Xz 41-i0

)

@ _ M
Xpr1 =Xz, 014>

2 _.@

n+l =Xz, 41—

wherei =1,2,...,7Z1 — Z>.

wherei =1,2,...

wherei =1,2,...

()] )

If Upt1 € (ﬁ + (Z1 — Z2)na + (i — Dys, ﬁ +(Z1 — Z2)na +ins), then X, 'y =x; 4,

, 2.

2.

where
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o If Un+ € [O — ] then we have X(l) = x*(l)
1 > Zip+1 P +1 :

L

) ,where j =1,2,..., Z;.

o If Upyi €(ﬁ+(j—l)zi£+l, Z AT +JZ/S+I] thenwehavex(l)l_x(

It is routine to check that X¥) is a B-biased random walk on GW (P;) fori =1, 2.

3. Proofs

The main idea in our proof is to use a technique originally used in [3], to couple the walks on the Galton—Watson trees
with a random walk on Z. We shall use a super-regeneration time which is a regeneration time for all the three walks
Y, GW(P;) and GW(P;). Regeneration time is an often-used technique in the study of random walks in random
media. (See, e.g., [10].) Informally, a regeneration time is a maximum of a random walk which is also a minimum of
the future of the random walk. A time 7 is a regeneration time for the 8-biased random walk (Y}),>0 on Z if we have

Y; >maxY, and Y; <minY,.
n<t n>t
Consider the regeneration time for walks on GW(P;) and GW(P,) in the sense that is usually defined on trees
(see [8]). As in [3] if T is a regeneration time for (Y¥,),>0, then it is also a regeneration time for GW(P;) and
G W (P,). In this respect, 7 is called a super-regeneration time.
Let us consider the event that O is a regeneration time for (Y,),>0. Following the notation in [3], we denote this
event by {0 — SR}. Then, we have
B—1
Poo :=P(0—SR) = T

Let us define the probability measure P as
P(-):=P(|0—SR).

Under P, 0 is a regeneration time and let 7; be ith non-zero regeneration time.
Then, (|X,,, — X1, Tit1 — 7i)i>1 is a sequence of i.i.d. random vectors having the same distribution as (| X+, |, 71)

- Ti+1
under P and as in [3], we have, for any g > 1,
E[XEN E(xa'n
v(B, P1) = and v(B, P;) =
E[‘L’]] E["«'l]

Hence, v(B8, P1) > v(B, P) is equivalent to E[|X§11)|] > E[|X(2)|]

Let us denote by B the set of times before 7; when the random walk on Zx¢ takes a step back, i.e., B={j <
1|U; <1/(B+ D}.

We quote the following lemma from [3].

Lemma 7 (Lemma 4.1, [3]). If {|B| =k}, then {t] <3k +2}.

Proof of Theorem 1. Consider |B| =k, i.e., B={ij <--- < i}, where k > 1 and t; = n. Let us make two simple
observations.

() 1XP1—1xP | =20r0whenk = 1.
Gi) 1 X — 1xP| > —2(k — 1) when k > 2.

We have
E[|x) - [XP]

= E[|x)] =[x 1B1=1]+ 3 E[|x3)| - X5
*

B:{i1<---<ik},11=n]
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= E[[x3)| - X5

;1Bl=1]
— ZZ(k - 1)15(|X§|1)| — |X§?)| <0;B={i1<---<ir}, 1 :n),
*
where Z* stands for summation over all n > 2,k > 2 and {iy, ..., i¢} C{l,...,n} for which the walk Y; does not

come back to the origin.
For the first term, we have

Bl=1|>2 p 4E ! ! 3.1
HBI=1]= <ﬂ+1) [Zzﬁ+1_zlﬁ+1] G-D

Let us explain the inequality in (3.1). Let &; = I(U; > 1/(8+ 1)) —=I(U; < 1/(B+1)). When |B| = 1, |X{P| - x| =
2 or 0, hence we have

