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Abstract: This work was motivated by Cox and O’Sullivan (1990) who
derived the optimal convergence rates for smoothing spline estimates when
the loss function is sufficiently smooth. However, the study of statistical
estimates resulting from nonsmooth criteria functions has become popular
in recent years. In this paper, we will study the asymptotic properties of
the smoothing spline estimates when the criteria functions are insufficiently
smooth. Here, the smoothing spline estimate is defined as an approximate
solution to an M-estimating equation. We prove that if the derivative of
loss function is Lipschitz, then the convergence rate and Bahadur type
representation of the estimate can be derived simultaneously. For a specific
class of loss functions with discontinuous derivatives, the Bahadur type
representation is also presented provided that we know the convergence
rate. Examples are given when Huber’s robust loss and median loss are
employed.
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1. Introduction

Consider the bivariate data (X1,Y7),...,(X,,Y,), which form an independent
and identical sample from population (X,Y). We assume that the data are
linked by the following nonparametric regression model

}/'LZQO(XZ)—F&’M Zzlvanv (11)

where X;’s take values in I = [0, 1], e;’s are iid noises independent of X;’s.
It is of particular interest to estimate the unknown functional parameter 6y,
a sufficiently smooth element in some Soblev space. Usually, the estimation
problem under model (1.1) is ill-posed since we allow the space of parameters to
be infinite-dimensional. However, we can overcome this ill-posedness by using
a penalty functional, i.e., we estimate 6y by optimizing a penalized criteria
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function. This estimation procedure is called the method of penalization (see
Wahba (1990) for a detailed review and related references).

When the criteria function is sufficiently smooth, the convergence rate of
the penalized estimates has been studied by many authors under various set-
tings. The most important literature includes Chen (1991); Cox (1983, 1988);
Cox and O’Sullivan (1990); Gu and Qiu (1993); Gu and Ma (2005); O’Sullivan
(1993, 1995); Silverman (1982), and the references therein. For non-penalized
optimization, Wong and Severini (1991) obtained optimal convergence rates for
e-MLE.

However, in practice, the estimates resulted from a nonsmooth loss func-
tion [ are also important. Examples include (1) I(s) = s?1(|s| < ¢)/2 + (c|s| —
¢?/2)1(|s| > ¢) for some ¢ > 0; (2) I(s) = |s|. The function ¢(s) = Li(s) is
called a moment function. The corresponding estimates will have unique fea-
tures (such as robustness), and hence, their theoretical properties need to be
explored. Shen (1998) used a penetrating method to obtain the optimal con-
vergence rates of spline quantile estimate. As far as we know, there seems to
be little theory treating the infinite-dimensional smoothing spline estimates re-
sulted from general nonsmooth . Related references include Shen and Wong
(1994) who studied asymptotic properties of a sieve MLE, and Chen and Pouzo
(2008) who obtained optimal convergence rates for sieve estimates identified
by a class of moment estimating equations with general nonsmooth moment
functions.

In this paper, we will study the asymptotic behavior of penalized estimates in
two general situations. In the first, by assuming that ¢ is Lipschitz, we simulta-
neously obtain the optimal convergence rates and Bahadur type representation
for the estimates, provided that we know that the estimate is consistent. In the
second, we allow ¢ to be discontinuous, and obtain a Bahadur type represen-
tation for the estimates provided that we know the convergence rate. On the
one hand, our results are not only about the convergence rate but also about
the Bahadur type representation, which is different from the previous contribu-
tions mainly addressing the problem of convergence rate. On the other hand,
the penalized estimate considered in this paper is obtained directly over the
infinite-dimensional parameter space, which is different from a sieve estimate
obtained over a sequence of finite-dimensional sub-spaces approaching the en-
tire parameter space.

Since Bahadur type representation is part of our work, it seems necessary to
review some relevant literature about this issue. Most of the existing results have
been built under finite-dimensional situations, i.e., 8y is a finite-dimensional pa-
rameter. Relevant references include He and Shao (1996), Wu (2005, 2007), and
the reference therein. But, when the parameter space is infinite-dimensional,
e.g., a Sobolev space, little result has been gained. Portnoy (1997) derived a Ba-
hadur type representation for quantile smoothing spline estimates which point-
wise holds on some selected knots in I (Portnoy, 1997, Theorem 2.2). While it
still remains open whether the Bahadur type representation holds when gen-
eral insufficiently smooth loss functions and usual Sobolev norms have been
employed, which is also a motivation of this work.
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The rest of this paper is organized as follows. In Section 2, notation and
assumptions which are needed for the statement of the main results are intro-
duced. Section 3 contains the main results of this paper. In Section 4, examples
illustrating the applications of the main results are presented. Section 5 contains
some additional theoretical framework which facilitates the technical arguments.
Section 6 contains some concluding remarks and future work. Proofs of the main
results can be found in Appendix A, and the preliminary results are proved in
Appendix B.

2. Notation and assumptions

Let X be a random variable taking values in I := [0, 1] and have distribution
with (Lebesgue) density f supported on I. Let ©; = H™(I) be a Sobolev space
of order m, i.e.,

H™(T)={60:1+—R|#7) are absolutely continuous, j=0,...,m—1,0 e L*(I)},

where (™) denotes the m-order derivative of 6. Let V (0, 0) = Ex{0(X)0(X)} =
fol 0(x)0(x) f(x)dz and J(0,0) = %<9(m),9~(m)>L2, where (-,-)r2 denotes the
usual L?(I)-inner product. Note that V defines a norm on L?(I) by | - [jo =

Vi(,-).

Define the inner product (-,-); on ©; to be (8,0), = V(6,6) + J(6,0), and
denote the corresponding norm to be | - ||1. By a standard calculation, for
any 0 € Oy, the Fréchet derivative of J() := J(0,0) at 6, which is denoted
by DJ(0), satisfies DJ(0)A0 = 2.J(0,A0) for any A0 € O;. So, by Riesz’s
representation theorem, we could view DJ(f) as an element in O; satisfying
(A0, DJ(0))1 = 2J(0, Ad). Consequently, W : § — $DJ(0) is a well defined
bounded linear operator from ©; to ©; satisfying < A8, W6 >1= J(6, Af) for
any 0, Af € O1.

With W well defined, we can define the estimate of 4. Let X7,..., X, be iid
samples drawn from density f. The responses Y;’s and covariates X;’s are linked
by the nonparametric model (1.1). We estimate 6, by finding the solution én A
to the following approximate penalized M-estimating equation

1502, ()1 = 0(dn), (2.1)
where Sy, 2, (0) = Y0, o(Y; — 0(X,))Kx, + A\,W, ¢ is an either smooth or

nonsmooth moment function, §,, is a positive sequence, K is a bivariate kernel
function defined on I x I satisfying certain properties and K,(-) = K(z,-).
Hereafter, unless otherwise explicitly stated, we drop the subscript from A,.
Suppose 9n7A satisfies equation (2.1), then ém,\ is an estimate of 6y, and is
called an M-estimate. The main results in this paper are about the asymptotic
properties of én A Before proceeding further, we introduce several technical
assumptions which will be used to prove the main results. Firstly, we assume
that the bilinear functionals V' and J satisfy the following assumption.

Assumption A.1. V is completely continuous w.r.t. V + J.
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Assumptions A.1 was originally introduced by Gu and Qiu (1993) to simul-
taneously diagonalize V' and J. This assumption means that for any € > 0,
there are linear functionals l1,...,l; such that if [;(§) =0, j = 1,...,k, then
V(0,0) < eV + J)(0,0) for any 0 € O;. Assumption A.l is not a restric-
tive assumption and holds under general settings (see, e.g., (Weinberger, 1974,
Theorem 2.9)). A direct consequence from Assumption A.1 is that the bilinear
functionals V' and J can be simultaneously diagonalized, which is the following
result.

Proposition 2.1. (Weinberger, 197}, Theorem 3.1) There is a sequence of
eigenvalues v, and corresponding eigenvectors h,, such that

V(h;u hu) = 5#“’7 J(hua hu) = ’VM(SWM v € Z, (2'2)

where 0,,, is the Kronecker’s notation. Any 0 € ©1 admits the Fourier expansion
0=>3,V(0,hy)h, with the convergence held under || - ||1.

We let {h,} be the sequence satisfying (2.2). By Proposition 2.1, we may
rewrite (-, )1 as (0,0)1 = > (1 4+7,)V(0,h,)V(0,h,), 0,0 € O1. Therefore,
any two elements 6 = 3 60,h, and = Do 0,h, in ©; admit the following
expansion

(0, é>1 = Z euéu(l +Yu)- (2.3)

HEZL

By Proposition 2.2, the sequence {h,} forms a basis in ©;. To facilitate
the proofs of our main results, we assume, throughout this work, the following
assumption for {h,}.

Assumption A.2. {h,} forms an orthonormal basis in (L*(L),]| - |lo) which
satisfies sup,, |7yl sup < 00, where [[hy||sup := sup,ep|hu(z)| denotes the supre-
mum norm of h,. Furthermore, the sequence {v,}ucz satisfies v, =~ purm,
where o, =~ [, means that there exist positive constants dy and ds such that

dy < an/Bn < do when n goes to oo.

