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Abstract. In this paper we study the parabolic Anderson equation du(x,?)/9t =k Au(x,t) + &(x, )u(x,t),x € 74t > 0, where
the u-field and the £-field are R-valued, « € [0, 00) is the diffusion constant, and A is the discrete Laplacian. The &-field plays the
role of a dynamic random environment that drives the equation. The initial condition u(x, 0) = ug(x), x € 74, is taken to be non-
negative and bounded. The solution of the parabolic Anderson equation describes the evolution of a field of particles performing
independent simple random walks with binary branching: particles jump at rate 2d«, split into two at rate £ v 0, and die at rate
(—=&) v 0. Our goal is to prove a number of basic properties of the solution u under assumptions on & that are as weak as possible.
These properties will serve as a jump board for later refinements.

Throughout the paper we assume that £ is stationary and ergodic under translations in space and time, is not constant and satisfies
E(|£(0, 0)|) < oo, where E denotes expectation w.r.t. £. Under a mild assumption on the tails of the distribution of &, we show that
the solution to the parabolic Anderson equation exists and is unique for all ¥ € [0, c0). Our main object of interest is the quenched
Lyapunov exponent Ag(k) = lims—s 0o % logu (0, t). It was shown in Girtner, den Hollander and Maillard (In Probability in Complex
Physical Systems. In Honour of Erwin Bolthausen and Jiirgen Gdrtner (2012) 159-193 Springer) that this exponent exists and is
constant £-a.s., satisfies Ag(0) = E(£(0, 0)) and Ag(x) > E(£(0, 0)) for « € (0, 00), and is such that « + Ag (k) is globally Lipschitz
on (0, co) outside any neighborhood of 0 where it is finite. Under certain weak space—time mixing assumptions on &, we show
the following properties: (1) Ag(k) does not depend on the initial condition u; (2) Ag(k) < oo for all k € [0, 00); (3) k > Ag(k)
is continuous on [0, c0) but not Lipschitz at 0. We further conjecture: (4) limy— 0o[Ap (k) — Ag(x)] = 0 for all p € N, where
Ap () = limy— 00 % log E([u(0, )]?P) is the pth annealed Lyapunov exponent. (In (In Probability in Complex Physical Systems.
In Honour of Erwin Bolthausen and Jiirgen Gdrtmer (2012) 159-193 Springer) properties (1), (2) and (4) were not addressed,
while property (3) was shown under much more restrictive assumptions on &.) Finally, we prove that our weak space—time mixing
conditions on & are satisfied for several classes of interacting particle systems.

Résumé. Dans cet article on étudie 1’équation parabolique d’Anderson du(x,1)/dt =k Au(x,t) + &(x, Hu(x, 1), x € 74, 1> 0,
ou les champs u et & sont a valeurs dans R, « € [0, 0o) est la constante de diffusion, et A est le laplacien discret. Le champ & joue
le role d’ environnement aléatoire dynamique et dirige 1’équation. La condition initiale u(x, 0) = ug(x), x € 74, est choisie positive
et bornée. La solution de 1’équation parabolique d’ Anderson décrit 1’évolution d’un champ de particules effectuant des marches
aléatoires simples avec un branchement binaire : les particules sautent au taux 2d«, se divisent en deux au taux & Vv 0, et meurent
au taux (—£) Vv 0. Notre but est de prouver un certain nombre de propriétés basiques de la solution u sous des conditions sur & qui
sont aussi faibles que possible. Ces propriétés vont servir d’impulsion pour de futur améliorations.

Tout au long de cet article nous supposons que & est stationnaire et ergodique sous les translations en espace et en temps,
n’est pas constant et satisfait E(]£(0,0)|) < oo, ou E représente 1’espérance par rapport a £. Sous une hypothese tres faible
sur les queues de la distribution de &, nous montrons que la solution de 1’équation parabolique d’ Anderson existe et est unique
pour tout « € [0, 0o). Notre principal objet d’intérét est 1’exposant de Lyapunov quenched lo(k) = lims— o %log u(,t). Il a
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été prouvé dans Girtner, den Hollander et Maillard (In Probability in Complex Physical Systems. In Honour of Erwin Bolthau-
sen and Jiirgen Gdrtner (2012) 159-193 Springer) que cet exposant existe et est constant £-a.s., satisfait Ag(0) = E(£(0,0)) et
ro(k) > E(£(0, 0)) pour « € (0, 00), et est tel que k > L(k) est globalement lipschitzienne sur (0, co) a I’extérieur de n’importe
quel voisinage de 0 ou il est fini. Sous certaines conditions faibles de mélange en espace-temps sur £, nous montrons les propriétés
suivantes : (1) Ag(kx) ne dépend pas de la condition initiale uq; (2) Ag(k) < oo pour tout k € [0, 00); (3) kK + Ag(k) est conti-
nue sur [0, c0) mais pas lipschitzienne en 0. Nous conjecturons en outre : (4) limy— oo[Ap (k) — Ag(x)] = 0 pour tout p € N, ou
Ap(K) =lim;— 00 % log E([u(0, t)]P) est le p-ieme exposant de Lyapunov annealed. (Dans (In Probability in Complex Physical
Systems. In Honour of Erwin Bolthausen and Jiirgen Gdrtner (2012) 159-193 Springer) les propriétés (1), (2) et (4) n’ont pas été
abordées, tandis que la propriété (3) a été prouvée sous des hypotheses beaucoup plus restrictives sur £.) Finalement, nous prouvons
que nos conditions faibles de mélange en espace-temps sur £ sont satisfaites par plusieurs systemes de particules en interaction.

MSC: Primary 60H25; 82C44; secondary 60F10; 35B40

Keywords: Parabolic Anderson equation; Percolation; Quenched Lyapunov exponent; Large deviations; Interacting particle systems

1. Introduction and main results

Section 1.1 defines the parabolic Anderson model and provides motivation, Section 1.2 describes our main targets and
their relation to the literature, Section 1.3 contains our main results, while Section 1.4 discusses these results and state
a conjecture.

1.1. The parabolic Anderson model (PAM)
The parabolic Anderson model is the partial differential equation

0 d

Eu(x, ty=kAu(x,t) + &, NHu(x,t), xeZ',t>0. (1.1)
Here, the u-field is R-valued, x € [0, co) is the diffusion constant, A is the discrete Laplacian acting on u as

Au(x,t) = Z [u(y, ) —u(x,1)] (1.2)
yeZd
ly—xli=1

(Il - |l is the I{-norm), while
E=(Di>0 With§z={5(x,t): erd} (1.3)

is an R-valued random field playing the role a of dynamic random environment that drives the equation. As initial
condition for (1.1) we take

» u(x,0)=uolx), xe€ Zd, with u#o non-negative and bounded. (1.4)

_One interpretation of (1.1) and (1.4) comes from population dynamics. Consider the special case where §(x, 1) =
y&(x,t) — & with 8,y € (0,00) and & an Np-valued random field. Consider a system of two types of particles, A
(catalyst) and B (reactant), subject to:

— A-particles evolve autonomously according to a prescribed dynamics with &(x, ) denoting the number of A-
particles at site x at time ¢;

— B-particles perform independent simple random walks at rate 2dk and split into two at a rate that is equal to y
times the number of A-particles present at the same location at the same time;

— B-particles die at rate J;

— the average number of B-particles at site x at time 0 is ug(x).
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Then

u(x,t) = the average number of B-particles at site x at time ¢

conditioned on the evolution of the A-particles. (1.5)
The &-field is defined on a probability space (§2, F, P). Throughout the paper we assume that

» £ is stationary and ergodic under translations in space and time.

» £ is not constant and ]E(lE(O, 0)|) < 0. (1.6)

Without loss of generality we may assume that E(£(0, 0)) = 0.
1.2. Main targets and related literature

The goal of the present paper is to prove a number of basic properties about the Cauchy problem in (1.1) with initial
condition (1.4). In this section we describe these properties informally. Precise results will be stated in Section 1.3.

o Existence and uniqueness of the solution. For static €, i.e.,
£={&(): x ez, (1.7)

existence and uniqueness of the solution to (1.1) with initial condition (1.4) were addressed by Gértner and Molchanov
[9]. Namely, for arbitrary, deterministic g 74 — R and uop - 74 — [0, 00), they considered the equation

{ Fule, ) =cAux, 1) +qulx, 0, c74 (>0, (18)
u(x,0) =uo(x),

with u( non-negative, and showed that there exists a non-negative solution if and only if the Feynman—Kac formula

t
v(x,t):Ex<eXp{/ q(X"(s))ds}uo(X"(t))) (1.9)
0

is finite for all x and ¢. Here, X* = (X“(¢)),>0 is the continuous-time simple random walk jumping at rate 2d« (i.e.,
the Markov process with generator k A) starting in x under the law P,. Moreover, they showed that v in (1.9) is
the minimal non-negative solution to (1.8). From these considerations they deduced a criterion for the almost sure
existence of a solution to equation (1.8) when g = &. This result was later extended to dynamic § by Carmona and
Molchanov [2], who proved the following.

Proposition 1.1 (Carmona and Molchanov [2]). Suppose that q: 7% x [0, 00) — R is such that q(x, -) is locally
integrable for every x. Then, for every non-negative initial condition u, the deterministic equation

{ %u(x, t)=kAu(x,t) +q(x,Hu(x,t), Ye Zd,t >0, (1.10)
u(x,0) =up(x),

has a non-negative solution if and only if the Feynman—Kac formula

v(x, 1) =E, <exp{/tq(XK(s), t— s) ds}uo(XK(t))) (1.1D)
0

is finite for all x and t. Moreover, v in (1.11) is the minimal non-negative solution to (1.10).

To complement Proposition 1.1, we need to find a condition on £ that leads to uniqueness of (1.11). This will be
the first of our targets. To answer the question of uniqueness for static £, Girtner and Molchanov [9] introduced the
following notion.
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Definition 1.2. A field q = {q(x): x € Z%} is said to be percolating from below if for every a € R the level set
{x € Z4: q(x) < a} contains an infinite connected component. Otherwise q is said to be non-percolating from below.

It was shown in [9] that if ¢ is non-percolating from below, then (1.8) has at most one non-negative solution. We
will show that a similar condition suffices for dynamic &, namely, (1.10) has at most one non-negative solution when
there is a 7 > 0 such that

g’ = {qT(x): X € Zd} with g7 (x) = sup q(x,1) (1.12)
0<t<T

is non-percolating from below (Theorem 1.12 below). This (surprisingly weak) condition is fulfilled £-a.s. for ¢ =&
for most choices of £&. Moreover, we show that this solution is given by the Feynman—Kac formula (Theorem 1.13
below).

e Quenched Lyapunov exponent and initial condition. The quenched Lyapunov exponent associated with (1.1) with
initial condition u is defined as

1
ASO(K):tl_i)Iglo?logu(O,t). (1.13)

Girtner, den Hollander and Maillard [8] showed that if uq has finite support, then the limit exists £-a.s. and in L! ™),
is £-a.s. constant, and does not depend on u. A natural question is whether the same is true for ug bounded with
infinite support. This question was already addressed by Drewitz, Gértner, Ramirez and Sun [5]. Define

—ug o1 !
Xo (K):tllm ;logEo(exp{/ E(X’((s),s)ds}uo(X"(t))) (1.14)
—00 0

Proposition 1.3 (Drewitz, Girtner, Ramirez and Sun [5]).

(D) If & satisfies the first line of (1.6) and is bounded, then X(I)L () exists £-a.s. and in L'(P), and is &-a.s. constant.
(L) If, in addition, & is reversible in timle or symmetric in space, then, for all uy subject to (1.4), Xgo (x) exists &-a.s.
and in LY (P), and coincides with Xo (k).

The time-reversal that distinguishes )L(])l () from XE} («) is non-trivial. Under appropriate space—time mixing condi-
tions on &, we show how Proposition 1.3 can be used to settle the existence of ASO (x) with the same limit for all uq
subject to (1.4) (Theorem 1.15 below).

e Finiteness of the quenched Lyapunov exponent. On the one hand it follows by an application of Jensen’s inequality
that ASO (k) = E(£(0, 0)) for all « (see Theorem 1.2(iii) in Girtner, den Hollander and Maillard [8] for the details),
while on the other hand if £ is bounded from above, then also AZO (k) < oo for all x. For unbounded & the same is
expected to be true under a mild assumption on the positive tail of £. However, settling this issue seems far from easy.
The only two choices of & for which finiteness has been established in the literature are an i.i.d. field of Brownian
motions (Carmona and Molchanov [2]) and a Poisson random field of independent simple random walks (Kesten and
Sidoravicius [12]). We will show that finiteness holds under an appropriate mixing condition on & (Theorem 1.14
below).

e Dependence on k. In [8] it was shown that Ago (0) =E(£(0, 0)), Ago (k) > E(£(0, 0)) for « € (0, 0), and k — kgo (k)
is globally Lipschitz outside any neighborhood of zero where it is finite. Under certain strong “noisiness” assumptions
on &, it was further shown that continuity extends to zero while the Lipschitz property does not. It remained unclear,
however, which characteristics of & are really necessary for the latter two properties to hold. We will show that if £ is a
Markov process, then in essence a weak condition on its Dirichlet form is enough to ensure continuity (Theorem 1.16
and Corollary 1.20 below), whereas the non Lipschitz property holds under a weak assumption on the fluctuations
of & (Theorem 1.17). Finally, by the ergodicity of £ in space, it is natural to expect (see Conjecture 1.21 below) that
lim, 00 [A% (k) — 00 (1c)] = O for all p € N, where

1
A0 (k) = lim ElogE([u(O,t)]p) (1.15)
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space

time

Fig. 1. The box represents B£ (x, k). The line is a possible realization of Qﬁ (x).

is the pth annealed Lyapunov exponent (provided this exists). It was proved for three special choices of &: (1) inde-
pendent simple random walks; (2) the symmetric exclusion process; (3) the symmetric voter model (for references, see

[8]), that, when d is large enough, lim,_, )fspo (k) =E((0,0)), p € Np. It is known from Carmona and Molchanov
[2] that lim, — o0 Af,o (k)= % #1IE(£(0,0)) for all p € N when £ is an i.i.d. field of Brownian motions.

Remark 1.4. We expect that one can define the pth annealed Lyapunov exponent even for non-integer values of p and
that in this case limp,_ )f;,o (k)= Ago (k). This was indeed established by Cranston, Mountford and Shiga [4] when &
is an i.i.d. field of Brownian motions.

1.3. Main results

This section contains five definitions of space—time mixing assumptions on &, six theorems subject to these assump-
tions, as well as examples of £ for which these assumptions are satisfied. The material is organized as Sections 1.3.1—
1.3.4. The first theorem refers to the deterministic PAM, the other four theorems to the random PAM. Recall that the
initial condition u is assumed to be non-negative and bounded. Further recall that & satisfies (1.6).