E[lxs)] - X3

- 2
BN |- X 181= 1] = -2 (X = [XE] 2181~ 1;0- 5R)

and thus we get the lower bound in (3.1) by considering the event
A={ei=e=1,e3=—1and |X§1)| - |X§2)| =2,e4=65=1,71=5}.
For the second term, we have
P(IXP| = XD <0: B={i1 <--- <it}, 11 =n)

1
<—P(XP| - [XP ] <0: B={i1 <--- <ix}, 11 =n).
Poo

On {|X§})| — |X§%)| < 0}, let o be the first time when the walk on GW (P;) goes up but the walk on GW (P,) goes

down, necessarily o € B. (When {|X§11)| — |X§,2)| > 0}, define 0 = 00.) We introduce some notation here. Given a
sequence 6 = {0,},>1 where 6, = 1 we denote by (), the first non-zero regeneration time for the walk Z, =
Z?:l 6;; e.g., the first non-zero regeneration time for Y;, 71 equals t(¢) where € = {e,},>1 and &, = L(U, > 1/(B +
1)) = I(U, < 1/(B + 1)). Define

rl(j) = r(s(/)) where ¢/) := {e1,....ej-1, =L, gj11,...}.
Let BY) :={i < tl(j): ai(j) = —1}. Also define
Tl(j) = 1'(8(/‘)) where S(j) = {81, ey 8./_1, -I—l, 8j+1, .. }

Let B(j):={i < Tl €G); = —1}. Note that, for fixed j, ) and &(j) are functions of {U;: i # j}, and are hence
independent of U ;.
Also note that if | X g)| —|X 512)| < 0 then the event

e=Ufzui<z} UlZli<zj) U Zui<20y U (20 <2}

i,j<T i,j<T i,j<T i#]
iL,j<7|

; n._| |4 n
is true. For every n > 2, let 51'5 = Uj:l 5].” where

1 1
g = Z1 Z/ 1NyU; € ’
Lie U |:{ Li <2, { " <Z§’jﬂ+1 Zl,iﬁ+1>”

i,j<n
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and &) ., ER . &M are defined similarly (i.e., use the random variables Z ., Z5 ; in the definition of £ . etc.).
2,i¢° T3,ip Y40y »J 2,i¢

1,i°

\X(l) |Xg)|<O;B={i1<~~-<ik},r1:n)

M»

< P(B:{i1<---<ik},r1=n,o=i5)

L

I
<N

P(B(iz) ={i1 < - <ig}, tfm =n,0 = ie)

Il
™M~

~
I
-

P({B(l[) :{ll <. < ik},fl(ié) = } 5”)

> Ciy

M~

~
Il
—_

. 1 1
2 b (1200 _ )
P(BYY = T, E ;1 ,
( (i1 <+ <it), =n) [Z1ﬂ+1 711 zl<22:|

IA
M»
£

~
Il

1
where we used independence of £ and U;,. Then, by Lemma 7,
P(IxP] = X2 <0:B={i1 <--- <it}, 11 =n)

k
. . 1
<43k+27) P(BOD —{ii<--<igh r!"0=n,U;, < —>

=1 'B+1
B+1)-E : L
ZIB+1  Zpr1 Ah
1 1 k
=48+ 1)(3k +2)°E - - PB=lii<-<i)n=
B+1DBk+2) [Z1ﬂ+1 Zzﬁ-l-l’ 1z, zz]; {ii <. <ixth, i =n)

(Z2—Z1)B
(Z1B+1D)(Z2p+ 1)

§8ﬂk(3k+2)2E|: 1Z]<Zzi|P(B={i1<-..<ik},t1=n)

1 1
< 8k(3k+2)2E|:<Z—1 — Z_2>IZI<22:|P(B: {i1<---<ix}, 11 :n).