Remark 2.1. When X;’s are uniformly generated from I, i.e., the density func-
tion of X;’s is f(z) = 1(z € 1), the system {h,} = {exp(2mv—1uz)},cz
will satisfy property (2.2) and Assumption A.2. The resulting sequence 7, =
2(2mp)?™ for pu € Z. So, as || tends to infinity, v, ~ p?™.

To define a Sobolev space with a different order, for b > 0, we let ||0]|? =
douezn(l+ )|V (0, h,)[?. Let O, be the completion of {6 € ©1] [|0], < oo}
under || - ||p. According to Theorem 3.2 in Cox (1988), ©, is a Sobolev space
with order mb under the inner product (6, 6), = > ezl +*yZ)V(9, h )V (0, h).

Let C(I) be the Banach space of continuous functions defined on I endowed
with supremum norm || - ||sup. Define S(0) = E{o(Y —6(X))Kx}, where the
expectation is taken with respect to (Y, X), and define Sy (0) = nS(0) + AW ().
Let E{p(e —u)} = ((u), for u € R, where e denotes the error in model (1.1).
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Assumption A.3. There is a v € (0,1], a positive number « and a constant
Cyp > 0 such that

sup le(s1) — ¢(s2)] <C,.

51,82€R,0< |51 — 82| <ax |51 - 52|’Y
Assumption A.3'. ||¢|lsup < 00. There is a neighborhood A of 8y in C(I) and
constants C 4 and 6y such that for any 0 < § < dg,

sup 7 { sup  [p(Y — 6(X)) — (¥ — é(X»F} <O
feA 0—01] sup <5

Assumption A.4. For some d > 1, 0y € Og; there exists a 6y-neighborhood
No € C(I) such that 0y is the unique root of S(0) in Ny.

Assumption A.5. Model errors e;’s are independent of X;’s.

Assumption A.3’ is the so-called stochastic equi-continuity condition (see
Pollard (1982)), and has been adopted by a number of authors (see Chen et al.
(2003); Chen and Pouzo (2008); He and Shao (1996)). Assumption A.3 is sat-
isfied by quantile loss. Assumption A.3 is satisfied by several commonly used
robust loss functions such as the Huber’s loss function. Assumption A.4 es-
sentially requires two things. First, 6y is smoother than the elements in ;.
As demonstrated later, the estimate én A will be obtained in space ©1, so we
need this assumption to guarantee that the true parameter 6y is smoother than
én, A- Second, 6y is identifiable since it is assumed to be the unique root of
S(0) = 0. Assumption A.5 requires that the random design values X;’s are inde-
pendent of the model errors e;’s. This is only a technical assumption which facil-
itates the proofs. We may use Assumption A.5 to rewrite the functional S(6) as
8(0) = Ex{F.{p(e—(9—00)(X))| X }Kx } = Ex{C((6—00)(X))Kx}, V0 € O,

Assumption A.6. ( is twice continuously differentiable and both (' and ("
are upper bounded. Furthermore, there is a neighborhood I of zero such that
infyer ¢'(u) >0, and sup,c; E{|¢(e —u)]*} < oo.

Assumption A.6 is satisfied by some commonly adopted function ¢ (see ex-
amples in Section 5). Under Assumption A.6, we have the following result which
demonstrates that the zero of Sy is sufficiently close to 6.

Proposition 2.2. Suppose that Assumptions A.1, A.2, A.4-A.6 are satisfied.
Let ¢ satisfy either Assumption A.3 or A.3. Let m > 1/2, 0 < b < 1 and
d > 2b+1/(2m). If \/n — 0, then there exists a unique 05 € Oy such that
S\(#8) =0 and

165 = bollo = O ((/m)@="72). (2.4)

Furthermore, if 0 < b < b < 1, then 65 = 6% under || - ||y -norm. This is the
local uniqueness of the solution to S.
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The proof of Proposition 2.2 is given in Appendix B. Proposition 2.2 is sim-
ilar to Theorem 3.1 of Cox and O’Sullivan (1990). However, unlike the latter,
Proposition 2.2 guarantees the uniqueness of 0, i.e., 8, is locally fixed when b
changes. If we consider 6, as the “target” of én A, then changing the parameter
space O for 0 < b < 1 will not move this target, this means that 8 is somewhat
“identifiable”.

When d > 2+ 1/(2m), it follows by fixing b = 1 in Proposition 2.2 that
there exists 6y := 6% € O such that S\(fy) = 0 and ||0x — 6|1 = o(1).
Consequently, we may assume that any element 6, € K = {0x} U {6} satisfies
|60« — 60| sup € I, with I indicated by Assumption A.6. Recall here that A = A, is
a sequence of penalty parameters indexed by n. On the other hand, if 0 < b < 1,
then ||0x — 6oy = O ((A/n)@=9/2).

Assumption A.7. énﬁA € ©1 and there exists some positive sequence O, such
that |SpA(On )1 = 0p(0n) and ||0,,x — Ox]]1 = 0p(1).

Assumption A.7’. én,\ € ©1 and there exists some positive sequences O,
and s,, such that ||Spx(0n )1 = 0p(8,), |00 — Oolli = 0,(1) and ||6,.x —
90||sup =0 (Sn)

Both Assumptions A.7 and A.7" do not require that ém)\ is a root of Sy ».
However, we need the assumption that 6,, y is as smooth as 6. In some special
cases, 0, » can be taken as an approximate MLE, e.g., e-MLE introduced by

Wong and Severini (1991), and the consistency of én A can be proved under the
assumption of the uniform continuity of the likelihood and the relative com-
pactness of the parameter space (see (Wong and Severini, 1991, Theorem 1)).

6.5 — 0]l1 = 0,(1) thus follows from the consistency of 6, and the fact that
162 = bollr = o(1).

3. Main results

Our main results consist of two parts. Section 3.1 focuses on the convergence
rates of 6, A, while Section 3.2 includes the Bahadur type representations for 9n A

3.1. Convergence rate

The following result demonstrates when én A attains the optimal convergence
rate.

Theorem 3.1. Let Assumptions A.1-A.7 be satisfied and 6, be given in As-
sumption A.7. Assume that v = 1 in Assumption A.8, d > 2+ 1/(2m) and
1/(2m) < b < 1—1/(2m). If the penalty parameter X is selected such that the
following (i)-(iii) hold,

(i) A =o(n).
(ii) 8, = O(n'/2(\/n)1-1/(2m)/2),
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(i) max{(\/n)~+0)/2 (\/n)~ @+ M)V = o(na; 1), where a, = (nloglogn)®
and kK = 52

Zm—1°
Then

Hén,x\ — 0oy = O, (n—1/2()\/n)—(b+1/(2m))/2 + (}\/n)(d—b)/2) '

The proof of Theorem 3.1 is given in Appendix A.

Remark 3.1. The quantities m, b, d have a clear statistical interpretation. m
and d respectively represent the degree of smoothness of the estimate én A and
the true parameter 6y, and b indicates the norm under which the bias of én A\ s
measured. In practice, it is possible to regularize the values of d,m,b and A so
that condition (iii) in Theorem 3.1 is satisfied. One way is to let d be relatively
large, for instance, d, m,b and A satisfy

m(1l+0) dmb + 1
K
2md + 1’ 2md + 1

max {H + } <1 and \/n =np~2m/Cmdth) (37

Under (3.1), it can be verified according to Theorem 3.1 that the convergence
rate of |0, — 0|l is n=(d=0)/(2md+1),
We claim that this convergence rate is optimal. This is based on the following

considerations. Since 6 is md-times differentiable, and éy(l"i\b) is clearly an esti-

mate of Hémb), where 0(") denotes the mb-order derivative of @, then by Stone

(1982), the optimal convergence rate for Héf:;\b) —g{m) |2y is = (d=b)/ (2md+1),

On the other hand, we notice that |6, — 6olls > ||0Af:f\b) - Hémb)||L2(H), which

means that [|0,, x — 6o||» cannot converge faster than ||9A7(:1Ab) - Oémb)HLz(H). So

p~Ud=0)/(2md+1) 5 the optimal convergence rate for ||6,, x — fo||s, and this rate
is achieved when \/n = n~2m/(md+1),

The technical arguments in the proofs are valid only for a suitably large d.
When d is small, which implies that 6y is not smooth enough, our approach
cannot result in an optimal convergence rate. In such situations, we leave the

achievability of the optimal convergence rate as an open problem.

Remark 3.2. Wong and Severini (1991) obtained an optimal convergence rate
for the infinite-dimensional nonpenalized MLE under the assumption that the
loss function is twice uniformly and continuously differentiable. Here, we briefly
introduce their way of proof. They first established an important result which
they call “Basic Lemma”. This result states that the bias of the estimate is
controlled by two terms. Then they obtained the optimal convergence rates by
balancing these two terms. However, the second order derivative of the likelihood
is needed for the proof of their “Basic Lemma”.

