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Abstract. Consider a discrete-time one-dimensional supercritical branching random walk. We study the probability that there
exists an infinite ray in the branching random walk that always lies above the line of slope y — ¢, where y denotes the asymptotic
speed of the right-most position in the branching random walk. Under mild general assumptions upon the distribution of the
branching random walk, we prove that when ¢ — 0, this probability decays like exp{—ﬂ ﬁ‘jg” }, where 8 is a positive constant
depending on the distribution of the branching random walk. In the special case of i.i.d. Bernoulli(p) random variables (with
O<p< %) assigned on a rooted binary tree, this answers an open question of Robin Pemantle (see Ann. Appl. Probab. 19 (2009)

1273-1291).

Résumé. Considérons une marche aléatoire branchante surcritique a temps discret. Nous nous intéressons a la probabilité qu’il
existe un rayon infini du support de la marche aléatoire branchante, le long duquel elle croit plus vite qu’une fonction linéaire de
pente y — ¢, ou y désigne la vitesse asymptotique de la position de la particule la plus a droite dans la marche aléatoire branchante.

Sous des hypotheses générales peu restrictives, nous prouvons que, lorsque ¢ — 0, cette probabilité décroit comme exp{— B :'1(;(21) 1,

ou S est une constante strictement positive dont la valeur dépend de la loi de la marche aléatoire branchante. Dans le cas spécial ou
des variables aléatoires i.i.d. de Bernoulli(p) (avec 0 < p < %) sont placées sur les arétes d’un arbre binaire enraciné, ceci répond
a une question ouverte de Robin Pemantle (Ann. Appl. Probab. 19 (2009) 1273—-1291).

MSC: 60J80
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1. Introduction

We consider a one-dimensional branching random walk in discrete time. Before introducing the model and the prob-
lem, we start with an example, borrowed from Pemantle [19], in the study of binary search trees.

Example 1.1. Let Tyg be a binary tree (“bs” for binary search), rooted at e. Let (Y (x), x € Tps) be a collection,
indexed by the vertices of the tree, of i.i.d. Bernoulli random variables with mean p € (0, %). For any vertex x €
Tps\{e}, let [[e, x]| denote the shortest path connecting e with x, and let Jle, x]| := [le, x]|\{e}. We define

Ups(¥):= Y Y(), xeTps\{e},

vele,x]
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and Upg(e) := 0. Then (Ups(x), x € Typg) is a binary branching Bernoulli random walk. It is known (Kingman [14],
Hammersley [8], Biggins [2]) that

o1
lim — max Upg(x) = pps, a.s.,
n—0o0 n |x|=n

where the constant yns = Yps(p) € (0, 1) is the unique solution of

Ybs

—log2=0. (1.1)

Vb
Yoslog == + (1 = yne) log

For any € > 0, let ovs (&, p) denote the probability that there exists an infinite ray' {e =: xo, x1, X2, ...} such that
Ups(xj) > (Yps — &) j for all j > 1.1t is conjectured by Pemantle [19] that there exists a constant Bps(p) such that?

(p)
longs(&p)'\’_'B};Sl/fa g —0. (1.2)

We prove the conjecture, and give the value of Bps(p). Let Yrps (t) :=1log[2(pe' +1—p)],t > 0. Let t* =t*(p) > 0
be the unique solution of Yros (t*) = t*y , (t*). [One can then check that the solution of Eq. (1.1) is yps = %.]
Our main result, Theorem 1.2 below, implies that conjecture (1.2) holds, with

Bos(p) i= 5[ Ve (1)) 2.

A particular value of Bps is as follows: if 0 < pg < % is such that 16 po(1 — po) =1 (i.e., if Yos(po) = %), then

172

7 (Vs (P0) 1
= (=) log—,
Bps(po) 2 <1 — 200 0og 4po

where v, (po) denotes the derivative of p +— yus(p) at po. This is, informally, in agreement with the following
theorem of Aldous ([1], Theorem 6): if p € (po, %) is such that yps(p) = % + &, then the probability that there exists
an infinite ray x with Upg (x;) > %i, Vi>1,is

<_ nlog(1/(4po))

21 —2p0)1% (p—po)i 2 © Om)’ ¢=0

As a matter of fact, the main result of this paper (Theorem 1.2 below) is valid for more general branching random
walks: the tree Tpg can be random (Galton—Watson), the random variables assigned on the vertices of the tree are
not necessarily Bernoulli, nor necessarily identically distributed, nor necessarily independent if the vertices share a
common parent.

Our model is as follows, which is a one-dimensional discrete-time branching random walk. At the beginning, there
is a single particle located at position x = 0. Its children, who form the first generation, are positioned according to a
certain point process. Each of the particles in the first generation gives birth to new particles that are positioned (with
respect to their birth places) according to the same point process; they form the second generation. The system goes
on according to the same mechanism. We assume that for any n, each particle at generation n produces new particles
independently of each other and of everything up to the nth generation.

We denote by (U (x), |x| = n) the positions of the particles in the nth generation, and by Z,, := Z‘ x|=n 1 the number
of particles in the nth generation. Clearly, (Z,,,n > 0) forms a Galton—Watson process. [In Example 1.1, Z, = 2",
whereas (U (x), |x| = 1) is a pair of independent Bernoulli(p) random variables.]

1By an infinite ray, we mean that each x; is the parent of x ;.
2Throughout the paper, by a(e) ~ b(¢g), e — 0, we mean lim,_, % =1.
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We assume that for some § > 0,
E(Z,") < oo, E(Z) > 1; (1.3)

in particular, the Galton—Watson process (Z,,n > 0) is supercritical. We also assume that there exist 54 > 0 and
8_ > 0 such that

E( Z e‘s+U(x)> < 00, E( Z e‘SU(x)) < 00. (1.4)

[x|=1 lx|=1

An additional assumption is needed (which in Example 1.1 corresponds to the condition p < %). Let us define the
logarithmic generating function for the branching walk:

V() = logE< > e’U(")), t>0. (1.5)

Ix|=1

Let ¢ :=sup{t: ¥ (¢) < oo}. Under condition (1.4), we have 0 < ¢ < oo, and ¥ is C* on (0, ¢). We assume that there
exists * € (0, ¢) such that

Y (") ="y (17). (1.6)

For discussions on this condition, see the examples presented after Theorem 1.2 below.
Recall that (Kingman [14], Hammersley [8], Biggins [2]) conditioned on the survival of the system,

1
lim —maxU(x) =y, as., (L.7)

n—oo n |x|=n

where y 1= @ is a constant, with ¢* and ¥ (-) defined in (1.6) and (1.5), respectively.
For ¢ > 0, let oy (¢) denote the probability that there exists an infinite ray {e =: xo, x1, x2, ...} such that U (x;) >

(y —e)j for all j > 1. Our main result is as follows.