Therefore, by using the simple upper bound P(|B| =k) < c(77—= 4(1 + ) )k (Lemma 6.1 in [3]) for a universal constant
¢ and the fact that po, = (8 — 1)/8, we get

E[[x)] = 1x:1]
B \* 1 16 11 B
Z2(ﬂ+1> E[zzﬂ+1 zlﬂ+1} kZTo(k_l)Gk”) E[(Zl zz>lz'<22}P('B'_k)
( 4[ (Z) — Zy)B }
B+ TL@B+DZB+ D)

27 \*
17,<2, 16k(k — 1)(3k 4 2)°
ooEK 2> “]Z k=1 +)<4<1 ﬂ))

k=2

(Z, - 758 B 11 > o 21\
(ﬁ I [ 42,7, B }_ (ﬂ—I)E[(z_ﬁz_)lz‘h}gwk("_1)(3k+2) (4(1+ﬁ)>
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B \* [z, -2z . 2728 L
22<ﬂ+1) E[ 4,71 B ]_42<ﬂ—1)<ﬂ+1)2E[<z_1_z_)lz'%}

Y 16k(k — 1)(3k + 2)2<

k=2

2 k—2
) , (3.2)
41+ p)

where we used the fact that Zi > Zé > 1 and B > 1. Hence we conclude that for any § > 0, E[|X£]1)| — |X§]2) 1> 0if
we have

s

E((1/Z1) — (1/Z)1z,<2,] 23 } (3.3)
EL(1/Z,) — (1/Z))] 4 ’ .

B > max{c(g .

for some universal constant cs > 0 that depends only on §.
Now we derive the other lower bound in (1.3). On {| X §})| — X g)| < 0}, let us define the events E and F as

—— (1) (2 1 _ @ .
E = {forsomeol <1, X01+1‘ #* ‘X01+1‘ ande _Xj for any j 561},
1 2 . 1 2 1 2
F .= {for some oy < 711, XE ) = Xﬁ ) for any j < o7, and X<§2)+1 #* X((Tz)ﬂ,but |X((72)+1 = |X((72)_|r1 |}

In other words, E is the event that the first time the walks on GW (P;) and GW (P») decouple, the walk on GW (P,)
goes up and the walk on GW (P;) goes down. Clearly this happens at time o] € B. F is the event that the first time the
walks on GW (Py) and GW (P,) decouple, they both go downwards but to different offsprings. This happens at time
o2 which may or may not be in B.

Next,

P(| XV = [xP| <0:B={i1,.... i}, 71 =n)
=P(|xWP]| = |XxP| <0:B={i,....ix}, 11 =n; E)
+P(|Xx0| = |XP| <0;B={i1, ... ik}, i =n; F). (3.4)
Let us get an upper bound for the second term in (3.4).

P(| X = X2 <0;B={i1,....ik}, 11 =n; F)

n
=ZP(‘X§})| — |X§%)’ <0;B=V{i1,...,ix}, 11 =n,00 =1¢; F)
=1

<> P(B={i1.....iu} i =n,00=1; F). (3.5)
=1

If e ¢{i1,...,ir}, then we have

P(B={i1,...,ikhti=n,00=1{; F)

" 1 (Zy,,—7Z5,)8 1
SP(B={i1,...,ik},r1=n;UzeU(ﬂ_H, (;+1)Zz; +ﬁ+1))
1,m

m=1
n / A
1 (Zl _Zz )/3 1
=P|Bwp=1{i1,....i}, iy =n,Ug € , —2 M4 )
(“” oo ieh T ‘ mU1<ﬂ+1 (B+DZ] p+1

= 1,m

" 1 (2, —2Z5,)B 1
=P(Bwy={i1,....ix}, ticy=n)P| Ug € < , : : + )
( ) mL:Jl B+1 (ﬂ-}-l)Zim B+1
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B+1) . . 1 Z,
<n P B(lf)={ll,...,lk},f1(a=n,Uez—IB_H -E I—Z
Z/
1