In the proof of Theorem 3.1, we cannot establish such “Basic Lemma” as
we do not assume that the second order derivative of the likelihood exists. In-
stead, we first establish Lemma A.1 which states that the variation of S, x(6) is
stochastically controlled by the variation of . Using Lemma A.1, one can obtain
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the desired results without finding the Fréchet derivative of S, . He and Shao
(1996) used the same idea to establish the Bahadur representation for finite-
dimensional estimates. Here, we have actually generalized their result to the
infinite-dimensional setting using the techniques introduced by Kosorok (2008).
We then use Lemma A.1 to establish a quadratic inequality for the term Hén x—
Oolls, and use this inequality to obtain the convergence rate for én X-

Remark 3.3. Cox and O’Sullivan (1990) obtained the convergence rate for the
penalized estimates under the assumption that the likelihood is three times
Fréchet differentiable. They controlled the bias of the estimate by two terms
which they called the systematic error and stochastic error. The optimal con-
vergence rates were obtained by balancing these two error terms. Their proof
also relies on the sufficient smoothness of penalized likelihood.

One of the commonly used parameter spaces is H2(I) which corresponds to
the case m = 2. For instance, Gu and Qiu (1993) have considered this parameter
space for purpose of estimating spline densities, which is different from our
problem. For this specific situation, it can be shown by Theorem 3.1 that the
following result holds.

Corollary 3.2. Let Assumptions A.1-A.7 be satisfied and d,, be given in As-
sumption A.7. Assume that v =1 in Assumption A.3. Suppose we choose b and
d such that 1/4 < b < 3/4 and d > max{9/4, (12b+1)/2, (6b+5)/4}. Let \/n ~
n= Y/ @D and 5, = O(n4=D/GHD) Then ||, x—6p|p = Op(n~2d=0)/(d+ 1),

3.2. Bahadur type representation

The purpose of establishing a Bahadur representation is to approximate an
estimate by a sum of independent random variables. Generally speaking, the
remainder in a Bahadur representation should be of higher orders than usual
statistical bias. This might be the reason why this sort of result attracts so many
authors. In this section, we attempt to establish a Bahadur type representation
for én a- In the following result, we consider the case that ¢ is Lipschitz, i.e.,
satisfying Assumption A.3.

Theorem 3.3. Let the assumptions in Theorem 3.1 be satisfied. Assume fur-
ther that 6, = O(a,n~"™4=0/Cmd+1)) "1f d m b and \ satisfy (3.1), then the

following representation holds,

(3.2)

_ 3md—2mb—m+1 )

10, = 60 + DS (80) ™ Sna(00) s = Op (ann™ =057

The proof of Theorem 3.3 is based on arguments similar to the proof of
Theorem 3.1 and can also be found in Appendix A. However, we should mention
that the convergence rate in (3.2) might be suboptimal. By Theorem 3.3, if we fix
b, then the convergence rate of the remainder term énﬁA —00+DS\(00)"1Sn 1 (60)
under || - |[p-norm could be arbitrarily close to n~*(loglogn)'/? when m and
d are large enough, which could be even faster than the optimal convergence
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rate of ém)\ discussed in Remark 3.1. By Theorems 3.1 and 3.3, when ¢ is
Lipschitz, it is possible to derive the optimal convergence rate and (suboptimal)
Bahadur type representation simultaneously from the assumption that én PRE
consistent. Unfortunately, when ¢ is not Lipschitz, or even not continuous, the
derivation of optimal convergence rate becomes complicated. However, if the
convergence rate of én » is known a priori, we may derive a suboptimal Bahadur
type representation.

Theorem 3.4. Let Assumptions A.1, A.2, A.J-A.6 and A.7 be satisfied.
(i) If Assumption A.3 is satisfied, then én,,\ satisfies

16x — 60 + DSx(00) " Sur(00)]ls = Op(Ro), (3.3)
where
R, = (M\/n)"CF/EmI/2g2 o p=1()/p)=(1+0)/2
{Goglogn)2(n!/25 71/ 1) 45, (34)

In particular, if v =1 and
sn & (n/ logn) ™M/ @md+1) ) /iy~ =2/ (2md+l) (3.5)

80 =0 ((log logn)/2(nt/2sL-1/(2m) | 1)) :

then
Ry, = n~ SE R (log ) 2 DY/ @mA+D) (160 10g ) /2,
(3.6)
(i) If Assumption A.3 is satisfied and s, (loglogn)™ = o(1), then (3.3) holds
with
R, = ()\/n)7(b+1/(2m))/253I + nfl(/\/n)f(1+b)/2
{n2syfamr@m y aim g, (3.7)

In particular, if (3.5) holds and 6, = O(nl/Qs}Lm_l/(zm) + sﬁl/m), then

_ 4md—2mb—1 2md
R, = n 2@mdtD (1ogn)2md+1
(3m—1)(d—1)+m(1—2b)
tn= o 2Eman  (logn) (M Dd/(2(2md+1),

The proof of Theorem 3.4 is given in Appendix A which relies on Lemma A.3.

Remark 3.4. When S, ) is Fréchet differentiable, we might still be able to
obtain a result similar to Theorem 3.4 without using Lemma A.3. However,
when S, » is not Fréchet differentiable, Lemma A.3 plays an important role
in the proof of Theorem 3.4. Actually, Lemma A.3 somewhat overcomes the
difficulty caused by the nonsmoothness of S, »(6).
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Stone (1982) proved that the optimal convergence rate for a nonparametric
estimate under the supremum norm is (n/logn)~™ (2md+1) " As demonstrated
by Stone (1982), this optimal convergence rate is achievable under certain con-
ditions.

Portnoy (1997) obtained a Bahadur type representation for quantile smooth-
ing spline estimates (see (Portnoy, 1997, Theorem 2.2)). This representation
holds at the breakpoints (a discrete set of points) in I. While, the representa-
tion (3.3) or (3.7) holds under Sobolev norms. On the other hand, the proof of
the result by Portnoy (1997) strongly relies on the property of quantile loss. Ac-
tually, the quantile smoothing spline estimate has to be piecewise linear. While,
the result in Theorem 3.4 is valid for a general class of ¢.

4. Examples

This section contains several illustrative examples. In these examples, we let
hu(z) = exp (2mv/=1pz), pu € Z, be the sequence of orthonormal basis in L*(I)
under L2(I)-norm. Suppose X;’s are independent and uniformly distributed
on I. Then Assumptions A.1 and A.2 follow straightforwardly. Assume that
the true parameter 6y € ©4 with d > 2 4+ 1/(2m). In the following examples,
we assume that the density function f. of the noise e satisfies the following
assumption.

Assumption A.8. f. is symmetric, strictly positive around zero, and having a
bounded derivative.

It can be verified that in these examples, Assumption A.6 follows from As-
sumption A.8.

Example 4.1. Consider the Huber’s loss which corresponds to the following ¢

—s, ls| < e
Pils) = { —c-sgn(s), |s|> e,
where ¢ > 0 is a constant. It is easy to verify that Assumption A.3 holds for
Cpo, =7=1.
Let Ny be a subset of C(I) such that any 0 € Ny satisfies ||0 — 0g||sup € I,
where I is indicated in Assumption A.6. Suppose 6 € Ny satisfies S(f) = 0. By
Fubini’s theorem, for any p € Z,

(S0), hu)r = Ex{{C((0 —00)(X))Kx, hyu)1}
= Ex{C((0 = 60)(X))h.(X)} =0, (4.1)
which implies (((0—0o)(z)) = 0 for any = € L. Therefore, § = 6y by monotonicity
of ¢ over I. This verifies the identifiability of 0y, i.e, Assumption A.4.
By Corollary 3.2, when m = 2, for some suitable b, d and A which satisfy the

assumptions in Corollary 3.2, én A achieves the optimal convergence rate under
Il - |lo, and the following Bahadur type representation holds

N _ 10d—12b—5
105 = 60 + DSA(80) ™ Sna(B0) s = Op (™ 510 (loglog m)*/*) .
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Example 4.2. We consider the negative sign function ¢s(e) := —sgn(e), then
ém  corresponds to the median loss. By an argument similar to the proof of The-
orem 3.2 in He and Shao (1996), Assumption A.3" holds. Similar to Example 4.1,
it can be shown that both Assumptions A.4 and A.6 hold. Consequently, when
the convergence rate of én A is available, a representation of type (3.3) holds
with the convergence rate of R,, indicated by (3.7).

5. Theoretical framework

In the previous sections, we have introduced the main results in this paper and
several sufficient conditions which are used to derive these results. In this section,
we will give some additional framework which is useful for us to continue the
theoretical derivation. The proofs of all the propositions in this section can be
found in Appendix B.

5.1. About the kernel function K and operator W

To prove our main results, the function K, which is used to define the equation
(2.1), has to satisfy certain desired properties. The following result guarantees
the existence of K which satisfies all such desired properties.

Proposition 5.1. For any 5 € (1/(2m), 1], there is a bivariate kernel function
K(-,-) defined on I x I satisfying the properties:

(i) Ve €1, K, :== K(z,") € Oa_g;
(ii) V0 € O, (K;,0)1 = 0(x);
(iii) There is a constant Cx > 0 such that sup, ;|| Kzll2—p < Ck.

Throughout this paper, we assume that for some fixed € (1/(2m), 1], K :
I x T — R satisfies the properties (i)—(iii) in Proposition 5.1. This requirement
for 3 is related to the dimension of I, which is 1 in the present situation.

