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We establish asymptotic vertex degree distribution and examine its re-
lation to the clustering coefficient in two popular random intersection graph
models of Godehardt and Jaworski [Electron. Notes Discrete Math. 10 (2001)
129-132]. For sparse graphs with a positive clustering coefficient, we exam-
ine statistical dependence between the (local) clustering coefficient and the
degree. Our results are mathematically rigorous. They are consistent with the
empirical observation of Foudalis et al. [In Algorithms and Models for Web
Graph (2011) Springer] that, “clustering correlates negatively with degree.”
Moreover, they explain empirical results on k! scaling of the local cluster-
ing coefficient of a vertex of degree k reported in Ravasz and Barabdsi [Phys.
Rev. E 67 (2003) 026112].

1. Introduction. In a recent paper [12], Foudalis et al. analyzed Facebook
data and made the observation that “clustering correlates negatively with degree.”
Their empirical findings suggest that the chances of two neighbors of a given vertex
to be adjacent is a decreasing function of the vertex degree. A reasonable question
to ask is whether and how such a phenomenon can be explained with the aid of a
known theoretical model.

This question is addressed in the present paper. We consider two simple random
graph models admitting a power-law degree distribution and positive clustering
coefficient.

Given a finite set W and a collection of its subsets Dy, ..., D,, the active in-
tersection graph defines adjacency relation between the subsets by declaring two
subsets adjacent whenever they share at least s common elements. The passive
intersection graph defines adjacency relation between elements of W. A pair of
elements is declared an edge if it is contained in s or more subsets. Here s > 1 is a
model parameter. Both models have reasonable interpretations: in the active graph,
two actors D; and D; establish a communication link whenever they have suffi-
ciently many common interests; in the passive graph, students become acquain-
tances if they participate in sufficiently many joint projects. In order to model
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active and passive graphs with desired statistical properties, we choose subsets
Dy, ..., D, at random and obtain random intersection graphs. Such random graph
models have been introduced in [13, 19]; see also [10].

We remark that the adjacency relations of random intersection graphs resemble
that of some real networks, like, for example, the actor network, where two actors
are linked by an edge whenever they have acted in the same film, or the collabora-
tion network, where authors are declared adjacent whenever they have coauthored
at least s papers. These networks exploit the underlying bipartite graph structure:
actors are linked to films, and authors to papers. Newman et al. [22] pointed out that
the clustering property of some social networks could be explained by the presence
of such a bipartite graph structure; see also [1, 16], and references therein. In this
respect, it is relevant to mention that the random intersection graphs of the present
paper can be obtained from the random bipartite graph with bipartition V U W,
where each vertex v; of the set V = {vy, ..., v,} selects the set D; C W of its
neighbors in the bipartite graph independently at random. In addition, we assume
for simplicity that all elements of W have equal probabilities to be selected. Now,
the active intersection graph defines the adjacency relation on the vertex set V:
v; and v; are adjacent if they have at least s common neighbors in the bipartite
graph. Similarly, vertices w;, w; € W are adjacent in the passive graph whenever
they have at least s common neighbors in the bipartite graph. An attractive property
of these models that motivated our study is that they capture some features of real
networks and, therefore, they may be useful in better understanding the statistical
properties of some social networks.

To summarize our paper, we note that both active and passive random intersec-
tion graphs admit a nonvanishing clustering coefficient although their “clustering
mechanisms” are different. Both models admit a power-law (asymptotic) degree
distribution but of a different structure. A common feature of these models is that
the (asymptotic) degree distribution of graphs with a nontrivial clustering coeffi-
cient (i.e., one taking values other than O or 1) has a finite second moment. Another
interesting fact is that, in many cases, the chance of two neighbors of a given vertex
to be adjacent decays as ck~!, where k is the vertex degree. For example, the k1
scaling is shown for a power-law active random intersection graph with a positive
clustering coefficient and integrable degree. This theoretical result agrees with the
empirical findings reported in [24] showing the k! scaling in some real networks.

The paper is organized as follows. In Section 1, we introduce the active random
intersection graph and collect results about the degree distribution, clustering coef-
ficient and statistical dependence between the degree and the clustering coefficient
of a given vertex. Section 2 is devoted to the passive random intersection graph.
Proofs are given in Section 3.

In what follows, the expressions o(-), O(-) refer to the case where the size m
of the auxiliary set W and the number n of subsets defining the intersection graph
both tend to infinity (unless stated otherwise). Given a sequence {£,,} of random
variables, we write &, = op(1) if &, — 0 in probability, that is, Ve > 0, P(§,, >
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g) = o(1). We write &,, = Op (1) if the sequence is stochastically bounded, that is,
Ve > 0,3A > 0: sup,, P(|&x] > A) < e.

2. Active intersection graph. Given a set of attributes W = {wy, ..., wy}, an
actor v is identified with the set D(v) of attributes selected by v from W. We as-
sume that the actors vy, ..., v, choose their attribute sets D; = D(v;), 1 <i <n,

independently at random, and we declare v; and v; adjacent (denoted v; ~ v;)
whenever they share at least s common attributes, that is, |D; N D;| > s. Here
and below, s > 1 is the same for all pairs v;, v;. The graph on the vertex set
V ={vy,...,v,} defined by this adjacency relation is called the active random
intersection graph; see [14]. Subsets of W of size s play a special role; we call
them joints. They serve as witnesses of established links: v; ~ v; whenever there
exists a joint belonging to both D; and D;.

We first assume, for simplicity, that the random sets Dy, ..., D, have the same
probability distribution of the form

m
|Al
That is, given an integer k, all subsets A C W of size |A| = k receive equal chances,
proportional to the weight P(k), where P is a probability on {0, 1, ..., m}. The
random intersection graph defined in this way is denoted G(n, m, P). One spe-
cial case where all random sets are of the same (nonrandom) size has attracted
particular attention in the literature (see, e.g., [3, 10, 14, 23, 25, 30]), as it provides
a convenient model of a secure wireless network. We call it the uniform active
random intersection graph and denote G¢(n, m, §,). Here &, is the probability dis-
tribution putting mass 1 on x, and x is the size of the random sets.

-1
2.1 P(|D,~|:A)=P(|A|)( ) for AC W.

2.1. Degree distribution. We consider a sequence of random intersection
graphs, where m and n = n,, tend to infinity, and where s = s, and P = Py,
depend on m. We suppress the subscript m in what follows whenever this does
not cause an ambiguity. By X; = |D;| we denote the size of the attribute set D;.
Note that X; is a random variable taking values in {0, 1, ..., m} and having the
probability distribution P.

LEMMA 1. Let m — +oo. Assume that s = O(1) and EX{lix .. m) =
o(EXY) for any & > 0. Then for any pair of vertices v;, v, the edge probability
in Gg(n,m, P)

m -1 X 2
(2.2) P(v; ~v;) = (1 —I—o(l))( ) ) (E( sl )) :
In particular, we have P(v; ~v;) = o(1).

We note that E()i’) is the expected number of joints available to the vertex v;.
(2.2) may fail in the case where s = 5, — 00 as m — 00; see Example 2 below.
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REMARK 1. In the particular case where s remains fixed as n,m — oo,
Lemma 1 suggests that a sparse graph G(n,m, P) is obtained when the random
sets are of order

By sparse we mean that the degree of the typical vertex is stochastically bounded
as n — oo.

Our next result shows that the degree of the typical vertex of a sparse random
intersection graph is asymptotically Poissonian with (random) intensity parameter
Z\EZ|.Here Z; = Z,,; = (T)_]/znl/z(ii) denotes the properly rescaled number
of joints of the vertex v;, 1 <i < n. Let d(v;) = d,,(v;) denote the degree of
the vertex v; in Gs(n, m, P). Observe that, by symmetry, the random variables
d(vy), ..., d(v,) have the same probability distribution.

THEOREM 2.1. Let m,n — 00. Assume that s = O(1) and:

(1) Zm1 converges in distribution to a random variable Z;
(ii) EZ < oo andlim,, . EZ,,; =EZ.
Denote u =EZ. We have, fork=0,1,2...,

(2.4) lim P(dy(v1) =k) = (k) E((Zu)ke %1,

Formula (2.4) remains valid if the condition s = O(1) is replaced by the fol-
lowing weaker condition: there exists 0 < a < 1 such that s < am and (s!/n)'/* =

o(m). In this case, we require, in addition to (i) and (ii), that:
1/s
(i) 00 S (Zint Zunt) STV = 0p (D).

Formula (2.4) relates the vertex degree distribution to the distribution of sizes of
the random sets. In particular, the more variable is the sequence of realized values
X1, ..., X,, the more irregular is the sequence of vertex degrees of a realized in-
stance of the intersection graph. For example, we obtain a power-law distribution
Pk ~ ck™Y as k — oo whenever the limiting distribution of {Z,,1},, has a power
law P(Z > 1) ~ ¢t'77 as t — 00. Here y > 2, and ¢, ¢’ denote some positive con-
stants. Observe, that the asymptotic degree distribution defined by formula (2.4)
has a first moment.

In the case where s = 1, the asymptotic degree distribution of an active ran-
dom intersection graph was shown (in increasing generality) in [4, 9, 17, 27]; see
also [6] and [26]. In particular, the result of Theorem 2.1, for s = 1, can be found
in [4, 6] and [26]. For s > 1, the result of Theorem 2.1 is new. It also applies
to the case where s =5, — 400 as m — oco0. We note that limit (2.4) may fail
when s = s, grows to infinity “sufficiently fast;” see Example 2 below. A general
sufficient condition for the convergence to the Poisson mixture (2.4) is given in
Theorem 2.2.

In Theorem 2.2, we assume that the random sets D1, ..., D, defining the inter-
section graph are independent but not necessarily identically distributed. We write,
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as before, X = | Di| and assume that forevery k =1,...,n and each A C W, we
have P(Dy = A) = (IIZI )_IP(Xk =|A]). Let P denote the distribution of the ran-
dom vector X = (X1, ..., X»). By G,(n, m, P) we denote the random intersection

graph on the vertex set V, where v;, v; € V are adjacent whenever |D; N D;| > s.
By d(v) = d,,(v) we denote the degree of v € V in G4(n, m, P). For a vector
with nonnegative integer coordinates X = (x1, ..., x,), we write uz = (*')(*}) and
xk+ = max{0, x; — s}, and we denote

—1 n -2 n
,\(f):<’?> Zuk, Kl(f)z(’f) Zui,
k=2 k=2

o (m\'¢ +
Ko (X) = <s ) Zukxk .
k=2

m— X

Our next result applies to a sequence of random intersection graphs G (n, m, P),
where m — o0 End n =n,; — oo, and where s = s,, and the distribution P of the
random vector X depend on m.