Theorem 1.2. Assume (1.3) and (1.4). If (1.6) holds, then

logou (e) ~ [y ()], e—o0, (1.8)

T
(28)1/2

where t* and  are as in (1.6) and (1.5), respectively.

Since (U (x), |x] = 1) is not a deterministic set (excluded by the combination of (1.6) and (1.3)), the function ¥ is
strictly convex on (0, ¢). In particular, we have 0 < ¢ (t*) < oo.

We now present a few simple examples to illustrate the meaning of assumption (1.6). For more detailed discussions,
see Jaffuel [11].

Example 1.1 (Continuation). In Example 1.1, conditions (1.3) and (1.4) are obviously satisfied, whereas (1.6) is
equivalent to p < % In this case, (1.8) becomes (1.2). Clearly, if p > % Obs (&, p) does not go to 0 because the
vertices labeled with 1 percolate, with positive probability, on the tree.

Example 1.3. Consider the example of Bernoulli branching random walk, i.e., such that U (x) € {0, 1} for any |x| = 1;
to avoid trivial cases, we assume E(}_, _; Livx=1}) > 0 and E(}_ ;= Ly )=o) > 0.

Condition (1.4) is automatically satisfied as long as we assume (1.3). Elementary computations show that con-
dition (1.6) is equivalent to E(Z|x|:1 Liww=1y) < 1. (n particular, if we assign independent Bernoulli(p) random
variables on the vertices of a rooted binary tree, we recover Example 1.1.) Again, z'fE(Zm:1 Liyw=1y) > 1, 0u(e)
does not go to 0 because the vertices labeled with 1 percolate, with positive probability, on the tree.
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Example 1.4. Assume the distribution of U is bounded from above, in the sense that there exists a constant C € R
such that supy,—; U(x) < C. Let sy :=esssupsup,—; U(x) = sup{a € R: P{sup,,_; U(x) > a} > 0} < co. Under
(1.3) and (1.4), condition (1.6) is satisfied if and only ifE(lel:1 Liyw=sy) < 1.

Example 1.5. Assume that (1.3) holds true. If ess sup SUP|y|=1 U (x) = oo, then condition (1.6) is satisfied.

We mention that the question we address here in the discrete case has a continuous counterpart, which has been
investigated in the context of the F-KPP equation with cutoff, see [5-7].

The rest of the paper is organized as follows. In Section 2, we make a linear transformation of our branching random
walk so that it will become a boundary case in the sense of Biggins and Kyprianou [3]; the linear transformation is
possible due to assumption (1.6). Section 3 is devoted to the proof of the upper bound in Theorem 1.2, whereas the
proof of the lower bound is in Section 4.

2. A linear transformation

We define
V(x) = —t*U(x) + ¥ () Ix]. 2.1
Then
E( Z e—VO‘)) =1, E( Z V(x)e_v(")) =0. (2.2)
=1 =1

Since t* < ¢, there exists §; > 0 such that

E( Z e—“”l)m)) < 0. (2.3)

lx|=1

On the other hand, by (1.4), there exists § > 0 such that

E( ) eBQV(x)) <. @4

[x]=1

The new branching random walk (V (x)) satisfies lim,_, oo %infm:,, V(x) =0 a.s. conditioned on non-extinction.
Let

o(e) = o(V, &) :=P{Jinfinite ray {e =: x0, x1, x2,...}: V(x;) <¢&j,Vj > 1}. (2.5)

Theorem 1.2 will be a consequence of the following estimate: assuming (2.2), then

o 6
logQ(s)N—W, e — 0, (2.6)
where o is the constant in (2.7) below.
Itis (2.6) we are going to prove: an upper bound is proved in Section 3, and a lower bound in Section 4.
We conclude this section with a change-of-probabilities formula, which is the raison d’étre of the linear transfor-
mation. Let Sp := 0, and let (S; — S;j_1,i > 1) be a sequence of i.i.d. random variables such that for any measurable
function f:R — [0, 00),

E(f(S))) :E( > ev(x)f(V(x))>.

lx|=1
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In particular, E(S1) = 0 (by (2.2)). In words, (S,,) is a mean-zero random walk. We denote

7= B(5) =B X Ve ) = () () @7

lx|=1

Since E(Z%H) < 0o (condition (1.3)) and E(Zm:l e~ VY < 50 (see (2.3)), there exists 83 > 0 such that
E(e"51) < oo for all |u| < 83.

In view of (2.2), we have, according to Biggins and Kyprianou [3], for any n > 1 and any measurable function
F:R" — [0, 00),

E( Z e VIF(V), 1<i< n)) =E[F(Si, 1 <i <n)], (2.8)
|x|=n
where, for any x with |x| =n, {e =: xq, X1, ..., X, := x} is the shortest path connecting e to x.

We now give a bivariate version of (2.8). For any vertex x, the number of its children is denoted by v(x). Condi-
tion (1.3) guarantees that P{v(x) < oo, Vx} = 1. In light of (2.2), we have, for any n > 1 and any measurable function
F:R" xR" — [0, 00),

E( Z e VO F[V(xi), v(xi—), 1 <i < n]) =E(F[Si,vi—1. 1 <i <n]), (2.9)

|x|=n

where (S; — Si—1, vi—1), for i > 1, are i.i.d. random vectors, whose common distribution is determined by (recalling
that Z1 :=#{y: |y|=1})

E[£(S1.v0)] =E<Z e_V(x)f(V(x),Zl)> (2.10)

lx|=1

for any measurable function f: R2 = [0, 00).