The original domain of W is ©;. To facilitate the technical proofs, it is useful
to extend this domain to be a larger space, say O, for 0 < b < 1. There are
two equivalent ways to achieve this extension. One way is based on the fact
Wh, = J—'fyuhuv Vu € Z. To see this, for any pu, since Wh, € ©1, we have

Why, =3, 0,h, for some sequence 6,. Then 7,0, = (Why, hy)1 = 60,(1+7v,).

And hence, 6, = 1_1—‘;” and 6, = 0 for v # p, which leads to Wh,, = Ll—‘;uh#.
Using this fact, one can define W3- 6,h, =3_, 11—’;”9“]1”, which is a bounded

linear operator from ©; to O for any 0 < b < 1. The other way is through
Lemma 2.1 in Cox and O’Sullivan (1990). By such extension, W is a well defined
bounded linear operator from O, to © for any 0 < b < 1.

To conclude this subsection, we assert that, by the above properties of K and
W, S, (0) (defined in Section 2) is exactly the Fréchet derivative of

n

1n(0) =Y p(Yi — (X)) + AJ(6),

i=1
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where J(0) is defined in the beginning of Section 2 and p is the loss function
satisfying p/ = ¢. We leave the details of the verification to the interested
readers. So, finding the exact solution to S, (6) is equivalent to minimizing
1,(#). This demonstrates the credibility of estimating 6y through finding the
approximate solution to Sy x(6).

5.2. Fréchet derivatives and their applications

Our technical proofs rely on the exact calculations of the Fréchet derivatives.
The following results summarize these calculations.

Proposition 5.2. Suppose Assumptions A.5 and A.6 are satisfied. Let ¢ satisfy
either Assumption A.3 or Assumption A.8. If 0 < b <1, then we have

(i) For any 8§ € ©y, S(0) € O3_3;
(i) The Fréchet derivative of S at 6 € ©y is given by

DS(0)§ = Ex{¢'((6 — 00)(X))§(X)Kx}, V& € Oy (5.1)

Therefore DS(0) € B(Oy,O2_g), where B(Hi,Hz) is the collection of
bounded linear operators from Hy to Hs.
(i1i) The second order Fréchet derivative of S at 6 € ©y is given by

D*S(0)én = Ex{¢"((0 = 00)(X))E(X)n(X)Kx}, VEn €Oy (5.2)
Therefore D*S(6) € B(0y, B(0p, O2_3)).

Taking 6 = 0y in (5.1), we shall get that (DS(09)&, &)1 = ¢'(0)V (&, &) for any
¢ € ©;. Thus, DS(0y) and V define “equivalent” norms. The following result
says that when 6 is “close” to 0y, DS(0) and V are still “equivalent”.

Proposition 5.3. Suppose Assumptions A.5 and A.6 are satisfied. Let ¢ satisfy
either Assumption A.3 or Assumption A.3. Suppose 8 € C(I) with |6 —60p||sup €
1, where I is indicated by Assumption A.6, then we have

£€O0./{0} V(é’jé‘) Zuef}C( )7 d EG;I?{O} V({,S) < HCHsup;

where || - ||sup indicates the supremum norm.

An important application of Proposition 5.3 can actually guarantee the in-
vertibility of DSy (6p). To see this, we note that by Proposition 5.3, if 6 is close
to By in supremmum norm, then DS(0) is “equivalent” to V. Thus, DSy (6y) is
bounded linear strictly coercive from ©1 to 01, i.e., (DSx(0p)&, &)1 > ¢V (E,§)
for some positive constant ¢. By Lax-Milgram theorem (see Adams (1975)),
DS(0p) has to be bounded invertible from ©; to ©;. We denote DSy (fo)~! to
be the inverse operator of DSy (6p).

By Proposition 5.2, DS\(0y) € B(©,0) for any 0 < b < 1. Originally,
DS\ (0y)~! was defined on ©;. However, the following result asserts that
the domain of DSy(6p)~! can actually be extended from ©; to O, for any
0<b<1.
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Proposition 5.4. For any 0 < b <1, DS\(6p)~* can be extended as an element
in B(Oy, ©y), and this extension is exactly the inverse of DSx(0y) € B(Oy, Oy).

By Proposition 5.3, when 6 is sufficiently close to 6y, there is certain similarity
between the norms defined by V and (DS(6)-, -)1. However, the basis {h,, } might
no longer be orthogonal under the latter norm. Therefore, it is desired to seek
a new basis which is orthonormal under the latter norm. For this purpose,
we define V,(,0) = (DS(0.)6,0), for any 6, € K and 6,0 € ©,. Thanks to
Proposition 5.3 and Assumption A.1, if 6, € IC, then V. is completely continuous
with respect to Vi 4 J. So there are eigenvalues {~.,} and eigenvectors {h.,} C
O, satisfying

Vi (P, hiw) = 0y, and J(hupy, hw) = YapOpny 11, v € Z. (5.3)

Furthermore, an application of Courant-Weyl’s principle (Weinberger, 1974,
Theorem 5.2) shows that there are positives ¢; and ¢ (independent of 6, € K)
such that

C2Yu < Vp < C1Vu, M E 7. (54)
For 0 < b <1, define
(0,0).0 =Y (142 )Va(0, P ) Vi, b, (5.5)
i

and let [|0]/. = /{0, 0) .. Let O, be the completion of {6 € O] ||0].p < oo}
under || - ||.. By Proposition 5.3, it can be verified that 0,9 = © and 0,1 = ©;.
Applying the interpolation approach introduced in Cox (1988), O, = H™(I),
where the equality means set equality and norm equivalence. It can be further

shown that this equivalence is uniform for 6, € K, i.e., the following result
holds.

Proposition 5.5. For any 0 < b < 1, there are positive constants dy and ds
(independent of 0. € K) such that

di[0l[p < 1046 < d2|O]]s, 0 € Oy (5.6)

6. Conclusion and future work

Theoretical properties of smoothing spline estimates have been studied in this
paper. Precisely, we have demonstrated both optimal convergence rates and
Bahadur type representations for a smoothing spline estimate which is an ap-
proximate root of an M-estimating equation. In particular, we assume that the
moment function ¢, which plays a role in characterizing the M-estimating equa-
tion, may be either Lipschitz or discontinuous.

We have considered only unidimensional splines. Both the associated editor
and one anonymous reviewer have suggested to consider the multidimensional
situation. This is a valuable but complicated problem. We conjecture that the
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techniques used in unidimensional case can also be applied to multidimensional
situations, i.e., the penalty functional becomes

m!
0) = _
TURID S

2

8k
m@(xl,...,xp) dIl"'de,

where N* is the set of nonnegative integers and 6 € H?([0, 1]?). However, the
generalizations to multidimensional situations might involve more complicated
notation and mathematical derivations. We intend to leave this problem as
future work.

As suggested by an anonymous reviewer, another issue we intend to explore
in future is to generalize the model framework. In this paper, the model where
samples were drawn is the classical nonparametric model y = 6(z) + e. This
framework restricts the applications and needs to be extended. One extension
is to assume that samples (X;, Y;) are ¢id drawn from an unknown distribution
P(X,Y). This new setting does not require a regression model to link X and Y,
and thus, allows more flexibility. One particular example is the support vector
machines in which Y takes values 1 or -1 indicating positive and negative classes
respectively. A classifier 6, which belongs to a Sobolev space, could be found
by minimizing »>7", (1 - Y;0(X;)), + AJ(0), with (a); = a if ¢ < 0 and 0
otherwise, and with J being the penalty functional. The results in this paper
cannot be directly applied to this situation, and we intend to explore their
extensions in future work.

Appendix A: Proofs of the results in Section 3

In this section, proofs of the results in Section 3 will be given. Entropy theory
will be used in the proofs. Let B, denote the unit ball in Oy, i.e., B, = {6 €
O 10]ly < 1}. Define D(e,| - ||sup) to be the packing number of B; under
supremum norm, i.e., the maximal number of the elements that can be fit in
B, while maintaining a distance greater than e between all elements. Then
from Cucker and Smale (2002), there is a positive constant ¢ > 0 such that
logy D(6, ]| - llsup) < ce™1/™. We refer to Zhou (2002) for entropy theory in
general reproducing kernel Hilbert spaces. To facilitate the technical proofs, we
assume without loss of generality that ¢/(0) = 1. All the arguments can be
applied without much revision to the case that ¢’(0) # 1.

Before proving Theorem 3.1, we need several technical lemmas. Let W; ()
gﬁ(}/z — G(XZ))K)Q — 8(9), for i = 1, 2, cee, . Let T,\ﬂi(t?) = WZ(G + 9)\) — Wl(o)\
and TY () = W;(6 + 6o) — W;(6o). Define Z,(0) = >7; T i(f) and Z)(6)

2 T3 (0).

Lemma A.1. Under Assumption A.3, let k = mm—,y’ll, then

; Zn(O)|l1+122(0
1>

~—
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i 1Zu(@) bt 128 @) _
(i) S0 Gulcghogm o1 — Or(L):

Proof of Lemma A.1. Proofs of parts (i) and (ii) are similar, so we focus on part
(i) primarily and briefly discuss the proof of part (ii).