1.3.1. Definitions: Space—time blocks, Gdrtner-mixing, Gdrtner-regularity and Gdrtner-volatility

e Good and bad space—time blocks. For A>1, Re N, x € 74 and k, b, c € Ny, define the space—time blocks (see
Figure 1)

d
Bi(x,k;b,c) = (H[(x(j) —1=b)AR, (x(j) + 1 +b)AR) mzd) x [(k — ) AR, (k + 1) AF), (1.16)
j=1

abbreviate Bﬁ (x, k)= E? (x, k; 0,0), and define the space-blocks
04 =x+[0, AR nzd. (1.17)

It is convenient to extend the &-process to negative times, to obtain a two-sided process £ = (£,);cr. Abbreviate
M =esssup[£(0, 0)].

Definition 1.5. For A>1, ReN,x € Z4, k e N, C € [0, M] and b, c € Ny, the block B (x,k) is called (C, b, c)-
good when

D E(G.s) <CARY VyeZ s>0: QR(y) x {s} S BR(x.k: b, 0). (1.18)
€04 ()

Otherwise it is called (C, b, c)-bad.
e Gdartner-mixing. For A>1, ReN, x € 74, keN, C [0, M] and b, ¢ € N, let
A% (x, ks b, €)
= {B,?H(x, k) is (C, b, ¢)-good, but contains an R-block that is (C, b, c)—bad}. (1.19)
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Fig. 2. The dashed blocks are R-blocks, i.e., Bﬁ(x,k) (inner) and éﬁ(x,k;b,c) (outer) for some choice of A,x,k,b,c. The solid

blocks are (R + 1)-blocks, i.e., Bé +1(y,l) (inner) and Eé v,l;b,c) (outer) for a choice of A,y,[l,b,c such that they contain the

+1¢

aaaaa

@ = (v + 1 + DARTL (0 — 0ARTh @3 = (v + 1 + DARTL (¢ + DARTY), @4 = (b — 1 — BARTL (1 + DARHD),
®5=((x — 1 —b)AR (k —c)AR) and ®g = ((y — DARTL AR+,

In terms of these events we define the following space—time mixing conditions (see Figure 2). For D C 7 x R, let
o (D) be the o-field generated by {§(x,?): (x,t) € D}.
Definition 1.6 (Gartner-mixing). For ai,ar € N, denote by Ay(ai,ar) the set of 74 x N-valued sequences
{(xi, ki)Y that are increasing with respect to the lexicographic ordering of 74 x N and are such that for all
O<i<j<n

xj=x; moda; and kj=k; moda;. (1.20)

(@) & iscalled (A, C, b, c)-type-1 Gdrtner-mixing when there are ay, a> € N and a constant K > 0 such that there is
an Ry € N such that, for all R € N with R > Rg and all n € N,

n
sup ]P’(ﬂ ANC (xi, ki b, c)) < K (AU+2) RO (1.21)

(i k) g€An(ar.az)  \j_g
(b) & iscalled (A, C, b, c)-type-1l Girtner-mixing when for each family of events
AR e o (Bgy (xi ki), (xi, ki)1_g € Aplar, a2), (1.22)
that are invariant under space—time shifts and satisfy
Rli_)mOOIP’(Af) =0, (1.23)
there are ay, ay € N and a constant K > 0 such that for each > 0 there is an Ry € N such that, for alln € N,

n
P(ﬂ{B,g‘H(xi, k;) is (C, b, c)-good, Af}) <K8", R=>Rgp,ReN. (1.24)
i=0
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(c) & is called type-1, respectively type-II, Gdrtner-mixing, when there are A > 1, C € [0, M], R € N, b, ¢ € N such
that € is (A, C, b, ¢)-type-I, respectively, (A, C, b, c)-type-11, Gdrtner-mixing.

Definition 1.7 (Girtner-hyper-mixing).

(a) & is called Gdrtner-positive-hyper-mixing when
(al) E[e?*Psc0.15O09)] < 00 forall g > 0.
(a2) There are b, c € N and a constant C such that for each Ao > 1 one can find A > Ag such that §1{§ > 0} is
(A, C, b, c)-type-1 Gdrtner-mixing.
(a3) There are Ry, Co > 1 such that

1
IP’( sup —— > £(y.9) zC) <|BrI™ ¥R = Rg,C > Co, (1.25)
sef0,1] | Brl ord

for some @ > (1 +2d)(2+d)/d, where Bg =[—R, R1* N Z¢.
(b) & is called Gartner-negative-hyper-mixing, when —& is Gdrtner-positive-hyper-mixing.

Remark 1.8. If & is bounded from above, then & is Gdrtner-positive-hyper-mixing. For those examples where & (x, 1)
represents “the number of particles at site x at time t,” we may view Gdrtner-mixing as a consequence of the fact
that there are not enough particles in the blocks éé (xi, ki; b, ) that manage to travel to the blocks Eé (xj,kj;b,c).
Indeed, if there is a bad block on scale R that is contained in a good block on scale R + 1, then in some neighborhood
of this bad block the particle density cannot be too large. This also explains why we must work with the extended
blocks é,‘;‘ (x, k; b, ¢) instead of with the original blocks Bf% (x,k;0,0). Indeed, the surroundings of a bad block on
scale R can be bad when it is located near the boundary of a good block on scale R + 1 (see Figure 2).

e Gdrtner-regularity and Gdrtner-volatility. Recall that || - || denotes the lattice-norm, see the line following (1.2). We
say that @ : [0, t] — Z? is a path when

[P(s) —P(s—)I<=1 Vsel0,r]. (1.26)
We write @ € Bg when ||@(s)|| < R for all s € [0, t] and denote by N (@, ) the number of jumps of @ up to time ¢.

Definition 1.9 (Girtner-regularity). & is called Giirtner-regular when

(a) & is Gdrtner-negative-hyper-mixing and Gdrtner-positive-hyper-mixing.
(b) There are to > 0 and no € N such that for every 81 > 0 there is a 5, = §2(61) > 0 such that

n jt
P(Z/ E(@((— Dt +1),s)ds > 81nt> <e o
o1/ =Dt

Vi > 10,1 > 10, D € Byp. (1.27)

Definition 1.10 (Gdrtner-volatility). & is called Géirtner-volatile when

(a) & is Gdrtner-negative-hyper-mixing.

(b)

1
lim —E(
t—00 logt

/0 [£0,5) —&(e,5)]ds

) =00 for some e € Z¢ with |le|| = 1, (1.28)

Remark 1.11. Corollary 1.20 below will show that condition (b) in Definition 1.9 is satisfied as soon as the Dirichlet
form of & is non-degenerate, i.e., has a unique zero (see Section 7).
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1.3.2. Theorems: Uniqueness, existence, finiteness and initial condition
Recall the definition of qT (see (1.12)), the condition on uq in (1.4) and the condition on & in (1.6).

Theorem 1.12 (Uniqueness). Consider a deterministic q 74 % [0, o0) — R such that:

(1) Thereisa T > 0 such that q" is non-percolating from below.
2) qT(x) <ooforall T >0andx € 74,

Then the Cauchy problem

{ %u(x, N =wkAu(x,0) +qx,Dux,0, 741 >0, (1.29)
u(x,0) =up(x),

has at most one non-negative solution.

Theorem 1.13 (Existence). Suppose that:

(1) s+ &(x,s) is locally integrable for every x, &-a.s.
(2) E(e250.0y < oo forall g > 0.

Then the function defined by the Feynman—Kac formula

t
u(x,t)=E; <exp{/ %‘(XK(S),t - s) ds}uo(X"(t))) (1.30)
0

solves (1.1) with initial condition uy.

From now on we assume that £ satisfies the conditions of Theorems 1.12-1.13 (where ¢g is replaced by & in
Theorem 1.12).

Theorem 1.14 (Finiteness). If & is Gdrtner-positive-hyper-mixing, then Ago (k) < o0.

From now on we also assume that £ satisfies the conditions of Theorem 1.14. The following result extends Gértner,
den Hollander and Maillard [8], Theorem 1.1, in which it was shown that for the initial condition u¢ = 8p the quenched
Lyapunov exponent exists and is constant £-a.s.

Theorem 1.15 (Initial condition). If & is reversible in time or symmetric in space, type-Il Girtner-mixing and
Gdrtner-negative-hyper-mixing, then )»30 (k) =lim;_, o % logu(0, t) exists £-a.s. and in LY(P), is constant &-a.s., and

is independent of ug.

1.3.3. Theorems: Dependence on k

Theorem 1.16 (Continuity at « = 0). If & is Gdrtner-regular, then k — Ago (x) is continuous at zero.
Theorem 1.17 (Not Lipschitz at « = 0). If£ is Gdrtner-volatile, then k +— Ago (r) is not Lipschitz continuous in zero.
Remark 1.18. Theorem 1.17 was already shown in [8], under the additional assumption that & is bounded from below.

1.3.4. Examples
We state two corollaries in which we give examples of classes of & for which the conditions in Theorems 1.14-1.16
are satisfied.
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Corollary 1.19 (Examples for Theorems 1.14-1.15).

(1) Let X = (X;)s>0 be a stationary and ergodic R-valued Markov process. Let (X.(x)), ez« be independent copies
of X. Define & by £E(x,t) = X, (x). If

E[eqsupse[().lJXS] < 00 Vq > 07 (131)

then & fulfills the conditions of Theorem 1.14. If, moreover, the left-hand side of (1.31) is finite for all ¢ <0, then
& satisfies the conditions of Theorem 1.15.

(2) Let & be the zero-range process with rate function g :Ng — (0, 00), g(k) = kP, B € (0, 11, and transition proba-
bilities given by a simple random walk on 72 . If € starts from the product measure 7p, p € (0, 00), with marginals

k .
np{neNoZd: n(x)zk}={7’g<1>x/-)~xg<k>’ ’,fk>0’ (1.32)
2 ifk=0,

where y € (0, 00) is a normalization constant, then & satisfies the conditions of Theorems 1.14—1.15.

Corollary 1.20 (Examples for Theorem 1.16).

(1) If& is a bounded interacting particle system in the so-called M < & regime (see Liggett [14]), then the conditions
of Theorem 1.16 are satisfied.

(2) If& is the exclusion process with an irreducible, symmetric and transient random walk transition kernel, then the
conditions of Theorem 1.16 are satisfied.

(3) If& is the dynamics defined by

Ny
Ex.t)= ) Zaij(t)(x), (1.33)

yezd j=1

where {Y};: yeZl 1<j< Ny, ij (0) = y} is a collection of independent continuous-time simple random walks
Jjumping at rate one, and (Ny)cza is a Poisson random field with intensity v for some v € (0, 00). If d > 3, then
the conditions of Theorem 1.16 are satisfied.

Corollaries 1.19-1.20 list only a few examples that match the conditions. It is a separate problem to verify these
conditions for as broad a class of interacting particle systems as possible.

1.4. Discussion and a conjecture

The proofs of Theorems 1.12—1.17 and Corollaries 1.19-1.20 are given in Sections 2—7. The content of Theorems
1.12-1.17 is summarized in Figure 3.

The importance of kgo (x) within the population dynamics interpretation of the parabolic Anderson model, as
explained in Section 1.1, is the following. For ¢ > 0, randomly draw a B-particle from the population of B-particles at
the origin. Let L, be the random time this B-particle and its ancestors have spent on top of A-particles. By appealing

Ao (%) Ap” (%)

0° K 0°* K

Fig. 3. Qualitative picture of x }\go (x) in the weakly, respectively, strongly catalytic regime.
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to the ergodic theorem, it may be shown that lim;_, o, L;/t = ASO (x) a.s. Thus, Ago (x) is the fraction of time the best
B-particles spend on top of A-particles, where best means that they come from the fastest growing family (“survival
of the fittest”). Figure 3 shows that for all « € (0, 00) clumping occurs: the limiting fraction is strictly larger than the
density of A-particles. In the limit as « |, 0 the clumping vanishes because the motion of the A-particles is ergodic
in time. The clumping is hard to suppress for « | 0: even a tiny bit of mobility allows the best B-particles and their
ancestors to successfully “hunt down” the A-particles.

In the limit as k — 0o we expect the quenched Lyapunov exponent to merge with the annealed Lyapunov exponents
defined in (1.15), with &y replaced by ug.

Conjecture 1.21. lim,_ o[1} (k) — 1, (k)] =0 for all p € N.

The reason is that for large « the B-particles can easily find the largest clumps of A-particles and spend most of
their time there, so that it does not matter much whether the largest clumps are close to the origin or not.

It remains to identify the scaling behaviour of Ago () for k | 0 and ¥k — oo. Under strong noisiness conditions
on &, it was shown in Girtner, den Hollander and Maillard [8] that A*0 (k) tends to zero like 1/log(1/k) (in a rough
sense), while it tends to £(£(0, 0)) as k — oo. For the annealed Lyapunov exponents A';,O (x), p € N, there is no
singular behavior as « | 0, in particular, they are Lipschitz continuous at k = 0 with )\;’,0 (0) > E(&(0, 0)). For three
specific choices of & it was shown that )»ZO (k) with ug = 1 decays like 1/k as k — oo (see [8] and references therein).
A distinction is needed between the strongly catalytic regime for which )»?,0 (k) = oo for all k¥ € [0, 00), and the
weakly catalytic regime for which )»LII,O (k) < oo for all k € [0, 00). (These regimes were introduced by Giértner and den
Hollander [7] for independent simple random walks.) We expect Conjecture 1.21 to be valid in both regimes.

2. Existence and uniqueness of the solution

In this section we prove Theorem 1.12 (uniqueness; Section 2.1) and Theorem 1.13 (existence; Section 2.2).
2.1. Uniqueness

The proof of Theorem 1.12 is based on the following lemma.

Lemma 2.1. Let g; : 7% x [0, 00) — R, i € {1, 2}, satisfy conditions (1)~(2) in Theorem 1.12 and be such that, for a
given initial condition u, the two corresponding Cauchy problems

D e (e 1) = K At e O
{f?;()(c)’)tl;:(f)ul(x’ DFqiDui 0, czd 150, e(1,2), @.1)
L 9 - ’

have a solution. If there exists a T > 0 such that q1(x,t) > q2(x,t) for all x € 74 and t € [0, T, then u;(x,1) >
ur(x,t) forall x € Z4 and t € [0, T, where uy and u» are any two solutions of (2.1).

We first prove Theorem 1.12 subject to Lemma 2.1.

Proof of Theorem 1.12. Note from Definition 1.2 that whenever ¢ is non-percolating from below for T = Ty for

some Ty > 0, then the same is true for all T > Tj. Fix T > Ty, and let u be a non-negative solution of (1.29) with zero

initial condition, i.e., ug(x) =0 for all x € 74 . 1t is sufficient to prove that u(x,7) =0 forall x € 74 and t € [0, T].
Let v be the solution of the Cauchy problem

{ 3%&“63’50'23”35” T OV, g e [0, T1, 22

which exists because the corresponding Feynman—Kac representation is zero by Girtner and Molchanov [9],
Lemma 2.2. By Lemma 2.1 it follows that 0 < u < v on Z% x [0, T']. Using that g7 is non-percolating from be-
low, we may apply [9], Lemma 2.3, to conclude that (2.2) has at most one solution. Hence u = v =0 on 74 x [0, T],
which gives the claim. (|
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We next prove Lemma 2.1.
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Proof of Lemma 2.1. Fix R € N. Let Bg = [—R, R1? N Z4, int(Bg) = (—R, R)* N Z%, and dBg = B\ int(Bg).
If u; and uy are solutions of (2.1) on 74 x [0, 00), then they are also solutions on Bg x [0, T']. More precisely, for

i € {1,2}, u; is a solution of the Cauchy problem

%v(x, t)y=xAv(x,t) +qi(x,)v(x, 1), (x,t)€int(Bg) x[0,T],
v(x,0) = ug(x), x € Bg,
v(x, 1) =u;(x,1), (x,t) €dBg x [0, T].

