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selected estimator with respect to the L, loss. An application to the prob-
lem of estimating a signal or its 7t derivative at a given point is developed
and minimax rates are proved to hold uniformly over Besov balls. We also
apply our non asymptotic oracle inequality to the estimation of the mean
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1. Introduction
We consider the following model:

Y (t) = (s,t) + ——L(t), for all ¢t € H, (1.1)
vn

where H is a separable Hilbert space endowed with the scalar product (.,.) and L
is some centered Gaussian isonormal process, which means that L maps isomet-
rically H onto some Gaussian subspace of Lo (€2), where (£2, G, P) is some canon-
ical probability space. This framework includes the finite dimensional Gaussian
regression model, the Gaussian sequence model and the multivariate white noise
model.
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Let T be a linear functional defined over § C H. In this paper we consider
the problem of estimating 7'(s), based on the observation of (Y (t),¢ € H). Our
main goal will be to develop procedures which adapt to the smoothness of the
underlying function s in the framework of model selection as proposed by Barron
et al. [3].

Minimax theory for estimating linear functionals is well developed in the
Gaussian setting. Ibragimov and Hasminskii [16] obtained the best minimax
linear estimator over classes of smooth functions. For any convex parameter
space F, the minimax mean squared error is of the order of the modulus of
continuity of the functional over F (see Donoho and Liu [13], Donoho [12] and
Cai and Low [8, 9], the latter being a generalization to certain non convex
parameter spaces). These authors have also constructed procedures which have
maximum risk close, up to a small factor, to the minimax rates. However, these
rates cannot be attained when dealing with adaptive estimation over several
classes of parameters. For the problem of estimating a function at a given point,
Lepski [19] showed that it is necessary to include a logarithmic factor in the
mean squared error when dealing simultaneously with two Lipschitz classes. For
general parameter spaces, Cai and Low [L1, 10] show that it is necessary to
include a between class modulus of continuity to quantify precisely the degree
of adaptability for the estimation of a linear functional with respect to the mean
squared error. They also proposed an adaptive estimator based on multiple tests
over an ordered sequence of parameter spaces. Their methodology thus resembles
“Lepski’s method” (see for example [19, 20, 21]) in the sense that the estimation
procedure chooses the best possible over a finite selection of parameter spaces.
This point of view is also developed in Klemeld and Tsybakov [17], where the
authors construct an asymptotically sharp adaptive estimator of T'(s) based on
kernel methods. They assume that the signal s belongs to a class of regular
functions, the index of regularity being bounded from above and below by
known constants. Lepski and Spokoiny [23], Lepski, Mammen and Spokoiny [22]
propose methods based on kernel estimates with variable bandwidth selector for
pointwise adaptive estimation in the Gaussian white noise model.

Model selection methods for adaptive estimation have been initiated in a se-
ries of papers by Birgé and Massart (see for example Birgé and Massart [5, 0],
Barron, Birgé and Massart [3]). These methods have been used in the framework
of the regression with fixed or random design, to estimate the regression func-
tion by Baraud [1] and [2]. In this article, following Birgé [1] we take a model
selection point of view at adaptive estimation via Lepski’s method. In order to
construct the adaptive estimator of the linear functional we shall choose among
an ordered family of finite dimensional linear subspaces of H. Over each sub-
space we consider an estimator based on projection methods and the problem
is thus establishing a best possible procedure for determining the subspace. The
main issue here is that, unlike the case of penalized least squares, the bias of the
estimator is not a monotonically decreasing sequence over the family of nested
subspaces. Hence it is necessary to modify the procedure as developed by Birgé
[4] in order to obtain an appropriate estimator of the bias. The main advantage
of our formulation is that it allows to obtain non asymptotic oracle inequalities
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for general linear functionals. In the framework of the Gaussian sequence model
n:9i+U§i,i€N

where the ¢/s are i.i.d. standard Gaussian variables, Golubev and Levit [14]
obtain an oracle inequality for the estimation of a general linear functional
of 0 = (0;)ien. They assume that the s are independent centered Gaussian
variables, this is not the framework that we consider in the present paper.

We propose a general method to estimate a linear functional of s in the
framework of Model (1.1). We apply this general procedure to estimate the
value of the r*" derivative of a function at a point. For this problem, we provide
minimax rates uniformly over Besov balls that correspond to the rates estab-
lished by Lepski [19]. We also give an application of our procedure to pointwise
adaptive estimation in a multidimensional framework. Moreover, since we have
obtained a non asymptotic oracle inequality, we are able to apply our result to
the estimation of linear functionals that depend on the noise level (or on the
number of observations). In the white noise model, we consider the estimation
of the mean of the signal on an interval with length depending on the noise
level. The interesting fact in this case is that we obtain two kinds of rates of
convergence, according to the relationship between the length of the interval,
the noise level, and the regularity of the signal. When the length of the interval
is too small, this problem is as hard as estimating the signal at some fixed point
and when the length of the interval is large, the functional can be estimated
at the parametric rate 1/y/n. All intermediate rates are obtained as the length
of the interval grows. We present simulation results to estimate a function at
a point, and we compare our method to a global (not pointwise) model selec-
tion estimator and to an estimator based on wavelet shrinkage. Our method
provides a locally adaptive estimator of a regression function s on [0, 1]. It has
good properties when estimating functions that are very oscillating over some
regions and nearly flat over other ones.

