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Abstract: We consider estimation of a step function f from noisy obser-
vations of a deconvolution ¢ * f, where ¢ is some bounded Li-function.
We use a penalized least squares estimator to reconstruct the signal f from
the observations, with penalty equal to the number of jumps of the recon-
struction. Asymptotically, it is possible to correctly estimate the number
of jumps with probability one. Given that the number of jumps is correctly
estimated, we show that for a bounded kernel ¢ the corresponding esti-
mates of the jump locations and jump heights are n=/2 consistent and
converge to a joint normal distribution with covariance structure depend-
ing on ¢. As special case we obtain the asymptotic distribution of the least
squares estimator in multiphase regression and generalizations thereof. Fi-
nally, singular integral kernels are briefly discussed and it is shown that the
n~1/2_rate can be improved.
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1. Introduction

Assume we have observations from a regression model given by

n

v = (@n(w) +e) (1)
where ®f = ¢ % f denotes convolution of some Li-functions ¢ and f, €1,¢9,...
are i.i.d. mean zero random variables with finite second moment, and x; =
ZTin, ¢ = 1,...,n is a triangular scheme of design points in [0, 1], where we
suppress throughout the dependence on n and simply write x;. In the following
we denote model (1) as an inverse (deconvolution) regression model and we
assume throughout that ¢ is known. Suppose the objective function f: R — R
is locally constant, i.e. a piecewise constant function with at most £ jumps given
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Fic 1. Noisy observations of a blurred step function. The dots represent the observations and
the black line the blurred function ®f, where ® represents convolution with the gauss kernel.
The gray line shows the original step function f, which is to be estimated.

by
k+1

F@) = 3 il ). @

0<7 < <7t <1land k € N possibly unknown (see Figure 1). Throughout
this paper we will set 79 := 0 and 741 := 1. Hence, we will assume that all
jumps occur in [0, 1], though the functions are defined on the reals for technical
reasons. To keep the presentation simple, we further assume that f vanishes
outside of [0, 1]. We mention, however, that our results remain valid as long as
f € LiN Ly, where f has a continuous extension at the boundaries of [0, 1]. From
Figure 1 the difficulty of estimating jumps in inverse regression is apparent: Due
to the smoothing by ¢, jumps only appear as small smooth changes in ¢ f.
In this paper we show that the joint least squares estimator 0,, of jumps and
heights

9:(bl,Tl,bQ,TQ,...,bk,Tk,bk+1) (3)

is n~"/# consistent and follows a multivariate normal limit law. Roughly speak-
ing, convolution leads asymptotically to an average of an infinite number of
r.v.’s around the jump location and hence a central limit theorem applies. This
means that for a bounded kernel ¢ (under proper identifiability conditions)
jump estimation for locally constant functions in inverse regression is a reg-
ular parametric estimation problem (see e.g. van der Vaart (1998) Theorems
5.21,31 for an elegant formulation of assumptions that do not require differ-
entiability of the score function, which indeed is not valid in our case). This
is in strong contrast to the case of direct regression, i.e. where ® in (1) is the
identity (see e.g. Carlstein and Miiller (1994); Korostelev and Tsybakov (1993);
van de Geer (1988); Miiller (1992); Miiller and Stadtmiiller (1999); Yakir et al.
(1999); Birgé and Massart (2007)). In this case it is known that the LSE con-
verges at the (minimax) n~! rate (see Korostelév (1987)) and its distribution
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(after centering and scaling with n) is given as the minimizer of a certain ran-
dom walk process (Yao and Au (1989)). Moreover, in direct regression problems
the estimators of the jump heights and the locations of the jumps are mutually
asymptotically independent. In inverse regression the situation is completely
different. In general, all components of n'/2(6,, — 6) will be dependent asymp-
totically (depending on the kernel ¢).

In fact, a main motivation to consider the space of locally constant func-
tions as in (2) stems from the observation that, in general, deconvolution is a
difficult problem, which is reflected by minimax rates of convergence that can
be arbitrarily slow, e.g. (logn)~? rates as for supersmooth (e.g. Gaussian) de-
convolution when f is a function of Holder smoothness 5 > 0 (cf. Fan (1991);
Cavalier and Tsybakov (2002); Butucea and Tsybakov (2008a,b) among many
others). However, we stress that in many practical situations, Gaussian decon-
volution is still applied, leading to satisfactory results (see e.g. Bissantz et al.
(2007) for an example in astrophysics). At first glance this seems to be contradic-
tory. The reason is that often a minimax approach reflects a rather pessimistic
point of view, in particular in large function classes such as Sobolev or Besov
spaces. These spaces contain functions which are difficult to recover in decon-
volution, although in many practical situations they can be excluded apriori. In
fact, often more restrictive modeling is possible (and required) which may result
in reasonably good rates of convergence. In this paper we will show that the as-
sumption of locally constant functions will allow for an n~'/?-rate of convergence
under rather general conditions on the convolution kernel. These conditions are
borrowed from the theory of radial basis functions in native Hilbert spaces and
from total positivity. They cover super-smooth functions such as the Gauss-
kernel, polynomial kernels ¢(z) = ” 1j9,1)(z) with p = 0,1, ... and continuous
symmetric functions ¢ which have a Fourier transform (;3 not decaying faster
than a rational function, i.e. C(1 + |z|™)~! < |§(x)| for some ng € N, C' > 0
and all z € R.

So far, we have assumed that the number of jumps is known in advance. If the
number of jumps is unknown, we furthermore show that, under the additional
assumption of subgaussian tails of the error distribution, the number of jumps
can be asymptotically estimated correctly with probability one. This property
has been denoted by Fan and Li (2004) as the “oracle property” which guaran-
tees that the asymptotic distribution of the least squares estimator remains the
same as for an unknown number of jumps. We are aware, of course, of possible
pitfalls of the “oracle property” which transfer to our case as well. We refer to
Leeb and Pétscher (2006, 2008) for a careful discussion.

We mention that our results can also be extended to more general Fredholm
integral operators of the type ®f = [ K(z,y)f(y)dy with continuous kernel
K :[0,1] x R — R (see Boysen, 2006). For reasons of simplicity and ease of
notation we do not treat this case here.

A classical model which fits into our framework was given by Quandt (1958).
He introduced a linear regression model which obeys two separate regimes and
where the change-point is not known. This model is called two-phase regression
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and inference in this setting was studied by Quandt (1960), Sprent (1961),
Hinkley (1969) and more recently by van de Geer (1988), Yakir et al. (1999)
and Koul et al. (2003), among others. If the objective function f is assumed to
be continuous, two-phase regression can be modeled by an inverse regression
model with a polynomial kernel with p = 0, i.e. ¢(x) = 1j,1)(). In this setting
the n~'/2 rate and the asymptotic distribution were derived by Hinkley (1969)
and — for more general segmented regression models — by Feder (1975). From
the perspective of statistical inverse problems their results are quite natural to
understand: multiphase regression corresponds to estimation of a jump function
in a noisy Volterra equation where the location of jumps correspond to the kinks
of the multiphase regression function.

Our results generalize known results on the estimation of the intersection in
two phase regression to the case where the objective function has an arbitrary
number of phases and is piecewise polynomial of order p + 1, with p continuous
derivatives and a (p+1)-th derivative, which is a step function. For piecewise lin-
ear regression (p = 1) in a deconvolution context this problem occurs in rheology
where the relaxation time spectrum has to be estimated from measurements of
the dynamic moduli of materials (cf. Roths et al., 2000). Other applications stem
from biophysics, where the ion-channel activity of lipid membranes are measured
by impedance spectroscopy and the jump locations indicate different opening
states (cf. Schmitt et al., 2006; Romer et al., 2004). We obtain the result that
the rate of estimating the change-point does not depend on p, whereas in general
nonparametric regression settings, the convergence rates for estimating a jump
in the p-th derivative become slower as p grows (see Goldenshluger et al., 2006)
and the references given there.

The first one to investigate the change-point problem in the framework of a
statistical inverse problem was Neumann (1997), who considered the estimation
of a change-point in a density deconvolution model Y = X 4 ¢ with known error
density fe. He treated the case that the density of X is bounded, has one jump at
7 and is Lipschitz continuous elsewhere. In this setting 7 can be estimated at a
rate of min(n~ /(A1) 5 =1/(5+3/2)) ‘provided the tails of the Fourier transform
J/“;(x) decrease at a rate of |x| . Moreover, he proved that these rates are opti-
mal in a minimax sense. This result was extended by Goldenshluger et al. (2006)
(in a white noise model) to classes of functions f which can be written as a sum
of a step function and a function with smooth m-th derivative. They showed that
in this case the minimax rates are of order min(n =1/ (2#+1) p=(n+1)/(28+2m+1)),
If the smooth part of the function of interest belongs to a Paley-Wiener class,
they show that a rate of min(n~'/2,n~1/2#+1) can be obtained up to a loga-
rithmic factor. Hence, the specific choice of locally constant jump functions in
(2) used in this work comes close to the super-smooth case for 5 > 1/2, without
the additional logarithmic factor. This seems quite natural, because piecewise
constant functions are even more regular than piecewise super-smooth func-
tions. Moreover, we will indicate that similar rates hold in the case of 5 < 1/2
if the assumption on the boundedness of the kernel is dropped (see Remark 3).
Recently, Goldenshluger et al. (2008a,b) generalize the above mentioned results



L. Boysen et al./Jump estimation in inverse regression 1326

to a unifying framework of sequence space models covering delay and amplitude
estimation, estimation of change-points in derivatives and change point estima-
tion in a convolution white noise model. Finally, we stress another difference
to our approach: These and other optimal estimation methods for jump points
are performed in two steps, a localization step and an optimization step. For
our method the estimator is computed in one (nonlinear) optimization step. We
mention, however, that this may lead to difficult global numerical optimization
problems, because in general the underlying (penalized) least squares problem
need not be convex, similar as in nonlinear regression or more generally, for
M-estimators. This is in contrast to the direct case, where computation of the
location of jumps can be performed in O(n?) steps (Friedrich et al., 2008). A
careful discussion is beyond the scope of this paper and will be treated sepa-
rately.