Recall that g1 > ¢»> on 74 x [0, T']. Choose c£ such that

T
Ccp > max 1(x, 1) > max h(x, 1),
R xeBR,te[O,T]q xeBR,te[O,T]q

and abbreviate

v(x, 1) =e K [uy (v, 1) —uz(x,0)], (x,1) € Bg x [0, T,

Qi =q; — ck, ie{l,2).

Then, by (2.3), v satisfies

Bu(x, 1) =k Av(x, 1) + e~ R Q1 (x, Dui (x, 1) — e~ F Qo (x, Dua(x, 1),
v(x,0)=0,

v, 1) = e~k [uy (x, 1) — ua(x, )],

Now, suppose that there exists a (xy, #,) € int(Bg) x [0, T] such that

V(Xy, ty) = min v(x,t) <O.
xeint(Bg),t€[0,T]

Then
0
Ev(x*, ) <0

and

Av(et) = Y [ t) = (. )] = 0.
yezd
ly=sll=1

Moreover, by (2.4-2.5) and (2.7),

T, = T, =
€ CRt*Ql(x*,t*)ul(x*,t*)_e CRI*QZ(x*,t*)UZ(x*vt*)

(x,t) eint(Bg) x [0, T],
X € Bg,
(x,t) e dBr x [0, T].

T —cTi
= [q1 (X, 1) — CR]U(X*, 1) + [611 (s, 1) — g2 (X, t*)]e R up (X, 15) > 0.

But (2.8)—(2.10) contradict the first line of (2.6) at (x, t) = (x4, t,). Hence (2.7) fails, and so it follows from (2.5) that
u1(x,t) > up(x,t) forall x € int(Bg) and ¢ € [0, T]. Since R can be chosen arbitrarily, the claim follows.

2.2. Existence

In the sequel we use the abbreviations

b
IK(a,b,c):/ f;‘(XK(s),c—s)ds, 0<a<b<c,
a

b
T‘(a,b,c)zf £(X“(s),c+s)ds, O<a<b<c.

a

2.3)

2.4)

2.5)

(2.6)

Q2.7)

2.8)

(2.9)

(2.10)

O

@2.11)

2.12)
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Proof of Theorem 1.13. By Proposition 1.1 it is enough to show that

Ey (T @1 Dug(X* (1)) <00 ¥xeZd 1 >0. (2.13)
Since ug is assumed to be non-negative and bounded (recall (1.4)), without loss of generality we may take ug = 1. We

give the proof for x = 0, the extension to x € Z¢ being straightforward.
Fix g € QN [0, 00). Using Jensen’s inequality and the stationarity of £, we have (recall (1.6))

]E(E()(ezk(o’q’q))) = EO(]E(GIK(OJ[,({)))

< EO(EG [ ewtaz (0.0 - )} as))

= E(,(é quE(exp{qg(o, 0)})ds>

= E(e700) < o0, (2.14)

where the finiteness follows by condition (2). Hence, for every ¢ € Q N[0, co) there exists a set A, with P(4,) =1
such that

Eo(eF©99) <00 VEe€A,. (2.15)
To extend (2.15) to ¢ € [0, 00), note that, by the Markov property of X* applied at time ¢ — ¢, g > ¢, we have
Eo(e?"©4D) > Eg(e?" 4 D1{X“(r) =0 Vr € [0,q —11})
= e E04=)ds p (x< (1) = 0 Vr € [0, g — 1]) Eg (X D). (2.16)

Because s — £(0, s) is locally integrable &£-a.s. by condition (1), we have fé’_t £(0,g —s)ds > —oo &-a.s. The claim
now follows from (2.15)—(2.16) by picking g € Q N [0, co) and ¢ € [0, 00). O

3. Finiteness of the quenched Lyapunov exponent

In this section we prove Theorem 1.14. In Section 3.1 we sketch the strategy of the proof. In Sections 3.2-3.6 the
details are worked out.

3.1. Strategy of the proof

The proof uses ideas from Kesten and Sidoravicius [12]. To simplify the notation, we assume that £ > 0. Fix C, b, ¢
according to our assumptions on &£. For j € N and 7 > 0, define the set of random walk paths

m(j,1)={®:[0,11 - Z*: & makes j jumps, ®([0,1]) € [-Citlogt, Ctlogt]? NZ7}, (3.1)

where Cp will be determined later on. Abbreviate [C1]; = [—C ¢ log¢, Cltlogt]d NZY ForA>1,ReNand ® e
I1(j,t), define

‘1’1? (@) = number of good (R + 1)-blocks crossed by @ containing a bad R-block, 3.2)

Wl = sup WR(®), (3.3)
Pell(j.1)

E,ﬁ‘ (@) = number of bad R-blocks crossed by @, (3.4

g0 = sup Ep®). (3.5)

Pell(j,t)
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The proof comes in 5 steps, organized as Sections 3.2-3.6: (1) the Feynman—Kac formula may be restricted to paths
contained in [C1];; (2) there are no bad R-blocks for sufficiently large R; (3) the Feynman—Kac formula can be
estimated in terms of bad R-blocks; (4) bounds can be derived on the number of bad R-blocks; (5) completion of the
proof.

3.2. Step 1: Restriction to [C1];

Lemma 3.1. Fix C; > 0. Suppose that E(e? Psc0.1509)) < o0 for all ¢ > 0. Then:
(a) &-a.s.

limsup[ésup{é(x,s):xG[Cl]t,0§s§t}i| <l1. 3.6)

—0o0

(b) &-a.s. there exists a to > 0 such that, for all t > ty and x ¢ [C1];,

sup &(x,s) <logl|lx]. 3.7
s€[0,7]

Proof. (a) For any 6 > 0 and ¢ > 1, we may estimate

IP’(EIx e[C1)s: sup &(x,s) > logt>
s€[0,1]

Lr]

< Z Z]P’( sup s(x,s)zlogt>
1]

xe[Cy]; k=0 selk,k+

< @Citlogt + 1)4(1t] + 1) exp{—6 logt}E(exp{O sup £, s)}). (3.8)

Choosing 6 > 2(d + 1) + 1, we get that the right-hand side is summable over ¢ € N. Hence, by the Borel-Cantelli
Lemma, we get the claim.
(b) The proof is similar and is omitted. O

The main result of this section reads:

Lemma 3.2. There exists a Co > 0 such that &-a.s. there exists a to > 0 such that

Eo(eX" ©"01{X*([0,1]) Z [C11;}) <€’ ¥t =>10,Cy = Co. 3.9)

Proof. See Kesten and Sidoravicius [12], Eq. (2.38). We only sketch the main idea. Take a realization @ : [0, 1] — z4
of a random walk path that leaves the box [C{];. Then ||@| = max{||x||: x € @([0,¢])} > Cytlogt. By Lemma 3.1,

sup sup £&(x,s) <log|®|, (3.10)
sel0.] xl|<l|o |

and so we can estimate
Eo(eF" 01X ([0,11) £ [C11,})

< Eo(expr sup tog] x*()| Ja{x*(10.11) g 1C11}). 3.11)
sel0,z]

The rest of the proof consists of balancing the exponential growth of the term with the supremum against the super-
exponential decay of Po(X“ ([0, #]) g [C1]s). See [12] for details. O
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3.3. Step 2: No bad R-blocks for large R

Lemma 3.3. Fix Co > 0 according to Lemma 3.2, and suppose that & satisfies condition (a3) in the Gdrtner-positive-
hyper-mixing definition. Then for every C1 > Co and € > 0 there exists an A = A(e) > 2 such that

P(Elg’j > 0 for some R > elogt and some j € No) (3.12)

is summable over t € N. (It suffices to choose A = |e'/*0+2D¢ | for some a > 1.)

Proof. Fix C; > Cp, A > 2 and assume that Eﬁ’j > 0 for some j € Ny. Then there is a bad R-block BQ (x, k) that
intersects [C1]; x [0, ¢]. Hence there is a pair (y, s) € 74 x [0, 00) such that Qﬁ(y) x {s} C Eﬁ(x, k; b, c) and

> Ezs)>CAR (3.13)

2€QR ()
In particular, x and s satisfy dist(y, [C1];) < (b + 2)AR and s € [0, t + AR]. Hence, for ¢ > 0,
P(E,?’j > ( for some R > ¢glogt, j € No)

< Z P Z f(z,s)>CARdf0rsome(y,s):

R>eglogt ZEQ}%(}')
dist(y, [C1]:) < (b +2)AR, s €[0,1 + AR]>

Lt+AR]

< > > IP’(EIse[k,k—i-l): > s(z,s)>CARd>. (3.14)

Rzelogt yudist(y,[C1])<(b+2)AR k=0 2€0%()

By assumption (1.25), we may bound the two inner sums by

(2C1tlogt + 1+ (b +2)AR) x ([t + AR| +1) x 24R +1) ™ € G(R, 1). (3.15)

Recall the definition of « (see below (1.25)), to see that one can choose A as described in the formulation of Lemma 3.3
to get that

> GR.1) (3.16)
R>¢elogt
is summable over t € N. O

3.4. Step 3: Estimate of the Feynman—Kac formula in terms of bad blocks

Lemma 3.4. Fixe > 0and A > 2. For all C1 > Co (where Cy is determined by Lemma 3.2),

Eo(e™ O101{X*([0, 1) S [C11,})

Qdti)i - A
<y expit(CAd —2dic)+ ) CA(R“)"ARER”}. (3.17)

!
jeNy J: R=1
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Proof. See [12], Lemma 9. We sketch the proof. Note that
Eo(e™ ©"01{x* ([0, 1]) S [C11,})
Ly i 210

|
jeNo J:

1 IS t
X Z (Zd)on<exp{§/Si_lf(xl'—l,t—u)du+/5j§(xj,t—u)du}>, (3.18)

xl,xg,..‘,ijZd

where j is the number of jumps, 0 = xo, x1,...,x;, x; € [C1];,i €{0, 1, ..., j}, are the nearest-neighbor sites visited,
and 0= §p < 81 <--- < §; <t are the jump times. To analyze (3.18), fix A > 2, Re Nas wellas 0 =50 < 51 <
--- < s; and a path @ with these jump times, and define

J
AR(®) = J{u elsio1,50): CAR < &(xi1,1 —u) < CARFDY
i=1

Ufuelsj,0): CAR <&(x;,t —u) < cARTDIY, (3.19)

The contribution of @ to the exponential in (3.18) may be bounded from above by

oo
t1CAY 4+ Y CARTV Ap(d)], (3.20)

R=1

where the first term comes from the space—time points (x;_p, t —u) with £ (x;_1, t — u) < CAY If CARY < g(xj_y,t —
u) < CAR+DE ‘then (x;_1, 1 —u) belongs to a bad R-block. There are at most E,’?’J such blocks, and any path spends
at most a time AR in each R-block. Hence

|AR(®)| < ARE /. (3.21)

The claim now follows from (3.18), (3.20)—(3.21) and the fact that there are at most (2d)/ nearest-neighbor paths
(0 =x0, x1, x2, ..., x;) that are contained in [C1],. O

3.5. Step 4: Bound on the number of bad blocks

The goal of this section is to provide a bound on the number of bad blocks on all scales simultaneously (Lemma 3.5
below). In Section 3.6 we will combine Lemmas 3.2-3.5 and (3.22) to prove Theorem 1.14.

Lemma 3.5. Fix ¢ > 0, pick A according to Lemma 3.3 and assume that E?’j =0 for all R > [elogt]. Then, for
some Cy >0,

IP’('I/I?’j > (t+ j)(A(1+2d))7Rf0r some R € N and some j € Ny), (3.22)
P(Eg’j > Co(t + j)(A(l+2d))_Rf0r some R € N and some j € No), (3.23)

are summable on t € N.

The proof of Lemma 3.5 is based on Lemmas 3.6-3.7 below. The first estimates for fixed R the probability that
there is a large number of good (R + 1)-blocks containing a bad R-block, the second gives a recursion bound on the
number of bad blocks in terms of llfl? J
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Lemma 3.6. Suppose that & satisfies condition (a2) in Definition 1.7. Then, for R large enough, j € No and A chosen
according to Lemma 3.3, for some constant C3 > 0

P(#p ! = (0 + H(ATT2D)F) <expl—Ca(c + j)(a0H20) ), (3.24)

Lemma 3.7. Fix ¢ > 0, and pick A according to Lemma 3.3. Assume that E;’j =0 for all R > [elogt]. Then, with
N =[elogt],

N—R-1
1?’] <24 AU+ Z 2idAi(l+d)11/1?_;_Ji' (3.25)
i=0

Q|

The proofs of Lemmas 3.6, 3.7 and 3.5 are given in Sections 3.5.1, 3.5.2 and 3.5.3, respectively.
3.5.1. Proof of Lemma 3.6

Proof. Throughout the proof, x, x’ € Z% and k, k" € N. The idea of the proof is to divide space-time blocks into
equivalence classes, such that in each equivalence class blocks are far enough away from each other so that they can
be treated as being independent (see Figure 2). The proof comes in four steps.