If £ € {iy, ..., ik}, which happens only when 13 > 14, we define

Gm =275 (13 — nal+

, 1 1 1 1 1 1
= Z2,m R T I 7 .
ﬁ + 1 ZZ,mﬁ +1 ZZ,m ﬂ +1 Zl,mﬂ +1 Zl,m +

Then, we get

P(Bz{il,...,ik},Tl:n,o‘2=£; F)

n
1 1
SP(BZ{il,m,ik},nZn;Uze U(,BZ’ Ry — +Gm>>
2.m 2.m

m=1

<P(BO ={i1,....ix}, 7” =n) -n- E[Gpn]

1
=B+ 1)P(B“> ={it,...it}, 1.0 =n, U < " 1) n-E[Gn]
=B+ 1DP(B={i1,....ix}, 11 =n) -n-E[Gy].

For a coupled (Z7, Z/2), we have (after a little computation)
< 1 1 ) ( 1 1 ) Zé
B+1 Zp+1 B+1 Z\p+1)Z

() Gt At () - 5)
\B+1 ZB+1  ZB+1 Z\p+1 zi) !

It is easy to check that

@ -DB Bl (L -ZDB+(Zy -2 _
Zip+1  ZB+1 (ZIB+D(EZB+D T

)

and

0<w 1_Z_é <1_Z_é_
T Zip+1 z) =z

Hence E[G,,] < (ﬁ)E[(l — %)] and therefore
1

B+DP(B={i1,....ix},ri=n)-n-E[Gp]

S(ﬂ—i—l)P(B:{il,...,ik},tl=n)-n-ﬂ1 E[ —é}

Z/
:nP(B:{il,...,ik},‘l,'l:n)E[ _Z_gjl
1
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(3.6)

(3.7)
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So plugging (3.6) and (3.7) back into (3.5), we get

P(|xP] = X2 <0:B={i1,....ik}, 11 =n; F)

Z/
<2n P(B:{il,...,ik},‘n:n) |:1——i|

Z/

Z/
<20k +2°*P(B={i1,....ix}, T =n)E|:1 —2—3]
i

(1x2| =

of the steps since they are similar. In the following computations, remember that o7 € B
P

1XP| <0; B={iy,

...,ik},n:n;E)
k
52P(B={i1,...,'

ik}, 71 =n;01 =in; E)

. 1
<knP(B={i,...,ik}h 71 =n)~(,3+1)-E|:

1
ES z;ﬁ+1]
. . B(Z\ - Z))
<k@Bk+2)P(B={i1,....ix}, i =n)-(B+1) E[W
. . 1 1
§2k(3k+2)P(B={11,...,zk} T _n) E|:—/ - —,i|
Z, Z
Similar to our arguments in (3.2), we get
I 1 2
E[|xi)] = [x]

4
>2(5%5) £z 7
B+1 7

25+1_Ziﬂ+1}

—— > 23k +2)*P(|B| =k)E[1 - Z—%}
Poo k= Zl
- —ZZk(3k+2)P(|B|

el
Pook2 Zé Z;
()5 o]
=\28)\B+1 z, 7
c zg} 2< 27 )"
-~ E 2 203k +2)% ———
poo[ ;Z( T2\ a5 p

Cc

> 27 \F
— - — 2kBk+2)| — ) .
P [ ],; el )<4(1+ﬂ)>

As earlier, we conclude that for any § > O there is a universal constant c such that

E[IXD] = [x@[] >0,

This takes care of the second term in (3.4). Finally, let us give an upper bound for the first term in (3.4). We omit some

(3.8)
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whenever

(ELZY((1)Z) — (1/Z))]
ﬂ>max{c‘3( EL(1/Z2) — (1/Z1)] +1> ?H}

O

Proof of Corollary 5. We shall write Z; for Zl.(l), for i =1,2 and p; for Pi{j}. Let us first prove that E [m’g /

Z{k)] — 0 as k — oo. Pick up some m3 satisfying m, < m3 < m1. Then, we have

m§E|: (k)] —m2 Z Z(k) = m¥ Z Z(k):n)

n>m%

Z(k)

Therefore, it is sufficient to prove that mzP( < m3) — 0 as k — oo.