This work is structured as follows. Section 2 gives some basic notation and
the main assumptions. The estimate and its asymptotic properties are given in
section 3 and the proof of the main result can be found in section 4. Finally, in
section 5 we derive the required results from the theory of radial basis functions
which yields sufficient conditions on ¢ for the asymptotic normality of the LSE.

2. Model assumptions and notation
2.1. Notation
Let 0 =0, 7441 = 1 and define

Fk ::{(70571;"'a7k+1) : 0<Fyl<<ﬁyk<1}

as the set of possible jumps of f in (1). Further denote the corresponding func-
tion space of locally constant functions with at most & jumps by

k+1
Ty := {Zbil[nl,m(x) T el bi € R}’ keN.
1=1

Write T, := Uiozl Ty, for the set of all step functions on R with a finite but ar-
bitrary number of jumps, where we exclude an isolated jump at the end points
of the interval [0, 1]. Recall, that outside of [0, 1] these functions vanish. Let
Tir ={9 € Ty : ||9llc < R} as well as Too g := Ure; Tk,r the corresponding
spaces of uniformly bounded functions for some R > 0. If not mentioned oth-
erwise, the restriction of these spaces to [0, 1] are considered to be subspaces of
L2((0,1)).

As usual, || - ||2 will denote the Ly(R) norm, (-,-)2 the corresponding inner
product and || - ||oc the supremum norm. Additionally, define the empirical norm
| - | and the empirical inner product (-, -), by

n

171 = 25" ) aswellas  {fig)n =~ O flr)g(ro),
=1

=1



L. Boysen et al./Jump estimation in inverse regression 1327

where 1, ..., x, are the design points. From the context it will be clear always
that the index n = 2 refers to the Lo-norm. Similarly set

1 n 1 n
lyll? := - Zlyf as well as (Y, 2)p = ~ Zlylzl
1= =

for y,z € R". Write g(t4) := lim,~; g(x) for the right limit of g in ¢t and
g(t_) :=limy ~ g(z) for the corresponding left limit. For some proper function
g : R — R define the set of jump points of g as

J(g):={t€0,1]: g(t-) # g(t+)} (4)

and J.(f) := #J(f) + 1, where #J(f) denotes the number of jumps. Define
the distance of some point a € R to the set B C R as

d(a, B) = ggg la — b

and, slightly abusing notation, the Hausdorff distance of two sets A, B as

d(4, B) = max{sup d(a, B),sup d(b, A)}.
acA beB

Finally, for ease of notation for any a,b € R, [a,b] and (a, b) always denote the
intervals [min(a, b), max(a, b)] and (min(a, b), max(a, b)), respectively.

2.2. Assumptions

Assumptions on the error If the number of jumps is known the following
basic assumption is sufficient to deduce the n~'/2 rates of convergence for the
least squares estimates.

Assumption A. The array (1, ..., &,) consists of independent identically dis-
tributed random variables with mean zero for every n. Additionally, assume

E(}) = 0 < .
If the number of jumps of the objective function is unknown, we will addi-
tionally need that the error satisfies the following subgaussian condition.
(A1) There exists some a > 0 such that E(exp(e3/a)) < co.
Assumptions on the kernel We require the following independence assump-
tion.
Assumption B. Let
b
[ oa-nay b
Ay(z,a,b) = ¢ Ja (5)
o(

x—a) b=a.
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Assume that ¢ € L1 (R) N Lo (R) is piecewise Lipschitz continuous with finitely
many jumps. Additionally, the functions

A¢($, 70, 7-1) PRI A¢($, Tk TkJrl) ) A¢($, T1, 7-1) y ey A¢($, Tk, Tk)
are linearly independent for every choice of k € N and
O=10 <1 <72 < <7 <Tpt1 =1, (6)

Remark 1. We mention that Assumption B implies that the functions

((1)1[7'0,7'1))(')5 ((1)1[7'1,7'2))(')5 ) (¢1[Tk77k+1))(.) (7)

are linearly independent for any parameter vector (7o, ..., 7k+1) as in (6).

The following Theorem 2.2 gives some general conditions, which are sufficient
for ¢ to satisfy Assumption B. To this end recall the definition of extended sign-
regularity as given in Karlin and Studden (1966). See also Karlin (1968) for
many examples.

Definition 2.1. Fix k € N and let ¢ € C*1(R), t; <--- <1y, t; € R. Let for
ji=1,....k
) . ¢($ — tj) : tjfl < tj
Pt ta(7) = { S —t;) by <ty ==t
where t( is set to —oo and 1 < r < k. Moreover, define
* S1y.-.,8k k
¢ ( ti, ) = det (05,00 (50)) ;51 -

e

The function ¢ will be called extended sign regular of order k (ESR}) on R,
provided that for each r = 1,..., k there exists e, € {—1,1} such that

* S1y-++58r
erg ( ooty >>O’
for all choices of s1 < 89 < --- < s and t; <ty < --- < t,. with s;,¢; € R. It is

called ESR if this holds for any k € N.

Theorem 2.2. The function ¢ satisfies Assumption B if one of the following
conditions is satisfied.

(i) ¢ € C(R)N L1 (R) is a symmetric real-valued function with Fourier trans-
form ¢(x) > 0, such that there exists ng € {0,1,2,...} and C > 0 with

CL+|z|™) ' <|d(x)]  forallzeR. (8)

(ii) ¢ is extended sign regular of order 2k +2 on R, with 0 < [ ¢(z)dx < .
(#ii) The function ¢ is given by

0 else

¢(x)—{xp z€[01] pef{0,1,2,...}.
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Examples of kernels satisfying Assumption B The most prominent ex-
ample is the Gauss kernel ¢(z) = (2702)~ /2 exp(—(z/0)?/2) for some fixed
o > 0. In fact this kernel is well known to be ESR, (see Section 3, Example 5
in Karlin and Studden, 1966).

Examples of kernels which satisfy condition (i) of Theorem 2.2 are the Laplace
kernel ¢(x) = exp(—|z|)/2, the kernel ¢(x) = cos(z) exp(—|z|) and kernels of
the type ¢(z) = (1 —|z|)% for p = 2,3,... where 2, denotes the positive part of
2. Moreover, the convolution of any two kernels ¢1, ¢o satisfying condition (i)
clearly also satisfies this condition.

As mentioned in the introduction it is possible to extend the identifiability
Assumption B to general integrable kernels k(z,y). For example, the I'-kernels
restricted to the positive reals

k(z,y) = #xo‘fl exp{—zy} a>0
’ L(a)y~ ’
are easily seen to be ESR., because exp{zy} has this property. However, in
this paper we will restrict to convolution and we postpone the issue of general
integral kernels to a subsequent paper.

Assumptions on the design points We make the following assumption on
the design points.

Assumption C. There exists a function h : [0, 1] — [¢, ¢,] with 0 < ¢; < ¢, <
oo and fol h(x)dz = 1, such that

(i)
— :/ h(z)dx + 0;
0

n
foralli=1,...,n, with max;—y, ., |6;| = Op(n~1/2). Here z(;) denotes the i-th
order statistic of x1,...,z,.

Moreover, the design points x1,...,x, are independent of the error terms
Ely.+-5En.