1. Fix A > 2 according to Lemma 3.3, fix R € N and take ap, az, b, ¢ € Ny according to condition (a2) in Defini-
tion 1.7. We say that (x, k) and (x', k") are equivalent if and only if

x=x' moda; and k=k modas. (3.26)

This equivalence relation divides Z¢ x N into a‘li ap equivalence classes. We write Z( x* k) t0 denote the sum over all
equivalence classes. Furthermore, we define

x*(x, k) =1{Bjp,(x, k) is good, but contains a bad R-block}. (3.27)
We tacitly assume that all blocks under consideration intersect [C1]; x [0, #]. Then
Py > (1 + j)(A0H20)7F)
< Z IP(3 a path with j jumps that intersects at least (r + j)(A(1+2d))7R/afa2
(x*, k)
blocks By, (x, k) with x*(x, k) = 1, (x, k) = (x*, k*)). (3.28)

2. For the rest of the proof we fix an equivalence class and define ,olle/ (+d) _ (AUH2DY=R (recall (1.21)). To control
the number of different ways to cross a prescribed number of R-blocks we consider enlarged blocks. To that end, as

in [12], take v = {pgl/ (Hd)] and define space—time blocks

d
Bp(x, k) = (H[v(x(j) —1)AR v(x(j) +1)AF) mzd> x [vkAR vk + 1)AR). (3.29)
j=1

By the same reasoning as in [12], we see that at most

. def t+j
w(y & 3d<FR+]1 +2> (3.30)

blocks Eé 41(x, k) can be crossed by a path @ with j jumps. We write

| Beji(xik) and > (3.31)

(xi ki) B, (xi ki)
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to denote the union over at most w(j) blocks f?,é +1(&i ki), 0 <i < pu(j) — 1, and to denote the sum over all pos-
sible sequences of blocks ég +1(xi, ki), that may be crossed by a path @ with j jumps, respectively. As each block

B 1‘3 41(x, k) that may be crossed by such a path is contained in the union in (3.31), we may estimate the probability in
(3.28) from above by

Z ]P’(the union in (3.31) contains at least (z + j)p,le/(prd)/afaz
éé_'_](xiqki)
blocks Bp | (x, k) with x4 (x, k) = 1, (x, k) = (x*, k*)). (3.32)
To estimate the probability in (3.32) write
A" ((x0, ko), -+ -, (epjy—1s kpjy=1))
= {the union in (3.31) contains n blocks By, | (x, k) with x* (x, k) = 1, (x, k) = (x*, k*)}. (3.33)

Since the union (3.31) contains at most L = p{114) w(j) blocks B 1/3 1 (x, k), the probability in (3.32) are bounded from
above by

L
Z P(A”((xo, ko), ..., (Xu(hy—1, ku(j)—l)))- (3.34)

N 1/(1+d
n=@+)pg " /(adar)

Note that there are (ﬁ) ways of choosing n blocks Blé+1 (x, k) with x4 (x, k) =1 out of L (R + 1)-blocks. Hence, by

condition (a2) in Definition 1.7, (3.34) is at most

L

. 1/(+d)

L - t+p
> )p;s < (1 - pg) LKP(TL > d—R) (3.35)
1/(1+d) " apaz

n=(t+j)pg" " /(@lar)

where T;, = BIN(L, pRr).
3. To estimate the binomial random variable, note that by Bernstein’s inequality (compare with [12], Lemma 11), there
is a constant C’ such that, for all A > 2E(T),

P(T, > 1) <exp{—C’A}. (3.36)
We may assume that ,01;1/ (I+d) e N, so that
E(Ty) = v Du(ior =3 (L o0+ 1 (337)

and hence, by Lemma 3.3 and the fact that R < e¢logt,

N 1/(1+d
(l+J)PR/(+)

d
ajaz

> 2E(TL). (3.38)

Since ay, ay are independent of R, we may estimate, using (3.36),

. 1/(+d)
&+ .
P(TL = %) <exp{—C'(t + jpd "}
142

= exp{—C(t + j)(AUH2D)F). (3.39)
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It rests to show that the first term on the right hand side in (3.35) does not contribute. Note that 1/(1 — pg) =
14 pr/(1 — pR), so that

1
log< ) < PR (3.40)
I —pr 1 —pr
Thus, if we assume pr_l/(l+d) eN,
| .
Llog( ) < 1) . (3.41)
1 —pr 1 —pr

Inserting (3.41) into the second term on the right hand side of (3.35), comparing it with the right hand side of (3.39),
and recalling the definition of w(j) in (3.30), we see that the asymptotic of (3.35) is determined by the probability
term in (3.39).

4. Finally, we estimate (3.28).

Claim 3.8. There is C > 0 such that the number of summands in (3.32) is bounded from above by e*().

Before we proof the claim, we show how one deduces Lemma 3.6 from it. Insert (3.39) into (3.32) and use Claim 3.8
to obtain that

P(wp) >+ H(AT2D) ) < Kalayexp{—C'(¢ + j)(A0H2D) 7). (3.42)

We now prove Claim 3.8.

Proof of Claim 3.8. Assume that d = 1. Divide time into intervals of length vAR+ and fix an integer-valued sequence
(1, l2, ..., I, gr+1) such that

[/UAR+1

> L =) (3.43)

i=1

We first estimate the number of ways in which @ can visit /; R-blocks é? 1 (x, k) in the ith time interval for i =
L., t/vARFY Let By | (xo.k0), Bjp, (x1, k), ..., Bjp, (x;,—1.k;—1) be a possible sequence. Then xo = 0, x| =
fl,xe(=Lxi+Difx; =1o0rx; € (x; —1,1) if x; = —1, etc. For each j such that /; +1 < j </;;1, x; can
take two values depending on x;_1. Note that if j =/; + 1 for some j and i, then x; is the space label of a block
at the beginning of a new time interval. Consequently, x; € {x;_1 — 1,x;_1,x;_1 + 1}. Hence, for a fixed choice

of (1,1, .. .,lt/UAR+1), there are at most 31 x 32 x ... x 3lf/"AR+] < 31() possibilities to choose a sequence of
blocks with a prescribed sequence (I1, 102, ..., /v 4r+1). The above arguments, together with the fact that for some

a, b € (0, oo) there are no more than (a/l)eb“ﬂ such sequences (1,02, ..., 1/, 4r+1) (see Hardy and Ramanujan [10]
and Erdos [6]), yield the claim. The extension to d > 2 is straightforward. O

This finishes the proof of Lemma 3.6. ]
3.5.2. Proof of Lemma 3.7
Proof. We first show that
E?'j < 2d p(1+d) E;‘;le + sz(1+d)l1,1?’j' (3.44)

In order to see why (3.44) is true, take a bad R-block B£ (x, k) that is crossed by a path with j jumps. Then there are
two possibilities. Either Bl’g (x, k) is contained in a bad (R + 1)-block, or all (R + 1)-blocks that contain B;e‘ (x,k) are
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good. Since an (R + 1)-block contains AUd+D R blocks, and there are at most 2¢ (R + 1)-blocks, which may contain
a given R-block, the first term in the above sum bounds the number of bad R-blocks contained in a bad (R + 1)-block.
In contrast, the second term bounds the number of bad R-blocks contained in a good (R + 1)-block. Hence we obtain
(3.44).

A,j

We can now prove the claim. Apply (3.44) iteratively to the terms in the sum, i.e., replace &,

R+i DY

d A(1+d) o A.J d A (+d) g AsJ
204D g 20 AT D (3.45)

This yields

N—R—1
E?s] < 2(1A(1+d) Z ZidAi(]+d)lp£—;_./i’ (346)
i=0

from which the claim follows. O
3.5.3. Proof of Lemma 3.5

Proof. Fix ¢ > 0and 0 < R < elogt. Then, by Lemma 3.6,

P(#g! 2 ¢+ )(ATH) ™" for some j & No)

< Y Pwp = @+ (a0
Jj€Ny

< Z exp{—1C3(t —i—j)(A(sz))_R}
JjeNg

< exp|—C3t(AUH2D) RN N2 expl 03 j(aU+2D) e lery, (3.47)
J€No

Recall Lemma 3.3, which implies that § &f log(A)e(1 + 2d) < 1. Consequently, the right-hand side of (3.47) is at
most
1

_C t(l—S)
exp{ 3 } 1 — exp{—C3t—%}

< Ciexp{—cw—‘”}t‘s exp{C3t°}. (3.48)
3

It therefore follows that
P(w > @+ j)(AT2D) 7" for some j € No, R € N)
1
< C—t‘sslogtexp{—Cﬁ(l_‘” +C3t_5}, (3.49)
3

which is summable over ¢ € N. In order to prove the second statement, suppose that none of the events in (3.22)
occurs. With Lemma 3.7 we may estimate

N—R-1

AL d 4 (1+d) id gi(14d) g, AsJ

Epl <2%A E 2'“A Uil
i=0

N—R-1
< 2dA(1+d) Z (t +j)zidAi(l+d)(A(1+2d))—l—R
i=0
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S 2dA(1+d)(t +J)A—R(1+2d) Z zidA—id

ieNp
L+ ARV, (3.50)
where we use that A > 2 (see Lemma 3.3). U

3.6. Step 5: Proof of Theorem 1.14

Fix ¢ > 0 and A such that Lemma 3.5 applies. It follows from Lemma 3.3 that

]P’(E;;’j > 0 for some R > ¢logt, j € No) 3.51)

is summable over ¢ € N. Hence, by the Borel-Cantelli Lemma, there is an #y € N such that none of the events in the
above probability occurs for integer ¢t > ty. Thus, by Lemma 3.4, for all integer ¢ > #y we have, with N = |elogt],

Eo(eX"©01{X*([0.1]) [C11:})

Qdtk)’
=)

N
exp{t(CAd —2di) + Y CARTVIAR g 2T } (3.52)
: J
J€No

R=1

Using the bound of Lemma 3.5, we have

N N
Z CA(R-‘:-l)dAREIng < Z C(t+ j)A(R+1)dARA—R(1+2d)C2
R=1 R=1

< (t+H)AIC Y AR < Cut + ). (3.53)
ReN

We can therefore estimate the last line of (3.52) by

j
3 B xplr(CA? — 2dk) + Cote + )
JjeNy ’

=exp{t(CAY — 2di + C4 + 2dre)}. (3.54)

From (3.54) and Lemma 3.2, we obtain

1 «
limsup — log Eo(eI 010 < 0. (3.55)
t—oo I
teN

To extend this to sequences along R instead of N, note that

w0, 1) <u(0,n 4 e h EONddem+1=0 4 oy 4. (3.56)

Since £ is ergodic in time, we have

1 [l
lim — £(0,s)ds =0. (3.57)

=00 t '

Theorem 1.14 follows from (3.56)—(3.57).
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4. Initial condition

In this section we prove Theorem 1.15. Section 4.1 contains some preparations. Section 4.2 states three lemmas
(Lemmas 4.5-4.7 below) that are needed for the proof of Theorem 1.15, which is given in Section 4.3. Section 4.4
provides the proof of these three lemmas.

4.1. Preparations

In this section we first state and prove a lemma (Lemma 4.1 below) that will be needed for the proof of Theorem 1.15.
After that we introduce some further notation (Definitions 4.2—4.4 below).

Fix Ry € N and take A, C according to our assumption (type-II Gértner-mixing). Set N = C AR0? and abbreviate
En=( AN)V (—N). Let uy be the solution of (1.1) with & replaced by &y . Abbreviate (recall (2.11)—(2.12))

b
I;’V(a,b,c)zf Ev(X“(s),c—s)ds, 0<a<b=<c, 4.1)
a
IN(a,b,c)zf EN(XK(S),c+s)ds, O0<a<b<ec. “4.2)
a
Lemma 4.1. If, for all N of the form N = C AR and for all & > 0 and some sequence (t,),cn of the form t, =rL
with L > 0,
P(Eq (23 @0 5 (oo 4.3)

is summable on r, then Theorem 1.15 holds.

Proof. Fix ¢ > 0. Note that uy (0, ¢) has the same distribution as Ej (eTi(V .1 ’0)), so that we can replace the latter by
un (0, ) in (4.3) without violating the summability condition. Thus, by the Borel-Cantelli Lemma, we have

1 « -
lim sup — log Eo(eIN(O”“”)) < )\3(/() +e, E-as. 4.4)
r—oo Ir
The extension to sequences along R may be done as in the proof of Theorem 1.14 (recall (3.56)). Standard arguments
yield
) 1 —1
limsup —logupn(0,1) <Ay(x), &-as. 4.5)

t—oo I

To extend this to the solution of (1.1) with initial condition ug = 1, we estimate

/té(X”(s),t—s)ds
0

t t
ff E(XK(S),I—s)]l{E(XK(s),t—s)ZN}ds—l—/ S;‘N(X"(s),t—s)ds. (4.6)
0 0
Note that, by (3.53) and the arguments given in Lemma 3.4, we have, for ¢ € N sufficiently large,
t (0.¢]
sup / E(®(s).t —s)L{E((s). 1 —5) = N}ds < (¢ + HAIC Z AR, 4.7
®er(j,nJo R=Ry

Next, choose M > 1 such that

lim sup % log Eq (eIK(O””)]l{N(X’(, 1) > Mt}) < X(])l(/c). (4.8)

t—00
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Then, by (4.6)—(4.7), for t € N sufficiently large,
Eo(eX OMI1IN (X, 1) < Mt})
o
<exp{ (M + Alc’ Yy AR Eo(efnOMOLIN(X*, 1) < Mt)). (4.9)
R=R,

We infer from (4.5) and (4.8)—(4.9) that

o0

1 _
lim sup ;u(O, 1 <(M+1A‘C § AR L33 0). (4.10)
t—00 R=Ro
teN

Taking the limit Ry — 00, Rg € N, we obtain

1 _
limsup — logu(0, 1) < Ag (k). (4.11)
t—>oo I
teN

The extension to sequences along R may again be done as in the proof of Theorem 1.14 (recall (3.56)). Furthermore,

Proposition 1.3 gives Ago (k)= Xg‘)" k)= XE} (x), so that

1
lim sup " logu(0,¢) < )\go (x). 4.12)

t—0o0

By monotonicity, the reverse inequality holds with the limsup replaced by the liminf. It follows that kg (k) exists and

equals Ago (x). A further monotonicity argument shows that the same is true for )\go («) for any initial condition uq
subject to (1.4). ([l

In view of Lemma 4.1, our target is to prove (4.3). We fix M subject to (4.8), N of the form N = CAR? ¢ >0
small, and write 7 as t = r AR, r, R € N, A > 2. Note that the choice of M implies that it is enough to concentrate on
path with at most Mt jumps.

We proceed by introducing space—time blocks and dividing them into good blocks and bad blocks, respectively,
into N-sufficient blocks and N -insufficient blocks (compare with (1.18) and Figure 2).

Definition 4.2. For x € 74 keNand b, c € Ny, define (see Figure 4)

Ba(x,k; b, c)

d
= (H[(x(j) —1—b)4MAR, (x(j) + 1+ b)aM AF) mzd) x [(k —)AR, (k + 1) AR) (4.13)
j=1

and abbreviate l%‘(x, k)= Ig’?(x, k;0,0).

For § C Z4, let 3§ denote the inner boundary of S. For S x §' € Z¢ x R, let IT;(S x §’) denote the projection of
S x S’ onto the first d coordinates (the spatial coordinates).

Definition 4.3. The subpedestal of B Ié (x, k) is defined as

élfe\»sub(m k) = {y eIl (é,?(x, k)):
V() —2()] = 2MAR j e (1.2, ... d) ¥z € 01Ty (B (x. b))} x [kAR). I
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space

(2(j) + 1)4M AR

Ba(z, k)

(x(j) — 1)4M AR

time

kAR (k+1)AR

Fig. 4. The thick line is the subpedestal.

Definition 4.4. A block éé (x, k) is called N -sufficient when, for every y € I} (ég’sub (x,k)) (see Figure 4),
E, (eINOARAD 1y (x| AR) < M AR)) < efot0+eIA", (4.15)

Otherwise élfé (x, k) is called N -insufficient. A subpedestal is called N -sufficient/N -insufficient when its correspond-
ing block is N -sufficient/N -insufficient.

The notion of good/bad is similar as in Definition 1.5 with the only difference that B Q (x, k) is replaced by B 1/3 (x,k)
and B? (x,k; b,c) by ﬁé(x, k; b, c¢). Similarly as in (3.5), define é’?’f to be the maximal number of bad R-blocks a
path with j jumps can cross.