The article is organized as follows. In Section 2 we present the framework,
the estimation procedure and our main result. In Section 3 we develop three ex-
amples: estimating the value of the r*" derivative of a function at a point using
a multiresolution analysis, estimating the mean of the signal on an interval with
length depending on the noise level and estimating the value of a multidimen-
sional function at a point. In Section 4 we present the simulation study. Proofs
of our main results are given in Section 5.

2. Main results
2.1. The framework

Given some separable Hilbert space H, endowed with the scalar product (.,.),
one observes (Y (t),t € H) as defined by Model (1.1). Since L is some cen-
tered Gaussian isonormal process defined on H, we have that for all t,u € H,
Cov(L(t), L(u)) = (t,u).
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Let us first consider three particular cases of Model (1.1).

The finite dimensional Gaussian regression.
One observes
lesl—l—&,z:l,n

where (e1,...,e,) are independent standard normal variables.

We consider H = R" endowed with the scalar product (z,y) = 23" | xy;
and set s = (81,...,8n).

Model (1.1) is obtained by setting, for all ¢ = (t1,...,t,) € R”, Y (t) =
% Z?:l tzifl and L(t) = \/LE Z?:l tiEi.

The Gaussian sequence model.
In the Gaussian sequence model, one observes

1
Yy, = —e\, A € N7 2.2
A=DOa+ Jrh e N7, (2.2)
where (e))aen+ is a sequence of independent standard normal variables.
Setting H = l(N*) endowed with the usual scalar product (3,v) = >, cy- Bava
and s = (f\)xen=, we define for any ¢ = (ax)ren: € H, Y(t) = >\ ar¥a
and L(t) = >\ ey axéx and we see that (2.2) is a particular case of Model (1.1).

The multivariate white noise model.
One observes

1
20)= [ Wit (st + W @)

for all x = (z1,...,24) € [0,1]%, where W is the standard Wiener Process on
[0, 1]%. We consider H = L ([0, 1]¢) endowed with its usual scalar product.

We set Y (t) = f[o,l]d t(u)dZ(u) and L(t) = f[o,l]d t(u)dW (u).
Our purpose is to propose new adaptive estimators of T'(s), where T is a

linear functional, from observation (1.1).

2.2. The estimation procedure

We consider a finite or countable collection (S,,, m € M) of linear subspaces of
H. For all m € M, we can define the estimator §,, of s, which is the projection
estimator of s onto S,,. Given some orthonormal basis (¢, X € A,,) of S,,, it
is natural to consider the projection estimator

Sm= ) Y(én)on.

AEA,

It is easy to verify that

$m = argmin,cg  (|[v]* — 2Y (v)) ,
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which shows that §,, does not depend on the particular choice of the basis
((b)\a A € Am)

It is natural to estimate T'(s) by T(5,). Let s, denote the orthogonal pro-
jection of s onto Sy,. Since T is a linear functional,

E(T(8m)) = T(sm)-

Hence, the quadratic risk of the estimator T'($,,) can be decomposed into a
variance term and a bias term:

E [(T($m) = T(5))*| = (T(sw) = T(s))* + B [(T(5m) = T(sm))*

The variance term can be easily computed, by using the properties of the
isonormal process L.

B[(@6) - Tl = T 3 7260 1= o2

AEA,

Our aim is to find an estimator among the collection (T'(8,,),m € M) that
minimizes the quadratic risk

(T(sm) = T(5)* + o7

Model selection by penalized criterion has been introduced by Barron et al.
[3] and used in the framework defined by model (1.1) for the estimation of the
whole object s by Birgé and Massart [5], and by Laurent and Massart [18] for
the estimation of quadratic functionals of s. Usually, the bias term, or the sum
of this bias term and a term that does not depend on m € M, is estimated, and
the methods proposed in previous papers consist in minimizing over m € M
this estimation of the bias term, plus some penalty term pen(m), which has to
be suitably chosen. For example, when one estimates s, the bias term appearing
in the quadratic risk E(||s — §,,,||?) equals ||s — s,,,||?. Using Pythagoras’equality,
this bias term equals ||s]|? — ||s;||?. Hence, minimizing ||s — s,,,||? + pen(m) is
equivalent to minimize —||s,,[|? + pen(m), and one can easily find an unbiased
estimator of —||s,,[|?.

In our case, the bias term equals (T(s,,) —T'(s))?, and this expression can-
not be simplified as previously nor estimated. Therefore, in order to use model
selection by penalized criterion methods, we introduce a new criterion. We as-
sume that M is a subset of N. This implies in particular that M is ordered.
The criterion which is introduced in Definition 1 aims at finding m € M which
minimizes

sup [T (sm) —T(s5)] + Om.
jzm,jeM
Definition 1 Let (S,,,m € M) be a finite or countable collection of linear
subspaces of H. For allm € M, let (px, A € Ay,) be an orthonormal basis of Sy,

and let
Sm= Y Y(d2)x.

AEA,
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We define, for all m € M,

pen(m) = V20 ,

where (xm, m € M) is a sequence of nonnegative real numbers.

We set, for all j,m € M,

T} m = %EK Z T(px)L(9r) — Z T(¢A)L(¢A)> ]

AeA, AEA;

and
H(j,m) = \/22jm0jm
where (x.m, (j,m) € M?) is a sequence of nonnegative real numbers.