Proof of (i). We only prove

[[1Zn(0)]11

= 1/2
el <1 n1/2|‘9||'sy7:p1/(2m) 1 O,((loglogn)*/). (A1)

Indeed, by a similar argument, one can verify that (A.1) is true if Z, is replaced
by Z9, then part (i) holds.

Since W;(0), i = 1,...,n, are éid random variables with zero mean, the se-
quence of sums Y 7_, Th;(f), j = 1,...,n, is a martingale (with respect to
natural filtration) with zero mean. By Assumption A.3, esssup|Th:(0)]1 <
CN’@HHH'SVUP, where C, is a universal constant and “esssup” is the essential supre-
mum bound of a random variable. By Theorem 3.5 of Pinelis (1994), for any
0, € Byandt >0

P(|Za(6) = Za()[l1 > £) < 2exp <—t7> .

2C2n| 030

By Lemma 8.1 in Kosorok (2008), we have ||[| Z,(6) — Zn(&)|l1]l,, < Cpv/2n]/6 —
€l12.p» where ¥(s) = exp(s®) —1 and || - || is the Orlicz norm defined by [ X, =
inf{c > 0|Ey¥(|X|/c) < 1}.

By continuity of ¢ and separability of B; under supremum norm, the process
Zp is separable, i.e., there is a countable set 7 C B; such that supye g, infeer ¥
12, (0)—Z,(£)]]1 = 0 almost surely. The packing number of By under supremum
norm has a bound logy D(6, || - ||sup) < cod~ /™ for some universal ¢o. By the
proof of Theorem 8.4 in Kosorok (2008), we can show that there exists some
universal constant K such that for any positive 4,

sup [ Z(0)]x
0631;I|9||5up§6

< K/ny~1/@m), (A.2)
W

By (A.2) and Lemma 8.1 in Kosorok (2008), we have the following exponential
inequality

2

P sup Zn(0 >0v | <2exp (—7>, Vou,d > 0. (A.3
(96B17|0|SWS5” ()l ) K2n§2v—1/m (A.3)

Let e =n~'2, Q. = [~logy e — 1], a =y — 1/(2m) and t = C(loglogn)/2. By
Sobolev’s inequality (Adams (1975)), there exists a constant ¢; such that for any

1Zn (0) |11 12 (0) ||+
0 €01, [|0]sup < c1]|0]]1- So SUPge B, 10| sup<ca T+n1/2[9]2, = SUPgep, T+n172[0]%,, "
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It follows from (A.3) that

Z
P sup —H 1/(2)H1 >t
0By 0]l eup<e: L +12[0]S,,

s P sup 1Zn(0)]1 = ¢
eeBlvHHHSupSclel/a
Q-
12 (0)I1
+ P sup _1ZnOl
; (9631701(216)1/‘1Sllt‘)llsupgcl(2l+1 yi/e 1 +nl/2|0]1,
S sup 1Zu ()1 > ¢
9€B17H0HSU,FSCI€1/O‘
Q-
2P sup 1Za(®)]1s > t1 + cin?/22le}
1=0 0E€B1,[|0]|sup<ci(2itle)t/a
(1+Canl/22l )
< 2eXp< e 2a> +2Zexp< @ gvap-m ) (A4
t2 t2
< 2exp <_—K20%0‘> +2(Qe + 1) exp (—m) -0,

where the limit is taken by fixing a large C' and by letting n — oco. This completes
the proof of part (i).

Proof of (ii). Let a, = (nloglogn)®, ¢ = a;! and Q. = [~log, ¢ — 1]. By an
argument similar to (A.4), one can show that

Zn(0
P s 1ZOL
0€B1,]|0]sup<ci 1+ anH@lIsup

QE
/2 t2(1 4 ¢} an2te)?
< 2exp ( Koc 2a log log TL> + 2;61’(}3 (_ K2c%an(2l+1e)2_1/(m7)> .

By Young’s inequality, i.e., ab < a? /p + b?/q holds for any a,b > 0 and positive
p,q with 1/p+1/qg =1 (Hardy, Littlewood and Pélya, 1952, page 113), we have
1+ u? > const - u>~ /™) for any u > 0. Thus, the above sum is bounded by

const - t2

K292a/y

.2
2 exp ( o 2a 10g10gn> +2(Qc+ 1)exp (_

log log n) .

If we preselect ¢ such that const - t2 > K222%/7 then the above sum converges
to zero as n — oco. This completes the proof of part (ii). O

Lemma A.2. Under the assumptions in Proposition 2.2, if 0 < b < 1, then
there exists a neighborhood Ny of zero in ©1 and Ay such that Y\ > Ay,

inf mf {(DS(Q,\)f &)1 — (D*S(0x +n)EE, &)1]} > 0.

neBy &



Z. Shang/General smoothing spline M-estimates 1427

Proof of Lemma A.2. By Proposition 2.2, |0 — 0p||x — 0, which implies that
10x — Oollsup — 0. So there exists Ag such that VA > Ay and = € [0,1], (6 —
0o)(z) € I, where I is the interval indicated in Assumption A.6. Thus, there
exists a constant Cy > 0 such that VA > Ao and = € [0,1], ¢'((0x — 00)(z)) > Cb.
Let C¢r = infyer ¢'(uv). Therefore, if ||€]|1 is sufficiently small such that ||€]|sup <
Co/(CorI¢" loup) then

(DS(02)€, €)1 £ (D*S(0x +1)EE, €
= E{C'((0x — 00)(2))I&(2)* £ ¢"((0x + 1 — 00)(2)) ¢ ()]
= E{§@)P(¢"((0x — o) (x)) £+ ¢" (65 + 1 — 60)(x))[¢ ()

= 0,

°}
D}

where C'i is given in Proposition 5.1. This completes the proof of Lemma A.2.
O

The following lemma is used to prove Theorem 3.4 part (ii).

Lemma A.3. Let assumptions A.3', A.5, A.6, and A.7 be satisfied, and ényA
and s, be given in A.7. Further assume that s,(loglogn)™ = o(1). Then for
any A > 0, the empirical process Z,(0) has the following stochastic bound

sup 1Z0(0)] = O, (nl/%;/?—l/(?m) + sgl/m) : (A.5)
1611 <110 sup < Asn

Proof of Lemma A.3. Without out loss of generality, we assume A = 1. For
A # 1, similar arguments can be performed by factoring out A. We use a
chaining argument (see Alexander (1984)) to prove this result. || - ||sup entropy
on By will be used. Let ¢ = n™% with z > max{2m/(2 + m),m}, and k =
[logy sne™!]. Then it can be checked that ne'/? < nl/2el/2=1/(2m) 4 =1/m,
Define u,, = n'/2(s,)1/271/(2m) 4 (5,)71/™ For j =0,...,k, let T; be a subset
in By with cardinality N; := D(287Je, || - ||sup) such that the distance between
any two elements in Ty, is greater than 2877, where D(e, || - ||sup) denotes the
packing number. By the discussions in the beginning of Section 6, logy N; <
c(277€)=1/™ for some constant ¢ > 0. Then the (2577¢)-balls with centers in
T, will cover By. Consequently, any & € B; corresponds a chain {¢; }?:0 which
satisfies & € T;, |€ — &kllsup < € and ||&; — &1 lsup < 27 €. It follows that if
€]l sup < Sn, then [[€olsup < 257 Le + s, = 5,,(1 + 0(1)). Therefore,

sup 120 < max  sup  [|Z)(&) — Zo(&k)lh
€EBL €l eup<sn En€Th ||e—£p |l aup <e
k—1

Ore N _ 70/¢.
3 maxZ0E) - 2

3=0 l€j—€j41llsup<2F—Ie

+ max 1Z3 (o)l

£0€To
leollsup<2ktletsn,
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To simplify the notation, we define
tO - Cun;
tig1=C {(2’“*&)1/2*1/(2’”)711/2 + (2’“*%)*1/’”} L i=0,....k

It is easy to see that ZkH = O(nl/2(2ke)1/2=1/Cm) 4 (2ke)=1/m) = ¢4(1 +
0(1)). And hence,

P sup 1Z2(€)]11 > 2to
gelellfllsupSSn

Ilg_gk IlsupSf

< Plmax  sup [ Z2(6) = Zp (&)l > 2tk
§k€Tk |6l aup<e
k—1
0(¢c\ _ 70/¢. _
+ZP 51‘67—]‘%%)1(67}41 HZ"(gJ) Zn(§J+1)||1>tJ+l
=0 lej—¢j41llsup<2F—ie
0
P( max [ Zy(&0)lh > to
€0l sup<2Etletsn
< ZP< sup ||22<s>—22<sk>||1>2tk+1>
5kETk

+ Z Z P (”Zg(fj) = Zy(&41)lh > tj+1)

= & €T 8+1€Tj41
€ —€j1llsup<2k—ie

+ > P (1 Z3(&)llh > to)

€0€7T0
(9] Hsup<2k+15+5n

= Z P5k+z Z Pfj;5j+1+ Z P, .