Diimbgen and Johns (2004) use a similar assumption on the design points.
Note that the above assumption covers random designs as well as fixed designs
generated by a regular density in the sense of Sacks and Ylvisaker (1970). It
is easy to see that Assumption C holds if x1, zs, ... are i.i.d. random variables
with density ¢ satisfying supp(g) = [0,1] and 0 < ¢; < g(x) < ¢, < oo for all
z € [0,1] and some ¢, ¢, € R. If the design points x1, ..., x, are nonrandom,
the Op(n~'/2) term above is to be understood as O(n~'/2). For h constant 1,
this includes the case of a uniform (deterministic) design ;) = i/n. In fact, for
fixed design points all results can be obtained essentially in the same way. The
only argument which has to be slightly modified, is the one based on the law
of the iterated logarithm in the proof of Lemma 4.14. Note that the respective
inequalities remain valid because the random variables ¢;, defining the error
terms in a triangular scheme can be replaced by a sequence of i.i.d. random
variables without changing the distribution.
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3. Estimate and asymptotic results

Estimate Define the restricted least squares estimate fn as approximate min-
imizer of the empirical Lo distance to the data in the space T} r. More precisely

fn S Tk,R and
j@fs = Y2 < min (J0g—Y|2) +o,(n7"). (9)
g€Tk R

The minimizer of the functional on the right hand side always exists (compare
Lemma 4.7). Note that we do not assume that the minimum is attained, but
only that the functional above can be minimized up to some term of order
0p(n™1). Tt does not need to be unique. This assumption allows for numerical
approximation of the minimizer and gives an intuition of the needed precision for
the asymptotic results to be valid. The restriction to functions with || f|lcc < R
is a technical assumption, i.e. that some upper bound of the objective function
is known beforehand.
Note that any estimator fn has a representation as

~ k+1 ~
fn(z) = Z bilps_y 5 (2), (10)
i=1
with vectors b = (b, ...,bps1)! and 7 = (7o, ..., 7us1)!, where we formally set

70 := 0, k41 := 1. This is the approximate least squares estimates (in the sense
of (9)) of the true parameter vectors b and 7 given by equation (2). Set

On = (b1, 71, ba, 72, - . ., biey 7, bt 1) (11)

as the least squares estimator of the combined parameter vector 6 given in (3).

If the number of jumps is unknown, a different estimate is needed. In this
case, assume that the penalized least squares estimate f)\n satisfies f)\n €T r
and is defined as any solution of

[@F5, = Y12+ Mdu(Fr) < min (€= Y%+ Mda(9)) +0p(n7"). (12)
where ), > 0 is some smoothing parameter, s.t. A, — 0 as n — oco.

Asymptotic results Before we state the main result, we first define the map
v :[0,1] — R2k+L by

Aqb(x,To,Tl)
(bl - b2)A¢($, T1, 7'1)
Ag(w,71,72)

(b — brt1)Ag(, Th, Tk)
A¢($, Tk Tk+1))
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and the (2k 4+ 1) x (2k + 1) matrix V by its entries

(V)i = / (v (@)')s; hle)de (14)

Here h is the design density satisfying Assumption C. Now we are able to for-
mulate the asymptotic result for the least squares estimator.

Theorem 3.1. Suppose the Assumptions A, B and C are met. Let fn and V be
given by (10) and (14), respectively. Set 0 as the parameter vector of f given in
(3), and 0,, as the corresponding vector of estimates defined by (11). Given (9)
and model (1), then

(i) V is positive definite.
(it) (b, —0) = N(0,02V 1.
Moreover,

(iii) [®f — Dfulls = Op(n="/?).
(iv) AT (), T(f2)) = Op(n~/2).
(0) 1 = full2 = Op(n1/).

Note that parts (iv),(v) of the last theorem highlight the ’degree of ill posed-
ness of 1/2’ induced by the convolution compared to ordinary jump regression.
Both rates become slower by an exponent 1/2 whereas for the "forward problem’
(in the terminology of inverse problems) in part (iii) the rates remain the same.

The following theorem implies that the penalized estimator f)\n and the re-
stricted least squares estimator fn asymptotically coincide, i.e. the number of
jumps in T is asymptotically correctly estimated with probability one. Hence,
conditionally on the correct number of jumps, Theorem 3.1 remains valid. We
mention, however, that the finite sample behavior of the LSE may be affected
significantly by this 'model selection step’. For a discussion of this issue in the
context of regression see Leeb and Potscher (2006, 2008).

Theorem 3.2. Suppose condition (A1), (12) and the assumptions of Theo-
rem 8.1 are satisfied. If A, — 0 and \yn'/ 119 — oo for some € > 0 as n — 0o,
then

Jim P(#7(£,) =#7 () =1.

The proofs of Theorem 3.1 and 3.2 can be outlined as follows. For a known
number of jumps an entropy argument yields consistency of the least squares
estimator. It is possible to represent the estimator as the minimizer of a stochas-
tic process, which allows for a local stochastic expansion. This can be used to
derive asymptotic normality. If the number of jumps is unknown, techniques
from empirical process theory can be used to reduce this asymptotically to the
case when the number is known.

The details of proof are given in several steps in section 4.
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Remarks and Extensions

Remark 2. (Noisy Fredholm equations). All results of this chapter can also
be shown for more general integral operators of the type ®f = [ K(z,y)f(y)dy
with continuous kernel K : [0, 1] x R — R satisfying sup,¢(o.1) [| K (2, )|, < oo.
In this case in definition (5) ¢(z — y) has to be replaced by K(z,y). Assump-
tion B can be formulated in the same way. Details will be postponed to a separate
paper.

Remark 3. (Singular kernels). If the integral kernel is unbounded, faster rates
than Op(n~1/2) for estimating the jump location can be achieved. Indeed if ¢
is an Abel type kernel ¢q(2) = 27%1(0,00)(x) for a € (0,1) then a jump can be
recovered at a rate of Op(n~'/™®(2:3-29)) For details we refer to a separate
publication. Interestingly, the n~! sampling rate is achieved as o — 1, which is
well known to be the best possible rate in direct regression for the estimation
of a jump. Further, for singular kernels with a spike stronger than |z|~! jumps
can be estimated with the same rate as for the direct case, which is achieved as
a — o0.

Note that the “elbow” in the rates of convergence occurs at o = 1/2, and
that the n~'/2 rate holds for the case where ¢,, is square integrable on bounded
intervals.

This corresponds to findings of Neumann (1997) and Goldenshluger et al.
(2006), who also observe an elbow in the rate of convergence of recovering
a change point in an inverse problem at § = 1/2, if the Fourier transform
of (E(x) decreases at rate of |z|~?. Goldenshluger et al. (2006) give a rate of
Op(n~=1/min(228+1)) yp to a logarithmic term if the smooth part of the func-
tion of interest is in a Paley-Wiener class. From

|fa()] = || FT(1 - a)
it follows that the “elbow” for 8 = 1/2 can be identified with the elbow for
a=1/2.

Remark 4. (Misspecification of the model). We will briefly discuss the behavior
of the estimator f,, when the true function f from model (1) is not an element of

T} r. In fact, under certain conditions f, converges to a step function ¢ € Ty g,
s.t. @t is a best approximation of @ f.

Lemma 3.3. Assume f € Lo([0,1]) with || f||lcc < R and there exists a unique
t € Ty, r, such that

[®f — @t = min [|[®f — Pgllz. (15)
g€Tk R

Furthermore, Assumption C holds with h = 1, i.e. x;y = i/n+ d;. For fn, the
least squares estimator from (9), it holds

1®t — @ full2 = 0p(1)
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and A
[t = full2 = op(1). (16)

Condition (15) is well known in nonlinear approximation theory (e.g. see
Braess (1986)). Note that, due to injectivity of the operator @, the assumption
of a unique minimizer ¢ is equivalent to the assumption of existence of a unique
®t € &(Tj r), which minimizes the Lo-distance from @ f. It would be of great
interest, to relax the assumption of an approximate equidistant design in Lemma
3.3, as well as improving (16), e.g. to an asymptotic distributional law for f,.
This is postponed to separate work.

4. Proof of Theorem 3.1 and 3.2

We start with some technical results and then give some entropy bounds on
the spaces of interest. This requires tools of empirical process theory to prove
consistency of the estimates. Afterwards we give a local stochastic expansion of
the minimized process and use this to derive asymptotic normality. Finally we
again use techniques from empirical process theory to show that the penalized
estimate asymptotically coincides with the restricted least squares estimate.
Note that Assumption B is needed to assure identifiability for any number k of
jumps as well as positive definiteness of the asymptotic covariance matrix V.

4.1. Some technical lemmata

In the following we derive some properties of the mapping ® restricted to the
space of step functions.

Definition 4.1. A family of (possibly random) functions h,,, n € N on a domain

D C R is said to be equi-Lipschitz continuous with constant C, if for any § > 0,

sup sup |hn(x +96) — hy(z)| < C6 (a.e.).
neNzeD

Lemma 4.2. Let ¢ be a bounded integral kernel, then the following holds true.
(i) For all € > 0 there exists 0 < Cy < oo such that for all f € T

@ f11% < Coll f1Z,0.1)) -

(ii) For all e > 0 the map @ : ( Tk, || - ||.(j0,17) ) — L2([0,1]) is continuous.
(iii) Given Assumption B, ® : T, — L2([0,1]) is one-to-one.
(iv) The function (®f) is Lipschitz continuous on R for all f € Tw.
(v) For functions f, € Tp.r, n € N the family hy, = ®f,, n € N is equi-
Lipschitz continuous with Lipschitz-constant Cy = 2kR||¢||L.. .



L. Boysen et al./Jump estimation in inverse regression 1334

Proof. By Assumption B we have that ||¢||L_ = C' < co. Recall that f is 0 on
(—00,0) and [1,00). This gives

n 1
9712 < -3 [ P -y
1=1

1
< 02/0 f(y)dy,

which proves (i). Similarly we can show || f|l2 < C|[f[|Z, .1} for f € T); which
gives continuity and hence (ii). As argued in the part on the assumptions on the
kernel in section 2.2, (iii) follows from the independence of Ag(-, 74, Tit1).