We define for all m € M

Crittm) = _sup ([T (m) = T(3;)| = HGm)] + pentm),— (23)

and .
1 = inf {m € M, Crit(m) < inf Crit(j) + —} .
JEM n
We estimate the linear functional T(s) by T(Sp,).

In the following Theorem, we give an upper bound for the risk with respect to
the L, loss of the estimator T'(8y,).

Theorem 1 Let H be some separable Hilbert space endowed with the scalar
product (.,.). One observes the Gaussian process {Y (t),t € H}, where Y (t) is
given by (1.1). Let T be some linear functional defined on S C H. Let M C N
and let (Sp, m € M) be some finite or countable collection of linear subspaces
of H. Let T'(85,) be defined in Definition 1. Let for all m € M,

Crittm) = sup |T(s;) — T(sm)| + pen(m).
jzm,jem

Let m* be defined by
1
m* = inf {m € M/ Crit(m) < inf Crit(l) + —} .
leEM n

Then, for all p > 1, there exists some positive constant C(p) depending on p
only such that

E(IT(3m) = T(s)[") < C(p) ((Crit(m™))” + |T(sm+) = T(s)|" + o7,-)

1
+C(p) ( sup (HP(m*,j)) + ) e *mob, + ) e "ol .+ ﬁ) (2.4)

j=m* meM j=>m*
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Comments:

e In the definition of éth(m) given in (2.3), we compare T'(8,,) with the
estimators T'(3;) for j > m. This is a common point of our procedure with
the initial method from Lepski [19, 20, 21, 23]. An important difference
between our procedure and that of Lepski, however, is that we dissociate
in (2.3) the terms H(j,m) and pen(m). This allows us to obtain non
asymptotic results based on Gaussian concentration inequalities.

Let us explain the main ideas underlying the definition of our estimator
and how we obtain non asymptotic oracle inequalities for general linear
functionals. As mentioned above, our goal is to minimize the criterion

Crit(m) = sup |T(s;) — T'(sm)| + pen(m).
j>m,jeM
The first term in this expression is a bias term, and the second one is closely
related to the standard deviation of T'(5,, ). The unknown criterion Crit(m)
is estimated by éth(m) defined by (2.3). This criterion involves the term
H(j,m) which is the standard deviation of |T'(5,,) — T'(8;)| multiplied by
\/22 m. For a suitable choice of x; ,,,, we prove that, with high probability,

sup [|T(8m) —T(85)[ — H(jm)] < sup  [T(sj) — T(sm)|-
jzm,jeM jzm,jeM

This implies that, with high probability,
¥m € M, Crit(m) < Crit(m).
Since m is a minimizer of ér\it(m), we obtain that, with high probability,
Coit(r) < inf Cui
Crit(m) < Jnf Crit(m),

which leads to an oracle inequality. We show that, up to remainder terms
of smaller order, the risk of the estimator 7'(8;) with respect to the L,
loss behaves as well as the risk of the “best” estimator of the collection.
Our procedure is also easily implementable as we will see in the simulation
study.

e In order to prove Theorem 1, we do not have to assume that the family
(Sm, m € M) is nested. We just need to order this family. If for example
H = Ly([0, 1]), we can mix spaces generated by several kinds of orthonor-
mal bases, for example, a wavelet basis, the Fourier basis, a spline basis.
Let us explain how to extend our procedure in the case where we consider
L different bases. We set

M={(l,m),l € L;m e M},

where £ ={1,2,..., L} and M; C N.Forallm € M;,andl € {1,2,...,L},
we set

Crity (m) = sup (T(m) = T(3)| = H(G.m) + pen(m).
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We define

. _ _ 1
l,m) =1inf < (I,m) € M, Crit < inf  Critg(j) + — ¢,
(I,m) =in {( m) rit;(m) < (kyljl)leM it () + n}
where M is ordered by the lexicographical order.
e It would be simpler to define 7 as a minimizer of Crit(m), but such a
minimizer may not exist, or not be unique. This explains why we add the
term 1/n in the definition of 7 given in Definition 1.

We shall derive in the next section applications of Theorem 1 to adaptive
results in the minimax sense for pointwise estimation and for the estimation of
the mean of the signal on some interval.

3. Minimax results
3.1. Pointwise adaptive estimation

Assume we observe (Y (u),u € [0,1]) which obeys the Gaussian white noise
model:

Y(u) = s(z)da + —=W (u),u 1 .
) = [ stayte+ ZWiw.ue .1, (35
where s € H = L ([0, 1]) and W is a standard Brownian motion.

Let 7 > 0, we assume that s(") exists and that s") € C([0,1]), the set of
continuous functions on [0, 1]. We consider the problem of estimating T'(s) =
5 (xg) for some fixed zq € [0,1].

We introduce the following notation: let {S;, j > 0} be a multiresolution

analysis with father wavelet ¢ and mother wavelet ¢ (see for example [15]).
Define

oir(®) = 212027z —k), 2 €[0,1], j>0and k€ Z;

Yik(r) = 2022z —k), x€[0,1],j>0and k€ Z.