4.2. Three lemmas

For the proof of Theorem 1.15 we need Lemmas 4.5-4.7 below. The first says that each block is N-sufficient with
a large probability (and is comparable with [4], Lemma 4.3), the second controls the number of bad blocks (and is
comparable with Lemma 3.5), the third estimates the number of N-insufficient blocks that are good and are visited by
a typical random walk path (see [4], Lemma 4.4, and [12], Lemma 11).

Lemma 4.5. Fix A € N. For every 8 > 0 there is an Ro=Ro(A, S) € N such that

P(Bj (x,k) is N-sufficient) >1—8 VR > Ro,x € Z,k e N. (4.16)
Lemma 4.6. For every Ay > 2 there is an A € N with A > A such that, for some C > 0 independent of A,

P(EpT =+ )H(AT2D)F for some j € Ng and R € N) 4.17)
is summable on t € N.
Lemma 4.7. Let C(Mt, nt/AR) be the event that there is a path ® with ®(0) =0 and N(®,t) < Mt that up to time
t crosses more than nt /AR N-insufficient subpedestals of a good R-block. Then, under the Gdrtner-mixing type-II
condition, for every n > 0 there is an A (Which can be chosen as in Lemma 4.6) and Ry € N such that, for some
cl1 > 0,

P(C(Mt,nt/AR)) <e~/A" YR > Ry (4.18)

4.3. Proof of Theorem 1.15

Proof. The proof comes in two steps. Fix 0 < n < ¢, and choose A, R > R according to Lemmas 4.5-4.7.
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1. Fix a Z9-valued sequence of vertices xp, X1, ..., X; JAR_1 such that xo = 0 and such that there is a path starting in 0,

makes 0 < j < Mt jumps, and is in the subpedestals ég’sw(xk, k) at times kAR forall k € {0, 1,...,1/AR —1}. By
the Markov property of X* applied at times kAR, k € {1,2,...,1t/AR},

B t/AR—1
Eo(ezmo,nm I n{xK(kAR)eé:é”“bm,k)})
k=1

t/AR—1
7 R R
= I1 sup By (ZNOAT AT, (4.19)
k=0 yem By (x,k)

Let I and S be the sets of indices k such that (x, kAR) is the index for an N-insufficient, respectively, N-sufficient
subpedestal. Then the right-hand side of (4.19) can be rewritten as

1_[ sup E, (eI;’(O’AR’kAR)) 1_[ sup E, (eIN(O’AR’kAR)). (4.20)
kel yem (By ™™ (x.k)) keS yem (B ™™ (xe.k))

Because of Lemmas 4.6 and 4.7, there is a measurable set, independent of j and of & -probability at least 1 —e =17 /AR s

such that
11| < nt/AR +C @t + jH(A0+H2D) K, 4.21)

Since &y < N, on a set of that probability the first term in (4.20) can be estimated from above by eV exp{NC (t + j)/
AZRd}'
2. Pick a realization of £ which satisfies (4.21). To bound the second term in (4.20), we split this term up as

]‘[[ wp By (v OAT AN (v (x¢, AR) < pAR))
kesS yEm(ég’S“b(xk,k))

+ osup By (IvOATRAN (N (x¢ AR > MAR}):|, (4.22)

yem (B (xe,k))

which can be written as

Z[H wp B TVOAAIL (N (X%, AF) < MAR))

JcSlkes yem (B (k)

<[] sw  E,(vOA" D1 N(x*, AF) > MAR}):|. (4.23)
kg J yem (B (xi.k)

Take ¢ >> 1. Then, for M large enough, Py(N (X*, AR) > MAR) < e_CAR. Hence the second term in (4.23) can be
bounded from above by A" (—¢+M(/A®=17D Recall the definition of a N-sufficient block, to bound the sum in (4.23)
by

! (ZeHN) (1 4 A" (o (et /AT, (4.24)

Summing over all possible values (xg, x1, ..., X, / 4r_1) compatible with a path @ such that @(0) =0 and N(®,¢) <
M, fixing n < ¢, and using the estimation of the last inequality of [4], Lemma 4.2, to bound the number of such
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sequences in the last inequality, we obtain

Eo(eZvOrO1{N (x*, 1) < Mt})

_ t/AR—1
= Y E0<ef&<0~f’0> I1 1{X”(kAR)eI§,§*S“b(xk,k)}>

X12X250000X 4R k=1

t NCM +1 -1 R

N (1, AR 5), 4.25)

for some constant C’ > 0. Thus, we have shown that there is an A > 2 such that for each R > Ry
P[Eo(eXv O A" O1{N (X, rAR) < MrAR}) > CV (r AR AR £)] <o), (4.26)

which is summable on r € N. By the boundedness of &y, the same is true without the indicator in the expectation
(after a possible enlargement of C f\' by ¢). Further, note that

VALRlog CY(rAR, AR &)

c’ NC(M +1)
=4k TN+ — R —

+ Rk +e+ % log(e_AR(X‘]’l () +ete=N) 4 ), (4.27)
sothat C¥ (r AR, AR, &) isindeed of the form X% (k) +¢. Thus, we have proved Lemma 4.1 and hence Theorem 1.15. O]
4.4. Proof of Lemmas 4.5-4.7

4.4.1. Proof of Lemma 4.5

Proof. The proof comes in three steps and uses ideas from Cranston, Mountford and Shiga [4], Lemma 4.3, and
Drewitz, Gértner, Ramirez and Sun [5], Lemma 4.3.

1. Suppose that we already showed that, & -a.s. and independently of the realization of &, for all ¢ > 0 thereisan ' > 0
such that, for all 0 < n < 7/,

lim sup sup LR|1og E, (INOARO 1N (x*, AR) < MARY)
R—00 x ye[-2MAR 2M AR)INZ4
lx—yll<nA®
—log E, (IVOAR 01 (N (X%, AR) < MAR))| <e. (4.28)

We show how (4.28) can be use~d to obtain the claim. B
2. By Proposition 1.3 for fixed § > O there is an Rg = Ro(A, 8) € N such that, for all R > Ry,

P(Eo(e? @A O1{N(X*, AR) < MARY)) < eRo@+04") 5 1 5, (4.29)

To extend this to Z y, note that for each r € N
t

/éN(X"(s),s)dsff S(X"(s),s)ds+f —E(XK(S),S)JL{S(XK(S),S)<—N}ds. (4.30)
0 0 0

Thus, given a realization of X* with no more than Mt jumps, by the fact that £ is Gértner-negative-hyper-mixing,
(3.53) and the arguments given in the proof of Lemma 3.4, the second term in the right-hand side is at most

o0
(M + DtAC’ Z ARd, (4.31)
R=Ry
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Hence (4.29) remains true when we replace Z by Zy. According to (4.28), this estimate also holds when we replace

0 by any x with [|x|| < nAX for n small enough, independently of the realization of &. Consequently, for any § > 0
there is an Ry € N such that

P( sup B (TVOAOU[N(x*, AR) < MAR)) < edg(K”S)AR) >1-3, R=>Ro. (4.32)

x: x| <nAR

Next, note that [-2M AR, 2M AR]? can be divided into K boxes, with K ~47M?/n?, of the form x; (AR) + B, sz,
where the x; (AR)’s are separated by nAR. By the stationarity of & in space, we have

P(Eo(eTvOA" 01N (xX¥, AR) < MAR)) < oAt
= P(E,, 4y (EVOA DTN (X¥, AR) < MAR)) < e(Fo0a"y (4.33)
Thus, for the same choice of Ry as in (4.32),

P s B(EH OOV, AT) < AR <im0
y: yexi(AR)+B, \k

>1-45, R>Ro. (4.34)
Since K is independent of Ry, we may conclude that
IP’(B{% (0,0) is N-sufficient) > 1 — 4. (4.35)

By the stationarity of £ in space and time, the same statement holds for any block B 1/3 (x, k), which proves the claim.
It therefore remains to prove (4.28).

3. Since for M large the event {N(X*, AR) > M AR} does not contribute on an exponential scale, in order to prove
(4.28) it suffices to show that

1| Ec(eZn©A%0)

lim sup sup —|log ————F—| <e. (4.36)
R—co xyel-amaR amariinzd AR B (@Zn©0.AR0)
lx—yll<nAR

To that end, we show that we can restrict ourself to contributions coming from random walk paths that stay within
a certain distance of [-2M,2M1% N Z4. More precisely, £-a.s. there is a box By =[—L, L4 nzd, independent of
0 < n < 1 and containing [—-2M, 2M]d N 74, such that

sup [Ex (efz(v((),nAR,O)(gw (X" (UAR)))Ew (efjv(o,(l_n)AR,nAR))]
xe[-2MAR2MARYNZE =y
we¢ARB,

<t sup Po(X*(nAR) ¢ ARBy)
xe[-2M AR 2M ARYNZd

= CAR Po(XK (nAR) ¢ ARBL_ZM)
<eA” exp{—AR(L—ZM)<10g<L _;M> - 1)} (4.37)
K

where the last inequality follows from Gértner and Molchanov [9], Lemma 4.3. Consequently, we may concentrate
in (4.36) on the contribution coming from paths that stay inside AX B; N Z?. Next, note that, £-a.s. and uniformly in
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x,ye[-2MAR 2M ARV N 72,

Y wears, Ex(@vOA%05, (X« (naRy)
Y wears, Ey(@@vOAR05, (XK (nARY)

- Ex(efi(v(o’ﬂAR,O)(Sw(XK (HAR)))
= Ssup —
weARB], Ey(ezlz(v(OWAR,O)(gw(Xx(,IAR)))

Ry _
< e2NVnak Po(X¥(nA™) =w — x)

, O0<n<l. 4.38
werks, PoX*(nAR) =w — ) § (*3%)

To obtain (4.28), it remains to estimate the probabilities in the last line. This can be done by applying bounds on
probabilities for simple random walks (see [5], Lemma 4.3 for details). (Il

4.4.2. Proof of Lemma 4.6
The only difference with the situation in the proof of Lemma 3.5 is that we replaced the R-blocks B;e‘ (x, k) by the

R-blocks B Q (x, k). However, this does not affect the proof. Thus, the proof of Lemma 3.5 yields the claim.
4.4.3. Proof of Lemma 4.7

Proof. The proof comes in two steps and is essentially a copy of the proof of Lemma 3.6. Throughout the proof,
x,x' € Z k,k' e Nand § > 0 is fixed.
1. Pick ay, a; € N according to our main assumption. We say that (x, k) and (x’, k") are equivalent if and only if

x=x' moda; and k=k moda,. (4.39)

This equivalence relation divides Z¢ x N into aa, equivalence classes. We write > (x* 4 to denote the sum over all
equivalence classes. Furthermore, we define

$A(x k) = ]l{l§£ (x, k) is good, but has an N-insufficient subpedestal}. (4.40)
Henceforth we assume that all blocks under consideration intersect [—M¢, Mt] x [0, t]. Then we have
P(C(Mt,nt/AR))

< Z IP’(EIa path with no more than Mt jumps that intersects at least
(x*,k*)
nt/ARatay blocks B (x, k) with £ (x, k) = 1, (x, k) = (x*, k). 4.41)

2. To proceed we fix j < Mt and an equivalence class. Let v = [§~1/(0+9)7 and define the space block

d
Eﬁ(x, k)= (H[v(x(j) — 1AM AR v(x(j) + 1)4MAR) N Zd> x [vkAR, vk + 1) AFR). (4.42)
j=1

As in the proof of Lemma 3.6 we see that a path @ with j jumps crosses at most
. t+j
=3—= 42 443
w(j) ( Ak T ) (4.43)
blocks Ba(x, k). We write

U BrGik) and Y (4.44)

*ioki) By (i)
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to denote the union over at most (£ (j) blocks E; (xi, ki), 0<i < u(j)—1, and to denote the sum over all possible
sequences of blocks E,A; (xi, ki), that may be crossed by a path @ with j jumps, respectively. To further estimate,
define for any sequence E}: (x0,k0), ..., Eg (Xu(j)—1+ku(j)—1) of blocks (4.44) and any n € N the event
A ((x0, ko), -+ (e y—15 kujy—1))
= {the union in (4.44) contains 1 blocks B (x, k) with £ (x, k) = 1, (x, k) = (x*, k*)}. (4.45)

By our assumption, there is Ry € N such that the probability of the event in (4.45) may be bounded from above by
K §". We conclude in the same way as in Lemma 3.6, see also Claim 3.8, that for some C > 0

L
> Yo B(AN (0, k0) - (-1 Kuiy-1)))

Bia(xi ki) n=nt/(ARafaz)

ARd

. t
<eCri( — 8)_LKIP’<TL S ) (4.46)
afay

where T; = BIN(L, 8), L = v*9) ;1(j). The same arguments as in Lemma 3.6 yield that the binomially distributed
random variable may be bounded from above by
exp{—C'nt/ARala, ) (4.47)

for some C’ > 0. Similarly as in Lemma 3.6, if §7!/17¢ € N, the second term on the right hand side of (4.46) may be
bounded from above by
39(M + yrst/1+d N 392
(1—-8)AR 1-48

(4.48)

Since § tends to zero, if R tends to infinity, for ¢ large enough the second term on the right hand side of (4.46) does
not contribute. The same can be seen to be true for the first term on the right hand side of (4.46). Finally, to estimate
(4.41), insert (4.47) into (4.41), to obtain

P(C(Mt,nt/AR)) < KalayMtexp{—C'nt/ AR}, (4.49)

which yields the claim. (]

5. Continuity at xk =0

The proof of Theorem 1.16 is given in Section 5.3. It is based on Lemmas 5.1-5.3 below, which are stated in Sec-
tion 5.1 and are proved in Section 5.2.

5.1. Three lemmas

Fix b € (0, 1), and define the set of paths

1
A =1®:[0,nt] > Z% N(®,nt) < ——nt,
n { R T

Vi<j<nixjeZ ||x; nt,@(s):xj\fse[(j—l)t+1,jt)}, (5.1

< -
= log(1/k)b
i.e., paths of length nt that do not jump in time intervals of length # — 1 and whose number of jumps is bounded by

1 K o: _ .
Toa(1p - Note that k¥ — A¥, is non-decreasing.
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Lemma 5.1. Suppose that & satisfies condition (b) in Definition 1.9. Then, & -a.s., for any sequence of positive numbers
(am)meN tending to zero there exists a strictly positive and non-increasing sequence (Kpy)meN such that, for allm € N
and 0 < k < Ky, there exists a t,, = ty, (k) such that, for all t € Q N [t,,, 00), there exists an Ny = Ny (K, t) such
that

n jt
sup / g(qﬁ ((j — Dt + 1), s) ds <ayunt Vn>ny,. 5.2)
dedy, ;21 G-Di+l

We say that two paths @ and @, on [0, nt] are equivalent, written @ ~ @», if and only if

Pilij=vr+1, 0 = P2li—vyi+1,jn YI=<j=<n. (5.3)

This defines an equivalence relation ~, and we denote by A,;" the set of corresponding equivalent classes. The
following lemma provides an estimation of the cardinality of A}, .