THEOREM 2.2. Assume that, as m — 00:

@iv) A(Y_) converges in distribution to a random variable A;
(V) k1(X) =op(D);

(V) k2(X) =op(l).

Then we have for k =0,1,2, ...,

(2.5) lim P(dy(vi) =k) = (kHTE(ARe™).

We briefly remark that condition (v) is a kind of “asymptotic negligibility con-
dition” imposed on the sequence of random variables (}i ! )(}i" ), 2 <k <n. Condi-

tion (vi) ensures that (the distributional limit of) A(X) alone determines the asymp-
totic degree distribution; see also Lemma 6 below.

In Examples 1 and 2 below, we consider uniform random intersection graphs.
In Example 1, we formulate, in terms of n = n,,, x = x,,;, and s = s,,,, conditions
that are sufficient for the convergence (2.5). Example 2 shows that conditions (iv)
and (v) alone do not suffice to establish the convergence (2.5). Here we are in a
situation where the edge probability formula (2.2) fails.

EXAMPLE 1. Let {x,,} and {s,,} be integer sequences such that 1 < x,, —s,, =

o((m —x,,)1/?) and (?Z)z(g)_l =o0(1) asm — oo. Let n,, be an integer sequence

such that the limit lim,, nm(fn’f)z( o )~! exists and is finite. We denote this limit
by A. The sequence of random intersection graphs {Gy,, (n,,, m, 8y, )} satisfies the
conditions of Theorem 2.2 with A = A. Therefore, the degree of the typical vertex

has limiting Poisson distribution with mean A.
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EXAMPLE 2. Given m, let s = 0.5m, x = (¢ 4+ 0.5)m. Here ¢ € (0,1) is a

small absolute constant. We choose & small enough so that p*(m) := ( )2(':,1)_1 =
o(l) as m — o0o. Next, we choose an integer sequence n, 1 +o0o such that
nmp*(m) — 1 as m — oo and consider the sequence of random intersection
graphs {G(n;,, m, 8x)}m. It follows from the relation n,, p*(m) — 1 that con-
ditions (iv)—(v) hold with A = 1. Moreover, we show that d,,(v;) = op(1) as
m — oo. The latter relation contradicts to (2.5). Note that for this sequence
of random intersection graphs, condition (vi) fails. Indeed, we have k> (X) =
O’j’szf -y p*(m) — +00 as m — oo. The proofs of the statements of Example 2
are given in Section 3.

2.2. Clustering coefficient. Typically, the adjacency relations between actors
in real networks are not statistically independent events. Often, chances of a link
v’ ~ v” increase as we learn that actors v" and v” have a common neighbor, say, v.
As a theoretical measure of such a statistical dependence, one can use the condi-
tional probability (see, e.g., [9])

a=P{ ~v"|v ~v, 0" ~v).

In the literature (see [2, 20, 21, 29]), the empirical estimates of the conditional
probability o,

N3(v) 2 2oey N3(v)
and a==v" )
NZ(U) ZUGV NZ(U)

are called the clustering coefficient and the global clustering coefficient, respec-
tively. Here n denotes the number of vertices of a graph, N3(v) is the number of
unlabeled triangles having vertex v, N»(v) is the number of unlabeled 2-stars with
the central vertex v. In this paper, the term clustering coefficient is used exclusively
for the conditional probability «.

Note that, in the random graph G (n, m, P), the conditional probability o does
not depend on the choice of v, v’, v”. Tt does not depend on n either. We write
o = o5 (m, P) in order to indicate the dependence on s, m and P.

We begin our analysis with the uniform random intersection graph G (n, m, ;)
where, for large m, the asymptotics of the clustering coefficient is simple and
transparent. Since we are interested in sparse random graphs, we may assume
that P(v; ~ vj) = o(1) as m — oo. Observe that in the case of bounded s [i.e.,
s = O(1) as m — 00], this assumption implies that x2 = o(m); see (2.3). In the
following lemma, we consider a sequence of uniform random intersection graphs,
where x = x,,, and s = s, depend on m, and (x — $)2 = o(m — x). Note that, for
bounded s, the later condition is equivalent to x> = o(m).

G=n"" Z

veV

LEMMA 2. Letm — +00. Assume that s < x and (x — s)*> = o(m — x). Then

(2.6) ag(m, 8y) = (i)_l +o(1).
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The assumption s < x of the lemma excludes the trivial case x = s, where
we have og(m,§,) = 1. Lemma 2 brings some insight into the general model
Gs(n,m, P). Namely, in the case of a sparse random graph, it suggests that
the clustering coefficient is nonvanishing whenever the sizes of random sets are
stochastically bounded as m — oo. In fact, we need to impose an even stronger

condition, which requires, in particular, that the moment of order 2s of P = P, is

bounded as m — oo. For k = 1, 2, we denote ay = [ (’s‘)kP(dx) =E(%! )k.

LEMMA 3. Assume that for k = 1,2, we have, as m — oo,

k
2.7) ar > 0andVe € (0, 1) i (x) P(dx)=0(1).
ai Jx>eym \ S
Then
(2.8) ag(m, P) =ai/az +o(1).

Note that invoking in (2.8) the simple inequality a% < ap, we obtain oz (m, P) <
a{l/z + o(1). Hence, ap — oo implies o (m, P) — 0.

Up to our best knowledge, the first result showing that a power-law (active)
random intersection graph with m ~ Bn, B > 0 admits a nonvanishing clustering
coefficient is due to Deijfen and Kets [9]. They established a first-order asymp-
totics of ay(m, P) as m — oo in the particular case where P is a mixture of
binomial distributions. Yagan and Makowski [30] evaluated the clustering coef-
ficient o1 (m, &5 ) of a uniform (active) random intersection graph and proved that
it is always positive. Nonvanishing clustering coefficients of a random intersection
digraph were studied in [5]. The effect of a positive clustering coefficient on the
size of the largest component of G1(n, m, P) was studied in [6]. The effect on an
epidemic spread was considered in [8].

2.3. Clustering coefficient and degree. Here we consider a sequence of sparse
random intersection graphs {G(n, m, P)},, with nonvanishing clustering coeffi-
cient and nondegenerate asymptotic vertex degree distribution.

In our next theorem and its corollary, we express an approximate formula for
the clustering coefficient (2.8) in terms of moments of the asymptotic vertex de-
gree distribution. Recall the notation Z; = (X! )(’?)_1/ *n1/2 Here X| is a random
variable with the distribution P.

THEOREM 2.3. Let 8 > 0. Let m — 00. Assume that s = O(1) and

(2.9) (T)n_l — B.

Suppose that conditions (1) and (ii) of Theorem 2.1 hold. In the case where:
(ii’) 0 < EZ? < 00 and lim,,—. o EZ} = EZ°,
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we have

1 EZ
JiEz e

In the case where EZ? = 0o, we have as(m, P) = o(1).

(2.10) as(m, P) =

REMARK 2. Observe that under conditions (i) and (ii’), the asymptotic de-
gree distribution exists and is defined by (2.4). Indeed, (i) and (ii’) imply (ii),
and, therefore, one can apply Theorem 2.1. Furthermore, EZ? < oo implies that
the asymptotic degree distribution has a second moment. Assuming, in addition,
that (2.9) holds, we conclude from Theorem 2.3 that the clustering coefficient does
not vanish in the case where the (asymptotic) degree distribution has finite second
moment. Moreover, if (2.9) fails and we have n = o(("/)), then the clustering co-
efficient vanishes [i.e., @« = 0(1) as n, m — o] in the case where (i) and (ii") hold,
as well as in the case where (i), (ii) hold and EZ% = 0o. The proof of this statement
is given in Section 3.

Next we express (2.10) in terms of moments of the asymptotic degree distribu-
tion. Let d, be a random variable with the asymptotic degree distribution defined
by (2.4), that is, we have

Q11 Pdi=k)=p, pr=EK)E((Zwre %),  k=0,1,2,....

Then Ed, = (EZ)? and Ed? = (EZ)’EZ? + (EZ)?. Invoking these formulas
in (2.10), we obtain the following:

COROLLARY 1. Let m,n — oo. Assume that s = O(1) and conditions (1),
(ii") and (2.9) hold. Then we have
1 (Edy)*?

(2.12) ozs(m,P)—TEd2 Ed +o(1).

Foudalis et al. [12] made an interesting observation, based on an empirical study
of a power-law network data, that “clustering correlates negatively with degree.”
More precisely, their numerical data suggest that the conditional probability

(2.13) oM =P ~v" v~ v, v~0", d(v) =k)

is a decreasing convex function of (the realized value k of) the degree d(v) of ver-
tex v. Theorem 2.4 establishes a first-order asymptotics of the conditional proba-
bility alkl = a£k] (m, P) as m,n — oo for G4(n, m, P) model. The result of The-
orem 2.4 provides a rigorous argument explaining empirical findings of [12] men-
tioned above; see also Example 3 below.
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THEOREM 2.4. Let B > 0. Let m — 00. Assume that s = O (1) and that con-
ditions (i), (ii") and (2.9) hold. Then we have, for every k =2,3, ...,

1EZ pi_
(2.14) oMl (m, Py = == P14 o),

k /B pi

Note that, for a power-law asymptotic degree distribution py ~ ck™7, (2.14) im-
plies

(2.15) aMm, Py~ k™! ask— oo

forany y > 3. Here ¢’ = B~!/?EZ. Hence, a' “correlates negatively with degree.”
Next we illustrate (2.14) by two examples, where we assume, for simplicity, that
s=1.

EXAMPLE 3. Fix y > 3 and 6 > 0, and consider a sequence of random in-
tersection graphs satisfying the conditions of Theorem 2.3 with Z having the
power-law distribution P(Z > t) = (9t)!~7 for t > 6~!. In this case, we have
P~ (y — DO'7k™Y as k — oo. Now (2.14) implies (2.15).