To prove (iv), note that

r—a rz+d—a
(@l)(@) ~ @lo)a+8) = | [ owdy— [ oty
r—b x+d6—b
< 2/0[[[4llr »

for any z,0 € R and a,b € RU{—00,00}. For [ € Ty, with #J(f) < oo, this
gives

(@) (x) = (2f) (2 +0)| < 62#T () | flloc || Loc- (17)
The assertion (v) follows directly from (17). O
The following lemma provides a link of the empirical and the Lo norm.

Lemma 4.3. (i) Suppose h,ci, ¢, and 6;, for i = 1,...,n satisfy Assump-
tion C and f is piecewise Lipschitz continuous on [0, 1], i.e. there exist a
partition I, ..., I, k < oo, with Ule I = [0,1] and I; N1, = 0 for j #r
such that f|g; is Lipschitz for all j = 1,... k. Then

n

| fem@ar = 3 )+ 0

=1

(ii) Let Fi R the set of piecewise equi-Lipschitz continuous functions, with at
most k jumps, uniformly bounded by R > 0. For any sequence f, in Fi R,
it holds

Op(n™"%) +allfull3 < [I£all} < cull fall3 +Op(n=12),  (18)

with ¢, c; depending on the density h only.

Proof. Let H(x) = fox h(z)dz, where h is as in Assumption C. Note that H is
strictly monotone and the inverse H ! is well defined on [0,1].For0 < a < b < 1
we have that

H™(b)
b= H(0) = 1 @) = [ Ly M 2 QU6 ).
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Hence H ™" is Lipschitz and so is (fo H )| y(s,) forall j = 1,..., k. By Assump-
tion C we have H'(i/n — §;) = x@y with v, 1= maxi—1 . |0 = Op(nfl/Q).
Assume

1
H*l([l iD cI, and H*l([i/n Jifn— 51-]) cI. (19
n 'n
for some j,r € {1,...,k}. Here [i/n ,i/n — ;] is the interval spanned by
i/n,i/n —§; as defined in Section 2. Consequently,

n/ f(Hfl(x))d:c
(i—1)/n
= Sy [ ST @) - i)
Jli=1/n

i/n
b [T w) - 0 - 5))do
(i-1)/n

and by Lipschitz continuity of fo H=! on [(i — 1)/n,i/n| and [i/n ,i/n — &;] we
obtain

<ci/a(l/n+v,) = Op(n~/?).

n [ @) )
(i—1)/n

Here ¢y is the maximum of all k£ Lipschitz constants for the intervals I;. For
general i, we get

w [ e = S+ [ ST @) - T )
(i—1)/n (i—1)/n

2 f(@@) = 2/ flloe -
Since f is piecewise Lipschitz continuous, f is bounded in supremum norm on

[0,1]. Denote the points of discontinuity of f by J(f) = {91,...,9,}. The
number of 4, which do not satisfy (19) is bounded from above by

k+#{i:9; € HY([i/n — vn,i/n +vy)) for some j =1,...,k}
= k+#{i: H *i/n—v,) <9; <H '(i/n+wv,)for somej=1,... .k}
= k+#{i: HW;) — v, <i/n < H{;)+ v, for some j =1,...,k}
= k+O(nv,).

By application of the transformation formula and cy/c;, k, || f|loo < 00 we get

n

1 Yoo
L) = [0 )

=1

1 o !
PRy RELET

cr/an™ +vn) + (k+nwn)n™" | fllo
(e /er+ [ flloe) (k + 1)~ + vr),

IAINA
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which proves ). Furthermore, the right hand side of the last equation is uni-
formly bounded for all f € Fj g, which implies

sup =0t +v,) =0p(n1?).

fe€Fk

P>t - [ J@h@)ds
1 0

1=

Note, that the functions f2, s.t. f € Fi g, are bounded and equi-Lipschitz, too.
Finally ¢; < h(z) < ¢, for all x € [0, 1] (Assumption C), this yields ii). O

4.2. Entropy results

To show consistency of the estimates, we wish to apply results from empirical
process theory. To this end, let us first introduce some additional notation (cf.
van de Geer, 2000).

Given a measure @, a set of Q-measurable functions G and a real number
d > 0, define the d-covering number N (4, G, Q) as the smallest value of N for
which there exist functions ¢i,...,gn such that for every g € G there is a

jel,...N with
5 1/2
([u-wraQ)” <s.

Moreover, define the d-entropy H of G as
H(57 g, Q) - 1OgN(57 g, Q) :

If @ is the Lebesgue measure we will write H(d,G) and N(J,G) instead of
H(6,G,Q) and N(4,G,Q). Given design points z1,...,x, € R, the empirical
measure will be denoted by @, = n=' 3" | §,,. Note that || - [|,, is the norm
corresponding to the space La(R, @Qp,).

Finally, define the entropy integral

J(4,G6,Q) := max (5, /6 HY2(u,g, Q)du) )
0

Note that for our purposes, the relevant quantity is the entropy of the space
Gi.r ={®f: f € Ti;,r}. However, it is convenient to first calculate the entropy
of (Tk,r, || - | L2((a,b))) and then use Lemma 4.2 to infer on the space Gy r.

Lemma 4.4. For —o0 < a < b < 0o there exists a constant C' > 0 independent
of 8,k and n, such that

R(k—i—l)))'

H (6, (Ti,r, || * |La(lap))) < C(k+ 1)(1 + log ( 5

Proof. Define the sets

Ay(8) = { —R+mecd:m=0,..., f2R(025)71]}
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and

() = {a—l— merd? m=1,...,|(b— a)(clzs?)*lj} ,

where ¢1, co will be defined later. Define the function class H(d) as

k+1
H(6) = {g cg(x) = Zbil[%,lm)(x) tb € Ag(0),i=1,...,k+1,
i=1
Yo = @, Ykt1 = b7 € T(6), % <%+1,i—1,---,k}-

Now for gog € Ty g we can choose g € H(§) such that d(J(g), T (g0)) < c16%/2,
and that for any z € [a,b] with d(z, J(g)) > ¢162/2 we have (go(z) — g(z))? <
362 /4. Since g has k jumps between a and b we get

2

52 0
90 = 9l Z,((ae) < (b—a)c3 Vi k(2R)*cy 5

Choosing ¢; = (4kR?)~" and ¢y = (b — a)~'/2 gives ||go — g||2 < 6. Hence H(4)

is an 0-covering of (Ty g, || - ||Ls([a,b)))- Since

R

the claim is proved. O

Lemma 4.4 directly gives that (T, g, |||/ L.([a,5])) is totally bounded for —oo <
a < b < oo. Note that (Ty,r, || - || £([a,5]))) also contains functions with less than
k jumps and hence is closed. Consequently, it is compact.

Corollary 4.5. The space (Ty R, || - || £o([a,])) 5 compact for all a,b satisfying
—00 < a<b<oo.

We will now use the assumptions on the operator ® or, to be more precise,
Lemma 4.2, to deduce bounds on the entropy of the space

Gr,r(®) :={®g: g€ TR}

Corollary 4.6. Assume ® satisfies Assumption B. There exists a constant Co
independent of n,k and R such that

H(5,Gr r(®),Qn) < Ca(k +1) (1 + log (MD .

]

Proof. By Lemma 4.2, (i) there exist —0o < a < b < o0 and 0 < Cjy < oo such
that

[@f — @glln < Collf — gl a(ap)
for f, g € T}. Assume H(6) is a d-covering of (Ty g, || - || £o([a,5])) for every § > 0.

Then H(5/Cy) is a d-covering of Gi (R). Consequently, the claim follows from
Lemma 4.4. O
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Again, this implies that the space Gi r(®) equipped with the empirical norm
| - ||n is compact. Consequently the functional || - —Y||,, has a minimizer in
Gi.r(®) for every k. As A\, J, () is strictly increasing in the number of jumps
for every A,, > 0 this implies the following lemma.

Lemma 4.7. For each A\, > 0 the functional ||- =Y ||n+AnJ4(+) has a minimizer
m QOOVR(CI)).

4.3. Consistency

To deduce consistency of the jump estimates from the Lo consistency of the
function estimator, a result on the dependency of d(J(f),J(g)) on the Lo
distance of f and g is needed. This is given by the following lemma.

Lemma 4.8. Assume f,g € T. Then

4|l - gll3
(min{[f(t4) = f(t)] =t € TN}

Proof. Let 7 € J(f) and v € J(g), such that |7 — | =d(T(f), T (g)). Then

If—gl3 > |T—~y|(min{|f<t+> —f(2t7)| e J(f)}){

d(T(f), T (9)) <

which proves the assertion. O

In order to show consistency of fn, we first prove the consistency of ® fn To
this end we require the following result which follows directly from the proof of
Theorem 4.8, page 56 in van de Geer (2000).

Lemma 4.9. Assume ¢y, ..., ey, are i.i.d. with mean zero and E(e3) = 02 < 0.
Set Gn(R) ={g € G :|glln <R} and suppose that

1
EH((S,QH(R),QH)—N) forall 6>0,R>0.

Then

sup |(e,9)n| = sup
9€Gn (R) geGn(R) | T

for every R > 0.
Now we are able to prove consistency of fn

Lemma 4.10. Suppose the Assumptions A, B and C are met. Then ®~1 is
continuous as mapping from {®f : f € Ty r} C L2([0,1]) to the space (Tx g, || -
llLoq0,1))) for any k € N, R > 0. Moreover || ®f — ®fulla = op(1) and conse-
quently A

If = fallz = op(1). (20)
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Proof. Use (9) and Y = @ f + ¢ to obtain

2<(I)(fn = f)en)n + 0(7171)

2 sup  [{g,en)n| +o(nt),
9€G2k 2R (D)

@ fn =D fln <
<

since f — fn € Tsy 2r. By Corollary 4.6
N H (S, Gok 2r(®),Qn) — 0 forall §>0.