For all m > 0, S,, denotes the linear space spanned by the functions (¢, i, k €
7). We recall that s, denotes the orthogonal projection of s onto S,,:

Sm = (s, ‘Pm,k><ﬁm,ka
)

keZ
and that 3, denotes the estimator of s based on the model S,,:
1
Sm = Z/ Om. ke (W)dY () m k-
kez”0

We will consider compactly supported wavelets ¢ for which the above sum is
finite.
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For all @ > 0 and 1 < ¢ < 400, the notation ([0, 1]) is used for the classical
Besov space endowed with the norm || - |[a,00,¢ (see for example [15, Defini-
tion 9.2]). We denote by Bg ooq(L) the set of functions s in By co,¢([0, 1]) such
that ||s|la,00,q < L.

Assume that the following conditions are satisfied by ¢ and 9 :

(i) 3M > 0 such that supp(y) and supp(¢) are included in [—M, M].
(ii) 3K > 0 such that ||¢||ec V [|¥]|eo < K.

(iii) 3N > 0 such that [2™)(z)dx =0 forn=0,...,N.

(iv) We assume that ¢(") exists and is bounded on supp(y) by K.

Corollary 1 Let d,, denote the integer part of In(n)/In(2) and let M = {1,...,
dn}. For all m € M, let S,, be the linear space spanned by the functions

(<Pm,k,k S Z)
For p > 1, we define

VYm e M, z,, = gln (2m(1+2r)) ,
Y, m) € M2 if § > m, 2jm = gln (2j<1+2’“> - 2m<1+2’“>) , T = 0.

Let m be defined as in Definition 1. Let r < a.

There exist some constants C depending on «, p, q¢ and r and C (o) depend-
ing on o such that, for any integer n satisfying nL?/(0?1In(n)) > 222 and
n?*o?1n(n) > L?,

pla—r)
r P p - 2] 2Tl
sup E(f‘?fﬁ)(xo)—s(”(xo)’ ) < opsE (o- nn>
5€Ba,o0,q(L) n
Inn

Comments on the optimality of the result stated in Corollary 1 are given in
Subsection 3.3, where the multidimensional case is considered.

3.2. Estimation of the mean of the signal on an interval

As above, we observe (Y (u),u € [0,1]) defined by (3.5). We use the same no-
tation as in Section 3.1. We now consider the problem of estimating the linear
functional

1

T(S) = H_ s
n Hn

s(z)dx

where I, is an interval included in [0, 1] with length H,, that may depend on n.
Corollary 2 Let (Y(u),u € [0,1]) defined by (3.5). Let Iy, be some inter-
val included in [0, 1] with length H,. Let T(s) = fIH s(x)dx/Hy,. Let m, =
sup {m € N,2™ <1/H,}. Let M = {0,1,...my + 1}. For allm € M\ {m,, + 1},
let Sy, be the linear space spanned by the functions (om. i, k € Z) and let Sy, 41
be the linear space spanned by the indicator function of the interval Iy, .
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For p > 1, we define

Loy, = Z% Yme M,m<my, Tm,+1 = gln(l/Hn)
Y
Ljm = M V(],m) € M2aj 7£ m and LTm,m — 0

Let m be defined as in Definition 1. Let n be any integer satisfying
nL?/o?In(n) > 1.

Then, for all « > 0,q > 1,p > 1, there exist some constants C depending
on «, p and q and C (o) depending on o such that the following inequalities hold:

If H, < (0? 1n(n)/nL2)l/(1+2a),

» 2 Za+1
sup E(|T(4s) — T(s)|") < CLTH ("ﬂ) Gy

S€EBq,00,q(L) n Tlp/2
If H, > (0,2 1n(n)/nL2)1/(1+20‘),
Ay L p g p/2 C(U)
e o B TO S O a5

Comments:

e The rates of convergence that we obtain depend on the relation between
H,, n, o and the regularity of the signal (via the parameters o and L). If

H, > (02 1n(n)/nL2)1/(1+2a), the best estimator is the “naif” estimator
fIH dY (u)/Hp, which is unbiased and achieves the rate 1/y/nH,. Note

that in our result, we loose a logarithmic term (In(1/H,,)) for the adapta-
tion to the unknown regularity of the signal. When H,, is independent of
n, we recover the parametric rate 1/y/n for the estimation of T'(s).

If H, < (o? 1n(n)/nL2)1/(1+2a), we obtain the same rates for the estima-
tion of T'(s) as for the estimation of the signal s at one point. In this case,
the “naif” estimator has a too large variance, and one takes advantage of
considering estimators which are biased, but with smaller variance.

e Qur procedure is adaptive with respect to the unknown link between H,,
and the regularity of the signal and allows us to obtain the optimal rates
(up to logarithmic terms due to adaptation) in both cases as explained
below.

e [t was possible to establish the upper bounds given in Corollary 2 since the
result stated in Theorem 1 is non asymptotic. We have indeed considered
here a linear functional that depends on n.

Lower bounds:

Using the results of Donoho and Liu [13], one can show that, up to logarithmic
terms, the upper bounds given in Corollary 2 are optimal over Holderian balls.
The lower bounds are given in the following lemma.
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Lemma 1 Let (Y (u),u € [0,1]) defined by (3.5). Let 0 < H,, < 1/2 and Iy, =
[0, Hy,), we consider the linear functional T(s) = fIH s(x)dx/Hy,. Set, for all
a €]0,1] and L > 0,

HO&(L) = {f : [Oa 1] — R, Vz,y € [Oa 1]) |f($) _f(y)| < L|x_y|a}'

[f Hn > ((1 20[)/(2n[2))1/(1+20¢),
inf sup E((T C(a, 0—)
lln seHa (L) (( n T(S))2) > 771 (3 )

where C(o, 0) is a constant depending on « and o and where the infimum is
taken over all possible estimators.