En €T J=0 &€T;.¢541€Tj41 £0€70
e —€j41llsup<2b—de lollsup<2htletsn
We first complete the approximations of P, . Denote V¢, ; = = SUD|je g, |[aup<e X
T3 (&) = TY (&)1, where TY () is defined in the beginning of Sectlon 6.
Since ¢ is bounded, M := max¢, maxi<i<n Vg, < 00. By the selection of e
and Assumption A.3/, maxe, >or | F{Vg, i} = O(ne'/?) = o(tj+1). Therefore,
by Freedman’s inequality (Freedman (1975)),

PEk < P (Z[V‘ékﬂ - E{V‘ékﬂ}] > tk+1>
1=1
, C2(eV/2-1/Cm)y2y, , C2-1/m
< - - -
= eXp< AC ane > +aexp ( SM >

) CQE—I/m ) 026—1/771
= exp (—W) + exXp (—87) y
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where C 4 is constant defined in Assumption A.3’. Thus, by choosing a large C
and letting n — o0, >2¢ 1 P, — 0.

Before proceeding further, we introduce the following variant of Bernstein
type inequality, which is proved by Yurinskii (1976).

Lemma A.4. Let H be a Hilbert space with norm || - ||%. If &1,...,& € H are
i.i.d. random elements satisfying E&; = 0 and ||€|lx < M a.s., then for any
x>0,

P <|| > il > I)
i=1

IN

Zexp <_2[nE{|§13|C;} + Mx])

£C2 x
26Xp (—m) + 26Xp (—m) .

Next, we complete the approximations of P, ¢, , and Pe,. Let M’ be the
bound for maxp<j<k—1Maxi<i<n HTAJ’({.J') — T)\J'(ngrl)”l. By Lemma A.4,

tz t:
) _ j+1 . 92 g+l
exp ( —4CATL(2]€_]6)> + 2exp < M

C2(2k—j6)—1/m C(2k—j€)—l/m
2€Xp (—T> + 2eXp (—T) .

IN

Pfj

IN

&t

IN

Therefore, by choosing C' > max{[4(c + 1)C4]*/?,4M'(c + 1)}, we get that

k—1
Z Z Pe; 601
=0

§5€Tj&+1€T 541
g —€j41llsup<2k—ie

k—1 2(9k—j \—1/m k—jey—1/m
N, {QGXP GM) +2exp (_M»

IN

: 4C 4 4M7
7=0
k—1 ( )
< exp (— (28 7)1/
3=0
< 2kexp (—sgl/m) — 0, (A.6)

where the last limit holds when n — oco. By an argument similar to (A.6), we
can show that as n — oo

Z Pey, <2exp (—S;I/m) — 0.

£0€To
leollsup<2ktletsn

This completes the proof of Lemma A.3. O
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Proof of Theorem 3.1. For simplicity, denote 6 = én A — Oy It follows by As-
sumption A.7 that ||f||; < 1 with a large probability as n is large. By Lemma
A1 (ii), for large n,

[1Sn,2(0 + 6x) = Sna(0x) — Sx(0 + 0x) + Sx(0x)[l1 < M(an||0]lsup +1). (A7)

It follows by Lemma A.2 that,
1 1
(DS(6)0,0)1 +/ / s(D?S(0 + 5's0)00,0),ds'ds > §<DS(9>\)9,9>1. (A.8)
o Jo

Before proceeding further, we list several approximation results (Claims I-IV
in what follows) and their brief verification.

Claim I: [|S,, (6))[1 = Op(n'/?).
To prove Claim I, it is sufficient to show [|S, x(0x) — Sx(6x)]l1 = Op(n'/?).
For any p € Z, by Cauchy’s inequality,
[V (Sua(0x) = Sx(0x), h)l? = [Ez{Sux(02)(Z)hu(Z) — Sx(0x)hu(Z)}]?
< Ez{|San(0:)(Z)hu(Z) = Sx(02)h(Z)]?}.

Let E{-} and Var{-} denote the expectation and variance w.r.t. (X;,Y;)’s, then
it follows by Fubini’s theorem and Assumption A.5 that

E{|V(Snx(0x) — Sx(0x), hu)[*}

< E{EZ{SnA(0)(2)hu(Z) = Sx(0:)(2)h,u(Z)[7}}
= EZ{E{[SnA(02)(2)hu(Z) = Sx(02)(Z2)hu(Z )I }}
= nEz{Var{p(Y — O\(X))Kx(Z)h.(Z)}} < C

with some constant Cy independent of p. Therefore, by Fubini’s theorem
E{][SnA(02) = Sx (0017}
B IV(S002) — 5502, 1)1+, |

n

= D B{V(Sua(Bx) = Sx(0x), 1) H1 +7,) = O(n),

which proves Claim 1. O

Using a similar argument in the proof of Proposition 5.4 (see Appendix B),
we can show that for any 6, = 0, € K, DS\(0.)~ ! is a well defined element in
B(©y, 0p) for and 1/(2m) <b<1—1/(2m).

Claim II: For any & € O, ||[DSx(02)¢]|1 > Csn(A/n)1+9/2| |||,
Denote 0. = 0. Let £,n € ©; have the expansions £ = Z# &uhyy and
n =2, Muhsp. 1t follows from (5.3) that (Dx(0:)hsp, har) = (0 + A7)0y By
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the restriction 3° 5 (14 p) = 1 and Cauchy’s inequality, it can be shown that

[DSX(O:)Ell = sup [(DSA(0:)8,m)1]

Inlli=1

_ Z (’I’L + )\’Y*M)2 52
14+, *

Y

n+ Ay,)?
27 o (e LR

> n(/n) g,
where the supremum is attained when 7, = £, (n 4+ AMy.,)/(t\/1 +~,) and t =
\/Z# §2(n + Avup)?/(1+ 7). This completes the proof of Claim II. O

Since DSy (0.)~! is self-adjoint, we have the following expansion by Cox
(1988),

DSA(0)7'¢ = Y (DSA(0.)'E DS(0)huy) 1k

- Z(g,DSA(H*)’lDS(H*)hWMhW
= Z(”"’)\V*u)il@vh*uhh*u- (A.9)

Claim III: || DS)(0x) "' D%Sx(0x + s's0)600], < Cs||0]|2,,(A/n)~O+1/(Em)/2,
Claim III can be proved by replacing 0y by 6, = 0 and {h,} by {h,} in the
equations (B.5) and (B.6) in Appendix B, and by an application of (A.9). O

Claim IV: ||[DS)(05) " Su (02 = Op(nfl/Q()\/n)*(b+1/(2m))/2).
By the expansion in (A.9), we get that
IDSAN) " SuaOIE =D 1S a(02), hu)1 (0 + M) 2(1+92,). (A.10)
"

By independence between X; and e;, Assumption A.3 and that ||@x — 0o ||sup is
bounded uniformly for A\, we have the following approximation

E{|(Sna(0x); hog)1 1}
E{| Y lp(Yi = On(Xi)han(Xi) = Bo(Y = 0x(X))has (X))}

nE{p(Y = 0x(X))hsu(X)*}
2nE{|p(Y — 0x(X)) — @(e)*[hun (X[} + 2nE{|0(e)* ey (X) 7}
2nCLE{|0A(X) — 00 (X) |7 (X)*} + 20B{|(e) *H| R (X) [} = O(n).

IAINCIA

Therefore, Claim IV holds. O
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Next, we will use Claims I-IV and several relevant assumptions to establish
an inequality for ||0||, and find the optimal convergence rate.

By Claim I, the assumptions that ||0]|1 = 0,(1) and ||Sy,A(6+0x)]1 = 0p(0n),
and that both n'/2 and 8, are controlled by a,,, we can verify that with a large
probability

[1SA(6 + 6x) — Sx(02)]1

IN

2M (an |0l sup + 0n + n'/? 4 1)
< 2M(an + 6, +n'/?) <6Ma,. (A.11)

By (A.8), the expansion 6 =} 6,h, in ©1, and Assumption A.5, we have

(SA(0 +6x) — Sx(0r),0)1
0SB+ 0y) — S(62), 0)1 + AW, 6),

1 1

= n{(DS(6x)0,06): +/ / $(D2S(0 + s'50)00,0)1ds'ds} + \(W0,6)
0 JO

> S(DS(6:)6,0) + A(W6,0),

~ gzgﬁJrAZem
Iz Iz

= Zei(”/Q‘i‘)"Yu)
"
2+ My
~ 02(1+ %) (71/7“>
; H M 1+,Yll1
> Cin(\/n)"||6]3, (A.12)

where the last inequality follows from Young’s inequality. From (A.11) and
(A.12), with a large probability,

10]]p < Coal/2n=/2(\/n)~%2, (A.13)

According to Claim II, Taylor’s expansion of Sy (6 + 6,) at 6y, and the ex-
changeability between DSy (6,)~! and the integral, we have