Lemma 5.2. [AS™| < (nt/log(1/x)b)2" (2d)mt/log1/0)" 4 1.

Lemma 5.3. Suppose that & is Gdrtner-positive-hyper-mixing. Then there are A, C > 0 such that &-a.s. for t € Q
large enough and any choice of disjoint subintervals 11,1, ...,Iy, k € N, of [0, t] such that |Z;| = |Z;|, i,l €
{1,2,...,k}, and each Ry € N and each path @ € B;

k 00
Z/ E(@(5),5)ds <K|TI|CAR + (1 + N(@,1))C'AT Y~ AR, (5.4)
i=1 V4 R=R,

for some constant C' > 0.
5.2. Proof of Lemmas 5.1-5.3
5.2.1. Proof of Lemma 5.2

Proof. Fix an integer k < nt. We start by estimating the number of possible arrangements of the jumps in paths with
k jumps. Since we do not distinguish between two paths that coincide on the intervals [(j — 1)t + 1, j#), 1 < j <n,
only the last jumps before the times (j — 1) + 1, 1 < j <n, need to be considered.

First, the number of arrangements with jumps in 0 </ < k different intervals is ('l’) Since the number of different
intervals cannot exceed n, the number of different arrangements is bounded from above by >/, (';) < 2", Next, there
are (2d)F different points in Z¢ that can be visited by a path with k jumps. Therefore

nt/log(1/k)b

|AR | < Z 2"2d)* + 1 < (nt/log(1/i)?)2" 2d)"/ log(1/)” 4 1, (5.5)
k=1
which proves the claim. (]

5.2.2. Proof of Lemma 5.1

Proof. Choose kj such that
log(2d)

log(1/k1)?

and #; = t1 (k1) such that

log(2d)
" (_82 * Tog(1/m)?

< 82(a1), (5.6)

> < —log2. 6.7
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Then, by condition (b) in Definition 1.9 and Lemma 5.2, for all r > #y \ #; we have

IP’( sup Z/ﬂ S(@((j—l)t—i—l),s)dsza]nt)

CPGA:} j=1 (j—Dr+1
(Z/ ]—1)t+ ) s)dszalnt)
peatl™ 1)z+1
< [(nt/1og(1/i0)?)2" (2dy™/ e/ 4 o021, (5.8)

which is summable on n. Hence, by the Borel-Cantelli lemma, there exists a set By, ; with P(B, ;) = 1 for which
there exists an ng = ng(&, k1, t) such that

jt
sup Z/ E(P((j—Dr+1),5s)ds <aint  Vn = no. (5.9
@6142} j=1 (j—Dt+1

Since « +— Af, is non-decreasing, (5.9) is true for all 0 < « < k7. Define

() Be (5.10)

t>11,1€Q

for which still P(B;) = 1. Similarly, we can construct sets B, m € N\ {1}, with P(B,,) = 1 such that on B,, there
exist ky, and t,,; = t,, (k) such that for all 0 < k < k;,, and ¢ > 1,,, with ¢ € Q there exists an ng = ng(&, kp,, t) such that

t
sup Z/(] §(®((j—Dr+1),s)ds <aunt Vn=ny. (5.11)

veay, j2 /G-t

Hence B = ("),,cry Bm is the desired set. Note that we can control the value of #,, by choosing «, small enough.
Indeed, with the right choice of «,, it follows that #,, 1 (k;;,—1) = t;y (k) for all m € N. O

5.2.3. Proof of Lemma 5.3

Proof. Fix A, C as in Section 3, Ry € N, a path @ € B; and disjoint subintervals Z1, 7>, ..., Zy, k € N, of [0, ¢] with
equal length. Note that

k k
Z/ E(P(s),5)ds < Z/ E(D(s), 5)1{E(P(s), 5) < CAR} ds
j=1"% j=1"Zi

t
+/ E(D(s),5)1{E(P(s),5) > CAR] ds. (5.12)
0

By (3.53) and Lemma 3.4, for € Q sufficiently large, the second term on the right hand side in (5.12) may be bounded
from above by

o0
(t+ N(@,1))C’ A? Z AR, (5.13)
R=R,
Inserting (5.13) into (5.12) yields the claim. O

5.3. Proof of Theorem 1.16

In this section we prove Theorem 1.16 with the help of Lemmas 5.1-5.3. The proof comes in three steps, organized
as Sections 5.3.1-5.3.3.
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5.3.1. Estimation of the Feynman—Kac representation on Al .
Consider the case ug(x) = 8o(x), x € Z%. Recall (1.13) and (1.30), and estimate

(ef,((o,nT,O)) <oo, T >0,

A0 () < lim L roeE
0 “n—ooonT g Lo

1261

(5.14)

where we reverse time, use that X* is a reversible dynamics, and remove the constraint X“(nT) = 0. Recalling (5.1)

and (5.3), we have

EO(CTK(O,nT,O)ﬂAZT): Z EO(GTK(O’"T’O)HA;T]l{X\[o,,,TJ~q>})

DAy
n
=Y E0<exp{ZfK((j—l)T—i-l,jT,O)}
DAl j=1
n—1
x exp{ZT‘(jT,jTJr 1,0)}1AZT1{X[W]N¢}>.
j=0

By the Holder inequality with p,g > 1 and 1/p 4+ 1/qg = 1, we have

Eo (efK(O,nT,O)jl{AKT})

n

n 1/p
< Y E (exp{pzi" (G=DT+1,jT,0) ds}ﬂA;Tﬂ{xm,nmm)

DAy Jj=1
n—1 1/q
X Eo<exp{q ZIK(J'T, JT+1, O)}JIAZT) :
j=0
Next, fix (am)meN, (Km)meN, tn as in Lemma 5.1, choose T > 0 such that

tm =T =T (km) = K [log(1/m) ], m>1,

where K is a constant to be chosen later. For all 0 < k <k, and n > n,, (k;,, T (x)), by Lemma 5.1 we have

n 1/p
Z E0<exp{p ZfK((j - DT + 17jT70)}leZT]l{XHO,nT]N(p})

DA j=1

amnT K I/p amnT | A 6,7~
= Z e PO(AnT’X“O‘”T]Né) e ‘AnT ’
DAy

while by Lemma 5.3 we have

n—1 1/q
Eo(exp{q Y IGT. T+ 1,0)}1%)

j=0

1 o0

< CAR? L (14 ——— |C'A? AR
—exp{” i ( +1og<1/x)b> Z
=Ko

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
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From Lemma 5.2 we know that nLT log| Al | tends to zero if we let first n — oo and then « | 0. Therefore, combining
(5.16)—(5.19) and using that lim, o 7 = lim, o T (k) = 0, we get

1 _ [e )
lim sup lim sup — log Eo(eI"(O’”T’O)]lAKT) < max{ay, C'A¢ Z AR (5.20)

k0 n—oo nT n R=Ro
5.3.2. Estimation of the Feynman—Kac representation on [Al ;]°

The proof comes in three steps.
1. We start by estimating the corresponding Feynman—Kac term on [A} ]°. Split

[A%:] =Bl uCly (521
with
Bf. = {N(X“,nT —nT 5.22
il R A iy } 622
and
K . d - 1
Cir =131 <j<n:forall x € Z% with ||x|| < ———nT
log(1/x)
there exists as; € [(j — DT 4 1, jT) such that X*(s;) ;éx}. (5.23)
Then
PO(B;I(T) < exp{[—JK(l/log(l//{)b) + on(l)]nT}, (5.24)
where
Je(x) =xlog(x/2dk) — x + 2dk (5.25)

is the large deviation rate function of the rate-2dx Poisson process. Thus, by the Holder inequality with p, g > 1 and
1/p+1/g =1, we have

Eo (CTK(O,nT,O)lenKT)
< Eo(exp{ pZic (0, nT, 0)})""” exp{1/q[—J (1/10g(1/)?) + 0,(1)]nT}. (5.26)

Recalling Theorem 1.14 and using that lim, o J, (1/ log(1/x)?) = oo, we get

1 —_
lim lim — log Eo(eZ¥©nT-001 o ) = —o0. 5.27
KleOnl)OO nT & O( B"T) ( )
2. Note that
C&r C BS. U DK, with DS = (Crp N [BE]). (5.28)

Since we have just proved that the Feynman—Kac representation on By is not contributing, we only have to look at
the contribution coming from DZ r» namely,

Eo (eTK(O,nT,O)leg ) (5.29)
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On the event Dy, the random walk X* stays inside the box of radius n7/ log(1/k)?, and jumps during the time
intervals [(j —1)T + 1, jT), 1 < j <n, defined in (5.23). By the Holder inequality with p,g > land 1/p+1/q =1,
we have

Eo(eT* 0T pe ) < I x 11, (5.30)
where
n 1/p
I= [E()(exp{pZIK((j — DT +1, T, 0)]11%)} ,
j=1
5.31
n—1 1/q ( )
II:|:E0<exp{q2fk(jT,jT+1,0)}1D5T>:| )
j=0
Define
J={1<j<n: NX[(G-DT+1,;T)) =1}, (5.32)

where N(X“,TZ) is the number of jumps of the random walk X* during the time interval Z. Using that X is not
jumping in the time intervals [(j — )T + 1, jT), j € J¢, we may write

Y I(G - DT +1,jT.0)

j=1

_ iT
=ZIK((j—1)T+1,jT,O)+Z/( E(X“(G—DT +1),5)ds. (5.33)

o7 jezed G=nTH1

3. To estimate the second term in the right-hand side of (5.33), pick any ®X* e A’ such that X" = X¥ on
Ujesel(G = DT +1,jT) and apply Lemma 5.1, to get

S o

jeJe J—DT+1
ir }
SamnT—Z/ £(@X (s),5)ds, &-as. (5.34)
s G=DT+1

Note that & is Gértner-negative-hyper-mixing, so that by Lemma 5.3 we may estimate the second term on the right
hand side of (5.34) by

1 o0
JUT — DHCAR ynT(1+ —— |C'A¢ AR 5.35
1T — AR 4y (+10g(1mb> 3 (5.35)
=RQ

To estimate the first term in the right-hand side of (5.33), apply Lemma 5.3, to get

n

=, . . _ Ryd
Z[E()(exp{p ZIK((] - DT + lijyo)}]lD;iT]l{j|:k}>epk(T heato :|

k=1 jeJ
1 ' Ad Rd
§exp{pnT<1 (1//()17) Z A~ }
x Zexp{Zpk(T — DHCARAY Py (DKL, 1T = k). (5.36)

k=1
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The distribution of |J| is BIN(n, 1 — e~24T=D) Hence the sum on the right hand side of (5.36) is bounded from
above by

n

Z <n> (1 _ e—ZdK(T—]))ke—ZdK(T—l)(n—k)CZpk(T—l)CAROd
k

k=1

< ((1 . ef2dK(T71))62p(Tf])CARO‘1 +ef2dK(T71))n. (5.37)

Combining (5.34)—(5.37), we arrive at

1
I< amnT 2 T 1 / d A—Rd
=° exp{ " ( T logi/ny? g(l/x)b) 2

R=Ry

% ((1 _e—ZdK(T—l))eZp(T—l)CAROd +e—2dK(T—1))”/p. (5.38)

On the other hand, by Lemma 5.3, we have

1
1l < nCA™ T(1 c'a? N pg—Ral 5.39
<e expin +lg(1/fc)b Z (5.39)

Therefore, combining (5.38)—(5.39), we finally obtain

Eo (I (OnTO)]l " )

)lT

1
< eamnTenCAROd exp{?mT(l + ) C'Ad A—Rd}
log(1/x)? 2

R=Ry

« ((1 . edeK(Tfl))GZp(Tfl)CAROd + efsz(Tfl))n/P' (5.40)
5.3.3. Final estimation
By (5.40), we have

1 7
07,04
T log Eo(e 1pr,)

2di(T = 1) 5,7 1ycaked  CAR0? 1 _
< A A L SR | | R — Vol AR, 5.41
<an+ e 7 3 g RXI; (5.41)
=10

Abbreviate M, =2pC AR0? and recall (5.17). Then the right-hand side of (5.41) is asymptotically equivalent to

2dk 1
MK 314+ —— ) Al AR 0. 5.42
an + = (1/ic)M2K ( +10g(1/K),,) > K (5.42)

R=Ry

Choosing K < 1/2M;, K € Q, and recalling (5.20) we finally arrive at

% 2d 1 C' Ad ~Rd_
1) < am + = +3<1+10g(1/K)b Z A (5.43)

which tends to zero as « | 0, Ry — oo and m — oo.
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6. No Lipschitz continuity at x =0

In this section we prove Theorem 1.17. The proof is very close to that of Gértner, den Hollander and Maillard [8],
Theorem 1.2(iii), where it is assumed that £ is bounded from below. For completeness we will repeat the main steps
in that proof.

Proof of Theorem 1.17. Fix C; > 0, write (see 3.1),

A (1) =nli>rgon . logEo(efk(o’”T“Ll’o)So(X’((nT + D)1{X“([0,nT + 11) S [CiluT+1}) 6.1)
and abbreviate
iT
If(x) Z/ §(x,s)ds, Zﬁ = arg max If(x), 1<j<n. (6.2)
(-DT+1 xef0,e}
Consider the event
n
Af = [ {x“)= Z§ vie[(j— DT +1, jT)}:| N{X*(T +1)=0}. 6.3)
j=1

We have

Eo(exp{Z" (0,nT + 1,0)}80(X* (nT + 1))

n+1 n
> Eo<exp{27"((j — DT, (j — DT +1,0) +ZT"((]' — DT +1, /T, o)}nAs) (6.4)
Jj=1 j=1

Using the reverse Holder inequality withg <O < p <1land 1/g + 1/p =1, we have

n+l1 n
Eo(exp{ZT‘((j —DT.(j—DT+1,0)+ > IT(( - DT +1,jT. 0)}%5)

j=1 j=1

n+1 1/q
> |:Eo (exp{q S TG~ DTG~ DT +1, 0)}1{XK([0, nT +11) € [Cilur+1 })}

j=1

n 1/p
x |:E0 <exp{p Y TG - DT +1.T. 0)}]1AEJI{X" (10.nT +1]) € [cl]nm}ﬂ : (6.5)

j=1

To estimate the first term on the right hand side of (6.5), fix Ry € N and choose A, C > 0 such that all results of
Section 3 are satisfied for g&. Moreover, note that by a refinement of the arguments given in the proof of Lemma 3.4
and (3.53), one has &-a.s. for nT + 1 € N sufficiently large

ntl a(-)T+1
| g5 (X¥ (), 5)1{q& (X" (5).5) > —gC AR} s

oJu-or

nT+1+NXnT+1) ., 4~ ra
<-— - gC'A® Y~ AR, (6.6)

R=Rg
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Consequently,

n+l
Eo<exp{q Y I(G-DT.G-DT + 1,0)}11{X"([0,nT +1]) ¢ [cl]nTH})

j=1

o0
< eamrnCAR g (exp{_nT +1+ N;XK, nTAD oy )3 A—Rd}>’ (6.7)
R=R,

which equals

[e )
e—d(n+1C AR exp{_ 1 ' Ad Z A—Rd;

R=Ry

x exp{2dk (nT + 1)(e_(Q/T)C/Ad TRory AT _ 1} (6.8)
As in the proof of [8], Theorem 1.2(iii), we have

n 1/p
|:E0<exp{p2fk((j — DT +1, jT,O)}]lAs>i|

j=1
> [exp{[1+ 0, ()]npE(max {15 (0), I} ) ) ) [t ()] e 2knT-D]V/P. (6.9)
Combining (6.4)—(6.9), we arrive at

1

log Eo(eZ OnTH10 50 (X* (uT + 1)))

nT +1
> _mCAROd( n+1)— C ’A4 RZROA Rd ZC;K( o @/TIC AT YR g AR N
+ m[[l + 0, ()] pnE(max {15 (0), I} ()})] - %
" ﬁbgl,l (). oo

Using that pf (e) =«[1 4 0,(1)] as « | 0 and letting n — oo, we get that

1 2dk , _ 1 gd 00 —Rd
80 > _—CAR()d l C Ad A Rd ((]/T)C A ZR:R A _ 1
0 =~CF (n+1)— RZR p — (e 0 )
0
2dik (T — 1) 1 1 1
-——+ |l D|{ zE(T — 1) — —log(l . 6.11
ST Tl )](2 (T — 1) — —log( /K>) (6.11)

At this point we can copy the rest of the proof of [8], Theorem 1.2(iii), with a few minor adaptations of constants. []

7. Examples

In Section 7.1 we prove Corollary 1.19, in Section 7.2 we prove Corollary 1.20.
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7.1. Proof of Corollary 1.19
In Section 7.1.1 we settle Part (1), in Section 7.1.2 we settle Part (2).