EXAMPLE 4. Fix pu > 0 and consider a sequence {G(n,m,§)} such that
x(n/ m)l/? - wu as m — oo. The sequence satisfies the conditions of Theorem 2.1
with Z having the degenerate distribution P(Z = ) = 1. Hence, by Theorem 2.1,
the asymptotic degree distribution is Poisson with mean 2. In this case, we have
Pk—1/pr = ku=2, and (2.14) implies o* ~ =, Hence, !l does not correlate
with degree.

The rationale behind these examples is as follows. In a sparse active graph,
an edge is typically realized by a single joint shared by the two vertices linked
by this edge. Similarly, a triangle is realized by a single joint shared by the three
vertices of the triangle. Therefore, two neighbors, say, v; and v; of a given vertex v,
establish a link whenever the joints responsible for the edges v; ~ v, and v; ~ v,
match. In particular, given X; = |D;|, the probability that two neighbors of v,

-1
are adjacent is approximately (f’) . Here (}i’ ) is the number of joints available

to v;. Next, we remark that given X;, the number of neighbors of v; has binomial
distribution Bin(n — 1, p¢)) with pg) ~ ("7Y1)71(X’)E(X1 ); see Lemma 6 below.

S R
For large values of X;, this number concentrates around its mean because of the

concentration property of Binomial distribution. Hence, for large values of X;, the
degree d(v;) scales as (n — 1) p¢) = (X’)r, where t ~ ~V/?EZ as n, m — +o0.

)
In particular, given a vertex v, with a large degree, say, d(v;) = k, it is reasonable

-1
to expect that (n — 1) p) ~ k, that is, (}i’ ) = k~!'7. We summarize the argument
as follows: The probability that two neighbors of a vertex of degree k are adjacent

X

-1
s ) = k=17, for k — +o00. This explains formula (2.14) in the case

scales as (
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where the sequence X1, X, ..., X,, exhibits a high variability, for example, it is a
sample from a heavy-tailed distribution. The argument fails in the case of uniform
random intersection graphs, since here all attribute sets are of the same size (X; =
const) and, hence, the realized values of d(v;) and X, do not correlate.

REMARK 3. Using the identity Ed, = (EZ)?, we can express (2.14) solely in
terms of the (asymptotic) degree distribution

1 VEd.Pd,=k—1)
k \/E P(d. =k)
In the case where m is large and the distribution (2.11) is close to that of the
degree sequence of the observed graph, we can replace the moments Ed.,, Edf and
probabilities P(d, = k), P(d, = k—1) in (2.12) and (2.16) by their estimates based
on the observed degree sequence. In this way, we obtain estimates of o and «!*]
based on the degree sequence and involving the parameter f.

(2.16) aM(m, P) =

+o(1).

Finally, we note that the second moment EZ? < oo required by Theorem 2.4
does not show up in (2.14). This observation suggests indirectly that the second
moment condition could perhaps be replaced by the weaker first moment condi-
tion.

2.4. Concluding remarks. We remark that the asymptotic degree distribution
of Gy(n,m, P) as n,m — oo is determined by the limiting distribution of the
properly scaled number of joints of a typical vertex, that is, by the limiting distri-

bution of Z; = (’s” )_lnl/ 2({‘ ), which we denote Pz. Furthermore, the first-order

asymptotics as n, m — 400 of the clustering coefficients o and «!¥l is determined
by Pz and 8 = lim(’? )n_l. One may observe that the parameter s does not show
up in an explicit way neither in the description of the asymptotic degree distribu-
tion nor in the asymptotic formulas for o and a!kl. We expect that the role of the
parameter s becomes more important in the case of denser graphs, for example, in
the case where (" )n~! converges to zero sufficiently fast.

3. Passive intersection graph. In this section, we consider graphs on the
vertex set W = {wy, ..., w,}. Let s > 1 be an integer. Let Dy, ..., D, be inde-
pendent random subsets of W having the same probability distribution (2.1). We
say that vertices w, w’ € W are linked by D; if w,w’ € D;. For example, every
w’ € D; \ {w} is linked to w by D;. The links created by Dy, ..., D, define a
multigraph on the vertex set W. In the passive random intersection graph, two ver-
tices w, w’ € W are declared adjacent whenever there are at least s links between
w and w’; that is, the pair {w, w’} is contained in at least s subsets of the col-
lection {Dy, ..., D,}; see [14]. We denote the passive random intersection graph
Gi(n,m, P). Here P is the common probability distribution of the random vari-
ables X1 =|Dy], ..., X, = |Dy|. We shall consider only the case where s = 1.
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Before presenting our results, we introduce some notation. With a sequence of
probabilities O = {qo, q1,...} such that }°;q; =1 and ug =3_; jgq; < oo, we
associate another sequence of probabilities 0= {d0-91, - ..} obtained as follows.
In the case where ng > 0, we define g; = (j + )gj+1/ng, j =0,1,2,.... For
no =0, weputgy=1and c}j =0, j=1,2,.... In particular, we denote by P =
ﬁxl the probability distribution on {0, 1,2, ...} putting mass (j + DP(X; =/ +
1)/EX; onaninteger j =0, 1,2,.... By P: we denote the probability distribution
of a random variable &.

3.1. Degree distribution. Letd =d(w) denote the degree of w; in G} (n, m,
P), and let L = L(w;) denote the number of links incident to w. Our next the-
orem establishes the asymptotic degree distribution of a sequence of sparse pas-
sive random intersection graphs in the case where m and n are of the same order.
By “sparse” we mean that the degree d remains stochastically bounded, that is,
d=0p(1)asm,n — oo.

THEOREM 3.1. Let B> 0. Let m,n — oo. Assume that mn~' — B and:

(vil) X1 converges in distribution to a random variable Z.

(viii) EZ < oo and lim,,, ..o EX| =EZ.

Then L converges in distribution to the compound Poisson random variable
d, = Z =1 Z Here 7 1, Zz, ... are independent random variables with common

probability distribution P 7, the random variable A is independent of the sequence
Z], Zz, ... and has Poisson distribution with mean EA = 8~ S A
If, in addition,
(ix) EZ*3 < 00 and lim,, .o EX]"> = EZ*/3,

then d converges in distribution to d.

Theorem 3.1 shows how the (asymptotic) vertex degree distribution depends on
the distribution of sizes of the random sets. In particular, we obtain a power-law de-
gree distribution whenever the distribution of the sizes has a power-law. Moreover,
since the distribution of Z 1 has a much heavier tail than that of Z, we can even ob-
tain (asymptotic) degree distribution with infinite first moment. We refer to [11] for
a survey of results on local and tail probabilities of sums of heavy-tailed random
variables, including, in particular, random sums and compound Poisson random
variables.

REMARK 4. Note that (vii) and (ix) imply (viii). Hence, condition (ix) is more
restrictive than (viii). The fact that the asymptotic distribution of d only refers to
the first moment of Z suggests indirectly that the 4/3 moment condition (ix) could
perhaps be waived.
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In the next lemma, we collect several facts about the degree distribution in the
case where either n = o(m) or m = o(n).

LEMMA 4. Let m,n — o0. In the case where n = o(m), we have
(3.1) Ve>0 Pldzemn'—1)>Pd>1)—¢.

Now assume that m = o(n). Denote n, = nP(X| > 2). We distinguish three
cases: (a) ny = o(m); (b) m = o(ny); (c) mn;1 = B(1 4 o(1)) for some B > 0. In
the case (a), we have

(3.2) Ve >0 P(d > em(max{1, n*})_1 —1)>Pd=>1)—e.
In the case (b), we have
(3.3) YC >0 Pld>C)=1-o0().

In the case (c), the conclusion of Theorem 3.1 holds if the conditions of the theorem
are satisfied with the random variable X replaced by the random variable X,
having the distribution P(X 1, =i) =P(X; =i|X1 >2),i > 2.

REMARK 5. Observe that any of inequalities (3.1), (3.2) and (3.3) rules out
the option of a nondegenerate and stochastically bounded d as m, n — oo. There-
fore, a nontrivial asymptotic degree distribution is possible only in the cases
where ¢; <m™'n < ¢y or ¢y < m~nP(X; > 2) < ¢ as n,m — oo for some
c1, ¢ > 0. Furthermore, in the second case, the number N = Y_"_, Ix,>2; of ran-
dom sets that define the edges of G7(n, m, P) concentrates around the expected
value n, = EN = nP(X| > 2), and, for this reason, the asymptotic vertex degree
distribution of G7(n, m, P) is the same as that of G]([n4], m, Py). Here [n,] de-
notes the largest integer not exceeding n., and P, denotes the distribution of X ..
Let us note that the asymptotic degree distribution of G} (|nx], m, P;) can be ob-
tained from Theorem 3.1.

The asymptotic degree distribution of the passive random intersection graph
G7(n,m, P) has been studied by Jaworski and Stark [18]. They showed a neces-
sary and sufficient condition for the convergence of the degree distribution and de-
termined conditions for the convergence to a Poisson limit. They also asked what
other possible limiting distributions are. Theorem 3.1 and Lemma 4 answer this
question in the particular case of sparse graphs. Let us mention that the approach
used in the proof of Theorem 3.1 is different from that of [18].

3.2. Clustering coefficient and degree. The clustering coefficient

o =a*(n,m, P) =P(wy ~ w3|w; ~ wa, wy ~ w3)
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of a passive random intersection graph G7(n, m, P) has been studied in the recent
paper by Godehardt et al. [15]. They showed, in particular, that

BZm~ Y (E(X1)2)? + E(X1)3

1), = _1,
B EX)2+EXy); oW Pe=am

B4 o*(n,m,P)=

provided that E(X)2 > 0 and E(X1); = o(m*n=Y as m, n — o0; see Theorem 2
and Corollary 1 in [15]. Here and below we denote (x)y =x(x —1)---(x —k+1).

We are interested in the relation between the clustering coefficient and the de-
gree. Our first result expresses (3.4) in terms of moments of the (asymptotic) de-
gree distribution.

THEOREM 3.2. Let 8> 0. Let m,n — oo so that mn~' — B. Suppose that
condition (vii) of Theorem 3.1 holds and that, in addition, 0 < EZ? < 00 and
lim,, - o EX% = EZ?. Then the degree d converges in distribution to the com-
pound Poisson random variable d, defined in Theorem 3.1.