IfH, < ((1 + 2a)/(nL2))1/(1+2a) /2, and nL? > 1+ 2a,

inf sup E (T, —T(s))?) > C(a, o) L/ (1200 =20/(420) = (3.7)
Tn seHq (L)

3.3. Multidimensional pointwise adaptive estimation

One observes the Gaussian white noise model

1
Z = 1
(:E) ‘/[071]01 [0,z1]x---x[0,24] (U)S(u)du —+ _\/ﬁw( )

for all x = (z1,...,24) € [0,1]%, where W is the standard Wiener Process on
[0, 1]4.

We consider H = Ly([0, 1]¢) endowed with its usual scalar product. We as-
sume that s € C([0,1]9), the set of continuous functions on [0, 1]%. Let zo €
[0,1]¢, we estimate T(s) = s(zq).

Our aim is to obtain adaptive results in the minimax sense over isotropic
Holder spaces defined as follows. For all a €]0,1] and L > 0, let

Ha(L) = {f:[0,1]" = R, Yz, y € [0,1]%[s(z) — s(y)| < Lz —yl%},

where || — y|loo = SUDP;<;<y, |Ti —yi|. In order to estimate T'(s), we use the Haar
basis of La([0, 1]%).

For all m € M, let S, be the space of piecewise constant functions on the
sets [ Bl [Ra Ratll for all (ky, ..., kq) € {0,1,...,27 — 1}~
Corollary 3 Let d,, denote the integer part of In(n)/ (d1n(2)) and let M =
{1,...,d,}.

For p > 1, we define

Vm e M, x,, = p?d In(2™)

d _
YV (j,m) € M2, 2jm = %m(zﬂ).
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Let v be defined in Theorem 1. For all a €]0,1] and L > 0, the following
inequality holds if n/(0?In(n)) > 241202 and L2 < n'#o?In(n) :

pi (0?Inn %0 1
sup  E (& (x0) — s(xo)[") < CL7 (U nn) + C(U)H—Z,
SEH(L) n np/

where C' is a constant depending on p, « and d and C(0) is a constant depending

on o.

Comments. It follows from the results given in Lepski [19] and Brown and Low
[7] that the rates obtained in Corollary 1 and in Corollary 3 are optimal. These
authors showed that the logarithmic loss which appears in the rate of conver-
gence compared with the minimax rates is unavoidable for adaptive estimators.

The dependence of our upper bound for the risk with respect to the radius
L of the Besov or Holderian balls is the sharp one obtained by Klemeld and
Tsybakov [17].

4. Simulation study

Throughout this section, we consider the finite dimensional Gaussian regression
model. The regression functions that we consider are defined on [0, 1] by:

s1(x) = (z* — x) sin(6z),
so(x) = exp(—30|x — 0.75]) 4+ exp(—30]|z — 0.25|),
s3(x) = wcos(2mx) Mycp<ays + 22 cos(15mx) Ty/3<0<1-

The estimation is based on the simulations

yi—sj(%>—|—05i i=1,...n j=1,2,3 (4.8)
with (e1,...,e,) independent standard normal variables, o = 0.2 and n = 256.

We set d,, = Ing(n) = 8 and M = {1,2,...,d,}. The estimators are built
using a wavelet basis. We use the Haar basis (denoted by H in the tables) or
the Daubechies 20 basis (denoted by D 20). In both cases, for all m € M,
Sy is the linear space spanned by the functions (¢ i, k € Z), where @, =
27/2p(2™. — k), ¢ is the father wavelet of the basis. The results presented in
the tables must be divided by 100. All simulations were programmed in Matlab
7.3 with the wavelab wavelet toolbox.

4.1. Pointwise estimation

We first consider the estimation of the linear functional T'(s) = s(Z;) for some
fixed points z; € [0, 1].
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When the Haar basis is used to construct the estimators, we obtain

0'2 . 0’2
Vme M,op, =2"—, V1<m<j<dno;, =2 -2")—
n ’ n
We set 1
Tjm = 5 In(2 —2"),
. i m o
Hj,m) = (20 = 2") /20—
and

1
Tm = 5 In(2™),

pen(m) = \/2xm2m/2%.

The choices of H(j,m) and of pen(m) given above correspond to the control
of the L; risk in Corollary 1 (p = 1), when we use the Haar basis. For these
choices,

T g, < 2020
meM \/ﬁ

and for all m € M,

. 0’1112(7’),)
YO m < —

The order of magnitude of both series is smaller than the rates of convergence
of E(|5(x) — s(z)|) obtained in Corollary 1.

Our procedure is called P1. We compare the performances of our procedure
to the performances of the estimator § studied by Baraud [I] and defined as
follows: let, for all functions ¢

vn<t>—%§(yi—t(%))2,

§ = argmin,, ¢ v((n (Sm) + pen’(m)),
with pen’(m) = 2.2™¢? /n, which corresponds to a Mallow’s C, criterion. This
procedure is called P2.

We also compare our procedure with a wavelet thresholding procedure, for
which the wavelet coefficients which are smaller than o4/21In(n) are set to 0.
This procedure is called P3.