The proof of (2.9), just as the proof of (2.8) in Biggins and Kyprianou [3], relies on a simple argument by induction
on n. We feel free to omit it.

[We mention that (2.9) is a special case of the so-called spinal decomposition for branching random walks, a pow-
erful tool developed by Lyons, Pemantle and Peres [16] and Lyons [15]. The idea of spinal decomposition, which goes
back at least to Kahane and Peyriere [12], has been used in the literature by many authors in several different forms.]

We now extend a useful result of Mogulskii [18] to arrays of random variables.

Lemma 2.1 (A triangular version of Mogulskii [18]). For each n > 1, let X;”), 1 <i <n, be i.id. real-valued
random variables. Let g1 < g2 be continuous functions on [0, 1] with g1(0) < 0 < g2(0). Let (a,) be a sequence of

2
positive numbers such that a, — oo and that “7" — 0. Assume that there exist constants n > 0 and o> > 0 such that

supE(|X§n)|2+n) < 00, E(Xi")) = o(a—n>, Var(Xi")) — o2, (2.11)
n>1 n

Consider the measurable event

i\ s™ i
En:={g1<—>§ ! ng(—),forliiin},
n a n

where Si(n) = X}”) 4+ 4 X,-(n), 1 <i<n.Wehave

dr
g — g1

(,l2 7'[?202 1
lim 2 logP{E,} =— /
n—oo n 2 0 [

2.12)
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Moreover, for any b > 0,

2 (n) 2.2 1
S dr
lim a—"logP{En, n zgz(l)_b}z_“" / . (2.13)
n—oo n an 2 Jo [g20) —g1(0)]

If the distribution of X E") does not depend on n, Lemma 2.1 is Mogulskii [18]’s result. In this case, condition (2.11)
is satisfied as long as X g") is centered, having a finite (2 4 n)-moment (for some 7 > 0), and such that it is not
identically zero.?

The proof of Lemma 2.1 is in the same spirit (but with some additional technical difficulties) as in the original work
of Mogulskii [18], and is included as an appendix at the end of the paper. We mention that as in [18], it is possible to
have a version of Lemma 2.1 when X g") belongs to the domain of attraction of a stable non-Gaussian law, except that

the constant “72 in (2.12)—(2.13) will be implicit.

3. Proof of Theorem 1.2: The upper bound
In this section, we prove the upper bound in (2.6):

lim supsl/2 logo(e) <
e—0

o
S 3.1

where o(¢) is defined in (2.5), and o is the constant in (2.7).

The main idea in this section is borrowed from Kesten [13]. We start with the trivial inequality that for any n > 1
(an appropriate value for n = n(¢) will be chosen later on),

o(e) <P{3x: |x| =n, V(x;) <e&i,Vi <n}.

Let (b;,i > 0) be a sequence of non-negative real numbers whose value (depending on n) will be given later on. For
any x, let H(x) :=inf{i: 1 <i <|x|, V(x;) <ei — b;}, with inf@ := co. Then P{H (x) = oo} + P{H(x) < x|} = 1.
Therefore,

o(e) <o1(e) +02(8),

where
01(e) =01(e,n) :=P{I|x| =n: H(x) =00, V(x;) <&i,Vi <n},
02(6) = 02(e,n) :=P{3|x| =n: H(x) <n,V(x;) <e&i,Vi <n}.

We now estimate p1(¢) and g2 (¢) separately.
By definition,

01(e) =P{3|x| =n: ei —b; < V(x;) <&i,Vi <n}

= P{ D Neimby <V <eivizn) = 1}

[x|=n
=< E( > 1{8ib,-<V(xi)§si,Vi§n})»
|x|=n
the last inequality being a consequence of Chebyshev’s inequality. Applying the change-of-probabilities formula (2.8)
t0 F(2) 1= " 1{gj_p; <z;<ei Vi<n) fOr 2:= (21, ..., 2,) € R", this yields, in the notation of (2.8),
01(e) < E(CS"l{ai—b,-<S,-§ei,Vi§n}) <e®"Plei —b; < S; <¢€i,Vi <n}. (3.2)

31n this case, we even can allow n = 0; see [18].
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To estimate 0> (¢g), we observe that

02(e) <Y P{Alx|=n: Hx)=j.V(x;) <&i,Vi <n}
j=l

n
<Y PlAlx|=n: Hx)=j,V(x) <ei.Vi < j}.
j=l

Since (x| =n: H(x)=j,V(x;) <ei,Vi < j}C{3|yl=j: H(y)=j,V(y) <¢i,Vi < j}, this yields

n
02(e) <Y Pyl =j: ei — by < V(yi) <ei. Vi < j, V(yj) <&j —b;}.
j=1

We can now use the same argument as for g (¢), namely, Chebyshev’s inequality and then the change-of-probability
formula (2.2), to see that

n
02(8) < ZE< Z 1{8i—b,—<V(y,-)§si,\ﬁ<j,V(yj)fsj—bj}>

j=1 =i

n
S.
= ZE(G I (eiby <S;<eiNi<).S;<ej—b;})
j=1

n
<Y e ThIPlei — by < 5 < i Vi < j).
j=1

Together with (3.2), and recalling that o(¢) < 01(¢) + 02(¢), this yields

n
o(e) <e"Plei — by < S; <ei.Vi<n}+ Y e PiPlei — b < S <ei. Vi < j}
j=1
n—1
= eI (n) + YUtV Pin (),
j=0

where 1(0) :=1 and
1(j):=Plei —b; < S;<ei,Vi<j}, 1<j<n.

The idea is now to apply Mogulskii’s estimate (2.12) to I (j) for suitably chosen (b;). Unfortunately, since &
depends on n, we are not allowed to apply (2.12) simultaneously to all 7(j), 0 < j <n. So let us first work a little bit
more, and then apply (2.12) to only a few of the 7(j).