Hence Lemma 4.9 gives

sup (g, en)nl = op(1).
9€G2k,2r(P)

This proves ||[®f — ®f,|l, = op(1). Lemma 4.2 (v), together with Lemma 4.3,
yields .
[@f = @ fnll2 = op(1). (21)

By Corollary 4.5 the space (Tok2r, [ - [[25(j0,1))) 18 compact. Lemma 4.2, (iii)
and (ii) yield that the map

@ (Tor2r || - 220,17y ) — L2([0,1])

is continuous and one-to-one. The inverse of a continuous injective mapping f
restricted to the image f(£2) is continuous if € is compact. This gives continuity
of ®~1 as mapping from {®f : f € Tor2r} C L2([0,1]) to (Torz2r, || - || 22(0,17))-
Hence, [®f]; — 0 implies [ fllz = | flz,ion = 1971 @f ooy — O for
f € Tog 2r. Consequently (21) implies

If = fll2 = op(1). 0

This allows us to infer the consistency of the parameter estimates. The fol-
lowing corollary is a direct consequence of Lemma 4.8 and 4.10.

Corollary 4.11. Suppose the prerequisites of Lemma 4.10 are met. In this case
AT (), T (fa)) = 0p(1),

as well as #T(f) = #T (fn). Moreover, if f is given by (2) and f, by (10), we
have for the estimates b; of the levels b; that

bi — bs| = 0,(1).
_max | | =op(1)

Similar to Lemma 4.10 we show Lemma 3.3.

Proof of Lemma 3.3. By definition of fn we obtain

1©f +&—fully < |@F +2— |2 +o0p(n)
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which yields
[@f = ®full? < |BF = B2 +2(f, — Bt, )y + 0p(n 7).

Since fn — t € Tok 2R, application of Lemma 4.9 gives an upper bound for the
empirical process |(®f, — ®t,€),| < | SUPger,, ,n (P9 — Pt )n| = op(1). So we
have A

[@f = @full7 < [@F — L7, + 0p(1). (22)

Forall z,y € [0, 1] it holds that |® f(y) =@ f(x)| < || flleo|P1j0,17(y) = PLio,1) ()] <
[l fllocCplx — y|, where Cy is chosen as in Lemma 4.2 part (v). Hence the set of
functions ®f — ®g, s.t. g € T} g is equi-Lipschitz and bounded by 2R and we
can apply Lemma 4.3 part (ii) (with ¢; = ¢, = 1). This together with (22) leads
to

|0f — Gt|2 < [0f — BF, |2 < [ ®F — Bt[3 + 0p(1),

where the first inequality follows from the minimization property of ¢. Conse-
quently we find

1©f — ®tl|3 — @ — @ full3] = 0p(1). (23)

Now assume ¢ fn does not converge to ®t in probability. Then we can choose a
subsequence (@ fy, Jnen and ¢, 6, > 0, such that P(||®t—® fr, |2 > 61) > ¢ for all
n € N. Since ¢ is the unique minimum, we have P(||®f —® fy, [|2 — || ®f — B2 >
d2) > ¢ for some 62 > 0. This is a contradiction to (23), which proves the first
claim, i.e.

1®t = @ full2 = 0p(1).

According to the proof of Lemma 4.10, ® : Top or — P(Tok2r) is a homeo-
morphism. Therefore, it has a continuous inverse, which yields convergence of
fn to t in probability. This proves the second claim. O

4.4. Asymptotic normality

To show asymptotic normality for M-estimators, it is common to assume ex-
istence of the derivative of the function which is minimized. However, as ¢ is
allowed to have discontinuities, a less restrictive result is needed.

As discussed in Chapter 5.3 of van der Vaart (1998) it is sufficient to assume
existence of a second order Taylor-type expansion. Following this idea, the next
theorem gives the asymptotic normality of the minimizer of a process Z,(6),
provided it allows for a certain expansion. It is similar to Theorem 5.23 of
van der Vaart (1998), but also covers the case of non i.i.d. random variables,
which is required for the fixed design.

Theorem 4.12. Assume © C RY is open and 0y € ©. Let (Z,(0))gco be a
stochastic process. Assume there exists a sequence of random variables (Wy,)nen C
R? and a positive definite matriz V € R4 such that

Zn(00 + A) = Z,(60) — 2n Y PWEA + ATV A 4 R, (D) (24)
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with
R.(A)

sup —0 as n— 00,0 —0, (25)

Iaf<s [|1A[2 +n~t
as well as .
W, — N(0,T).
If 0, is a consistent estimator of 6y and 0, is an approximate minimizer of Zy,
i.e.

160 =60l = 0p(1)  and  Zu(0n) < inf (Zu(0)) +op(n),
o6

then A
V0, —00) = VW, +op(1).
Proof. First, we show the \/n consistency of 6,,. Set A, = (6, — ). Since 6, is
an approximate minimizer of Z,,,
Zn(60) +0op(n™) > Zn(én) = Zn (60 + (én )
= Zn(0o) —2n YVEWIA, + ALVA, + R (A,).

Denote by Ay the smallest eigenvalue of V. The expansion above implies

“1y o —[Aa]l 2WEA,

op(n™1) >

v (1A
Observe that the asymptotic normality of W,, implies ||A,|"'W!A, = Op(1).

Now divide by [|A,||? + n~! and use condition (25) and the consistency of 6,,.
This gives

9 1 Op(l) )\V
or (A7 + D7) 2 Zorm T AT+ T (VA

Now assume /n||A, || <= co. This leads to
op(1) = op(1) + Av,
which is a contradiction since Ay > 0. This shows
V|| Anll = Op(1).

Now we derive the convergence of \/nA, to V=W, Observe that V1, =
Op(1). By (25)

nR,(n~Y2VIW,) = op(1) as well as nR,(Ay) =op(1).

— Tor(1).

Together with (24) and the minimizing property of 0,, this leads to
or(1) = n(Zn(00 + An) — Zn(6o +n 2V IW,))
= 2V, — VRAL)'W, + (VAL 'V (ViA,)
— (V'W)'V (VW) + op(1)
—2(VnA) V(VTIW,) + (VaAn) 'V (VrA,)
+ (VW) 'V (VW) + op(1)
(VnlA, — VW)V (vnA, — VW) +op(1).
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Since V is positive definite, it follows that
WVnAy = VI Wa|? = op(1),
which proves the claim. O

A second order expansion for the minimized process To derive an
expansion of type (24) for the problem in (9), let us first introduce some notation.
For b,b € R¥*! and 7,7 € T'); set

k+1
g(x, b, 7T) beblnln) (z).

and

Zn(b,7) _%zn:( (2:,b,7) + i — g(z, b, T))2. (26)

Assume that f and the estimate f,, in (9) are defined through

k+1 k+1

T) = Zbifbl[ﬂ,l,n)(x) and ®f,(x Zb Pz, 4 (2),
=1

respectively. By definition of Z,, (b, 7) it is clear that

Zn(b,7) < min Zn(b,7) +o(n™1). (27)
(b,7)E[—R,R]F+t1 xT'y,

To obtain an expansion for Zn(l;,%), first examine the difference g(x,b,7) —
9(x,b, 7).

Lemma 4.13. Suppose Assumption B is satisfied and v(zx) is given by (13).
Define A by

A = (51 — b1,7~'1 —7'1,[)2 —b2,7~'2 — T2, .. .,7~'k _Tk,5k+1 —karl)t. (28)

Then

g(.f,b,’?') - g(xaba 72)
k+1 B
= Z bj®lpr, 7y (@) — b;®Lp7,, 71(7)

k
= —A(@) + O(IAI%) + ) OIT = F)a—ri o—ring (9120 -
=1

Note that [z — 7,2 — 7] N T (¢) # 0 means that ¢ has a discontinuity in the
interval with endpoints x — 7; and x — 7;.
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Proof of Lemma 4.13. Remember #J(¢) < 0o and ||| < 00.

First assume that 7; > 7; and ¢ is Lipschitz continuous on [z — 7j,x — 75],
ie. J(¢) N[z —Tj,x — 7] = 0. Then for all y € [z — 75,2 — 7;] we have ¢(z —
y) — ¢(z — 1) = O(|ly — 7;|). This leads to

(I)I[Tj—lfj)(x) - (I)I[ijlﬁj)(x) = _/ (z — y)dy

=~y = m)ota =)~ [ (0ta ) - ol — )iy

7

J
ly — 7;ldy

— (5~ 7)ola —7) o) |

= (1 = )¢l —73) + O((r; — 7)) -

If ¢ has a discontinuity in [z — 7;,  — 7;], then

(I)I[Tj—lﬁj)(x) - (I)I[Tj—lﬁ'j)(x) = (rj—T)o(x —75) + /A] O(l|¢]lsc)dy

= (5 —7)ox—1) + O — 7).