If W; denotes the almost sure limit of the martingale Zi(k) / mk i » then under the assumption E[Z; log+ Z;i] < o0,
W; is a positive random variable for i = 1, 2 (see, e.g., [5] and [9]). Several other properties of W; have been well
studied in the literature. Recall that f is the generating function of Zj, then 0 < o = —log f/(0)/log f'(1). Let us
first consider the case p; > 0. Note that « < oo when p; > 0. From [4] and the references therein, if p; > 0, then,
there exists a positive constant D such that P(W) <e¢) < D&% as¢ | 0.

Moreover, [2] proved that if there exists some 6 > 0 such that E[e?%!] < 0o and p j # 1 for any j > 1, then there
exist some constants Cq, C; such that

k
ny

>8> <(Cie

Now, splitting P(Z YC) < m];) into two terms, we get

2%
——-w

(k) k\ _ (k) k
P(Z1 §m3)_P(Zl <mj3, -
1

-e)
< g(k>)

k
> e(k)> + P<W1 <e® 4 —>.
m

(k)

VA
+P (z(") <mh, |2 —w,

Z(k)
<P(|Z2-—w
ml

1

Let us choose ¢® = m;(k/a)_ka for some § > 0.

Using the results stated before from [4],

mk mk o
m§P<W1 <e® 4 —2) < Dm <e(k) + —2)
my my

. 1 . .. . .. 1 1
as k — oo if we have m| > mz/amg. Since it is valid for any my < m3 < m1, the condition m > m(2 for+

Using the results stated before from [2],

is enough.

B (\2/3, k3 B —Qk/3a)—(2/3)ks _kJ3
>£(k)>§m§Cle Ca(e™)7my =m§C1e Cam, me 50

s

k

(k)
Z
mgp(‘L —w
ny
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2/

ask —ooifm;>m . Since we can pick up any é > 0, the condition m| > m} “ is enough. This proves that

E[mg/Zik)] — 0as k— oo.
If p;1 =0, then k := min{k > 0: px > 0} > 2 and from [4], we have log P(W < ¢) < —Ce B/0=B) for some
positive constant C and B :=logk/logm. In other words, P(W; < ¢) is exponentially small. Since m > my, we can

2/e)+26
2

pick up some o’ large enough such that m| > mgm{z/ o (1/a)+ 1 polds. Since P(W < &) is exponentially small, we
can find a positive constant D’ such that P(W| <¢) < D’ & Repeat the arguments as in the case p; > 0 replacing o
by @’ and D by D’. This proves that E[mlé/ka)] — 0 as k — oo.

Now, let us go back to the proof of the corollary. From (1.3), it suffices to show that

EN(1/Z{) = (/201w ]

- p —- 0, ask— occ. (3.9)
EL(1/Z®) = 1/Z/®)]

Since, E exp(0Z) < oo (in particular E[Z; log™ Z] < 00), we have lim Zl{(k)/mi.‘ > 0 a.s. and hence

1(k
Zz( )/mg

= 5 (),
20 " k70 gk

as k — oo, which implies that

. o 1 1 . m A 1
liminf E| m5 —® =liminf E . 1_—k >E[—|>0.
Finally, notice that

(P B T P EE P
m — = w_,0|=El—|1——x & _,0 | <El—5
2 Zik) Z;k) VARRY A Zik) Zék) VARRY A Zik)

Therefore, we proved (3.9). Given any 8 > 23/4 we can choose § > 0 such that 23/4 + § < 8 and then choose
k = k(Py, P) large enough so that the maximum in (3.3) equals 23/4 + §. O

We now sketch a proof of Theorem 4.