7.1.1. Proof of Corollary 1.19(1)

1.1 The first condition in Definition 1.7 is satisfied by our assumption on &.
1.2 We show that £ is type-I Gértner-mixing. Fix A > 1, pick b =c¢ =0 and a; = ay =2 (see (3.26)), and define

d
By (x k) = (H (x(j) = AR, (x(j) + 1)a%) 0 Z") x {ka}. .1
We start by estimating the probability of the event
B(x, k) & {Bf, | (x, k) is good, but contains a bad R-block}. (7.2)

Note that each R + 1-block contains at most 2¢ A1+t4) R-blocks. For each such R-block BA(y [) there are no more
than AR blocks

QU

Qx(z1) = ]"[ [21()), 210) + AF) (73)

contained in it. For any such block we may estimate, for C; > 0,

P(Hse[lAR,(l+1)AR): Z E(zz,s)>C1ARd>

2€0%(z1)

< P Z sup  Xs(z2) > ClARd>
=0 ZZEQQ(ZI)se[k,kH)

ARd
§(AR+1)exp{—C1ARd}E(exp{ sup X, (0) ) , (7.4)
s€[0,1)

where we use the time stationarity in the first inequality, and the time stationarity and the space independence in the
second inequality. Thus, for Cy sufficiently large, there is a C| > 0 such that

P(B(x, k)) < e CiA™, (1.5)

Moreover, for space—time blocks that are disjoint in space, the corresponding events in (7.2) are independent. Hence
we may assume that B£+1 (x1, k1), ..., B£+1 (xn, k) are equal in space but disjoint in time. Since

n n—1 n—1
P(ﬂB(xl-,k») =P<B<xn, . : k»)P(ﬂ B(x,-,kl-)>, (7.6)
i=1 i=1 i=1

it is enough to show that there is a constant K < oo, independent of R, such that the conditional probability in (7.6)
may be estimated from above by KIP(B(x,, k;,)). To do this, we apply the Markov property to obtain

(B(xn, i ki )) < ]P’(B(x,,,

= P(B(xn, kn)IBf;ffb(xn, ky) is good). (1.7)

ki) B (. ky) is good)
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Thus, the left-hand side of (7.7) is at most

PB(xy, kn))
P(B?f‘llb(x,,, ky) is good)

(7.8)

Since limg_s oo P(Bgf‘fb (x5, k) is good) = 1, we obtain that £ is type-I Gértner-mixing.

1.3 Condition (a3) in Definition 1.7 follows from the calculations in (7.4).

2. The same strategy as above works to show that & is type-II Girtner-mixing. If X has exponential moments of
all negative orders, then the same calculations as in the first part show that & is Gértner-negative-hyper-mixing. All
requirements of Theorems 1.14—1.15 are thus met.

7.1.2. Proof of Corollary 1.19(2)

Let & be the zero-range process as described in Corollary 1.19(2). We will use that each particle, independently of

all the other particles, carries an exponential clock of parameter one. If there are k particles at a site x and one of

these clocks rings, then the corresponding particle jumps to y with probability %fl k) and it stays at y with probability

gk
1 - T.

1.1 By Andjel [1], Theorem 1.9, the product measures in (1.32) are extremal for &. Thus, E[e?¢0:0] < 00 for all
g > 0. Consequently, to show that E[e?*"Psc0.1509)] < o0 it suffices to prove that there is a constant K > 0 such
that, for all £ € N sufficiently large,

-1
IP’( sup £(0,5) > k) < KIP(g(o, > %k) (1.9)

s€[0,1]

Write NR(e k 7) for the event that there are at least —k exponential clocks of particles located at zero that do not
ring in the time interval [z, T + 1). Then we may estlmate

-1
P(S(O, e %k‘ﬂr [0, 1]: £0, 1) zk)

~1
zP(NR(%k, r)‘az €10, 1]: £(0, ) zk). (7.10)

Since the probability that a clock does not ring within a time interval of length one is equal to e~ !, and all clocks are
independent, we may estimate the right-hand side of (7.10) from below by

—1
p(r > %k) T =BIN(k.c). 7.11)

Finally, note that the probability in (7.11) is bounded away from zero. Thus, inserting (7.10) and (7.11) into (7.9), we
get the claim.

1.2. We show that & is type-I Girtner-mixing. Fix A > 3, choose b =3, c =1, a; = 13, a, =2 (see (3.26)), and
introduce additional space—time blocks

d
Bt (x, k)= <]‘[ (x(j) —2)AK, (x(])+2)AR)ﬁZd> x [kAR — ARTY (k + 1) AR),
:d (7.12)
Bp™(x, (]_[ x(j)—4 AR,(x(j)+4)AR)ﬂZd> x {(k — 1)ARY.

Given S € Z4 and §’ C Ny, write 8S to denote the inner boundary of S and I7; (S x S’) to denote the projection onto
the spacial coordinates. Furthermore, e;, j € {1,2, ..., d} denotes the jth unit vector (and we agree that % =0).



The parabolic Anderson model in a dynamic random environment 1269

We call a space-time block B Q (x, k) contaminated if there is a particle at some space—time point (y,s) €
Byt (x, k) that has been outside I7; (1‘[’;?:1 [(x(j) —4) AR (x(j) +4)AR)) at atime s’ such that (k — )AR <" <.
The reason for introducing this notion is that events depending on non-contaminated blocks that are equal in time but
disjoint in space are all independent.

Contaminated blocks. For L > 0, define

¥ (x, k)= IL{B,?H (x, k) is good, but contaminated and intersects [—L, L]d+1} (7.13)
and fix (x*, k*) € Z¢ x N.

Claim 7.1. There is a C' > 0 independent of L such that (x(x,k))x k)=(x*k*) is stochastically dominated by inde-
pendent Bernoulli random variables (Z(x, k))(x,k)=(x* k*) With success probability e’C/ARH.

Proof. We use a discretization scheme. More precisely, we construct a discrete-time version of the zero-range process
where particles are allowed to jump at times k/n, k € No only. Here, n is an integer that will later tend to infinity,
and we will denote by £”(x, s) the number of particles at site x at time s. To construct this process, we take a family
X"(x,s,q1,q2) of independent random variables with index set 74 x %No x Ng x Ny whose distribution is defined
via

]PJ(Xn(.’ - .’qz) :O) =1- —gerZ),
( 2) (7.14)
. glq)
P(X RN =44e;:) = s 1,2,...,d.
(X" (.o q2) = £ej) 2dngs Jjed }

With this family in hand, we proceed as follows. At time zero start with an initial configuration that comes from
the invariant measure 7,. Attach to each particle o a uniform-[0, 1] random variable /(o). Take all these random
variables independent of each other and of X" (x, s, g1, g2) for all choices of (x, s, g1,g2) € 74 x %NO x Ng x Np.
For each site x, order all particles present at x at time zero so that their uniform random variables are increasing. To
the g1th variable attach X" (x, 0, ¢, £"(x, 0)), i.e., the position of the g;th particle in this ordering at time % is x +
X"(x,0,q1,&"(x,0)). In this way we obtain the configuration of the system at time % To construct the process % time
units further, repeat the first step, but let the particles jump according to X" (-, %, L EM(, %)). Thus, our construction
is such that each particle chooses at each step uniformly at random, but dependent on the number of particles at the
same location, a new jump distribution. In what follows we will use the phrase “at level n” to emphasize that we refer
to the discrete-time version of the process. For instance, we say that Br (x, k) is good at level n if

Z £"(z,5) <CAR? vye7Zd s> 0st Qr(y) x (s} C B (x, k). (7.15)

€04 ()

Next, we introduce

X" (x, k)

= ]l{Bfé+1 (x, k) is good, but is contaminated at level n and intersects [—L, L]dJrl } (7.16)

It is not hard to show that the joint distribution of x" converges weakly to the joint distribution of x (use that only
finitely many particles can enter a fixed region in space—time, so that the above family of random variables may be
approximated by a function depending on finitely many particles only). Thus, to estimate the joint distribution of
X, it is enough to analyze the joint distribution of x”, as long as the estimates are uniform in n. In what follows,
s,s',s" € %NO.

Let Bé +1(x,k) be a good block that is contaminated at level n. Then there is a particle at a site y €
OIT, (Bf,  (x. k) atatime s € [(k — DARH!, (k + 1) ARHT) (see below (4.13)) that is at a site y' € 8171 (B} (x, k))
atatime s’ € [(k — DARTL (k 4+ 1)AR*Y), s <s'. Furthermore, for all s” such that s < s” < s, the particle is inside
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Hl(éﬁﬂ (x,k)). This implies, when X" (y, s, g1, £"(y, s)) denotes the random variable attached to ¢ at time s, that

X"(y,s,q1,&"(y,s)) # 0. Pick any such particle. Since this particle travels over a distance larger than 2ARF! there
is at least one coordinate direction along which it makes at least 2A%+! steps. We call this direction e j(0), and say
that each step in this direction is a success. Note the uniform estimate

1
P(o has a success at time s”') < S s" e[k — DART (k+ HART), (7.17)
n
Thus, if o contaminates Bl’é 1 (x, k) at level n, then from time s’ up to time (k + 1)ARHL it has at least 248+ suc-
cesses in 11 (Bl‘g 1 (x,k)). We write S(y, s, g1, g2) for the event just described, provided the particle was attached to
X"(y, s, q1,q>) when it entered EQH (x, k). Since BQH (x, k) is good, at each space—time point (y”, s”) € EQH (x,k)
there are at most C AR+ particles that can contaminate B? L1 (x, k). We therefore obtain

{B 2 L1 (x, k) is good, but contaminated at level n}

c U {X"(v,5.q1.92) #0.S(y, 5,91, 92)}
yearl (B, (x.k))
SE[(k—l)AR-H’(k+1)AR+1)’S€%NO
g1 <CAR+Dd
qZECA(R+l)d
Ll e (x, k). -

Next, note that the event C" (x, k) depends on the X" (y, s, g1, g2) with (y, s) € EQH (x, k) only. Hence, for x € 74,
k € Ny, the family (C"(x, k))(x,k)=(x* k*) consists of independent events. We estimate P(C" (x, k)). By (7.17), the
probability inside the union may be bounded from above by

l113>(T > 2ARH), (7.19)
n

where T = BIN2ART1x, ﬁ). Note that the event in (7.19) is a large deviation event, so that Bernstein’s inequality
guarantees the existence of a constant C’ > 0 such that (7.19) is at most

! exp{—C' AR} (7.20)
n

Recall the definition of C"(x, k) to see that, for a possibly different constant C” > 0,
P(C"(x, k)) < exp{—C"ART1]. (7.21)

Hence there is a family of independent Bernoulli random variables (Z" (x, k)) (x,k)=(x* k*) that stochastically dominates

(X" (x, k) (x,k)=(x* kx) and has success probability e’C”ARH. Thus, if f is a positive and bounded function that is

increasing in all of its arguments, then

E(f (1" et k), X" G kn))) <E(f (2" s k), -y 27 Oons kn)))- (7.22)
As the right-hand side does not depend on n, we obtain, by letting n — oo,

E(f(x 1.k, .oy xGonkn))) <E(F(ZCxr k), -y Z(xns k), (7.23)

which proves Claim 7.1. In particular, since all estimates are independent of L, we may even set L = 0o, to get that
the whole field of good but contaminated (R + 1)-blocks may be dominated by an independent family of Bernoulli
random variables with the same success probability as above. This field will be denoted by Z(x, k) as well. O
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Non-contaminated blocks. We begin by estimating the probability of the event
{ B, (x, k) is good, but contains a bad R-block}. (7.24)

Let BA(y, ) be an R-block that is contained in B r+1(x, k). We bound the probability that this block is bad. For that
we take z; € Z4 such that

QU

0x(z) = [[lz1(). 210) + AF) € BR(y. D). (7.25)

Use the time stationarity of £ and the fact that [(/ — 1)AR, (I + 1)A®) may be divided into at most 2AX + 1 time
intervals of length one, to obtain

P(Hse[(l—l)AR,(l+1)AR): Z S(zg,s)>CARd)

2€0%(z1)

< (2% + 1)1@( sup Y E(z2,9) > CARd). (7.26)

se[o,l]zzng(Zl)

In the same way as in Step 1.1, we may now show that for some constant K > 0,

-1
IP’( sup Z £(z2,5) >CARd) <KP Z £(z2,1) > eTCARd) (7.27)

sel0,1
€01 0t 22€0%(z)

Next, note that under the invariant measure 7, the sum in the right-hand side of (7.27) is a sum of i.i.d. random
variables with finite exponential moments. Hence (7.27) is bounded from above by

ARd

Kexp{ 5 CARd}IE[eE(O’O)] . (7.28)

Now choose C large enough so that (7.26) decays superexponentially fast in R.