The same holds for 7; < 7;. Note that 1,7 . 71n7(¢)20 18 one if and only if
¢ has a discontinuity in [z — 7j, x — 7;]. Consequently,

Dl (@) = @l () = (15 = Tj)b(x —75) + O((1; — 75)%)
+O(I75 = 75 jo—r;,0— 7,107 (6)0 -
Similarly,
Pl ) (@) = Pz, ) (@) = (Fj—1 — 1) (T — 7j-1)
+O0((r-1 = 7j-1)*) + O(mj—1 = Tj—1 D or, 1 o551 10T ()20 -
Remember 7p = 7y and 7341 = Tx+1, combine the preceding results to obtain

k+1

Z (qu)l[fj—l,fj](x) - qu)l{f’j—lfj](x))

I
/N

(b = b)) Lz, 71 (@) + b (RLpr, oy () = PLpr, 77 ()
(P1pr, 7)) = P, 5 ()

(
(b = B)@1pr, 7y (@) + b (75 = 7)o(w = 73) + O((7; = 7)?)

(1T = #i) 1 jomry o7 (@)20 + b (Fj—1 — Tj—1)d( — Tj-1)

((Tj—1 = 7j-1)%) + O(|Tj—1 — %j—l|)1{mfrj71,mffj71]m(¢>¢®) :
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By bj(1; — 7) = bj(r; — ) + O(||b — b |7 — 7|), this gives

g(.f,b,’?') —g(x,B,%)

k+1 k
= (bj = b) @1y, (@) + > (15— 7)(bj — bj1)p(z — 75)
j=1 j=1
} k
+O(lr = 7*) + O(llb = bl |7 = 7I1) + D>~ OUIAIN U gr, i) ()20 -
j=1
Since O(||b— b|| || — 7||) = O(||A|?) this proves the claim. O

Lemma 4.14. Suppose the Assumptions A, B and C are met. Then the process
Zn (b, T) allows an expansion of type (24), namely

Zn(b,7) = Zn(b,7) + 20"V PWEA + A'WA 4+ R, (A),

where R, satisfies condition (25), A is given by (28) and V is the (2k + 1) X
(2k + 1) matriz defined by (14). Moreover

W, - N(0,E(E2)V).
Before we give the proof, we need the following result on the number of design

points contained in a sequence of intervals.

Lemma 4.15. If the design points x1, ...,y satisfy Assumption C, then for
any two sequences an, by, n € N with 0 < a,, < b, <1 we have

nfl(#{i X € [an, bn]}) = O0p(|bn — an| + n71/2)'

Proof. The proof is straightforward using that H(z) = fom h(y)dy is strictly
monotone, and that by Assumption C it holds H '(i/n — &;) = z(; with
,,,,, n| 6i] = Op(n=1/2). O

Proof of Lemma /4.14. Expand (26) to obtain

S

- % . lgi(g(xi,b,T)—g(xi,i),%))

-
Il

(29)

n

S (gt b7) — glwi, b9+ .

=1

S|

_|_

Note that the last term equals Z,, (b, 7). We will first estimate the second term
of (29). Denote the points of discontinuity of ¢ by J(¢) = {V1,..., V%7 }
with 97 <2 <--- <Ju7(4). This means

[t —7m,x—7INT (@) #0 & Fs:xe[ds+7,0s+ 7).
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By Lemma 4.15,

#{’L Tx; € [195+Tj,195+7~'j]}: OP(TL|Tj —7~'j| —|—TL1/2).

This gives
n  k #J($) k
L #7(9) )
EZZ Z Lo,y 0,47, (@) = = > Op(n|r; — 75| +n'/?)
i=1 j=1

j=1
= Op(JA] +n"1?).

The functions v;(z) are piecewise equi-Lipschitz continuous by part (v) of
Lemma 4.2. With the help of Lemma 4.3 this gives

1 n 1 n 2k+1
-~ Z(AtV(xi))Q = Z Z AjAv(xi)ve ()
i=1 i=1 g,r
2k+1

SIS [/ (@) ()h(@)dz + op(1)

= AtVA +op(|A]?).

Use Lemma 4.13 and the results above to obtain
1 & -
E Z(g(xu ba 7—) - g(x’ta ba 7—))2
i=1
L k #T(¢) 2
= —Z (At v(a:) + OIAIID) +OUAINDY S Y Lp.rw +m(xl)>

j=1 s=1

3

n

= Z v(a:) + O(IA]%)* + O(IAI)Op(|Al| +n~1/2)

1=1

= A'VA+Op(|AI°) +op(|A[2),

where V' is given by (14). The remainder terms clearly satisfy condition (25).
Next, examine the first term of (29). Set

Wn = 7’),71/2 Z Eﬂ/(xi)
i=1

to derive

1« -
E Zgl(g(xla baT) - g(xla ba T))
1=1

n c k #J($)
Zﬁ( v(z:) + O(JAIP) +O0UIAIN D D jatr.. +r]]($z)>

i=1 j=1 s=1
ALV, k #J($)

_ \/ﬁn (Hf” )Z ZZ Z Eilly ;0,47 (Ti) -

=1 i=1j=1 s=1
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The second term is clearly op(||A]|?).
To obtain an upper bound for the third term suppose ¥, —7; < ¥, — 7;. Set

i(s,j) =min{i: 2 >0, — 75} and  iy(s,j) = max{i: x; <0, —7;}.

Consequently,
iu(8,5)

Y el

i=11(5,7)

n

D il ry 0,45, (@)

=1

By the law of the iterated logarithm for e1,ée9,... i.i.d. with E(g;) = 0 and
E(e?) < oo we have for any sequence (ky)ney C N with limsup,,_, . kn = 00

that .
J
> e
i=1

almost surely. This implies for §,, = i,(s,J) — 4/(s, j) that

lim  max }(E(sf)kn loglog k,,)~1/? =1

iu(8,5)

| = 1/2

j;}l&fﬂ | Z( -)El O((6,,1oglogd,) /#)
i=11(8,]

holds almost surely. By Lemma 4.15,
571 = #{’L : 195—7'j S x(l) < 195—73'} = OP(TL|7’J' —7~'j| +\/ﬁ) = OP(TLHAH +\/ﬁ) .
Consequently,

>

=1

eili0, 470,47, (20)] = Op (/1 A] 4+ n1/2) loglog(n]| A +n1/2) ).

The same can be shown for ¥; — 7; > ¥; — 7;. Since J(¢) is a finite set and
k < o0, it follows that

o(|lA
(H H)Z Z Ei1[195+7-j,195+7~']‘](xi)

n k #JI($)
n —

%

= 0(n Y A)Op (/A +n1/2) loglog(nl| Al +n1/2) ) . (30)

1j=1 s=1

To verify condition (25) for this term, note that for [|A] < n='/2,

(30) = Op(n*5/4\/10g10g(n1/2)) =op(n™'),

and for ||Al| > n~1/2,

(30) = Op (IA]**n=1/2/loglog(n) ) = op(IA[?) .
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This gives
1« - _ _
=3 iyl ) = gloisb. 7)) = —nVEATW + 0p(|AIP) + op(n”Y).
i=1

Next, take a closer look at W,,. For any a € R?*+1,

n 2k+1
a'W, = Z&' <n1/2 Z ajl/j(xi)>
i=1 j=1
and by similar calculations as in (30)
n 2k+1 2 1 n
> (“1/2 > ajw) = 3 (@l = aVa+ op(1).
=1 Jj=1 =1
By the central limit theorem and the Cramer-Wold device,
W, -5 N(0,0%V),

where 02 = E(¢?) and V is given by (14). O

Lemma 4.16. Given the Assumptions C and B, the matriz V defined by (14)
is positive definite.

Proof. For any 3 € R?++!

2k+1 2 1 /2k+1 2
] :/ ( Z ﬁlyl(x)> h(z)dxz > cl/ ( Z ﬁlyl(x)> dz .
i=1 0 i=1
Observe that by Assumption B, the functions vy, ..., vsr11 are linearly inde-

pendent as functions in Ly ([0, 1]), since b; — bjy1 # 0 for all ¢ = 1,..., k. Con-
sequently, for 5 # 0 we have that

1 /2k+1 2
/ ( Z 611/1(:0)> dz >0
0 .
and thus 3V 3 > 0. O

4.5. Proof of Theorem 3.1

The proof of the main theorem is now a direct consequence of the results given
above. Part (i) follows directly from the proof of Lemma 4.14.

Proof of part (ii) Corollary 4.11 implies [|§ — 0,| = op(1). By relation
(27) and Lemma 4.14 the assumptions of Theorem 4.12 are satisfied. The claim
follows by application of this theorem.
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Proof of part (iii) By Lemma 4.13

1 k+1 A 2
/ (Z bi¢1[7i7177i)($) - b1¢1[$117$1)($)> dx?
0 \i=1

1
- / (0= 0.)'v(@)) dw + Op(|0 - 8]|) = Op(n™?),
0
since v is bounded. This proves the claim.