In Figure 1, we have represented the functions sp, so, s3 and one simulated
sample for the noised observations (i/n,y;).

We estimate the pointwise risk in absolute value E(|§(z) — s(z)]) for the es-
timation of s;(z) with the procedures P1, P2 and P3. The estimation of the
risk is based on N = 5000 simulations and is defined as

1 N
fl(x):N;

jzm

30 () — s(x)
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FiG 1. Punctions s1,s2,s3, and one simulated sample n = 28, o = 0.2.

where s = s1, s9 or s3 and 50 is the estimator of s based on the [-th simulated
sample. In the following tables, we give the values of 100 x 7 at points 1/4, 1/3,
1/2 and 3/4 for s1,1/8,1/4,1/3 and 1/2 for s3 and 1/4,1/3,1/2 and 7/8 for s3.

51 i =1/4 i, =1/3 is=1/2 Ts=3/4

PlL|P2 | P3 |P1L|P2| P3| P1L|P2| P3 | PL|P2]| P3
H | 56|32 149 || 45 |40 | 74 [ 4269 | 11.3 | 5.7 | 8.0 | 16.9

D20 | 54 | 54 | 58 || 2.6 | 3.0 | 3.0 || 65 | 6.5 | 2.0 || 6.6 | 6.6 | 7.5

52

=
=
I
—
~
(0]

i =1/4 is=1/3 i, =1)2

PlL|P2 P3| PL | P2 | P3 | P1|P2| P3| P1]|P2]P3
H | 38|63 |32 23327830447 |63 | 48| 35| 6.1 3.0

D20 | 68 | 5.1 | 5.6 || 20.8 | 23.3 | 35.8 || 6.1 | 6.5 | 9.7 || 6.8 | 5.0 | 6.7

S3 51:1/4 52:1/3 55:1/2 54:7/8

P1 P2 | P3| P1L|P2 | P3| P1|P2|P3| P1|P2|P3
H 5917959 52|80 5080|7999 | 75| 82|81

D20 | 34 | 52| 49 | 49 | 6.3 | 6.1 36 | 51 |63 | 5252|771

For our procedure, at each point z;, an estimator is selected among a collection
of d,, estimators. This collection is composed of the estimators based on a pro-
jection onto a wavelet basis up to the level j for j =1,...,d,,. We represent in
Figure 2 the histograms of the selected levels for the estimation of so(z) with
the Haar basis, for a point where the function sy is nearly flat (z4 = 1/2) and
at a peak of the function sg (Z2 = 1/4). We also represent the histogram of the
selected levels for the estimation of s, with the procedure P2 when we use the
Haar basis. We recall that for this procedure a level is selected for the estimation
of the whole function.

Figure 2 clearly shows that, as expected, the level which is selected by our
procedure is higher at points where the function to be estimated is “irregular”.
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F1G 2. Histogram of the selected levels for the procedure P1 and s at T4 = 1/2 (on the left)
and T2 = 1/4 (on the middle), selected levels for the procedure P2 (on the right).

The procedure P2 selects a high level to estimate accurately the function so
near the peaks.

The simulation results show that, in most cases, we obtain good results with
the pointwise adaptive procedure P1 for the risk 71 (x). Our procedure performs
better at points where the function is “irregular”. Except for the fonction s;
with the Haar basis, the procedure P1 performs in most cases better that P2.
Whatever the basis and the function, our procedure performs better in most
cases than the procedure P3, or as well as P3.

4.2. Estimation of integral functionals

One observes (y;,1 < i < n) given by (4.8). We consider the problem of es-
timating fol s;j(x)g(x)dx. In the first part of the study, g = Wjo g)/H, where
H =1/4,1/32,1/128. The last value of H is comparable to 1/n. This problem
has been considered in Section 3.2.

In the second part of the study, g equals g1 or go defined on [0, 1] by

g1(x) = cos(64mx)
g2(x) = cos(4mx).
For all (j,m) € M?, we choose the same values for x,, and z; ,,, as in Section

4.1. Denoting, for all m € M, by wg,, the orthogonal projection onto S, one
has

o = 7, (@I Vm e M,
05 m = 7, (D)I* = |75, (9)I* ¥j =me M.

We compare the estimator obtained with our procedure P1 with the estima-
tors fol gs where § is obtained by Procedure P2 or P3. Those two procedures
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are still denoted by P2 and P3. We also compute the empirical estimator
S yig(x;)/n. This procedure is denoted by P4. Throughout the section, we
use the Haar basis for the simulations. In the following tables, we give the value
of 100 * 7y,

T(s)D —1(s)

=
Tl:N;

with N = 5000 and T'(s)(?) the estimation of T'(s) based on the [-th simulated
sample.

H=1/4 H=1/32
Pl | P2 | P3| P4| P1|P2| P3| P4
s1 | 2120352046 429357
so | 1.7 | 21| 14| 2133572657
s3 | 2920202044 57|44 57

H=1/128
Pl | P2 | P3| P4
sp | 47 | 41|94 ] 11.2
s2 | 346226 11.3
s3 | 5.3 | 81| 54 | 11.2

In most cases, our procedure is comparable with the best procedure. Whatever
the value of H, the procedures P2 and P3 use the same estimator for the
function s. The risk for P4 increases as H becomes smaller since this procedure
considers the mean of the observations over a smaller sample. Our procedure
P1 takes advantage of the regularity of the signal in a neighbourhood of the
interval [0, H] to consider the mean over a larger sample.