In the case where P(Z > 2) > 0, EZ3 < 00 and limy,_ o0 EX% =EZ3, we have

_ 2
(3.5) o*(n,m, P) = E<d*;:2(d fd*) +o(1).

In the case EZ3 = 0o, we have a*(n,m, P) = 1 + o(1).

Observe that EZ? < oo if and only if Edf < 00. Hence, in order to obtain the
clustering coefficient * < 1 (as n, m — 00), we need to require Ed? < oo.

REMARK 6. The result of Theorem 3.2 extends to the case where m = o(n)
and mn;1 — B. Indeed, in this case, one can apply Theorem 3.2 to the random
graph G (|n«], m, Py); see Remark 5.

Next, we examine the conditional probability

o = o ™ m, P) =P(wy ~ w3|wy ~ w2, wy ~ w3z, d(wy) =k).

THEOREM 3.3. Let B > 0. Let m,n — 0o so that mn~' — B. Assume that
condition (vii) of Theorem 3.1 holds. Assume, in addition, that the random vari-
able Z defined by (vii) has the third moment, P(Z > 2) > 0 and lim;,,— .o EX ? =
EZ3. Denote doy = Zle (Zj)z, where A, 21, Zo,...are defined in Theorem 3.1.
Then for every k =2, 3, ... satisfying P(d, = k) > 0, we have

1
*[k] _ _
(3.6) oM, m, P) = . 1)E(d2*|d* = k) +o(1).
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EXAMPLE 5. Given 8 > 0 and an integer x > 2, consider the random graph
GT(n, m, 8y ), where m = | Bn] as m, n — o0o. By Theorem 3.1, the degree d con-
verges in distribution to the random variable d, = (x — 1) A. Furthermore, we have
dr« = (x — 1)2 A. Here the random variable A has Poisson distribution with mean
ﬂfl (x —1). It follows from (3.6) that forevery k =¢t(x — 1),t =1, 2, ..., we have

(3.7) o (n,m,8x)=k—1—|—o(1) asm,n — Q.

Hence, in this case, a*¥] is of order k~! as k — o0o. Therefore, a*[1 “correlates
negatively with degree.”

In order to explain (3.7), we first note that a triangle in a sparse passive random
intersection graph is typically realized by a single set D; that covers all three ver-
tices. Furthermore, with a high probability, any two sets D;, D; that cover a given
vertex w have no other element in common, that is, D; N D; = wy. Therefore, al-
most all triangles incident to w are realized by the sets D;, ..., D;, that cover wy,
and the number of such triangles N is approximately the sum of numbers of pairs
{w’, w"} covered by D;j, 1 < j <r.Hence, Ny ~ (‘D"'z‘*])—l—- : -+(|Dif2‘_1). In ad-
dition, the degree d(w;) ~ |D;,| — 1+ ---+|D;,| — 1. Hence, given D;,, ..., D;,,
the probability that a pair of neighbors of w; makes a triangle with w; approx-
imately equals N/ (d(;”)). In the case where the sizes of random sets do not
deviate much from their average value EX, we write |D;;| ~ EX; and obtain
NA/(d(g”)) ~ (EX| —2)/(d(wy) — 1). This explains and generalizes (3.7).

In the case where sizes of random sets are heavy-tailed random variables,
we expect a different pattern for large values of d(wi). Now the maximal size
maxj<j< | Djj| is of the same order as the sum ;- ;, | Dj;|. For this reason, the

fraction Na/ (d(;")) stays bounded away from zero. Moreover, one may expect
that, in this case, a**] — 1 as k — 0.

4. Proofs. We begin with general lemmas that are used in the proofs below.
Then we prove results for the active graph. Afterwards, we prove results for the
passive graph. We note that the notation introduced in the proof of a particular
lemma or theorem is only valid for that proof.

4.1. General lemmas. The following inequality is referred to as LeCam’s
lemma; see, for example, [28].

LEMMA 5. Let S=1{+ 1y + --- + 1, be the sum of independent random
indicators with probabilities P(I; = 1) = p;. Let A be Poisson random variable
with mean p1 + - - -+ pn. The total variation distance between the distributions Pg
and Py of S and A satisfies the inequality

4.1) drv(Ps, PA) <2 p.

1
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LEMMA 6. Given integers 1 <s <dy <dp, <m, let D1, D> be independent
random subsets of the set W = {1, ..., m} such that Dy (resp., D3) is uniformly
distributed in the class of subsets of W of size dy (resp., dy). The probabilities
p:=P(DNDy| =5)and p :=P(|D; N Dy| > s) satisfy
<1 _ (di—5)(d2 —S)) X

<p<p<p* ,
m+1—d Paydys =P =P = Pdydy,s

4.2)

where we denote pj, , = (dl)(dz)(rf)_l-

S S
PROOF. It suffices to establish inequalities (4.2) for conditional probabilities
given D,. In order to prove the left inequality, we write p = (“;2 ) ('s;df ) (:ﬁ )_1 =
ypﬁh dyos? where

:d‘ﬁ_l(l_ﬂ)ﬂ_d‘fl‘b_—sﬂ_(dz—s)(dl—s)
Y o m—s—i) = om—s—i m+1—d;

Let us show the right inequality of (4.2). Since, for every D C D; of size |D| =y,
the number of subsets of W of size d; that contain D is at most (2’1:‘; ), we conclude

that p < (2) (=) (@ )~ Note that the quantity in the right-hand side of the latter

inequality equals p; , .. O

LEMMA 7. Let {Xyn1, Xn2, .-, Xunln>1 be a collection of nonnegative ran-
dom variables such that, for each n, the random variables X1, ..., X, are inde-
pendent and identically distributed. Let o > 1. Let Sq =n~%(X7, + -+ + X},).
Assume that EX,1 < 0o for each n and that the sequence {X,1}, converges in
distribution to a random variable Z. Assume, in addition, that EZ < oo and
lim, EX,; =EZ. Then

4.3) supEX ;1 Iix,,>x) — 0 as x — +o0o,

n
4.4) S1—EZ = op(1) asn — +oo,
4.5 Va > 1 Se = op(1) asn — +oo.

PROOF. Relations (4.3) and (4.4) are shown in the proof of Remark 1 in [4]
and Corollary 1 in [5]. Let us prove (4.5). We shall show that P(S, > ¢) <
eEZ + o(1) as n — oo for each ¢ € (0, 1). Given ¢, introduce the event 5 =
{maxi<j<p Xni < e2/(@=Dp} and note that S, < £2S; when the event B holds.
Hence, we have

P(Sy > &) <P({Sy > e} N B) + P(B) <P(S; > 8_1) +P(B).
Here the complement event 3 has the probability
P(B) <nP(X,1 > ¥ Vn) <e @ VEX, 1Ty - 2001y, = 0(1).

In the last step, we applied (4.3). Finally, the bound P(S; > ¢~!) < ¢ES| =
e(EZ + o(1)) completes the proof. [
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4.2. Active graph. We first note that Lemma 1 is an immediate consequence of
Lemma 6. Next, we prove results on the degree distribution: Theorems 2.2 and 2.1
and Example 2. Afterwards, we prove the statements related to clustering coeffi-
cient.

PROOF OF THEOREM 2.2. Let d be a random variable with the distribu-
tion defined by the right-hand side of (2.5). We write, for short, d,, = dm(v1).
Let f,,(t) = Ee''dn and f@) = Ee''?~ denote the Fourier transforms of the prob-
ability distributions of d,,;, and d. In order to prove the theorem, we show that
lim,, f;,(¢) = f(¢) for every real 7.

Given 0 < § < 0.01 and an integer m, introduce the event A = {k;(X) < §,i =
1,2}. Note that, by (v) and (vi), we have P(A) = 1 — o(1) as m — oo. Therefore,
we write

(4.6) fun(®) = E(e"T 4) 4 o(1).
On the event .4, we approximate the conditional characteristic function
fu(t; %) :=E(e"|X =7%)
by the Fourier transform of the Poisson distribution with mean A(x),
gm (t; %) = exp{A(¥) (e” - 1)}.

Since the conditional distribution of d,,, given the event {X = X}, is that of the sum
of independent Bernoulli random variables with success probabilities

gk =P(ID1 N Dy| = s|X1 = x1, Xy = xz), 2<k<n,

we write
fu:m= [ (L +ae —1) :exp{ S In(l + gi(e - 1))}.
2<k<n 2<k<n
Note that (4.2) implies
1 +. .+ -1
(4.7) (m) ”k(l— R )5%5(’") ug,  2<k=n.
N m — X N

It follows from the right-hand side inequality of (4.7) and the inequality (" )_Zu,% <

8 <0.01, which holds on the event .4, that for each k, we have |g; (e’ — 1) <0.5.
Invoking the inequality |In(1 + z) — z|] < 1z|? for complex numbers z satisfying
|z] < 0.5 (see, e.g., Proposition 8.46 of [7]), we obtain from (4.7) that

Fn(t: %) = exp{A@) (e — 1) + (1)},

where |r(t)| < 4k1(X) 4 2k2(x). Now, the inequalities «;(x) < §, i = 1, 2, which
hold on the event A, imply that | f,,, (¢; X) — g, (¢; X)| < 78. Invoking this inequality
in (4.6), we obtain

| fin (@) —Eexp{a(X) (e — 1)}| <78 4+ 0(1) asn — 0o.
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Finally, the convergence in distribution of {A(X)} [i.e., condition (iv)] implies the
convergence of the corresponding expectations of bounded continuous functions.
Therefore, lim,, Ee*X) @' =1 — £(1). We obtain the inequality Limsup,, | f, (f) —
f ()| <768, which holds for arbitrarily small § > 0. The proof of Theorem 2.2 is
complete. [

PROOF OF THEOREM 2.1.  Throughout the proof, we assume that the integers
n=ny;,, S =Sy, and the distributions of random variables (X1, ..., X,;) = X and

Zi= ()ii)nl/z(’;’)_l/z, 1 <i <n, all depend on m.