We assume that (b;) is non-increasing. Fix an integer N > 2, and take n := kN for k > 1. Then

k—1 ' N—1{+1)k—1 '
o(e) < egkNI(kN) + 268(1+1)—bj+| 1() + Z Z e£(]+1)—hj+1](j)
=0 =1 =tk
N-1
< e™*N[(kN) + kexp(ek — by) + k Z exp(e(€ 4+ Dk — beg1i) 1 (€k). (3.3)

=1
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We choose b; = bi(n) :=b(n —i)!/3 =b(kN —)!?,0<i <n,and e := L= = (Nk)m, where b > 0 and 6 > 0

are constants. By definition, for 1 <{¢ < N,

e\ i N i\ S; e\ i
1tk =Plo(—=) ——-bl——-—) <—r<0—=) —.Vi<tk}.
N/ tk ¢tk (tk)1/3 N) tk

Applying (2.12) to g1(t) := 0(£)?3t —b(J —1)!/3 and g1 (1) := 0(£5)*>t, we see that, for | <£ < N,

l1m sup

n%z ! dr 3n262 N3 (N —0)1/3
log I (¢k) <
0

(Kk)1/3 T2 Jo (NJE—02B T 2p? g ’
where o is the constant in (2.7). Going back to (3.3), we obtain:

912

6 12
fimsup 173 o8 Q((Nk)w)SQ b

where the constant ay , = an p(0) is defined by

3202 0 1\'/3
= o-Z Z_pli-—) |
*N.b 1552\’/‘_1{ 22 N ( N)

0L+ 1) C+1\'? 3262 NV (N—0)!/3
—pl1= 1= —
N 22 N1/3

Since ¢ > p(¢) is non-increasing, this yields

limsupel/2 logo(e) < '/2

e—0

OtN,b.

We let N — o0. By definition,

limsupoy , < max
N—oo

{ 3m2o2
9 —

2b2 7_b’ f(eab)}’

where f (6, b) := sup,c . 1{0f — b(1 —1)'/3 — 301 (1 —p)l/3)).

202
Elementary computations show that as long as b < *gbg <b+30,wehave f(0,b) =6 — 372[1;(27 + 3(39)1/2 (32172 —
b)3/2. Thus max{6 — 3“;;27 ,=b, f(6,b)} =max{f(6,b), —b}, which equals —b if 6 = T3
for any b > 0 satisfying b < 3’;[7‘2’ ,
262 p 262 p3
limsupe'/?logo(e) < —b rTor_2__ | -
e—0 2b? 3 2 3

Letting b — 0, this yields (3.1) and completes the proof of the upper bound in Theorem 1.2.

4. Proof of Theorem 1.2: The lower bound

Before proceeding to the proof of the lower bound in Theorem 1.2, we recall two inequalities: the first gives a useful
lower tail estimate for the number of individuals in a super-critical Galton—Watson process conditioned on survival,
whereas the second concerns an elementary property of the conditional distribution of a sum of independent random
variables. Let us recall that Z,, is the number of particles in the nth generation.
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Fact 4.1 (McDiarmid [17]). There exists ¥ > 1 such that
P{Z,<9"|Z,>0} <07, Vn>=1. 4.1

Fact 4.2 ([9]). If X1, X2, ..., XN are independent non-negative random variables, and if F : (0, 00) — Ry is non-
increasing, then

(%)

This section is devoted to the proof of the lower bound in (2.6):

N
in >0|< max E[F(X;)|X; >0].
i1 1<i<N

liminfe'/? log o(e) = — 7. 4.2)
where o(¢) and o are as in (2.5) and (2.7), respectively.

The basic idea consists in constructing a new Galton—Watson tree G = G(g) within the branching random walk,
and obtaining a lower bound for o(¢) in terms of G.

Recall from (1.7) that conditioned on survival, %maxm <j V(z) converges almost surely, for j — o0, to a finite
constant. [The fact that this limiting constant is finite is a consequence of E(Z| =1 e2V™Y) < 00 in (2.4).] Since the
system survives with (strictly) positive probability, we can fix a sufficiently large constant M > 0 such that

1
ian{maxV(x)gMj}z—, K= ian{Zj>O, maxV(x)fMj}>0, 4.3)
J=0 Ux|<j 2 j=0 x|<j

where, as before, Z; :=#{x: |x| = j}.
Fix a constant 0 < o < 1. For any integers n > L > 1 with (1 —a)eL > M(n — L), we consider the set G, . =
Gp.¢(L) defined by*

Gpei= {lxl =n: V(x;) <aei, for]1 <i <L; max [V(z) — V(xL)] < —ot)eL}.

>xp:z|<n
By definition, for any x € G, ¢, we have V(x;) <ei,for 1 <i <n.
If G, # @, the elements of G, . form the first generation of the new Galton—Watson tree G, ., and we con-
struct G, ¢ by iterating the same procedure: for example, the second generation in G, . consists of y with |y| =2n

being a descendant of some x € G, such that V (y,4;) — V(x) < aei, for 1 <i <L and max;.y,,;:;1<2:[V (2) —
V(yn+r)] = (1 —a)el.

Let g, . denote the probability of extinction of the Galton—Watson tree G, .. It is clear that
0(€) =1 —gnge,
so we only need to find a lower bound for 1 — g, .. In order to do so, we introduce, for b € R and n > 1,
o(b,n) :=P{El|x|=n: V(x;) < bi, forlfign}. 4.4

Let us first prove some preliminary results.

Lemmad4.3. LetO<a<1lande >0.Letn > L > 1 be suchthat (1 —a)eL > M(n — L). Then

PGy 2] > %g(ae,n).