In order to estimate the joint distribution of non-contaminated blocks, we let B?lﬂ (x1, k1), .. R +1 (xy, kyy) be
space—time blocks whose indices increase in the lexicographic order of Z¢ x N and belong to the same equivalence
class. We abbreviate

NS (x; ki) = {B Iéffb(x,,k ) is good, BR_H(x,,k ) contains a bad R-block,

but is not contaminated}. (7.29)

Note that NSUP (xi, k;) and N sub (xj,kj),i# j,are independent when they depend on blocks that coincide in time but
are disjoint in space. This observation, together with the Markov property applied, leads to

P@mm%>

n—1
ﬂNmmwO

i=1

< ]P’(N‘“b(xn, (xi, ki), BA SLfb(xn, k) is good)

i=1

=P(N** (i, kn) | BR 53" (xns k) is good). (7.30)
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Thus, the left-hand side of (7.30) is at most

IP’(B,Q‘Jr1 (x, k) is good, but contains a bad R-block)

P(B ! 1" (xn. kn) is good)

(7.31)

Note that the denominator tends to one as R — oo. This comes from the fact that, for all # > 0, (§(x, 1)) ¢z« iS an
i.i.d. field of random variables distributed according to 7. Thus, from (7.26) and the lines below, we infer that (7.31)
decays superexponentially fast in R.

Finally, write

{B£+1 (x;, ki) is good, but contains a bad R-block} C C(xi, ki) UN®(x;, ki), (7.32)

where we denote by C(x;, k;) the event that B £ L1 (xi, ki) is good, contains a bad R-block, and is contaminated. Then

n
]P’(ﬂ{B?jrl (xi, ki) is good, but contains a bad R—block})
i=1

< ]P’(ﬂ(C(xi, ki) U NS (x;, k,»))). (7.33)

i=1

If we denote by C the subset of all i € {1,2, ..., n} for which C(x;, k;) occurs, then (7.33) may be rewritten as

Z P(ﬂ C(xi,k,-)ﬂﬂNs“b(x,-,k,-)>. (7.34)

Cc{1,2,..n} NieC i¢C

Note that either |C| > n/2 or |{1,2,...,n}\ C| > n/2, so that by Claim 7.1 and (7.28) there is a C” > 0 such that the
expression in (7.34) is at most 2" exp{—C” AR 15 /2}. A comparison with the right-hand side of (1.21) shows that &
is type-I Gértner-mixing.

1.3 From the previous calculations we infer that £ satisfies condition (a3) of Definition 1.7.

2. Since £ is bounded from below it is Girtner-negative-hyper-mixing. Hence it remains to show that & is type-II
Girtner-mixing. To that end, fix the same constants as in the proof of the first part of the corollary. Furthermore, fix
6> 0andlet B ? 1 (x1,k1),...,B £ 1 (xn, kn) be space—time blocks whose indices increase in the lexicographic order

of Z4 x N, and belong to the same equivalence class. Take events AI.R € cr(BéJrl (xn, kn)), i €{1,2,...,n}, that are
invariant under shifts in space and time, and satisfy

lim P(Af) =0. (7.35)

R—o0

Asin part 1, we divide space—time blocks into contaminated and non-contaminated blocks. With the help of Claim 7.1,
we may control contaminated blocks. To treat non-contaminated blocks, we introduce

NSUb (xi. ki, AZR) = {Eﬁf‘fb(x,-, k;) is good, but contaminated, AR occurs| (7.36)

and proceed as in the lines following (7.29), to finish the proof.
7.2. Proof of Corollary 1.20

In this section we prove Corollary 1.20. Suppose that

» £ is Markov with initial distribution v and

generator L defined on a domain D(L) C Lz(dv). (7.37)
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Denote by

1
&(f,8) = §[<—Lf, g)+(—Lg. f)]. figeD), (7.38)

its symmetrized Dirichlet form, assume that (g, D(L)) is closable, and denote its closure by (g, D(g)). Furthermore,
for V: 2 — R, define

JV(r)zinf{é(f, 1) feD(é)ﬂL2(|V|dv),ff2dv=1,/Vf2dv=r}, reR, (7.39)

note that » — Jy (r) is convex, and let Iy be its lower semi-continuous regularization. For W: 2 x [0, c0) — R,
define

rt= sup {LE Y +(Wen, ). 1=0. (7.40)
FeDWNLA(IW (-,1)|dv)
I fll2=1

In the particular case of a static Wy : £2 — R, we denote the corresponding variational expression by I OL.
Lemma 7.2. Suppose that W is bounded from below, piecewise continuous in the time-coordinate, and v-integrable
in the space—coordinate. Suppose further that:

@) I“,L <ooforallt>0.
(i1) & is reversible in time and cadlag.

Then

E, (exp{/t W(E(s),s) ds}) < exp{ft FSL ds} vt > 0. (7.41)
0 0

Proof. The proof is based on ideas in Kipnis and Landim [11], Appendix 1.7, and comes in three steps.
1. Suppose that W is piecewise continuous, not necessarily bounded from above, and define W"” = W A n. Then, by
an argument similar to that in [11], Appendix 1, Lemma 7.2, we have

E,,(exp{/t W"(g(s),s)dsD fexp{/t rkn ds}, (7.42)
0 0

where 'L is defined as in (7.40) but with W replaced by W”. It is here that we use that £ is reversible and cadlag,
since under this condition we have a Feynman—Kac representation for the parabolic Anderson equation with potential
W” and with A replaced by L. Because W” is bounded, we have that L>(|W” (-, t)| dv) = L?(dv). Hence

rkr= sup {(Lf, £)+(W"C.9). ) (7.43)
feD(L)
[Ifll2=1

Since, by monotone convergence,

t t
lim E, (exp{/ W"(g(s),s)dsD =E, (exp{/ W (&(s),s) ds}), (7.44)
n—oo 0 0

it suffices to show that

lim rt"=rk, s>o. (7.45)

n—oo

2. To show that the left-hand side in (7.45) is an upper bound, fix & > 0 and pick f € D(L) N L?>(|W (-, t)|dv) such
that

(LE )+ (W0, fA)+e=Tt (7.46)
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Then, by monotone convergence,
Jim [(LF. )+ (WG f2)) = (LE ) + (W f2). (7.47)

3. To prove that the left-hand side in (7.45) is also a lower bound, we need to assume that L is self-adjoint. Then, by
Wu [16], Remark on p. 209, we have

1 t
lim —logE, <exp{ f W"(&(s),0) ds >= FOL’", (7.48)
=00t 0

and the same is true when W”" is replaced by W. But, obviously,

t t
Jim ;logEU <exp{/ W" (&(s), 0) ds )fllim ;logEv<exp{/ W (&(s),0) dsD, (7.49)
—00 0 —>00 0

which shows that FOL’” < FOL. Note that the time point O does not play any special role. Hence we obtain (7.45). O

Proposition 7.3. Suppose that & satisfies (7.37) and condition (ii) in Lemma 7.2. Then, for all paths @ (recall (1.26)),

( (7_1)2/ Chrer [£(2(). )dS—P]>5) <exp{—n(T — DIy (p +8)}, (7.50)

where Vy(n) = n(0) and p =E(£(0, 0)).

Proof. First note that by Lemma 7.2,

U(exp{Z/ E(P(s),5)d }) <exp{n(T — DIy}, (7.51)
-HT+1

where FOL is defined with W (-, 0) = Vj. To see that, take a path @ which starts in zero and define W : RZ x [0, o0) —
R by

Wt = {7](<15(t)), if re[(j—1T+1,jT) forsome 1 <j <n, (752)

0, otherwise.

Let x € Z? be such that @ (r) = x, and denote by 7, the space-shift over x. Then, using the fact that v is shift-ergodic,
we get

(We,n, f7)= / L) 2 dv(n)
RZ
= [, sno)r 2 vt
RZA

B /M 1O)(z— Y2 dv(n) = (W, 0), (- )?), (753)

which yields F/‘ =1 OL. Since the space point 0 does not play any special role, Lemma 7.2 leads to (7.51) for any path
@. Next apply the Chebyshev inequality to the left-hand side of (7.50). After that it remains to solve an optimization
problem. See Wu [17] for details. O

Note that, for a reversible dynamics, Iy, is the large deviation rate function for the occupation time

t
T; :/ £@0,s)ds, t>0. (7.54)
0
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We are now ready to give the proof of Corollary 1.20.

Proof of Corollary 1.20. All three dynamics in (1)—(3) satisfy condition (a) in Definition 1.9. The proof of (b) below
consists of an application of Proposition 7.3, combined with a suitable analysis of Iy,.

(1) Redig and Vollering [15], Theorem 4.1, shows that for all §; > O there is a § = 62(51) such that

nt
P, (f £(0,s)ds > 81nt> <e o, (7.55)
0

A straightforward extension of this result implies that condition (b) in Definition 1.9 is satisfied. All requirements
in Theorem 1.16 are thus met.

(2) By Landim [13], Theorem 4.2, the rate function of the simple exclusion process is non-degenerate (i.e., it has a
unique zero at p). Hence condition (b) in Definition 1.9 is satisfied. Thus, all requirements of Theorem 1.16 are

met.
(3) By Cox and Griffeath [3], Theorem 1, the rate function for independent simple random walks is non-degenerate.
Hence condition (b) in Definition 1.9 is satisfied. All requirements in Theorem 1.16 are thus met. (]
Acknowledgements

DE and FdH were supported by ERC Advanced Grant 267356 VARIS. GM was supported by the CNRS while on
sabbatical leave at EURANDOM, Eindhoven, The Netherlands, during the academic year 2010-2011.

References

[1] E.D. Andjel. Invariant measure for the zero range process. Ann. Probab. 10 (1982) 525-547. MR0659526
[2] R. A. Carmona and S. A. Molchanov. Parabolic Anderson Problem and Intermittency. AMS Memoirs 518. American Mathematical Society,
Providence, RI, 1994. MR1185878
[3] J.T. Cox and D. Griffeath. Large deviations for Poisson systems of independent random walks. Z. Wahrsch. Verw. Gebiete 66 (1984) 543-558.
MRO0753813
[4] M. Cranston, T. S. Mountford and T. Shiga. Lyapunov exponents for the parabolic Anderson model. Acta Math. Univ. Comenian. (N.S.) 71
(2002) 163-188. MR1980378
[5] A. Drewitz, J. Girtner, A. F. Ramirez and R. Sun. Survival probability of a random walk among a Poisson system of moving traps. In
Probability in Complex Physical Systems. In Honour of Erwin Bolthausen and Jiirgen Gdrtner 119-158. J.-D. Deuschel, B. Gentz, W.
Konig, M.-K. van Renesse, M. Scheutzow and U. Schmock (Eds). Springer Proceedings in Mathematics 11. Springer, Berlin, 2012.
[6] P. Erdos. On an elementary proof of some asymptotic formulas in the theory of partitions. Ann. Math. 43 (1942) 437-450. MR0006749
[7] J. Gértner and F. den Hollander. Intermittency in a catalytic random medium. Ann. Probab. 34 (2006) 2219-2287. MR2294981
[8] J. Gértner, F. den Hollander and G. Maillard. Quenched Lyapunov exponent for the parabolic Anderson model in a dynamic random environ-
ment. In Probability in Complex Physical Systems. In Honour of Erwin Bolthausen and Jiirgen Gdrtner 159-193. J.-D. Deuschel, B. Gentz,
W. Konig, M.-K. van Renesse, M. Scheutzow and U. Schmock (Eds). Springer Proceedings in Mathematics 11. Springer, Berlin, 2012.
[9] J. Gértner and S. A. Molchanov. Parabolic problems for the Anderson model. Comm. Math. Phys. 132 (1990) 613-655. MR1069840
[10] G. H. Hardy and S. A. Ramanujan. Asymptotic formulae in combinatory analysis. Proc. Lond. Math. Soc. (3) 17 (1918) 75-115. MR1575586
[11] C. Kipnis and C. Landim. Scaling Limits of Interacting Particle Systems. Grundlehren der Mathematischen Wissenschaften 320. Springer,
Berlin, 1999. MR1707314
[12] H. Kesten and V. Sidoravicius. Branching random walks with catalysts. Electron. J. Probab. 8 (2003) 1-51. MR1961167
[13] C. Landim. Occupation time large deviations for the symmetric simple exclusion process. Ann. Probab. 20 (1992) 206-231. MR1143419
[14] T. M. Liggett. Interacting Particle Systems. Grundlehren der Mathematischen Wissenschaften 276. Springer, New York, 1985. MR0776231
[15] F.Redig and F. Vollering. Concentration of additive functionals for Markov processes. Preprint, 2011. Available at http://arXiv.org/abs/1003.
0006v2.
[16] L. Wu. Feynman—Kac semigroups, ground state diffusions, and large deviations. J. Funct. Anal. 123 (1994) 202-231. MR1279300
[17] L. Wu. A deviation inequality for non-reversible Markov processes. Ann. Inst. Henri Poincaré Probab. Stat. 4 (2000) 435-445. MR1785390


http://www.ams.org/mathscinet-getitem?mr=0659526
http://www.ams.org/mathscinet-getitem?mr=1185878
http://www.ams.org/mathscinet-getitem?mr=0753813
http://www.ams.org/mathscinet-getitem?mr=1980378
http://www.ams.org/mathscinet-getitem?mr=0006749
http://www.ams.org/mathscinet-getitem?mr=2294981
http://www.ams.org/mathscinet-getitem?mr=1069840
http://www.ams.org/mathscinet-getitem?mr=1575586
http://www.ams.org/mathscinet-getitem?mr=1707314
http://www.ams.org/mathscinet-getitem?mr=1961167
http://www.ams.org/mathscinet-getitem?mr=1143419
http://www.ams.org/mathscinet-getitem?mr=0776231
http://arXiv.org/abs/1003.0006v2
http://www.ams.org/mathscinet-getitem?mr=1279300
http://www.ams.org/mathscinet-getitem?mr=1785390
http://arXiv.org/abs/1003.0006v2

	Introduction and main results
	The parabolic Anderson model (PAM)
	Main targets and related literature
	Main results
	Deﬁnitions: Space-time blocks, Gärtner-mixing, Gärtner-regularity and Gärtner-volatility
	Theorems: Uniqueness, existence, ﬁniteness and initial condition
	Theorems: Dependence on kappa
	Examples

	Discussion and a conjecture

	Existence and uniqueness of the solution
	Uniqueness
	Existence

	Finiteness of the quenched Lyapunov exponent
	Strategy of the proof
	Step 1: Restriction to [C1]t
	Step 2: No bad R-blocks for large R
	Step 3: Estimate of the Feynman-Kac formula in terms of bad blocks
	Step 4: Bound on the number of bad blocks
	Proof of Lemma 3.6
	Proof of Lemma 3.7
	Proof of Lemma 3.5

	Step 5: Proof of Theorem 1.14

	Initial condition
	Preparations
	Three lemmas
	Proof of Theorem 1.15
	Proof of Lemmas 4.5-4.7
	Proof of Lemma 4.5
	Proof of Lemma 4.6
	Proof of Lemma 4.7


	Continuity at kappa=0
	Three lemmas
	Proof of Lemmas 5.1-5.3
	Proof of Lemma 5.2
	Proof of Lemma 5.1
	Proof of Lemma 5.3

	Proof of Theorem 1.16
	Estimation of the Feynman-Kac representation on AnTkappa
	Estimation of the Feynman-Kac representation on [AnTkappa]c
	Final estimation


	No Lipschitz continuity at kappa=0
	Examples
	Proof of Corollary 1.19
	Proof of Corollary 1.19(1)
	Proof of Corollary 1.19(2)

	Proof of Corollary 1.20

	Acknowledgements
	References