We derive Theorem 2.1 from Theorem 2.2. To this aim, we verify conditions (v)
and (vi) and show that condition (iv) holds with A = ;Z. The fact that (i) and (ii)
imply (iv) and (v) follows from Lemma 7. Here we show that (i), (ii) and (iii)
imply (vi) in the case where s < am and (s!/ n)'/s = o(m). In addition, we show
that (i) and (ii) imply (iii) in the case where s = O(1). Note that s = O (1) means
that the sequence {s,,} is bounded, and this is a much more restrictive condition
than s < am and (s!/n)'/* = o(m).

We start with the observation that the inequality 1 — y~' < +/1 —m~=1, which
holds for 1 <y < m, implies the inequality

() _ (s L><x—s+1 )SL
(™) Vs Vst T \Vm—s+1/ V!

In order to show (vi), we prove that
(4.9) Ve € (0,1) limsupP(k2(X) > ¢) <e.

Here and below, the limits are taken as m — oo. Given &, we find a (sufficiently
large) constant A > 0 such that P(Z; > A) < A~'EZ| < & uniformly in m. Here
we applied Markov’s inequality and used (ii). In view of the inequality P(Z; >
A) < &, we can write

(4.10) P(k2(X) > €) < &+ pe,

where p; :=P({k2(X) > £} N {Z; < A}). Observing that on the event {Z; < A}
we have, by (4.8),

(4.8) Vx € [s, m].

1/:
X1—s+l§\/m—s+l(A s!/n) Y,

we obtain from the bound (s!/ s = o(m) the inequality X1 < am + o(m). It
follows now that

_Xi—s+ DX s+ 1) _

Yl‘ = ((l_a)—l+0(1))(X1_S+1)(X1—S+1)

m—X;+1 - m
Furthermore, invoking the inequality
X1 —s+DXi—s+1) _ (s,(’i‘)(’i"))”s

(%)

(4.11)

m
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which follows from (4.8), we obtain the inequality
Y = (=)™ +o)(Z1Z)stn™ )",

Hence, on the event {Z; < A}, we have «x2(X) < ((1 — a)*1 + o(1))sc. Here we
denote » = (ng/s hay- 2t1+s and 1, = (Z1Zx)'/*. Now we see that (iii) implies
pe =0(1), and therefore, (4.9) follows from (4.10).

In the remaining part of the proof, we show that (i) and (ii), together with the

condition s = O (1), imply (iii). For s > 2, we write, by Holder’s inequality,

(S‘H)/S n s=1/s , n 1/s
1 2 2
wn e vates (X)) (S)
k=2
and observe that (4.12) implies

()30 < (M30D) STV (k1 (30) 7.

For s = 1, we have s = «1(X). Now (iv) and (v), which follow from (i) and (ii),
imply that »c =op (1) asm — co. [

PROOF OF EXAMPLE 2. Let D;, D> be independent random subsets which
are uniformly distributed in the class of subsets of [m] = {1,2,...,m} of size
x=(e+0.5m.Let s =0.5m. Denote

2 —1
p*(m>=(x) (’”) . pm)=P(DyN Dyl =s).

S A
p"(m) =P(IDy N Dy| > 5).

We show that for a sufficiently small absolute constant ¢ € (0, 1), we have, as
m — 00,

(4.13) p*(m)=o(1), p"(m) = o(p*(m)).

Observe that, by the first relation of (4.13), we can construct an increasing integer
sequence {n,,} such that n,, p*(m) — 1 and n,, (p*(m))*> — 0 as m — oo. Hence,
conditions (iv) and (v) of Theorem 2.2 are fulfilled with A = 1. In addition, by the
second relation of (4.13), the average degree Ed,, (vi) = (n,, — 1) p” (m) satisfies
Ed,,(vi) = o(1). Hence, d,,,(v1) = op (1), and this means that (2.5) fails.

Let us prove (4.13). By Stirling’s formula, as m — oo, we have () ~
2(0.57m)~1/2 and

(x)2 < x )2(x_s)(x)25 x _O.5+8Am
s X—s s) 2ns(x—s) wem ¢’

where A, = (1 + 2¢) )21 +2¢) > lase — 0. In particular, for a small € €
(0, 1), we have A, < 2. The latter inequality implies p*(m) = o(1).
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Let us prove the second relation of (4.13). We denote p. = P(|D; N Da2| =r)
and write

X X—5
(4.14) pm)y=73"p, = p; (1 + Z(p§+k/p§)).
r=s k=1
It follows from the identities p). = (f)(’?j)(’;)_l and Z ;Z" =5 +ng_(fsn)k—(;x_+2ik)k
that
Pyt < (x —s5)* k

ph T sk(m —2x + s)k — Te
where B, = 482/(1 —4¢) — 0 as ¢ — 0. In particular, we have B, < 0.07 for
e < 0.1. Invoking these inequalities in (4.14) and observing that p, = p’(m), we
obtain, for ¢ < 0.1,
p'(m) < p"(m) < L.1p'(m).
We complete the proof of (4.13) by showing that p’(m) = o(p*(m)). We have
p’(m) _ (m —Xx)x—s < (m —X
p*(m) (m—s)y—s —

O

X—Ss
) =(1-28)" =0(1) as m — 00.
m—s

Before proving the statements related to clustering coefficient, we introduce
some notation. For a real number a, we denote a; = max{0, a}. Recall that V =
{vi,..., v} is the vertex set of Gy(n,m, P), and X; = |D;| denotes the size of
the attribute set D; of v;, 1 <i <n.ByP(-) =P(:|Dy, X», ..., X,) we denote the
conditional probability given Dy and X, ..., X,,. Write, for short, M = (") and

denote Y; = (}i"), Zi=Yn'2M~1/2 and q; = EY{‘. We write D;j = D; N\ D; and
introduce the events &;; = {v; ~ v},

A ={v1 ~v2,v1 ~ 3,12 ~ 3}, As ={|D12| = |D13| = | D3| =5},
A3 ={D12= D13 = Dy} N A, B = {v) ~ va, v1 ~ 3},
C={IDx\ Di| =1, |D2| =|D13| =5}, Dij ={|Dij| = s +1}.
We have
(4.15) a=os(m, P)=P(A)/P(B).

PROOF OF LEMMA 2. Here we consider the graph Gg(n, m, §,), where at-
tribute sets of vertices are of size x, that is, X; = x, 1 <i < n. We write

p=P(Djj| =s).

We note that (2.6) follows from (4.15) and the identities, which we prove below:
(4.16) P(B) =P(v; ~ 12)P(v; ~v3) = p*(1 +o(1)),
(4.17) P(A3) < P(A)) <P(A3) +0(%),

N

-1
(4.18) P(A3) = (") P2 (1+o(1)).
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We obtain the first identity of (4.16) from the corresponding identity of condi-
tional probabilities given D; that holds almost surely,

P(B) =P(B|D1) =P(v; ~ v2| D))P(vy ~ v3| D) =P(v1 ~ v2)P(v1 ~ v3).

The second identity of (4.16) follows from Lemma 6. In order to show (4.18),
we write P(A3) = pyp, where p, = P(D3 N (Dy U Dy) = Dy3||D12| = s), and
evaluate

(") (m—2x 4 5)ay P p
M " o ()T
Let us prove (4.17). Since the event A3 implies A3, and A, implies .4, we have
(4.19) P(A)) =P(A3) +P(Az \ A3) +P(A) \ A).

It remains to show that P(A; \ A3), P(A; \ A2) = o(p?). Noting that the event
Ai \ A implies at least one of events D;;, 1 <i < j <3, we write, by the union
bound and symmetry,

P(A\A) < Y P(D;jNA)=3PDinNA)

1<i<j<3

< 3P(D12 N{vy ~ v3}).

(4.20)

Now, conditioning on D1, we obtain from inequalities of Lemma 6 that

P(D12 N {vi ~v3}|D1) =P(D12|D1) x P(vy ~ v3|Dy)
2 1 2 ~1
< X m % X m
(i) () =G ()
o (e
_(m—s)(s+1) s s
=o(p).

We conclude that P(D1> N {v; ~ v3}) = o(p?). Hence, P(A; \ A2) = o(p?). Next,
observing that the event A3 \ A3 implies C, we write

(4.21) P(A2\ A3) =P(©)
and evaluate P(C) = p, p,, where
p1=P(D3\ Di| = 1||D12| =|D13| =s),  py=P(|Di2| =|D13| =5).

Here p, is the probability that two independent subsets D, \ Dj and D3 \ D
of W\ D of size |Dy \ D1| =|D3 \ Di| = x — s do intersect. By Lemma 6,
P <(x— $)2(m — x)~!. Hence, Py = o(1). Finally, the simple inequality p, <
P(B) = (1 4+ o(1)) p? implies P(C) = o(p?). O
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PROOF OF LEMMA 3. The proof goes along the lines of the proof of Lemma 2.
In view of (4.15), relation (2.8) would follow if we show that for any ¢ € (0, 1),
we have, as m — o0,

(4.22) (1 =3e>+o(1))agatM ™2 <P(B) < apaiM 2,
(4.23) P(A3) < P(A) < P(A3) + (2 + o(1))azai M2,
424)  (1-2e240(1))a;M > <P(A3) <aiM 2.

We fix ¢ and introduce the indicator functions I; = I;x, _, /) and write I =
1 —]I,' and ]I* :H]]Iz]l_?,. B B 5

Let us show (4.22). We write P(B) = P(v; ~ v2)P(v; ~ v3) and apply (4.2) to
each probability P(v; ~v;), i =1, 2. We have
(4.25) YEV2YsM 2 (1 — 1), < P(B)L, < P(B) < YV, Y3M 2.