4We write z > x if x is an ancestor of z.
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Proof. By definition,
PG #2) = E(Lapiorvon zasivize P max V@) < (1 —oeL ).
Since (1 —a)eL > M(n — L), it follows from (4.3) that
P(Gne #2) = 3 P{ElyI= L V) < ecei, Vi < L,
and the r.h.s. is at least %Q(Ol&, n. U

Lemmadd. LetO<a <1lande >0.Letn > L > 1 be such that (1 —a)eL > M(n — L). We have

P{1 <#G,, <v" "} < : (4.5)

= Kﬁn_L’

where k > 0 and 9 > 1 are the constants in (4.3) and (4.1), respectively.
Proof. By definition,

#Gn,s = Z nxl{V(xi)fotsi,VifL},
|x|=L

where
ne=#y>x: [yl = n}l{maX(pX;mEn)[V(z)—V(x)]f(l—a)sL}«

By Fact 4.2, for any £ > 1, with F(x) = 1{x<g),

P(#Goe <€ [#Gne > 0) SP{Zyor €| Zut >0, Jmax V() =1~ welL |,

z|<n—

where, as before, Z,,_; :=#{|x| =n — L}. Since (1 — a)eL > M(n — L), it follows from (4.3) that P{Z,_; > 0,
max|;<s—1 V(2) < (1 —a)eL} >k > 0. Therefore,

1
P{l = #Gn,s = Z} =< _P{Zn—L = 14 | Zn—L > 0}
K
This implies (4.5) by means of Fact 4.1. ]

To state the next estimate, we recall that v(x) is the number of children of x, and that (S; — S;_1,v;_1),i > 1, are
i.i.d. random vectors (with Sy := 0) whose common distribution is given by (2.10).

Lemma4.5. Letn > 1. Forany 1 <i <n,let I; , CR be a Borel set. Let r, > 1 be an integer. We have

S,
Ele n1{Si€1i,mvi—1Srn,VlfiSn}]

Pidlx|=n: V(x;) e l;,, V1 <i<n;> ,
{| | (xi) € lin } 1—‘,—(rn—1)2?=1hj,n

where

hjni= p E(e¥ T 1s,e1,, ) 0—uv0<t<n—}) (4.6)
ue jin

and Ipyjn—u:={v—u: ve€lpj,}
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Proof. Let

Y, = Z L el nov i) <ra V1<i<n)-

|x|=n

By definition,

E(Y;) = E( > 1{V(xl-)e1i‘n,v<x,»1>srn,V(yl->e1i,n,v<y,»1>srn,V1sisn}>

|x|=n [y|=n

n—1
=Ey) +E<Z 2 1{V<z,~>el,~.n,v(ziI)Srn,wsj}DjH,n(Z)) 4.7)
j=01zI=j
with
Ditia@i= D Y WVeehnv)<rnVOnelav(i) <r. ¥it1<i<n)

(Xj+1,Yj+1) (x,)

IA

Z Z l{v(xi)EIi,n’V(xi—l)Srn:V(yi)EIi,n’Vj+1§i§n}’
(xj41,yj+1) (x,y)
where the double sum Z(xjﬂ,yjﬂ) is over pairs (x 41, yj+1) of distinct children of z (thus |xj41|=|yj+1l=j+ 1),
while Z(x’v) is over pairs (x, y) with |x| = |y| = n such that’ x > Xjyrandy > yjqg.

The E[Z?;(l) Zm:j 1;..1Dj41,,(2)] expression on the right-hand side of (4.7) is bounded by

n—1
E(Zzl{wmeh,n,v(m1>srn,wsj} > Zl{vu,-)el,-,n,v(x,-l)srn,w+1sisn}hj+1,n)’

j=0|z|=j (j+1,Yj+1) ¥

where hjy1, :=sup,; E[Z|y\=n—j—1 1{V(ye)61[+j+l,n714’\7’()Se§n7j7]}], which is in agreement with (4.6), thanks

j+ln
to the change of probability formula (2.8). [The sum ZX is, of course, still over x with |x| =n such that x > x;41.]

Thanks to the condition v(x;) <r, (i.e., v(z) <r,), we see that the sum ZvHu in the last display gives at most

a factor of r,, — 1; which yields that the last display is at most (r, — 1)E(Z’;;(l) Yyhjy1,,). In other words, we have
proved that

n—1 n—1
E(Z Z l{V(Zi)EIz,mv(Zi1)<rn,Vi<j}Dj+1,n(Z)) <(n—1 ZE(Yn)hJ-H,n.

j=0lzl=j j=0
This yields E(Ynz) <[14+@G,—1) Z’;;(l)hj_i_l’n]E(Yn). Therefore,
E(Ynz) <1+(rn_1)27=]h],n_ 1+(rn_])zl}=]hj,n (48)
[E(Yn)]2 - E(Y,) E(es'll{SiEIi,n,viflSi’mV]Siin}) ’ '
the last inequality being a consequence of (2.9). By the Cauchy—Schwarz inequality, P{Y, > 1} > [l:::((}/T”z))]z Recalling
the definition of Y,,, we obtain from (4.8) that !
P{3|x| =n: V(x;) € lin, v(xi1) <7, V1 <i <n}
Ele" 1(s.er;,, vi_1<r Vi<izn)] 4.9)

T 4+ =D Yk

SWe write y>x ifeither y >x or y = x.
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Lemma 4.5 follows immediately from (4.9). O
The key step in the proof of the lower bound in Theorem 1.2 is the following estimate.
Lemma 4.6. For any 6 > 0,

L logQ(Gn_2/3, n) o
liminf > — ,
n—>00 nl/3 (20)1/2

where o > 0 is the constant in (2.7).

Proof. Let 0 < A < (22%’ and let I;, := [n(% — /3, ‘353] (for 1 <i < n). Since 0(@n~2/3,n) > P3|x| = n:
V(x;) € I », V1 <i <nj}, it follows from Lemma 4.5 that for any integer r,, > 1,

1+(rn_1)2?:1hj,n o 1+("n—1)27:1hj,n7

(9n‘2/3, )Z E[eSnI{Siéli,n,wflSrn,VISifn}] . Ap

where £ , is defined in (4.6), while (S; — S;—1, v;—1), i > 1, are i.i.d. random vectors (with Sy := 0) whose common
distribution is given by (2.10).
For any 61 < 6, we have

1/3 .
Ay =" PLS € Ly vicy < VI <i <0, S, > 0in'?)