[1S7,2(0x) + Sx(0 + 0x) — Sx(02)][1
= HDS)\(H)\)[DSX(HX)_lsn))\(ex) + 6

1 1
+/ / SDSX(H)\)ilDQS)\(HA + 8/89)6‘9d8/d8]”1
0 0

Y

Can(A/n) /2 DSy (62) 71 Sna(0x) + 0

1 1
+/ / SDSX(HA)_1D2S)\(9>\ + 8/89)6‘9d8/d8||b. (A.14)
0 0
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By (A.7) and (A.14), there is some constant C5 such that with a large proba-
bility,
1,1
||DS>\(6‘>\)715H)>\(6‘>\) + 60 + / / SDS)\(6‘>\)71D25>\(9)\ + S/Se)eedsldSHb
o Jo
< Csn (A /n) T 20,10 sup + ). (A.15)
By (A.15) and Claims IIT and IV, with a large probability,

ol < C'7{ann*1(/\/n)f(1+b)/2|‘9||sup +n71()\/n)7(1+b)/25n
+H6‘||l2>()‘/n)_(b+l/(2m))/2 + ’n_l/2()\/n)_(b""l/(?m))/?}' (A.16)

By assumption (ii) in Theorem 3.1, equation (A.16) and b > 1/(2m) (which
implies that ||0||sup < const - ||0]|s), when n is sufficiently large,

16116/2 < Cr(n™="/2 (A /m)~ CHV/ G2 4 |lg|[F(n/m) = CH/CEmIZ) - (A17)

Solving inequality (A.17), we get either

1615 > (1/(4C7))(A/n)CHY/ /2 or (A.18)
16l < (1/(4C7))(Afn)HH/ /2 — \/1/(160$>(A/n>b“/<2m> —n7t/2
< AC T2 (A n) 0L/ Cm)/2 (A.19)

However, (A.18) is rejected by (A.13) and assumption (iii) in Theorem 3.1.
Thus, the upper bound for |||, is given by (A.19). Combining (A.19) and
10x — Oolls = O((A/n)(@=b)/2) (Proposition 2.2), we get that

1605 — Bollo = O, (()\/n)(dfb)/z n nfl/Z()\/n)*(bJrl/(Qm))/Q) '

This completes the proof of Theorem 3.1. O

Proof of Theorem 3.3. By a reexamination of the proofs, Lemma A.2 still holds
if we replace @y by 6y. Therefore, by Lemma A.1 (ii), (A.7) holds when 0y is
replaced by 6y and 6 is replaced by én,,\ — 0p. By the assumption that ||.S, (0 +
00)||1 = 0p(d5), we get that with a large probability,

||Sn)>\(6‘0) + Sx(0 4 00) — Sx(0o) 1 < M(anHHHsup + 6n)- (A.20)

It follows by taking 6, = 6y in Claim IT and an argument similar to (A.14) that
for some large constant C’,

[1Sn.A(00) + Sx(6 + 00) — Sx(6o)]1
> C'n(A/n)3Y/2 DSy (00) " Snr(6o) + 0

1 1
+/ / sDS\(00) *D*Sy (00 + s'50)00ds’ ds||;.
o Jo
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An examination of the proofs reveals that Claim III holds if we replace 0,
by 6y, that is, for some large constant C”, if n is sufficiently large, then for any
0<s,8 <1,

| DSx(60) 1 D%S5 (0 + 5'50)66]|, < C”||0]|2(\/n)~ b+ m)/2, (A.21)

Following (A.20) and (A.21), and [|6,,.x — 6o}y = O,((A/n)@?/2) (Theorem
3.1), there exists some constant C' > 0 such that with a large probability,

10 + DSx(60) " Sn.r(60) s

< Cln~ n) "Dy 0]y + 07t (A/n) 26,
+(A/n) ~OHCmD2 g7
< OTL (/\/n) (142b—d)/2 (1 +a;1()\/n)7(d7b)/26n

_H,La;l(}\/n)(l+d—b—l/(2m))/2) '

Sincem > 1 and d > 2b+1/(2m), it can be verified that 1—x— %W <

0. Therefore, by \/n ~ n=2m/Cmd+1) we have na;, ' (\/n)1Hd-0=-1/(2m)/2 —
o(1). Since §,, = O(a,n=™(d=b)/md+1)) e get that

,I(A/n) (d— b/25 ~ 6, a*lnm(d b)/(2md+1)20(1)'

Consequently, for large n and with a large probability

3md—2mb—m-+1

16+ DS (80) " S r(00) |5 < 200~ (Afn)~H2=D/2q, = 9Cq,n~ " 5wk

This completes the proof of Theorem 3.3. O

Proof of Theorem 3.4. We only briefly prove part (i) since (ii) can be shown
similarly by using Lemma A.3. Let 6 = én,,\ —0p. By Assumption A.7’, S, A (04
00)|l1 = 0p(0n), and with a large probability, ||f]l; < 1. By Lemma A.1 (i), and
arguments similar to (A.20) and (A.21), it can be shown that (3.3) holds with
R, given by (3.4). Thus, (3.6) follows from a direct calculation. O

Appendix B: Proofs of Propositions in Section 5

In this section, we list all the proofs of propositions in Section 5. Hereafter, let
By, denote the unit ball in ©y, i.e., B, = {6 € O] ||0]], < 1}.

Proof of Proposition 5.1. The assumption 8 > 1/(2m) implies that ©g is a
reproducing kernel Hilbert space (Berlinet and Thomas-Agnan, 2004, Theorem
132). Let f(( -) be a reproducing kernel on Og, i.e., for any z € I, K, is an
element in ©4 and for any 6 € O3, (K,,0)s = 0(z). Let K, = Z#EZK whs

and define K, , = va# . %, Ve € I,y € Z. Then K, = Zuez Ky hy is a
. :
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well defined element in ©2_5 and for any 0 € ©g with 0 = 3° . 0,,h,,, by (2.3)

. 1+75
(KeyO)y = D Kuy- meu(l + %)
HEZ
= Y Kaubu(1+7))) =< K;,0 >3=0(x).
WEZL

To see iii), note that for any = € I,

|1 Kzll2—p < const~||f(x||ﬁ:const~ sup [(Ky,0)s]
llolls=1

= const- sup |0(z)| < Ck,
ll0]ls=1

for some C' > 0, where the last inequality follows from Sobolev’s inequality
that [|0||sup < const - ||0]|sg when 8 > 1/(2m) (Adams (1975)). O

Proof of Proposition 5.2. We only prove the results under Assumption A.3. For
Assumption A.3’, the proof is similar.

(i) Suppose 0 € O, and define ¢, := (((6 — 0y)(x)) for x € 1. By Assumption
A3, Ex{|{x|} < CLE{|0(X) — 00(X)|} + E{|p(e)|} < oo, which means (x
is absolutely integrable. By the boundedness of Kx and h,, and by Fubini’s
theorem, for any p € Z

V(SO),hy) = Ez{Ex{(xKx(Z)}hu(Z)}
= Ex{(xEz{Kx(Z)h.(Z)}}
= Ex{(xV(Kx,hu)}
Then S(0) € O4_p follows by Cauchy’s inequality and (iii) of Proposition 5.1,

i.e.,

1S@)113-5 ZW WP +777) < Ex{GIEx{Kx|3-5} < oo

(ii) For 6,¢ € Gb, by mean value theorem, we have
S0 +€) = S(0) — Ex{¢'((0 — 00)(X))&(X)Kx}
= Ex{[('((6 = 00)(X) + t(X)E(X)) — ¢'((0 — 00)(X))JE(X)Kx },

where 0 < t(z) <1 for any z € I. Denote L(,z) = ¢'((0 — bp)(x) + t(z)&(x))
¢'((0 = 00)(x)) and Ky = >°, Ky phy. Since ¢ is upper bounded, |L(€, z)|
const - |{(x)|. By Cauchy’s mequahty,

IEx{L(& X)&(X)KxH3_s
— Z|Ex{L(§,X)§( VK x.u}? (1+72 9

<

< Ex{IL(& X)PYEx{|{(X)Kx WY1 +~277)
= Ex{|L(E& X)) Ex{|EX) P Ex|3_s}

const - ||§||37

IN
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where the last inequality follows from Ex{|L(¢, X)[?} < const - [|£]|3, and
sup,er || Kzll2—p < oo. When [[€]|, — 0,

1S(0-+6) =S (6)—Ex{¢"(0—00)(X))E(X)Kx }H5 5/ 1&]l5 < const-[[&[lo/l1€]17 — 0,

which proves (5.1). By (5.1) and Cauchy’s inequality, it can be shown that if
£ € Oy, then

IDS@)N3 -5 < Ex{IC'((0 — 00) (X)X Ex{IKx3- 5} < CIEI,

where C' does not depend on £. This finishes the proof of part (ii).
(iii) Proof can be finished similarly to that in (ii). O

Proof of Proposition 5.3. We only show the lower bound. The proof for the up-
per bound is similar. Suppose £ € ©1. For any p € Z, by Fubini’s theorem,

V(Ex{C'((0 = 00)(X))§(X)Kx}, hy)
= Ez{Ex{¢'((0 = 60)(X))§(X)Kx(2)}h,(Z)}
= Ex{¢'((60 = 00)(X)§(X)Ez{Kx(Z)hu(Z)}}
= Ex{¢((0 = 00)(X)S(X)V (Kx, hy) }-

Therefore,

(BEx{C'((0 — 00)(X))E(X)Kx}, )
S VIEX{C (0 = 00)(X)E(X) K x b, )V (& ) (1 + 3,)

= > Ex{C((0 = 00)(X))EX)V (Kx, )}V (€ hu) (1 +7,). (BD)

On the other hand, by Cauchy’s inequality and Proposition 5.1(iii), we have
Ex{|¢((6 = 00)(X))E(X) D V(& h) [V (Ex, 1) | (14 7))
o

< const - Ex{[|¢]l1[|Kx[[1} < oc.