Here

he1— <1 (X1 =94 (X —S)+><1 (X1 —9)4(X3 —S)+>
m—X;+1 m— X+ 1 .
Observing that I, = 1 implies (X; —s), < e+/m for each i, we write [,r < 22(1 —
m~ V%)=l Now (4.25) implies the inequalities
Y2LYsM (1 =261 —m~ %)~ — (1 —1,)) < P(B)
(4.26)
<YV, V3M ™2
Finally, taking the expected values and using the simple bounds

EY2Y,VsM~2(1 —1,) <EY2,sM ([ + 1 +15)
4.27)
=o(l)azaiM ™2,
we obtain (4.22). In the very last last step of (4.27) we used (2.7) in the form
EY'; = o(ay).
In order to show (4.23), we combine (4.19), (4.20) and (4.21) with the following
inequalities:
P(D12 N {1 ~ v3)) < (62 + o(1))a2ai M2,
(4.28) 5 S
P(C) < (¢°+o(1))azaiM ™.
Let us consider the first probability. Since the event D1, implies {v; ~ v2}, we can
write

(429)  P(DiaN{vr ~v3}) <P(Di N vy ~ v3})L + PB)(1 —L).
Next, we apply (4.2) to each probability of the right-hand side,

~ (Xll)(le)YIY?) ~ Y2Y,Y3
(430)  P(DipN vy ~v3}) < 2ELSE . P <12,
(s-H) M MZ
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X1y X2
(+)GA) vy — X1=9)+(Xp—9)+
- M

o r’, where r’' = RIS
equalities (4.30) and r'I, < &2 in (4.29) and then taking the expected value
in (4.29), we obtain the first bound of (4.28). In order to prove the second bound
of (4.28), we write
431) P(C) = p1p2 < 1ol + pa(1 = 1),
where p; =P(|D23\ Di| = 1||D12| = |Di3| =) and jp, =P(|D12| = D3| = s),
and apply (4.2) to p; and p,,

. (X2—9)+ (X3 —9)+ .Yy

< < .
P1= m— X, s P2 = M2

and write . Finally, collecting in-

We collect these inequalities in (4.31) and observe that pL, < g2 /(1= m~Y2).
Now taking the expected value in (4.31), we obtain the second bound of (4.28).

Let us show (4.24). We write A3z in the form £y N £, where £ = {D3 N
(D1 U Dy) = Di2}, £2 = {|D12] = s}, and decompose P(A3) = p3p,. Here
Py =P(L1|Ls) and p, = P(Ly) satisfy

(X + X2 —25)(X3— )
N m—X3

s X9 (X —9)y

4 m—X;+1 )

Note that (4.33) is an immediate consequence of (4.2). In order to get (4.32), we
write

(432) (A —-F)Ml<py<vsmM™, Py

l

4.33) (1 =F)V1YaM~ ' < py<V1YoM ™",

-X1—Xo+
(4.34) 53=M=92 9= (m— X1 — X2+ 5)x;—s
(;(nS) M (m _S)X3—s
and apply to € the chain of inequalities
(@) (a—r) (1 b >r >1 br
> =(1-— -
(a+b)r (a+b_r)r a+b_r - a+b_r

Combining (4.34), (4.32), (4.33) and P(A3) = D3 D4, WE Write
435 (1 =73)(1 = F)V1Y2Y3M L < P(A3)L < P(A3) < Vi Y23 M2
Finally, invoking in (4.35) the inequalities 7; I, < &?(1 —m~!'/2)~! and then taking

the expected values, we obtain (4.24). [

PROOF OF THEOREM 2.3. In the case where (ii’) holds, we apply Lemma 3.
Note that conditions (i) and (i) imply the uniform integrability of the sequences
of random variables {Z,zn] b and {Z,,1}; that is, for k =1, 2, we have

(4.36) Ve > 0,3A > 0 such that Vin EZ,]jﬂ]I{Zm1>A} <&
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see Lemma 7. Hence, (2.7) holds, and Theorem 2.3 follows from Lemma 3.
Now assume that EZ% = 4o00. In order to prove that o = o(1), we show
[see (4.15)] that

(4.37) P(AD=0(n"?) and liminfn’P(B) = +oo.
Before the proof of (4.37), we introduce some notation. Denote

h— @(h) =supEX}, Lix,, >n) e = (p(hl/z), 8}2[“ = max{h_l, ent,
m

and observe, that (i), (ii) and (2.9) imply ¢ (h) = o(1) as h — oco. Hence, 85, = o(1)
as h — 4-o00. Furthermore, by Chebyshev’s inequality,
P(Xpu1 > mp) < (M) > (M) < (M) *em <m™"e,/?
=o(m™).

For k =2,3 and t = 1, 3, denote Dj := Dy \ D; and introduce the events H; =
{|Dt| S mam},

(4.38)

Qi={IDiNDyN D3| =i}, QO ={|DinDi|=s—i}, O<i<s—I,

Qs ={|D1 N DN D3| > 5}, of ={|D; N D;| >0}, H="H; NHs.

Let us prove the first bound of (4.37). We denote R = P(A; NH) and write

(4.39) P(A) =P(AINH)+R=po+---+p;+R,

where p; =P(BN Q; N QF N'H). Note that the remainder R is negligibly small,
R < P(vy ~ v3)P(H1) + P(v; ~ v2)P(H3) = o(m ™).

In the last step, we used (4.38) and the inequality P(vy ~ v3) < a%M‘l, which
follows from (4.2). Let us estimate p; = P(Qf|[BN Q; NH)P(BN Q; N'H) =:
Pi1D;2- Note that, on the event B N H, the sets D5 and D3 are random subsets
of W\ D of sizes |D,’f| < Xy — s, where |W \ D{| >m(1 — §,,) =: m’ is of order
(1 — o(1))m. By (4.2), the probability that their intersection has at least s — i

F -1 .
elements is bounded from above by E(*2)(X%)(/".) . Hence, j;; = O(m'™).
Next, we estimate

Pin < P({v1 ~v2} N Qi NH3) =P(|D3* N DY*| = s —i|Qi NH3)P(Q; NH3)
= PiaPir-
Here the random subsets D{* := Dy \ D3 of W\ Ds are of sizes at most X —
i < X, k=1,2. Since on the event H3 we have |W \ D3| > m’, inequality (4.2)

r =1 .
implies 5}, < E(X,)([2)(",) = O(m'~*). Finally, we estimate j/5. Let S
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count the number of subsets A; of W of size i covered by the intersection D N
D> N D3, thatis, S = ZA,'CW Iia;cDynD,ND5)- We have

Pa=Pezn=Es= (") PuieDy) = (’?>_2(E<X.l ))3

1

Hence, p’5 = O(m~2"). Collecting these bounds, we conclude that
Pi = PiPin < PiPiabin = O(m ™).
Now the first bound of (4.37) follows from (4.39).

Let us prove the second identity of (4.37). Given t < m, denote I;; =[x, < and
write [see (4.2)]

P(B) = EP(B) > EI;,I,13,P(B)
(4.40) )
> M_ZEH1[H2;H3;Y12Y2Y3(1 — tz/(m — t)) .

We have, by (i) and (ii), that Ell;;Y; — a; as m,t — +o0o. Furthermore, (i) and
EZ? =00 implies EY12]11, — +00 as m, t — oo. Therefore, letting t = ¢,,, — +00
and 1, = o(m'/?), we obtain (4.37). O

PROOF OF REMARK 2. Here we assume that B, := (’?)n‘1 tend to +o00 as
m,n — oo. In the case where (i), (ii) and (i) hold, the relation o (m, P) = o(1)
is an immediate consequence of Lemma 3. In the case where (i) and (ii) hold
and EZ% = oo, we show (4.37) by the same argument as that used in the proof
of Theorem 2.3 above. In particular, in the proof of the first bound of (4.37), we

choose 8, = B /™, and, for 7, = (") '/, we write [cf. (4.38)]
P(Xu1 > m8) =P(Zn1 > ) < 7, ' BZnilz,,57,) = 0(1,, ).

Here r,;l < c(s)m_s/zn_l/ZS,;S = o(n™"). In the proof of the second iden-
tity of (4.37), we choose t = 1, = m'/?>n=1/49) in (4.40). Finally, from (4.37)
and (4.15) we deduce the relation o (m, P) =o(1). 0O

PROOF OF THEOREM 2.4. We start with some notation. By f; (1) = e *A/i!
we denote Poisson’s probability. Observing that the absolute value of the derivative
of the function A — f;(A) is bounded by 1, we write | f; (A1) — f; (A2)| < |A1 —A2l,
by the mean value theorem. We denote

Hi=M2Y\Y2Ys=n"28,Y2212,75,  Hr=n"2222,73,

w1 =EZy, and B,, = M /n, and introduce the event C = {2?24 ]I{Ulwvj} =k —2}.
We also note that, for i = 1, 2, the moments EZ’i and q; = EY{ = ﬂnji/zEZ’i are

bounded from above and that they are bounded away from zero as m, n — oo.
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Let us prove (2.14). Given integer k > 2, we write
w_ P N{d@) =k _ p*
P(BN{dw)=k})  p**
where p* =P(A;NK) and p** = P(BNK). We shall show that, for any ¢ € (0, 1),
(4.42) p*=n"2B," 21k = DE fie1 (1 Z1) + Ry,
(4.43) p** =n"2(k = DKE fe(m1Z1) + Ra,

(4.41)

where the remainder terms are negligibly small,
IR1| <n2c(B)(aza? + af +a}) (e +o(1)),
|Ro| < n™2c(B)(aza + ai) (e + o(1)).

Here the number ¢(8) depends only on . Note that (i) and (ii) imply u; — ©
and the convergence in distribution ©1Z1 — pZ. Hence, we have the convergence
of the expectations E f; (u1Z1) — Ef;(uZ) = p;. Now (4.42), (4.43) and (2.9)
imply p* =n"2f~"2u(k — 1) pr—1 +o(n™?) and p** =n">(k — Dkpr+o(n™?).
Substitution of these identities into (4.41) shows (2.14).

In the remaining part of the proof, we show (4.42) and (4.43) for a given ¢ €
(0, 1). For this purpose, we write

(4.44) p* =EP(A)P(K), p* = EP(B)P(K)

and show that the conditional probabilities f’(Al), f’(B) and f’(lC) can be approx-
imated by

(4.45) P(K)~ fico(u1Z1),  PAD~H;,  P(B)~H,.

Note that substitution of (4.45) into (4.44) gives the leading terms of (4.42)
and (4.43). In the remaining part of the proof, we show the validity of such an
approximation.