1/3 S; i . S,
= p 6— T3 SO—.vie1 < V1 <i<n, 1"3 > .
—nl/ n nl/

For any n > 1, we consider i.i.d. random variables X i(n), 1 <i < n, having the same distribution as S; conditioned
on vy <ry. Let Sy =0and §; := X\ + ..+ X" for 1 <i <n. Then

. (n) . (n)
1/3 i S i Sn
A, > el [P{VOSrn}]nP{QE_)\S n’1/3 9 V1<i<n, W—Ql}

We now choose r, := [e" /4J By definition, P{vg > r,} = E(}_|,_; ¢ “VO14z,~r,1), Where Z| = 2iy=1 1
1+5
as before. By Markov’s inequality, P{Z; > r,} < E(YZHS ). Since E(le+5) < oo (condition (1.3)) and

E(Zm:l e~ DV < 50 (see (2.3)), an application of Holder’s inequality confirms that P{vy > r,,} < r,,_54 for
some &4 > 0 and all sufficiently large #. In view of our choice of r,,, we see that [P{vg < r,}]" — 1. Therefore, for all
sufficiently large n,

. () . (n)
Anz ; eln‘“P{g_ A= Sl/3 > S1/3 —91}

To deal with the probability expression on the right-hand side, we intend to apply (2.13); so we need to check
condition (2.11). Recall that S| has finite exponential moments in the neighbourhood of 0. Thus, the first condition in
(2.11), namely, sup,, > E(|X; (n) |>t7) < oo for some 7 > 0, is trivially satisfied. To check the second condition, we see
that since E(S;) = 0, we have E(X(”)) = —[3230% Since P{vg > r,} <r, 3 for some 84 > 0 and all sufficiently
large n, and since S7 has some finite exponential moments, the second condition in (2.11), E(X (")) o( “r:’) is also
satisfied (regardless of the value of the sequence a, — 00) in view of the Cauchy—Schwarz inequality. Moreover,

E(Xim) — 0, which yields Var(XYl)) — E(Slz) — 0 = o2: the third and last condition in (2.11) is verified.
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We are therefore entitled to apply (2.13): taking g1 (¢) := 6t — X and g»(¢) := ¢, we see that for any A € (0, 1)
and all sufficiently large n,

1 1/3 22
Ay > =" expl ———-n'/?),
"=3 p( 232

which implies, for all sufficiently large n,

2 202013
Q(Qn_2/3,l’l) . (1/2) exp[ (61 n’o /(2)\ Nn ]

4.10
- I+ @y — I)ijlh‘/,n ( )

To estimate Y _}_ /1j», we observe that

_ Su_j
hjn= S‘;P E(e™ T X5, c0+j)/n2/—an 3 —u,6(i+ ) /w3 —u] MO<i <n—j})
u€eljy

= Sup E(e l{Se[ez/nM anl/3 40,00 /n2/34v],V 0§i§n—j})
vel0,An!/3]

YT bi 0i
< =Pl gy P{z_/s —m'BPru<si <=

+ v, VO<1<n—]}
ve[0,An1/3] 2/3

We now use the same trick as in the proof of the upper bound in Theorem 1.2 by sending # to infinity along a
subsequence. Fix an integer N > 1. Letn := Nk, withk > 1. Forany j € [({ — Dk+ 1,£k]NZ (with 1 <£ < N), we
have

hj,n < e@(N—Z+l)kn_2/3+)ml/3 sup P{v _ )\Jll/?’ < Si 2/3

<v,Vi <(N— E)k}
ve[0,an1/3]

Unfortunately, the interval [0, An'/3] in Sup,eo.n1/3 P{- - -} is very large, so we split it into smaller ones of type

3
[Cn=Lin e mmlf M1 (for 1 <m < N), to see that the sup, (o ; ,1/3) P{- - -} expression is

(m — Danl/ 13 0i manl/3
< max -7 LS — 5z < — Vi< (N -0k
1<m=<N N n2/3 N
(N—=m+Dr S 0 i mr .
= man P = 0 — g = = 0V - 0k

We are now entitled to apply (2.12) to n := (N — Dk, gi1(t) = (N_Z)?/gNmt — (Iil[\i;;'f;}v)z% and go(?) :=

(N—e)?/3N2/3t + (N—ZY;%NZ/” to see that for any 1 < £ < N and uniformly in j € [(£ — 1)k + 1,€k] N Z (and in
Jj =0, which formally corresponds to £ = 0),

, O(N —L+1) w262 (N — )N
lim sup — N A= —

1
P N1/3k1/3 1Oghj,Nk =

2 (N4 122
ichi O(N+1) a2
which is bounded by =—— + 4 — T(NT
. 1 (N +1) w262 N?
I N1 | hjnk<s —F—+r— — 6,N, i
e N13E1/3 ogg L I ET )-

Going back to (4.10), we get

i ,flogQ(GN_2/3k_2/3,Nk)>9 n2o?
e NP3 =TT

—c(@,N,)).
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By the monotonicity of n Q(Ql’l_z/ 3, n), we obtain:

hminl02QO ) L wlo?

iminf —————— - —c(@,N,\).

n—00 nl/3 =Y 2)&

Sending N — 00, 60; — 0, A — (2;‘;'1/2 and A} — % (in this order) completes the proof of Lemma 4.6. O

We now have all the ingredients for the proof of the lower bound in Theorem 1.2.

(310)?
a(log)?

Proof of Theorem 1.2 (The lower bound). Fix constants 0 <« < 1 and b > max{%, }.Letn > 1. Let

e=e(n):= L=Lun) :=n—Ln1/3J.

n2/3

Then (1 — a)eL > M(n — L) for all sufficiently large n, say6 n > ny.
Consider the moment generating function of the reproduction distribution in the Galton—Watson tree G, ¢:

f(s):=E(s"e),  5€[0,1].

It is well known that g, ., the extinction probability of G, ¢, satisfies g, . = f(gn.e). Therefore, for any 0 < r <
min{qn,é'v %}s

qn,.e—r qn,

qn.e &
dne = F(O) + /0 F(s)ds = £(0) + /O Fs)ds + / F(s) ds.

qn.e—T

Since s > f’(s) is non-decreasing on [0, 1], we have foq“_r f'(s)ds < f’(1 —r). On the other hand, since f'(s) <
f'(gn.e) <1 fors €0, gn.el, we have fqi”j_r f'(s)ds <r. Therefore,

Gne < fFO) + f/(1—r)+r.