Therefore, by dominated convergence theorem, the summation and expectation
in (B.1) could be changed. Thus, by Proposition 5.1 (ii)

(DS(0)¢,6)n
= (Ex{¢'((0 = 00)(X)E(X)Kx}, €
= Ex{'((0 = 60)(X))E(X) D VI(Kx, )V (& h) (1 +7,.)}

= Ex{¢((60 — 00)(X))&(X)(Ks, )1}
E{¢((0 — 60)(X))&(X)?}
> inf C()V(§,6).

This completes the proof of Proposition 5.3. O
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Proof Proposition 5.4. For any p € Z, DSx(60)h, € ©1. So by Proposition 2.1,
DS\(6o)h, = >, &hy holds in ©; for some sequence &,. By Proposition 5.2
(i), (DS(6o)hy, hu)1 = 0,,. By the fact that (Why, hy)1 = 7u0u,,, we have
(DSx(60)hy, hu)1 = (nDS(00)hy + AWhy, hy)1 = (n 4+ Ay,)0,,. On the other
hand, (37, &hy, hu)r = & (hw, hu)1 = & (1+7,). Therefore &, = ((n+Ay,)/(1+
Y))0u,- In other words, DSx(6o)h, = ((n+ Ay,) /(1 +vu))hy. So

1+FY:U' h

DS\(00) 'h, = vl
I

(B.2)

Define an operator 7' by T¢ = 3~ &, nligv“u hy for any € = 37 &,hy,. Tt follows

that & € Oy implies T¢ € Oy and ||T¢||, < const- ||€]|p. Therefore, T € B(Oy, Op)
is an extension of DSy (6y)~!. To show that T is the inverse of DSy (fy), it is
sufficient to show that for any & € ©,, T (DS\(0p)§) = &, which follows from the

linearity of T and DS\ (6p), and the fact that DSx(6o)h, = "11);1“ h,, for any

wE Z. O

Proof of Proposition 2.2. Following Taylor’s expansion in @, we have for any
¢ € O,

1 1
Sx(00 + &) — Sx(00) = DS\(60)9 + / / sD?Sy\ (00 + s's¢)popds'ds.  (B.3)
o Jo

Operating DSy (6p)~* on both sides of (B.3), and exchanging with integral, we
have

1 1
DS,\(HO)_l(S,\(90+¢)—S,\(90)) = (ZH—/ / SDS)\(90)_1D25)\(90+818¢)¢¢d8/d8.
0 0

(B.4)
Let T\(¢) = ¢ — DSx(0p) 1 Sx(00 + ¢) define a mapping from O, to O. It is
easy to see from (B.4) that

ITA@)e = llo— DSx(80) " Sx(6o + &)l
[ “ID?85)\ (60 + 5's¢)pds'ds||
DS, (0 s's s'ds
H/O /o sDSx(6o) N b
+[DSx(60) " Sx(00) o

IN

By a direct calculation, for any p € Z

[{D?Sx(00 + '50)9¢, )1 | nl(D*S(0x + s's0)db, hyu)1 |
¢ lsup - 1E{IS(X)*(Kx, hy)1 |
I Nlsup - 11120 1 Pallo

const - n||¢||7. (B.5)

IA AN A

Both DS(6p) and DSy (6g)~ ! are self-adjoint operators. It follows by (B.2) that
for any u € Z, DSx(6p) ' DS(6p)h,, = mhu- Then it follows by (B.5) that
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for some constant C'y,
IDSx(60) " D*Sx (60 + 5's$) 00|}

= Y [(DSA(6o) "' D>Sx(60 + 's6)¢b, DS (00)hyu) 1> (1 +75)
M

= Y (D%SA (B0 + 5'56)¢0, DSA(00) " DS (00)hu)1*(1 + 7))
M

= > [DS(00 + 8'58) b, byl (n + Ay) 2L+ L)
i

< CEllglly D (n+ M) AL+ )
m

= CRllglly(n/n) =1/, (B.6)

where the last step follows from Lemma 2.2 (iii) in Cox and O’Sullivan (1990).
On the other hand, let 6y = > L 92hu, it can be shown that there exists some
constant Cy such that

IDSx(60) " Sx(60) 13
= 3 [V(DSA(B0) S (60), ) P(1 +7L)

n
= 3 Sa(B0). by [P(n + M) 21+ 45)
o
= X320 Ay (L) 60
n

- b
v Z Yo+ M) 21 +95)

9021 d
A

©w

< GV Y ()80 (1 + 4
= Co(M/n)?2)60)3- (B.7)

By restricting ¢ such that [|¢|l, < C - (A\/n)(4=%/2 for some sufficiently large
constant C, by the assumption that \/n — 0, and by (B.5)—(B.7), we have
[T (d) |y < C(A/n)(@=1)/2 This implies that the operator Ty maps C-(\/n)(¢=0)/2.
By into C - (\/n)d=0/2. By,

Next, we show that the operator T} is a contraction mapping on C- ()\/n)(d_b)/Q-
By. For any ¢1,$y € C - (\/n)(@=0/2. B, by Taylor’s expansion

Sx(0o + ¢1) — Sx(0o + ¢2)
= /01 DSx(0o + &1 + s(¢2 — ¢1)) (P2 — ¢1)ds
DSx(60)(d2 — ¢1)
+/01 /01 D?Sx (00 + 5" (¢1 + 5(d2 — 61)))(d2 — ¢1)(¢1 + (2 — ¢1))ds'ds.
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By an argument similar to (B.6), and by d > 2b+ 1/(2m) and \/n = o(1), it
can be verified that for sufficiently large n and some large constant Cj,

[Tx(¢1) — T (o2)llb (B.8)
1 1
—1 2

< /0 /0 [ DSx(00) " D=Sx (0o

+5'(¢1 + s(d2 — ¢1))) (P2 — ¢1)(d1 + (2 — ¢1))][vdsds
< Ca(A/n)” OV CTI (61| + [ g2llo) 61 — d2ll
< 20Cs(N/n) =272 gy — gu])y
< (1/2)|lé1 — d2lfe, (B.9)

which shows that T’ is a contraction mapping on C'-(\/n)(@=%/2. By, Therefore,
by contraction mapping theorem (Rudin (1991)), there exists a unique fixed
point ¢y with [|x[ly < C - (A\/n)@=1)/2 ie. Ty(¢x) = ¢x. Consequently, % :=
0o + ¢, is a unique root of Sy in C - (A n)(d_b)/2 - By.

For 0 <b' <b<1,let % satisfy Sx(6%)=0and ||} 6|y = O((\/n)d=2)/2),
We will show that [|§5 —6Y ||y = 0. Let ¢ = 63 — 6 and ¢2 = 6% — 6. Following
the argument in (B.8), one can show that there is some constant C’ such that

|1 — P2l
1T\ (¢1) — Ta(b2)ller

< C3(A/n)~EHVE2(| gy |1y + (o) |61 — b2y
< Cs(A\n) =Y E2 (1611, + 6o llv) 61 — b2l
< C3CI()\/n)_(b/+1/(2m))/2+(d_b)/2H¢1 _ ¢2Hb’

< (1/2)|lé1 — d2llv,

where the last step follows from A\/n — 0 and d > b+ b’ + 1/(2m). Therefore,
l¢1 — d2|lpr = 0, which completes the proof. O

Proof of Proposition 5.5. Note that (5.6) holds for b = 0,1. We use K-method
of interpolation to build a relationship between these two norms which was also
used by Cox (1988) to identify O and O.;,. Let the K-functional be defined as

K(u,0) = inf 012, + u2)|6]%,) "2,
0) =, o b (12 + a6 )

and the norm induced by K be defined to be

10|62 = </Ooo[ubK(u,9)]2du/u>1/2.

The interpolation space is then (0.9, 0.1)p = {0 € Oy ||0lsp2 < 00}. If 0 =
0% + 0! € ©,9 + 0,1, and if we denote 92 = V.(0°, hsy) and 9; = V(0" hap),
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then 6, = Vi(0,h,) = 6}, 4 0,,. Therefore, for any u € (0, c0)

16°1Z0 + w2161 12 = D (10017 + v (1 + 710, — 05 1%)
n
3 w?(1+ Yip) 02
- T4+ u(1+y.,) *
where the lower bound in the above inequality is achieved by 67, = u?(1 +
Ve )0y /(L4 u?(1 + 74,)) for any p € Z. It thus follows that

T4+ u?(1+y.,) *

2
K(u,0?=Y" Meﬂ
m

Then

1/2
B (14 i)
Ol p0 = 2b1§:—“92d ~ Cy]10]].
H ||b72 </ 1+u21+7 )Mu b” H b

where Cp = (f;° u! 72 /(1 4 u?)du) "2 6nly depends on b. The above arguments
are also valid for the interpolation couple ©¢ and ©;. Then (5.6) follows from
the result that || - ||«/|| - ||» is uniformly lower and upper bounded for 6, € K
when b =0, 1. O
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