Proof of Theorem 4. We begin with the independent sequences {U; }i>1, {Z1.x}k>1, {Z2.x }k>1 and {(Z/l’k, Z/z’k)}kzl

where the first three have the same meaning as in Section 2 and {(ZN’Lk, ZN/z,k)}kzl are i.i.d. copies of ((Z%l), cees de)),
(Zél), Zy))), the latter having the same meaning as in the statement of Theorem 4. We shall write Z ik =
zD, ..., z8) fori=1,2.

We start both walks at the roots and when X visits the Jjth distinct site at level k for the first time, we assign
Zl,(]k)Jr1 many children to that site for i = 1,2 and j < [. If one of the walks, say X! is visiting the jth distinct site

at level k for the first time where j > ¢, then we assign Z; ; many children to that site for some i for which Z; ; has
not been used before. At time n, we make the transition using the two rules explained in Section 2 according as the

number of children of X ,(11) is larger or smaller than the number of children of X ,(,2).
If |B| = k, we have
() 0< X —1xP) <20 when k < ¢.
(i) [XP]— XD > -2k — £) when k > £+ 1.
This can be argued as follows. Assume that B = {iy, ..., iy} where k > £. If |X§1)| < |X§2)| for some j < iy, define
Jx ;= min{i: |Xf1)| < |Xl.(2)|}. Then |X§i)_1| = |X;.f)_1|. Since j, — 1 < iy, none of the walks has visited any of the

levels more than £ times up till time j, — 1. We also have min{Z ilz, o Z }e,)(} > max{Zé?,Z, e, Zg,)c} and hence the



Speed of biased walk on a Galton—Watson tree without leaves 317

number of offsprings of X;ill is not smaller than the number of offsprings of X;f),]- But then |X§i)| > |X§f)|, a

contradiction. Hence |X (.1)| > |X (.Z)I whenever j < iy, this implies the claims in (i) and (ii) stated above. A similar
argument can be given for the case |B| < ¢£.
So if we carry out an analysis similar to the one given in the proof of Theorem 1, then instead of (3.2), we shall get

E[[xs)] = |x[]

(B N[ =] et 1 1Y
_(ﬂ+1> AZRZIB | AT —D(B+ DI <zl Zz) h<z

) 27 k—t—1
. Z 16k(k—€)(3k+2)2<T> ,
vyl (I+8)
and (3.8) can be modified similarly. O

Proof of Corollay 6. The proof is an extension and almost the same as the proof of Theorem 1. One needs to couple

the two random walks on GW (Py) and GW (P,), with a df-random walk on Zx¢. Formally we re-define the walk Y,
as Yp:=0and forn > 1,

n

Y, = Z{lUi>l/(d5+1) —ly,<1y@p+n}, nelN.
i=1

The walk on GW (P;) and GW (P,) should also be changed accordingly. Similar arguments, as in the proof of
Theorem 1, give the counterparts to (3.2) and (3.8). Let us only present the latter, which is

E[[xs)] = |x:[]
(55) (&55) el 2]
>N )——) E|5 - =
28)\d - p+1 z, 7]

k
2(3k+2)2(247>

|

‘ N

eS|

k.

|
NN
| I

M2

Poo e 4(1+d-p)

c-d [1 i [ 27 k
ity ] [ 2Bk +2)( —
ol 7] N (g s)

(35) (555 el - ]
> — )22 ) Bl = - —
=\28)\ag+1) "z 7
c-d Z,T e 5 27 k
_EE[I_Z_;]ZZ(%”) (4(1+d-ﬁ)>

c-d [1 I 27 k
iy ) %GBk +2)[ ——— ) .
g g 2 ()

Now, note that this gives the same constant as in (3.8). Therefore, as long as d - § > Bo we have E[|X§})| — |X§]2) [1>0
which completes the proof. ]
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