Of course, f(0) =P{G, . = @}, whereas f'(1—r) = E[(#G, ) (1 —r)*Cne~1], which is bounded by -E[(#G, .) x
e ~"#0n.e] (using the elementary inequality 1 — u < e~ for u > 0). This leads to (recalling that r < 11_6 < %):

1= Gne >P{Gy s # O} — 2E[(#G, ,)e 0] — 1.

Since u +— ue™"™ is decreasing on [%, 00), we see that E[(#G,, )e "#Cn+] is bounded by E[(#G, c)e "#0ne x
LG, . <r2)]+r 2 V" <r72P{l <#G, . <r 2} +r~2e”!/". Accordingly,

zefl/r
2

1_‘]n,aZP{Gn,e??é@}_r%P{lS#Gn,gfriz}_ -r

r

1 2 N
= EQ(O[S’ - r_ZP{] <#Gne=r } —2r,

the last inequality following from Lemma 4.3 and the fact that SUPo < L) r%e_l/ "< %

We choose r := 1—16@(018, n). [Since o(e) > 1 — g, whereas lim,_,00(¢) = 0 (proved in Section 3), we have
gn.e — 1 for n — oo, and thus the requirement 0 < r < min{g, ¢, 11—6} is satisfied for all sufficiently large n.]

SWithout further mention, the value of ng can change from line to line when other conditions are to be satisfied.
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2no
@b)7

of Lemma 4.4 tells us that for n > ng, P{1 <#G, . <r 2} < 9,1 —L_ which, by Lemma 4.4 again, is bounded by >

By Lemma 4.6, r—2 < 9"~L for all n > ng (because

< log ¥ by our choice of b). Therefore, an application

3o

(because @12

< log ). Consequently, for all n > ny,

1 1
1—gne> Eg(as, n)—2r—2r= ZQ(O[S, n).

Recall that o(¢) > 1 — g, . Therefore,

liminf —— 1 ) b - o
lmln n/ ogo m _—W

Since ¢ > p(¢) is non-increasing, we obtain:

.. 172 _ o
llggfe logo(e) > 7(2(1) 73
Sending o — 1 yields (4.2), and thus proves the lower bound in Theorem 1.2. (]

Appendix: Proof of Lemma 2.1

We write S;") = {:1 Xl.(") (for 1 < j <n)and Sé"> :=0. We need to prove the lower bound in (2.13), and the upper
bound in (2.12).

Lower bound in (2.13)

We want to prove that for any b > 0,

2 (n) 2.2 1
A\ dt
Jim inf &2 logP{En, > gr(1) — b }> _Ire / .
n—o0o n a, o [g20) —g1()]

Let g:[0, 1] — R be a continuous function such that g1 (¢) < g(¢) < g2(¢) for all ¢ € [0, 1]. It suffices to prove the
lower bound in (2.13) when b > 0 is sufficiently small; so we assume, without loss of generality, that g(1) > g»>(1) —b.

Let § > 0 be such that
g(t) — g1(7) > 34, g2(t) —g(1) > 93, Virel0,1]. (A.1)

Let A be a sufficiently large integer such that

sup (|g1() — g1(®)] + |g(1) — g(s)| + [g2(1) — g2(9)]) <. (A.2)

O<s<t<l:it—s<2/A

Letr, := I_Aarzlj, N =N(n):= I_r”—lj. Letmy :=nand my :=kr, forO<k <N — 1.
Since g(1) > g2(1) — b, we have, by definition,

s\ Ny s i
P{En, > b} =P ﬂ{&(-) < <g2<—>,Vi € (mp—1, mi] N Z,
a, el n a, n

()
()= 5 () o]
n a, n
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Applying the Markov property successively at times my_1, my—_z, ..., m1, we obtain, by writing yj := g(%) for
1<k<N,
(n)
PiE,, > 1)—b > 0) x ,
{ m o z () } P1.a(0) ]‘[ye[yk inf o Pha()

where’ for 1 <k < N and yeR,

DPin () 1=P{Oéi,k,n < +y < Bikons Vi < Ag; yp < —* +)’§yk+68},
n n

) i+ myg_1 ) I +mp_1 )
Uik = 81 — ) Bikn =82 — ) Ap :=mp —mp—1.

Uniform continuity of g guarantees that when n is sufficiently large, |yx — yx—1| <6 (for all 1 <k < N, with
yo := 0). In the rest of the proof, we will always assume that n is sufficiently large, say n > ng, with ng depending on
A andé.

We need to bound pg ,(0) x ]_[,1(\’:2 infye[y,_,yi_1+68] Pk,n(y) from below. Let us first get rid of the infimum
infyey,_;,y_+651, Which is the minimum between infyepy, ;. y,_,+351 and infyepy, 435,y 4651

inf ]Pk,n(Y)zmin{Pk,,,P;(f,)J n>ng,2<k<N,

Yelyk—1,Yk—1+68

where, for 1 <k <N,

(n) (n)
1 ; ) A
P;i,), —P{ai,k,n — k=1 < —— < Bikon — =1 — 38, Vi < Ap; 8 < —=E 525},

n dn

(n) (n)
P;EZ,)l —P{ai,k,n — Yk—1 =38 < —— < Bikn— Vi1 —68,Vi <Ap; =28 < Ak _5}.

an dn

(1

> min{p Ln> plz)} We arrive at the following estimate:

1,n =

And, of course, p; ,(0) > p

(n)

N N—-1
. 1 2 1 2 1 2
p{E. o} = [Tmind o1y p22) =mind 0, o) TT min{ 02}
k=1

First, we bound p,El and p;”, 2 from below, for 1 <k < N — 1 (in which case Ay =r;,). We split the indices k €
(0, N —1]NZ into A blocks, by means of (0, N — 11NZ = | Ji—, J¢, where J; = Jg(n) = (EDN=D EV=D 7,
For indices k lying in a same block J;, we use a common lower bound for min{ p,El ,)l, P @ } as follows assumlng kel
we have, by (A.2), ¢j k.n < gl(l)+3 Bikn = gz(ﬁ) — 8 (forn>ngandi <r,),and |yr_g —g(—)| < 8, which leads

to: plglr)l > ‘Iélr)p and p,EZ,)l >q (2) , (forn >np, 1 <€ <Aandk € Jy), where (recalling that Ay =r, for 1 <k <N —1)

) L L S(") 14 14 . Sr(f)

9e.n —P{gl<—!) ( >+28< o <82(—>—g(—>—58,\7’t<m;8§ a, 525},
2 ¢ ¢ s ¢ ¢ , S5
qeni——P{&(—)—g(—!)—(SS a _<g2<—>—g<—)—85,\7’l<rn; 28 < ) < 8}.