Note that since conditions of Theorem 2.4 are more restrictive than those of
Lemma 3 (see the proof of Theorem 2.3), we can rightfully use the inequalities
established in the proof of Lemma 3. 3

Approximation of P(IC). We first establish an upper bound for A = P(K) —

Je—2(m12y),

(4.46) Al <2k1 + K2+ |0 — pr|Zy.
Here
n n
p=n"'>"2, Ri=n"2Y 7177,
=i i

X1 —95)(X; —s)
m—X;+1

n
k2=n"13"2,2 (
=4
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We show (4.46) in two steps. In the first step, we apply Le Cam’s inequality (4.1)
to the sum »_7"_, Ij,~,} of conditionally independent random indicators,

<23 ()

i=4

(4.47) ‘1506) — fi2 (Z 13(511-))

i=4

In the second step, using the mean value theorem, we replace the argument of f;_»
by 11Z; in (4.47). The approximation error estimate (4.46) now follows from the
inequalities
n - n ~
(4.48) Y (PEw) <k, AZi—ka<) PE) <iZi,
i=4 i=4
which are simple consequences of the inequalities of Lemma 6.

Next, using (4.46), we replace IS(IC) by fr—2(u1Z1) in (4.44) and show that
the error of the replacement is negligibly small. We denote I4 = Iz, <) and Iy=
1 — 14 and observe, that in view of (4.36), we can find A > 1 such that, uniformly
inm,

(4.49) EZM, < ¢EZ), k=1,2.

We write

(4.50) P(ADP(K) =P(AD) fra(u1 ZD)1a + 11 + 12,
(4.51) P(BP(K) =P(B) fra(u1 ZD)1a + 73 + 14,
where

r=PANPK)Is,  r2=P(A)AILL,

r3=PBPK)Ia,  r4=P(B)AI,,
and show that

Er; < SM_Qaza% fori =1, 3,
(4.52)
Elrjl=o(M 'nYa}  forj=2,4.

To prove (4.52), we write, using the inequalities f’(Al) <P(B) and P(B) < H,
[see (4.2)],
(453) ri <HpI,  fori=1,3 and |rj|<Hs|Ally  for j=2,4

and notice that, for i = 1, 3, inequalities (4.52) follow from (4.49) and, for j =2, 4,
inequalities (4.52) follow from the bound EZflAHIA = o(1). Let us prove this
bound. We note that (4.46), combined with the simple inequality |A| < 1, implies

IAl<TAQRD+1IA(Z1]A—pi]) +1 AR
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Here we use the notation a A b = min{a, b}. Hence, for A > 1, we can write
(4.54) ZAAMs <ca(l AKFH+TA R —p1] +1AKS),
where the number c4 > 0 does not depend on m, and where

n n

ki = n_zzZiz, K5 :=n_1m_122i(X,- —5).

j=4 i=4
The bound EZ12 |A|T4 = o(1) follows from (4.54) and from the bounds
(4.55) ki =op(l), ft — 1 =op(l), k5 =op(l).

The first and second bounds of (4.55) are shown in Lemma 7. To obtain the third
bound, we write Ex5 < m~YEZ4 X4 = o(1); see (i), (ii)).

Approximation of P(A;). Now we replace P(A)) by H; in the right-hand side
of (4.50) and show that the error of the replacement is negligibly small. We pro-
ceed in two steps. First, we approximate P(A;) ~P(A3), and, second, we approx-
imate P(A43) ~ H;. In the first step, we combine the inequalities [see (4.20), (4.21)
and (4.28)]

P(A3) < P(A)) =P(A3) + P(A; \ Ay) +P(A\ A3),
EP(A; \ A>) <3P(Dyp N {v1 ~ v3}) <3(? + o(1)) M 2aza?,
EP(A; \ A3) <P(C) < (e + o(D))M *azat
and show that
P(A3) fi—2(m1 ZD)1a < P(AY) fia (1 Z1)1a
< P(A3) fieea (1 Z1)1g + 715,

where Ers < 4(s2 4+ o(1))M _zaza%. In the second step, we apply (4.35) and write

(4.57)  Hifica(u1Z)Ta — re < P(A3) fia(u1Z1)1a < H fra(u1 Z1)1a,

where Erg < (262 + 0(1))M‘2a13. Finally, using the inequality 1 — I, =14 < 1,
we write

4.58) EH fx—2(u1Z1) —r7 =EH fr—2o(u1Z1)1a <EH; fr—2(m1Z1),

where r; = EHlfk_z(mZ])ﬁA < EHjl4 < eM_zaf’. In the last step, we
used (4.49). Finally, from (4.44), (4.50), (4.56), (4.57) and (4.58) we obtain (4.42).

Approximation of P(B). Now we replace P(3) by H, in the right-hand side
of (4.51). For this purpose, we combine (4.25) and (4.26) with the inequality
fr—2(uZ1) <1 and obtain

4.59)  Hfia(u1ZDIa —rs <PB) fra (1 Z1)a < Ha fr—2 (1 Z1)1a,

(4.56)
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where rg < (3¢ + (1 — I,)) H> is negligibly small, because Erg < (3¢ + o(1)) x
M _zazalz. Next, we proceed as in (4.58) above and write

4.60) EH fi—2(n1Z1) —rg =EH; fy2(u1Z1)1a <EH fi—2(n12Z1),
where ro = EHs fi—o(u1Z1)a < EHyl4 < eM~2aza?. Finally, from (4.44),
(4.51), (4.59) and (4.60) we obtain (4.43). O

4.3. Passive graph.

PROOF OF THEOREM 3.1. The proof consists of two parts. In the first part,
we establish the convergence of the Fourier transforms

(4.61) lim Ee''l = Ee'%.

m— 00

In the second part, we show that, as m — oo,
(4.62) P(d # L) =o0(1).

Part 1. Here we prove (4.61). Before the proof, we introduce some notation. We
denote I[;(w) = ]I{weDj} and write

(4.63) L=X—D+hi(w) +---+ (Xp — D4l (wi).
Here we use the notation ay = max{0, a}. Given X = (X, ..., X,), we gener-
ate independent Poisson random variables n((X1),...,n,(X,) with mean val-

ues E(n;(X;)X;) = m~1x j. We also generate independent random variables
Y1(X), Y»(X), ... with the common probability distribution defined as follows. In
the case where S(X) = X1 + --- + X, is positive, we put

nj+1

P(Y1(X)=/IX)=(j + 1>S(X),

n
nj+1:ZH{Xk=j+1}’ j=0,1,....
k=1

For S(X) =0, we put Y1(X) =0. By ny,...,n, (resp., Y1, Y2,...) we denote
the corresponding unconditional random variables, that is, n; is the outcome
of a two-step procedure: first, we generate X and then generate 1n;(X;). Let
nX)=n1(X1)+---+n,(X,) and n =n1 + - - - + n,. Introduce the random vari-
ables

n
@64)  T=Xi—Dimi+o A Xa—Dime, E=DY;
j=1

and observe that, given X, their conditional distributions P;(X) and P:(X) are
compound Poisson and that P;(X) = P:(X). Here and below in this proof, by
P (X) (and Ex¢) we denote the conditional distribution (and conditional expecta-
tion) of a random variable ¢ given X .
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Let us prove (4.61). For this purpose, we write Ee!’L — Ee'% = [} + I,, where
I} = Ee''L — Eei's and I, = Ee'"® — Ee'’+ | and show that 11, I, = o(1). In order
to show the first bound, we write
I =E(Exe''t —Exe'®)=EA, A= (Exe''l —Exe'"")

and invoke the inequalities

n
4.65  27'[Exe"t —Exe""| <dry(PL(X), Pr(X)) <2m™2 ) X5
Jj=1
Here dtv denotes the total variation distance. Indeed, we obtain from (4.65) that,
for any ¢ > 0,

n
11| <e+2P(|A|>¢) <&+ 2P<4m_2 Y Xi> s) =&+ o(l).
j=1
In the last step, we applied (4.5). Hence, I; = o(1). Let us prove (4.65). The first
inequality of (4.65) follows immediately from the definition of the total variation
distance. The second one is a simple consequence of LeCam’s inequality (4.1).
Indeed, we have, by the triangle inequality,

n—1

drv(PL(X), Pr(X)) < Y drv(Pr;(X), Pry, (X)),
j=0

where o =L, 17, =71,and,forl <j<n—1,

J n
=Y (X, —Dym+ Y (X — Dili(w).

=1 t=j+1
Furthermore, noting that the sums 7; and 7 differ only by one term, we obtain
dTV(P‘Ej (X)’ P‘L’j_H (X)) S dTV(P]Ij+1 (X)v Pﬂj+] (X))

Finally, invoking the inequality dtv ( Py 41 (X), Py it (X)) <2m~2X 3 41 [see (4.1)],
we arrive at (4.65).

The proof of the second bound /> = o(1) is based on the fact that n — A and
Y| — Z; in probability as m — oco. Details of the proof are given in the separate
Lemma 8.

Part 2. We write, by inclusion—exclusion, L > d > L — T, where the number

T= Y > Lwn)I(wnIi(w)(w)
I<i<j<nweW\{w;}

is at least as large as the number of vertices w having two or more links to wj.
Hence, we have P(d # L) < P(T > 1). In order to prove (4.62), we show that
P(T = 1) <&+ 0o(1) for every ¢ € (0, 1). For this purpose, we write

PT>1)=EP(T>1|X)<e+PP(T > 1|X) > ¢) <e +P(ExT >¢)
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and invoke the bound ExT = op(1). Let us prove this bound. We write
(Xi)2 (X )2 -

—Dm X2+ + X2
w2 Gy = 7 DK X

ExT= Y (-1

I<i<j<n

and use the bound n_3/2(X% 4+ 4 Xﬁ) = op (1), which follows from (4.5) (ap-
plied to random variables X?/3, l<i<n,andax=3/2). U

LEMMA 8. Assume that the conditions of Theorem_3.1 hold. For & defined
in (4.64) and every real t, we have 1im,,_, o Ee''s = Ee!9,

PROOF. We write I, = Ee'’6 — Eel!d.

The cases EZ =0 and EZ > 0 are considered separately. In the case where
EZ =0, the random variable d, is degenerate, P(d, = 0) = 1 and the lemma fol-
lows from the relation

P =0)>P(n=0)=EP(n=0|X) =Ee 5™/ =1 _o(1).