Proof of part (v) and part (iv) Note that

k+1

3 (i - lA)i)Q(min(n, #) — max(ri_1, %H))

=1

I1f = fall3

k
* Z (1”2%1' (bi = bi1)” + L <ty (i1 — 51)2) ’7'1' -7
1=1
= Op(nO0p(1) + 0p(1)0p(n~/2) = Op(n=1/?).

This proves part (v). Part (iv) follows by application of Lemma 4.8. O

4.6. Proof of Theorem 3.2

In this section we analyze the case where the number of jumps is unknown.

In order to reconstruct the number of jumps correctly, it is helpful to use
a penalty function which is strictly increasing in the number of jumps. Any
penalty term, which depends on the number of jumps only, is not a pseudo-
norm on T g, since #J (Af) = #J(f) for A # 0. Hence, the standard results
from empirical process theory do not apply. However, it is possible to use similar
techniques in the proofs.

The fact that f)\n (approximately) minimizes the penalized Lo functional,
implies that for any f € T r, we get that

1@ Fn, = Y15+ Aade(fa,) S NS = Y17 + Mo (f) +o(n™h).
This gives
1@ fx, = BFI2 + 20 fr, = BF, =€ + lelln + AnTs(fr,)
< lelln + Andy(f) +o(n™),
which yields the basic inequality
1@, = BLI7 + Andw(Fr) S 2Pfr, = @f &)n + AT (f) +o(n™h). (31)

Hence, a bound for the term [(®f\, — ®f,&),|, would allow immediate conclu-
sions on ||®fy, — ®f[|2 as well as A\, (f,)-
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Theorem 4.17. Suppose Assumption A is met and the error satisfies (A1).
Assume sup,eg [|g9lln < R. There exists a constant C' depending only on As-
sumption (A1), such that for all 6 > 0 satisfying

R
Vné > c(/ HY*(u,G, Qn)du v R) (32)
0
we have that
P| sup|— Zslg ()] =06 ) < Cexp( nd? ) (33)
e C2R2
Proof. See Lemma 3.2, page 29 in van de Geer (2000). O

A bound of this type can be obtained from the following exponential inequal-
ity.
Lemma 4.18. Suppose Assumptions A and B are met and the error additionally
satisfies (A1).

There exist constants c1,ca > 0, such that for all t > c1n~ Y2 we have

(e, @) nt®
P >t)<coexp| — —5 |-
(fGT 1@ F T2 (F) (14 10g(To (H)/I1@F )+ ) ) d : )

3
Proof. Set Gy r(®) = {®g: g € Tk, r}. By Corollary 4.6 there exists a constant
C > 0 independent of u,k,R and n such that

H(u,Gr—1,r(®), Qy) < Ck(l +log (%k)) )
Compute

/ HY2(u, Gr—1,r(®), Qn ) du

0

< \/_/ mog exp(l) Rk du

= eRkvC / v —log(u)du < eRkVC / —log(u))du

- eRk\/@(eR (1—1og( ]‘;k

< 015\/E(1 +log (% v 1)) - 015\/E(1 +log (%)J ,

where C is some finite constant independent of k£ and §. By Theorem 4.17 there
exists some constant Cy only depending on « in the subgaussian error condition
(A1), such that

))) — 6v/OR(2 + 10g(R) + log(kd— 1))

Vinp > 02(/6 o2 (4, Gr—1,r(®), Qn)du v 5)

0
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implies
2
np
p ( sup  [(g,€)nl = p) < Czexp(— 0252) :
9EGL, 1 (@.0) 2

where Qk 17(®,6) = {9 € Gr—1,r(®) : |lg]ln < J}. Consequently, for all ¢ >
CyCyn~ % we have that

P( sup  [(g,€)n Zt‘S\/E(lJrlog (%)J)

9EG 1 (®.0)

nt?k(1+log (%), )2)'

< Csexp ( 022

We arrive at

|(&; g)nl
P sup >t
(gegkfl,a(@ llgllnvE (1 +1og(k/|lglln)+) )

< iP ( sup (e, g)nl = t(TSR)\/E(l + (k’g (211R))+)>

—— 9€GK—1,rR(P,217°R)

< i Cy exp (—tznk(l + (10g(g/2R) + slog(2))+))

< i Cy exp (—t2n(1 + (s 102(22) - 1og(R))+)) |

Splitting this sum at sp := [(1 + log(R))/log(2)] gives

(e, 9)nl
P sup >t
(gegkfl,a(@ llgllnv/E (1 + log(k/|lglln)+) )

<! Tolgo(g;f)] exp (‘(f;”) i i Cuep (2200 gslog@)))

<C’5exp( )—l—ZCQeXp(M)

2

< Csexp (_Ct’Q ) + exp (%2;04) - Cs exp (%22045)

2

Here C35,Cy, C5,Cg are constants depending on Cy,Cy and R only. The last
inequality holds by t?n > C?C3.

Since the constant C's does not depend on k, the exponential inequality also
holds if we additionally take the supremum over all k. This proves the claim. O
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The above lemma yields upper bounds for the rate of [(®f,¢€),|, which are
stated in the subsequent corollary.
Corollary 4.19. Suppose the prerequisites of Lemma 4.18 are met. Then
sup |<(I)fa 5>n| _ ( 71/2)
1€Tor | @ fllnn/ T (f) (1 +10g( T () /119 flln)+)

= 0Op(n
Moreover, for each € > 0 we have

[(®f, €)nl —1/2
sup — e OP(TL )
reTmn |0 f [0 (T4 (f))0F29/2

Proof. The first equation follows directly from Lemma 4.18. To show the second
equation, observe that J,(f) > 1 and that /z(1 + log(x)) < cz/?*¢ for z > 1,
€ >0 and ¢ > (e~ V1) Moreover, if ¢ is large enough and = > 0 then z(1 +
log(z™')) < cx'™¢. Combine these observations to derive the second equation
from the first. O

Now we are in the position to prove that with probability one the penalized
estimator fy, correctly estimates the number of jumps as n tends to infinity
(given a proper choice of the penalty term).

Proof of Theorem 3.2. Application of Corollary 4.19 to (31) gives

1@ fr, = @fI7% < 1@ fx, — @fIL Tulfr, = NV O0p(n™7?)

. (34)
+ (T (f) = Jo(fr,)) +o(n™h),

where ¢ is given by the condition )\nnl/(1+E)A—> 0.
First, assume Jo, (fx,) < Ju(f). Then J,(fr, —f) is bounded and (34) implies
that either

[®fr, —BfI2 = O0An) +o(n™)  or  |[®f, —Df|LF =0,(n"/?).

Thus, ||[®f\, — ®f|ln = op(1). Recall, that J,(fx,) < J,(f), which allowes for
application of Lemma 4.3, to deduce ||®fy, — ®f||2 = op(1). With the help of
Lemma 4.10 and Lemma 4.8, it follows d(J (fx, ), J(f)) = op(1), which in turn
implies J,, (fx,) > J,(f) eventually.

Now assume J, (fr,) > J,(f). Then (34) yields
1@ fr, = @fI% < @fr, = @flLTulfr, = )2 0p(n™2) +o(n™h).

Assume ny, is a subsequence such that ||<I>f)\nk —®f|L > cn;1/2 for some
¢ > 0. Dividing the last equation by H<I>f)\mc — O f]||} - gives

@, — @FILT < Tu(frn, — N2 0p(ng %) + o(n, ?)
= Ju(fr, — NY?0p(n; 7).
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This yields
; 1— ; 1+e—2¢2) /(242 —(1—€)/(2+2¢)
19, = @F I < Jo(fr,, = N2 EEIOP(n, ).

Moreover, by (34)

Mo (T (Fan, ) = T (£))
< Op(n )@ fr,, — fIL T, — DY +olng ).

Combine the last two equations to obtain
£ - € £ e—e? €
Ank(J#(f/\nk) — J.(f)) < Op(n] 1/(1+ ))J#(f)‘"k _ f)(1+ )/(1+e€) (35)

Now assume ny, is a subsequence such that ||® f,\nk —®f|hc < cnlzl/ ? for some
¢ > 0. Application of Corollary 4.19 to (31) and the observation that J,(g) > 1
for all g gives

Mae (Tu (Frn) = T ()
< Op(ng )@ fr,, — @fILTu(fr,, — HY* 4 o(nih)
< Op(ni)Tu(fr,, — Y < 0p(n, /NI, (fr, — pEFee)/O49,

As each sequence can be decomposed into a subsequence containing only ele-
ments smaller than ¢n~!/2 and a subsequence containing only elements greater
or equal to en~/2 for some ¢ > 0, we have shown that J,(fy,) > J.(f) im-
plies (35).