7For notational simplification, we write Vi < Ay instead of Vi € (0, A1 N Z.
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Therefore,

A
> o (1) — b} > min{py,. P} ﬂ(min {ath.al))™".

Since #Jy < % o < m, this yields

A
1 2 @ [(Ac2—1)A]
Zgz(l)—b} > min{py’,. piy, } [ [ (min{g]). gy }) /14D, (A3)
=1

n

It is well known that the linear interpolation function ¢ (€ [0, 1]) — é{SEfjl s (rpt — |rpt DX Efjt | 41} converges
in law to (o VA W,,0 <t < 1), where W denotes a standard one-dimensional Brownian motion.? So, if we write
fla,b,c,d):=Pla<W, <b,Vt€[0,1];c < W, <d}

fora<O<banda <c<d<b,thenforany 1l <{ <A,

im0 — ¢ g1(L/A) —g(L/A)+28 g2(L/A) —g(L/A) =58 & 28
aam gy, = o Al2 ’ g Al2 "o A2 g A1/2
im @ — 5 g1(t/A) —g(t/A) —38 g(t/A)—g(t/A)—85 285 &
2 G = oA/ ’ o Al2 T oAl oAl

[Thanks to (A.1), the limits are (strictly) positive.] The function f is explicitly known (see for example, It6 and
McKean [10], p. 31):

& n?xn? wlal\ . (nn(z—a)
f(a,b,c,d)_/c m’;exp< 26— )2> n(b_a> ( N )dz, (A.4)

from which it is easily seen that for all A sufficiently large, say A > Ag (Ao depending on §), uniformlyin 1 <€ < A,

M ( o?n? (1+8)A )
lim g, , > exp| — ,
n—00 2 [g2(8/A) — g1 (£/A) —T18]?

i > (_ 22 (1+8)A
im0 2 P~ ) — g /)~ T )

Similarly, we have a lower bound for min{ p N n, p N) }, the only difference being that Ay is not exactly r, but lies
somewhere between r, and 2r,. This time, we only need a rough estimate: there exists a constant C > 0 such that
. RO NEN))
llllrglcgfmm{pN w PN, n} >C.

In view of (A.3), we get that, for all A sufficiently large (how large depending on §),

2 (n) 2.2
S 1 146
liminfa—"logP{En, " zgz(l)—b}z—a oy * .
mint an 2 A (ga(b/A) = g1(6/A) — 7]
0.2 2 1 dr
>——(1+25)

0 [g2(t) —g1(1) = 781*

Letting A — oo and § — O (in this order), we obtain the desired lower bound in (2.13).

81In fact, finite-dimensional convergence is easily obtained by verifying Lindeberg’s condition in the central limit theorem, whereas tightness is
checked using a standard argument, see for example Billingsley [4].
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Upper bound in (2.12)

The upper bound in (2.12) is needed in this paper only in the form of the original result of Mogulskii [18] (i.e., for
sequences, instead of arrays, of random variables). We include its proof for the sake of completeness. It is similar to,
and easier than, the proof of the lower bound in (2.13).

Let g be as before. Let § > 0 and A > 0 satisfy again (A.1) and (A.2), respectively. Let again r, := LAa%J,
N =N(@n) := L%J. Let my := kr, for 0 < k < N — 1, but we are not interested in my any more. Write again

i n = g1 (L) and By g 1= go(FEEA=L).
By the Markov property,
P(E,) < H \, SUP Pra (),
k=2 yel L), g2(7A=0)]
where

s

ﬁk,n()’) :ZP{ai,k,n =< +y5,3i,k,n’vo<i frn}

n

Since g1 and g; are bounded, we know that g; (m’;l" ) and gz(m’;l’l ) lie in a compact interval, say [—K 8, K8] (K being
an integer depending on §). Therefore
sup Pra(y) < max sup  pr.a(y).
yelgi(m_1/n),g2(my_1/n)) JE-K.K=1INZ ye[js,(j+1)s]

As in the proof of the lower bound in (2.13), we cut the interval (1, N — 1] N Z into A blocks, by means of
(IL,N-11NZ= U?:l J¢, where Jp = Jy(n) := ((l_l)lgN_z) + 1, Z(NA_Q) + 11N Z. For k € J¢, we have, by (A.2),
ikn > g1(5) — 8 and Bi k. < g2(%) + 8, which leads to: sup,,( ;s (j+1s) Phn (¥) < Gen (), where

_ ¢ . 5" ¢ . .
qen(j) :=Pigi I —(+2)8= p <& 1 — (=D, Vi<ry;.

n

Therefore,

(—K,K)NZ

A - . #Jy
P(E")fn[-e )
J
=1

We have #J, > ~= — 1 > A2 7 - % — 1. On the other hand, for each pair (¢, j), ge.n(j) converges (as n — 00)

to P{gl(z) — (J + 2)6 < aAl/ZW, < gl(%) — (j — 1)8,Vt € [0, 1]}, which, in view of (A.4), is bounded by
ex {_;[2_0 (1-8)A
P a0/ A) g1 (6/A) 35

} for all sufficiently large A and uniformly in (¢, j). Accordingly,

b

2
2] 1-6
limsup n logP(E,) < ———— 5
n—>00 2 A [82(8/A) — g1(€/A) — 3]
2 2 1
dr
<-T7(1-25)

o [g2(1) —gi1(r) — 3817

for all sufficiently large A. Since § can be as close to 0 as possible, this yields the upper bound in (2.12).
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