In the last step, we combined the bound n~1S(X) —EZ =op(1) [see (4.4)] with
EZ =0.
Next, we consider the case where EZ > 0. We need some more notation. Denote

f@) = Eeitd*, fx(@) = EX@itYl, fult) = Eeitzl’
Ax =Exn, Ay =EA,

and write the Fourier transforms of the compound Poisson distributions P4, and
P:(X) in the form Ee’® = ¢(/x()=DA and Exel’t = /x=DAx | regpectively.
Introduce the events

A(e) ={|n71S(X) —EZ| <27 'emin{1, 8, EZ}}, e>0,

and the function t — a(¢) = sup,, {(EXl)_lEXl]I{X1 >1}}. It follows from Lemma 7
that conditions (vii) and (viii) imply that n~'S(X) — EZ = op(1) as m — oo and
a(t) =o(l) as t - +00. Hence, we have

(4.66) Ve >0 P(A(e))=1—-o0(1) as m — 00.
In addition, for every ¢ > 0, we can choose a positive integer ¢, such that
(4.67) a(te)<e and (EZ)"'EZIzs,) <e.

In order to prove I, = o(1), we show that there exists a number ¢ > 0, depending
only on EZ and g, such that, for any ¢ € (0, 1),

(4.68) limsup|l>| < ce.
n
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In the proof of (4.68), we assume that m, n are so large that 8§ <2m/n < 4f and
EX| <2EZ <4EX,. In particular, on the event A(g), we have

4.69) m7'S(X)<3B87'EZ and S(X)>2"'nEZ>4"'nEX,.
We fix ¢ and write
4.70) I, =EA =1y + I, L1 =EAl 4, I =EA =T 4)).

Note that |A| <2 (as the absolute value of the Fourier transform of a probability
distribution is at most 1). This inequality, together with (4.66), implies I22 = o(1)
as m — o0o. Next, we estimate />;. Combining the identity A = f£(r)(e® — 1) with
the inequalities | £ (7)] < 1 and |¢® — 1] < D k1 181%/ k! < |8]e!®!, we obtain

|121] < E[8]ePM () < e E|S|Tace).

In the last step, we used the bound |§| < 8A,, which follows from the inequality
|6] <2Ax + 24, and the inequality Ax < 3X; see (4.69).
Next, we show that E[5|I 4¢s) < (2+ 7A4)e + o(1). We write

8= (fx(@® = 1)(Ax — &) + (fxx (@) = fu(D)As,
estimate |§| < 2|Ax — A«| + As| fxx(t) — f«(?)| and substitute
Ihx — Al < [n71S(X) —EZ|nm™ 4 |nm™! — g7V |EZ.

In this way, we obtain E|§|I 4) < 2131 + 2132 + A4 133, where

Ly =nm E[n71S(X) — EZ|I4) <e.
4.71) Iy =|nm™! = 7 EZ = 0(1),

Ly =E|fx(t) — fi()|Lace)-
It remains to estimate /33. We expand fx(t) — f«(¢) = R1 + Ry + R3, where

Ri= ) ™ spk),  8pk) =P(¥1(X) =kIX) —P(Z; = k),

0<k<t,

(472) |Ro| <P(Zy =t + 1) = (BZ) 'EZlz51 12 <e,

n
|R3| < P(Y1(X) = 1 + 11X) = (S(X)) D X, lix,>1,42)
j=1

and observe that the last inequality of (4.69) implies

n
(4.73) E|R3|T4() < 4(EX1)_1E(n_1 > Xjﬂ{xj>,8+2}> <da(t, +2) < 4de.
j=l
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Finally, we write |Ri| < Y g<x<, |[6p (k)| and expand p(k) = 23‘:1 ritk +1),
where

n 1
N0 = S = @), ) =k (51— 57 )

and r3(k) = %(px (k) — p;(k)). Here we denote p, (k) =P(X| =k) and p,(k) =
P(Z = k). Since the number ¢, is fixed, it follows from (vii) that

(4.74) > |nk+Dl=0(1)  asm— oo.

0<k<t,

Furthermore, on the event A(g), we obtain from (4.69) that

[r(k)] < 4(EX1)_1k";—k — pe(x)|, |r2(k)| < 26 (BX 1)~ kpr(x).

Hence, we have ) o<, |[r2(k + 1)[T4() < 2¢ and

4 2012
E Y I+ Dl < pr 2 f(B(% - pw) )

O0<k=te 1<k<t,+1
4
< 12 Z k
EX 1<k<to+1
=o(1)
as m — oo. We conclude that E[R|[4) < 2¢ 4+ o(1). This bound, together

with (4.72) and (4.73), shows the bound I33 < 7¢ + o(1). The proof is complete.
O

PROOF OF LEMMA 4. Let us prove (3.2). We only consider the case where
em(max{1,ny})~! > 2, since otherwise (3.2) is obvious. Given 0 < k <2 'em,
introduce the random variables

n n
da(k) = Zﬂ{wleD;}H{ZgX,~<sm/k}, dp(k) = Zﬂ{wleDi}H{Xizsm/k}

i=1 i=1
and note that the equality of events {d > 1} = {d4 (k) > 1} U {dp (k) > 1} implies
4.75) P(dp(k)>1)>P(d > 1) —P(da(k) > 1).
Combining (4.75) with the inequalities P(d > emk~' — 1) > P(dg(k) > 1) and

n
P(da(k) > 1) <E(E(da(b)| X1, ..., X)) = szim_lﬂ{2§Xi<am/k} <enk!,
i=1

we obtain P(d > emk™' — 1) > P(d > 1) — enyk~!. Finally, we choose k =
max{1, n,} and obtain (3.2).
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The proof of (3.1) is much the same, but now we choose k = n.
Let us prove (3.3). Given N = >, I{x,>2), let Y5 be a random variable with
binomial distribution Bin(N, 2m~1). We have

P(d>C)>=P¥y>C)=P(Yy>CIN =270 )P(N =271n,) =1 -0(1).

In the last step, we used the simple facts about the binomial distribution that
EN = n, — oo implies P(N > 27"!n,) =1 — o(1) and that E(Yy [N =2"!n,) =
nem~! — 400 implies

P(Yy > C|N >27'n,) > P(Yy > CIN =2""n,) =1 — (). O

PROOF OF THEOREM 3.2. The convergence of the degree distribution follows
from Theorem 3.1. Assuming, in addition, that lim,,_ EX% =EZ3? < 00, we
obtain the convergence of moments E(X )y — E(Z)x, k =2,3, as m,n — oo.
Hence, we can write (3.4) in the form

E(Z)3
B~HE(Z)2)?* + E(Z)3
Invoking the identities E(Z), = BEd, and E(Z)3 = B(E(dy)2 — (Ed,)?), we ob-
tain (3.5).

In the case where EZ2 < 0o and EZ3 = 0o, we have E(X); = E(Z); < o
and E(X|)3 — oo. Therefore, (3.4) implies a* — 1. [

a*(n,m, P) = +o(1).

PROOF OF THEOREM 3.3. In the proof, we use some new notation. Let
{w3, w3} be a random pair of vertices uniformly distributed in the set of all
pairs from W \ {w;}. Let 8 = (61,82, ...,8,) denote an ordered collection of
subsets of W. We call § a set-valued vector. Introduce the random set-valued
vector D = (D¥, D3, ..., Dy), where Df = D; for w; € D; and D} = & other-
wise. Denote X = (X*, ..., X}), where X7 = |Df|. Introduce the function 5 —
h@) =231 (%5 I5,0) and the random variable H = h(D) = Y1 (X} —
D2lixs>1y. A collection T of set-valued vectors is identified with the event Del.
We denote S7 = Eh(D)l7 = dezh(E)P(ﬁ =4). By P5 we denote the condi-
tional probability given the event {D = §}. Denote ny=7>"_ li5=0).

Now we fix an integer k > 2 such that P(d, = k) > 0 and assume that m, n are
so large that P(d = k) > 2-1P(d, = k) > 0. Introduce the events

A ={w; ~ w3, w ~wi, wy ~wil, A=1{d =k}, Av={d=L,L=k)
and the probabilities

Px=P(w) ~ w3, w) ~ w3, d =k),

P =Pw; ~w3, wi ~wi,d=k,d#1L).
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Here {w}, w3} is a random subset of W \ {w} uniformly distributed in the class
of subsets of size 2. We assume that {w3, w3} is independent of the random sets
Dy, ..., D, defining the intersection graph.

In order to prove (3.6), we write a* (] in the form

e _PANA

Px
and invoke the identities
1
4.76 P(ANA) = ——Ed» 4 — —2),
(4.76) ( ) 1), Pl Ky +o(m™7)
K (m—1\"" _2
4.77) =\, ) P(d, =k) +o(m™).

In order to show (4.77), we note that every pair {w’, w”} C W \ {w;} has the same
probability to be covered by the neighborhood of w{. Hence, by symmetry we have

pe= (’;)(’”2‘ 1)_IP(d — b,

P, = (’;)(’”z_ 1>_1P(d:k,d75L).

Now (4.77) follows from the first identity and the convergence P(d = k) — P(d, =
k).

Let us show (4.76). Observe that P(A N AN {d # L}) < p,, and by (4.78)
and (4.62) we have p, = o(m~2). Hence,

(4.78)

(4.79) P(ANA) =P(ANA) +o(m™3).
Next, we expand, by the total probability formula,
(4.80) P(ANA) = > Ps(A)P(D =3)
SeAx

and note that P3(D5) < P5(A) < P5(C5) + P5(D5), where

Cs=1{3D;:wj, w; € Dj and w; ¢ D}, Dy ={3D;:wi, w3, w3 € Dj}.
Observe that
(4.81) P5(Dy) = _h@)
(m— 1)

and, since ny < n,

=0(m™).

eyt (1o BXD R,
4.82)  P5(Cp=1 (1 ) <=

S (m—1)
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Here X’ denotes the random variable | D;| conditioned on the event w; ¢ D;. Col-
lecting (4.81) and (4.82) in (4.80), we obtain

(4.83) P(ANA) = %SA,( +0(m™).

(m —1)2

Now we replace the event A; by A in (4.83). For the left-hand side, we ap-
ply (4.79). For the right-hand side, we apply the inequalities

(4.84) SAzsAkzSA—(’;)P(dzk,d;éL):sA—o(l)
[here we used 1 (8) < (g) and (4.62)]. We obtain
__ 1 -2

Fina
m,n
rand

lly, (4.76) follows by the convergence of S4 = EHIg—k) to Edo,l{q,—k) as
— 0o. We derive this convergence from the weak convergence of bivariate
om vectors (H, L) — (da«, dy), which is obtained using the same argument

as that of the proof of Theorem 3.1. [
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