In the following tables, we present the results for the estimation of the linear
functionals fol sj(z)gi(z)dz, i =1,2.

g1
P1 P2 P3 P4
s1 ] 2.09%«1073 | 2.24%1073 | 2.71%x 1072 | 0.7
So 0.29 0.30 0.28 0.72
S3 0.36 0.30 0.31 0.74
g2
P1 P2 P3 P4
S1 2.86 2.86 2.86 2.88
So 0.77 0.72 1.00 0.72
S3 0.71 0.71 0.56 0.72

Our procedure is comparable to P2 and in most cases our risk has the same
order as that of the best procedure.
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5. Proofs
5.1. Proof of Theorem 1

We shall use the following lemma.

Lemma 2 For allm € M, for all x > 0,

P(éﬁt(m) > om(m)+\/%) < T eEmein,

jzm,jeM

5.1.1. Proof of Lemma 2

We recall that, for all m € M,

Sm= Y Y(en)on.

AEA,

Since T is a linear functional,

T(5m) = Z Y (o) (¢)-

AEA,

Moreover,

(™)

g

Y (o) ~ N({s,0x),

Using the properties of the isonormal process L,

)
T(55) = T(3m) ~ N(T(s5) = T(sm), 02,,) -
Let X ~ N (u,v?). For all x > 0,

P (|X oyl > \/233) < e/

which implies that
P (|X| > |p| + \/233) < e/,

1009

(5.9)

Since for all a,b > 0, Va+b < \/a + Vb, we obtain that for all (j,m) € M?

such that j > m, for all z > 0,

P (I7(3) = T()] 2 17(s)) = T(sm)| + V225005 m + V22)

<P (IT(55) = T(m)| 2 [T(55) = Tlsm)| + 05m205m + 22/02,,)

2
< e Timem®/Tim,
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Finally,

P (Grit(m) > Crit(m) + v27)

<P (32 m,j € MIT(5) = T(sm)| = HGym) = [T(s;) = T(sm)| + V)
< P (IT(3) = T(5m)| = H(jom) = [T(s;) = T(sm)| + V)
Jjzm,jeM

This concludes the proof of Lemma 2.

e We first consider the case where m < m*. Since for all m € M, pen(m) > 0
and by definition of Crit(m), we have

Crit(n) > |T(3m) — T(Sme )| — H(m*, i)
= T (m) = T(s)] = [T (5m+) = T(s)| — H(m", ).
Since - - )
Crit(m) < Crit(m*) + -~
we obtain

- 1
IT(8) = T(s)] < Crit(m") + H(m”, i) + T (3n-) = T(s)| + —
On the event {7 < m*},

H(m*,m) < sup H(m",j).
j<m=

Hence, using Lemma 2, we obtain that for all z > 0, the probability of
. ok . R 1
{I760) = 7)1 > Crittn) + VB + sup HOw )+ [T(6e) =T + 1}
j<m*
N{m < m*} is bounded by
3 et e~/ TG (5.10)
j>m*
e We now consider the case where m > m*. We recall that

0,2

2 _ R 2
o =var(T(5p)) = — D T3¢
AEA,
Using inequality (5.9), we obtain that for all m € M,

P (IT(3m) = T(5)| = |T(sm) = T(5)| + V22 + 0v/ 2

< efmmefm/ofn )
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This implies that
P (IT(30) = T(s)| = [T(sm) = T(s)| + V2 + pen(in) )

< Z e~ Tm e~/

meM

We notice that for all m € M,
(ﬁ(m) > pen(m)
since

SO ([T(6n) = T3, = HGm)] 2 [T G) = (o) = Hm )

and the right hand side of the inequality is equal to 0.
Using the inequalities

_— — 1
pen(m) < Crit(m) < Crit(m*) + —,
n

we obtain

P (|T(§m) CT()| > [T(s0) — T(s)] + VEz + Crit(m®) + 1)

n
2
E e~ Tm efm/crm )

meM

IN

We use the following inequality that holds if m > m*:

T (sm) = T(s)] < Sup, T(s5) = T(s)l

and we apply Lemma 2 with m = m* to control éth(m*) by Crit(m*). Hence
the probability of

jzm*
N{m > m*} is bounded by

> e Tme /% 4 doooemm e~/ Time (5.11)

meM j>m*,jeM

{|T(§m) —T(s)| > sup |T(s;) — T(s)| +2v2z + Crit(m*) + %}

Define

1
Chpr = Crit(m*) + sup H(m",j)+ sup |T(s;) —T(s)| + —
j<m* Jjzm* n

and
X = [T(Ga) = T(s)] , ¥ = [T(me) = T(5)].
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It follows from (5.10) and (5.11) that for all = > 0,
P(X-Y>Cu+2V20) < > e Th 42 e mte Tt (5.12)

memM j>m*

We have

E(X?) = E(XPIx>vy+c,.) + E(XPIxcyvic,.)
<E[(X -Y —Cpr + Y 4+ CrprPIxsvic,. | +E[(Y 4+ Cr PIx<cyvic,. ]
SPTE[(X =Y = o )PIxov 40, ) + 2P E[(Y + Crpe )P

We have used the inequality (a + b)? < 2P~!(a? + b”) which holds for all
p>1,a,b>0.
Moreover, setting (u)}. = (max(u,0))?,