Now we show that .J, ( f,\nk) — J,(f) — 0 in probability. To this end, assume
there exists some subsequence nj; such that

Te(Frn,) = Ju(f) 2 > 0. (36)
This implies J,.(f) < J,(f)e (4 (fr,,) — J4(f)) and
J#(JEA% - f) < 2(J#(f>m,c) - J#(f)) + 2J#(f)

< (24 20,(N)e ) (Tu(frn,) = Tu(f)
= O()(J4(fan,) = ()

Op(nlzl/(lJre))J#(f)\nk _ f)(1+5752)/(1+e)
_ € - 1+5752 1+4+e€
:Op(nkl/(l+ ))(J#(f)\nk)_‘]#(f))( )/( )

1/(1+¢€)
k

Together with (35), the assumption \,, n — o0 and (36), this gives

A~ 52 € — - €
0< C«=.2/(1+E) < (J#(f)\nk) _ J#(f)) /(1+4e€) _ Op()\nklnk 1/(14 )) = Op(l),
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which is a contradiction and implies J,, (f,) — J,(f) — 0 in probability. Since
Ju(f) and J,(f,) are integers, this yields

p (J#(fn) = J#(f)) —1,

for n — oo. This proves the claim. O

5. Proof of Theorem 2.2

Proof of part (i) To give the proof of Theorem 2.2, part (i) we will define
the native Hilbert space Ny of a positive definite function ¢ and show that the
elements of its dual space 0,(f) = f(x) and pa,(f) = [ f(t)dt are linearly
independent, if ¢ has certain properties. Then we will deduce that the functions
Ay(-,70,71)s - -, Agp(x, Tk, Tky1) are linearly independent.

The assumptions (Z(az) > 0 and (8) imply that the Fourier transform ¢ is
strictly positive. This means that ¢ is positive definite. (For a definition and
characterization of real-valued positive definite functions, compare Chapter 6 in
Wendland (2005).)

For a positive definite function ¢ and Q C R let NV4(Q2) denote the unique
Hilbert space (H, (-, -)7) of functions f : @ — R satisfying f(z) = (f, ¢p(x —))n.
Ny(Q) is called native space for ¢ and given by the closure of the span of the
function set {¢p(z — ) : € Q} under the inner product induced by (¢(z —
),y —+)) = ¢(x — y). A short introduction to native spaces along with some
basic results of the theory can be found in Schaback (1999).

Denote by

SR) = {f € C*(R,C): Jim 2" £ (z)] = 0 for all n,m = 0,1,2, ...}
the Schwartz space, where C*°(R, C) is the set of smooth functions from R to C.
The first result is, that the native space Ny(Q2) contains all Schwartz functions
which are compactly supported in €.

Lemma 5.1. Assume Q@ C R and ¢ satisfies the conditions given by Theo-
rem 2.2, part (i). Then all real Schwartz functions with support contained in €
are elements of the native space Ng(2), this means that

{f € S®) supp(f) € 2 C N(9).

Proof. We first proof the claim for Q = R. Assume f € S(R). Since Fourier
transformation is a bijection from S(R) to S(R) f and f? are also Schwartz
functions. Hence for any ng € N, we can find a constant ¢; > 0 such that

~

[f(@)* < er(1 + |z|™02)~L By (8) there exist ¢z > 0 and ng € N such that

o~

(p(z))~! < ca(1 + |x|™0). We arrive at

iy 2 1 no
/deﬁclcz/ibd:c<oo.
R o(z) r 1+ |z[rot
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By Theorem 10.12 of Wendland (2005) the function f is in Ny (R) if and only if

[ i@/ < .
R

This proves the claim for = R.

Now assume  C R is arbitrary and f € S(R) with supp f C Q. We have
shown f € Ng(R). By Theorem 10.47 in Wendland (2005) for Q C R, f € Ny(R)
implies f|o € Ng(Q2). This proves the claim. O

Note that Lemma 5.1 implies that for any interval (a,b) C €2 there exists
some test function ¢ € Ny(Q) satisfying supp(¢)) = [a, b]. One example is

»(2) = 1ap) (@) exp((@ —a)~" + (b—2)7).

This observation can be used to show that point evaluation and integral mean
are linearly independent as elements of the dual space of Ny (Q).

Definition 5.2. For v € R and 71,72 € RU {—00, 00} with 71 < 75 define the
point evaluation functional d,(f) = f() and the functional p,, -, : Ny(Q) — R
by

Y2
flx)de 1 #72,
Py1,v2 (f) = "

f(n) M ="-

Lemma 5.3. Suppose ¢ satisfies the conditions given by Theorem 2.2, part (i).
Assume 19 < -+ < Try1, 11 < -+ < Y- and there exist an € > 0 such that
(m — e, +€) C Q as well as (y1 — 6,7 +€) C Q. Then the functionals
Prors Prisras - - s Priigss Oyas - - -» 04, are linearly independent as elements of the

dual space Ny(2)'.

Proof. Assume
k1

Z QiPr 1,7 (f) + Z Bj(s’Yj (f) =0
i=1 j=1

for all f € Ng(Q). For each i = 1,...,k + 1 we can find an interval J; C
[T;—1,7:) N Q such that J; N~; =0 for all j = 1,...,7. By Lemma 5.1 we can
find a test function f; € Ny(Q2) with supp(f;) C J; and [, fi(z)dz = 1 for all
i=1,...,k+ 1. We then have that p,,_, -, (fi) = 1i= and 6., (f;) = 0 for all
i=1,...,k+1and j=1,...,r. This leads to

k+1 r

0= Z P17 (fl) =+ ﬂj(s’Yj (fl) =
1

=1 i=

for all ¢ = 1,...,k + 1. Similarly we can find test functions f; € N,(2) with
0+, (fi) = li=; and deduce that 3; = 0 for all j = 1,...,r. This proves the
claim. O
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Finally, we can prove Theorem 2.2, part (i).

Proof of Theorem 2.2, part (i). Assume

k+1 k
| Y adotomionm) + 3 B8 mm)|| = 0. (37)
i=1 j=1

By continuity of ¢, Zf:ll a;Ay(z, -1, 7;) is a continuous functions of x. Con-
sequently, (37) implies

k+1 k
0= Z O['L'Aqb(x; Ti—1, T’L) + Z BJA¢($5 Tj, TJ) 5
i—1 =1

for all = € [0, 1]. By definition of A, (see (5)), that means

k+1

k
0= Z QiPrio1m ((b(x B )) + Z Bjpr; 7, ((b(x - )) )

for all x € [0,1]. Set 2 = [0, 1]. By Theorem 8 in Schaback (1999), the native
space Ny () is the closure of the span of the set of functions {¢(z —-) : x € Q}.

It follows that
k+1

k
0=2 aibrsn($)+ D Bipr (/)
1= J=

for all f € Ny(£2). By Lemma 5.3 we know that pro v, prirs -« o5 Prisris Prosrioss
are linearly independent as elements of the dual space Ny(Q2)". Consequently,
a;=0=p;foralli=1,....,k+1,j=1,...,k, which proves the claim. O
Proof of part (ii) Again we have to show linear independence of the functions

{A¢(x,n,7’i+1) ti= O,...,k}U {A¢(x,7'j,7'j) ij = 1,...,/€}

in Lo([0,1]). Assume

L2([0,1])

k k
HZaiﬁab(',n,fm)+Z@‘A¢('a7jﬁj)” =0
i=0 j=1

Denote by ¢g(z) = ffoo ¢(y)dy the primitive of ¢. Since the functions Ag(-, 7,
Tit1) and Ag(+, 73, 7;) are continuous we have for all z € [0, 1] that

k
@il (2,7, Tig1) + D B Ag(x, T, 7))
0 j=1

I
'M”

K2

|

k
- ai(go(@ —7.) — do(z — 7i1)) + Y _ Bid(x — 7))

i=0 j=1
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k

= aodo(z —70) + (0 — ai1)o(x — i) — ko — Thp1)

1=1
k
+ Z Big(z — ;).
j=1

Consequently, this must also be true for the derivative, and the equation still
holds if we replace ¢ by ¢ and ¢ by ¢'. Since the equality holds for all z € [0, 1],
it holds for a choice of 2k 4 2 distinct points xg,...,zar+1 € [0,1]. By the
extended sign regularity of ¢ we know that the vectors

P(xo — 7i) ¢'(xo — 75)
: and :
P(Tart1 = Ti) /) o pan ' (w2kt1=75) ) oy &
are linearly independent for ip = 0 < 7,..., 7% < 1 = 7T,41. Hence, we im-

mediately get that 3; = 0 for all j = 1,..., k. Moreover, ag = ap41 = 0 and
(j—1—a;) =0foralli =1,..., k. Thisleadstoo; =0 foralli =0,..., k+1. O

Proof of part (iii) Assume
k+1 k

| S citatmior ) + 3880 7.m)| =0. (38)
i=1 =

L>([0,1])

Compute that

r—a

b
@Ln)@) = G+1) [ @-pidy=0+1) [ iy
= (z—a)f —(@-bi.

So Zf:ll a; Ay (-, -1, 7;) is a polynomial of degree p+1, whereas Z?:l BiAg (-, 5,
7;) has degree p. Since polynomials of different degrees are linearly independent
compare Achieser, 1992), this means Equation (38) holds if and only if
y

k+1 k
Z Ozl'A¢(', Ti—1, 7'1') =0= Z 5jA¢(', Tj, Tj).
i=1 j=1
We show that «; =0, for all : =0,...,k+ 1 by induction. Therefore consider
k+1
0= ; Ay, Ti 1, ;) ol (T — O)Hl’[om .
This yields a; = 0. Now assume a; = 0 for all ¢ < j. Then,
k+1
; o hg{@ i, [757j41] =aj1(z — Tj)erl .

this gives a1 = 0.
In the same way it follows that 8; =0 forall j =1,... k. O
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