E[(X -Y —Cn)b] _/OOO]ID((X—Y—Cm*)ﬁ>t)dt

= [ R(Cr -y - Cott > 2V ) i (VRP(Va

Hence, using (5.12), we get
B((X Y~ O )

o0

C(p) Z e ol + Z e Tam= U?)m* / e (V)P 2d.

meM j>m* 0
We conclude that for all p > 1, there exists some constant C'(p) > 0 such that
E(IT(55) = T(s)["] < C(p){Crit(m")" +E(|T(sn~) —T(s)[")}
+ ) (s 1700, ) + sup [7(5) - TP )
j<m* j>m*
+ C(p) Z e ol + Z e tamial L+ —
meM j>m*
Moreover, possibly enlarging C'(p),
E(IT(8m=) = T(s)IF] < C(p) [T (sm=) — T(s)I” + o7-] -

Since
[T(s5) = () < [T(55) = Tlom)| + [T(s0) = TG,
we obtain
s [7(sy) = T < C) (750 = TP + s [T(5) = Tlswe )

< C(p) (IT(sm-) — T(s)|P + Crit(m*)?).

This concludes the proof of Theorem 1.
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5.2. Proof of Corollary 1

The proof follows from bounding the terms on the right hand side of (2.4). In
the following, C' denotes a positive constant which may vary from line to line.
We mention the dependency of these constants with respect to the parameters
involved in the problem.

Let W; be the orthogonal complement of S; in S;y1 : Sj41 = W; @ S;. Set
D;(s) the projection of s onto Wj.

It follows from [24, Theorem 3] p. 31 that there exists a constant C(r) such
that

1(D;5() P llae < C)271D;(3)]]oo

We recall that
Dy(s) = Bkt

keZ

where 1 x = 27/2(27x — k) and Bjx = (sthj x).
Hence, since we have assumed that 1) has a compact support,

1D;(s)lloo < C(r)2//2sup ;.1
keZ

and _ _
(D ()" [l < C27/2H7 sup |3 4
kEZ
Since s € Bg,o0,q([0,1]) with ||s]|a,c0,q < L

— 3

Z 203 (@ F1/2) qup | B; 4|9 < LY. (5.13)
= keZ

We define B(m) = sup,,,<;<a, |s§-r) (z0) — s (z0).

Bm) < sup st — sl
j>m
j
< sup Y (D)7
szl:qul
< Cr) Z 9i(a+1/2) sup |5J_’k|2*j(aﬂ“)_
j>m keZ

Using Cauchy-Schwarz inequality,
q\ /4 1/q
B(m) < C(r) (Z 94j(a+1/2) (sup |5J—,k|> ) (Z 2jq/(ar)>
Jj>m kez j>m
where 1/q+ 1/¢' = 1. Tt follows from (5.13) that

B(m) < C(a,r,q)L27™™"),
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Note that
o? ” 2
o = . > (<P§n?k('r0)) ;

keZ
2 . . 0 = ™)
Vi > m, 02, = Var(T(5;) = T(5m) = = > 3 (47 @) -

n
l=m keZ

It follows from conditions (i) and (iv) that

o2
o2 < C(T)—2m(1+2r)
n

and that )

< CD (20530 a0,
J,m — n

Thus, for all m in M,

2m(1+2r) p/2
Crltp(m) < C(p, Qa, T, q) (L;D2pm(ar) + oP ( m) )

n

1 nl? \ T

where [z] denotes the integer part of x.
One can easily show that if n/(0? In(n)) > 2'72¢L=2 and n?*0? In(n) > L2,
then

Let

mo(n) € M.
Hence,
1
Crit(m*) < Crit(mg(n)) + e

which implies that

9 pla—r)
o lnn> 12 1

( r)
Crit? (m*) < C(p,a, r,q) | L5 ( + o
T

We next bound the other terms on the right hand side of Theorem 1.

e Foralll <m <d,,

r r r r P
156 (o) = 5 @o)|” < (158 (w0) = ) (o) | + I (wo) — 537 (w0) )

n

< C(a,rq) (Lp2pd"(‘”> + sup st (wo)) — 5" (xo)|p> :
jzmjem

This implies that

5572 (w0) = 57 (wo)|? < Cla,r,q) (L7277 4 Crit? (m") )
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e For all 1 <m < d,, o, <pen(m) < Crit(m).
e Foralll <m <d,,

sup H(m, j) = Sup /Tm, j0m.j < /Tm0om < Crit(m) .

j<m Jj<m

This implies that

Crit?(m*) + |s§7:2 (z9) — S(T)(x0)|p +ob .+ sup HP(j,m")
j<me
pla—r)

o2 1n n) 1+2a

n

< Clp,a,rq) | L575 ( + Lp 4 [Po-pdn(a=T)
n

Since 279 < 2/n and n?*0?Inn > L2,

pla—r)

2 S
Lp(lli—z? (0’ lnn> e > [P9—pdn(a—r)gp(a—r),

n

On the other hand we have :

s Y e P In(n)
Tom Tj m* P o
€ Ugm + € Uj,m* S C(Ta p) Tlp/2 dn S C(Ta p) Up Tlp/2 ’

memM j>m*

which yields the desired bound.

5.3. Proof of Corollary 2

As in Corollary 1, the proof follows by bounding the terms on the right hand
side of (2.4). Let us first control o2, for all m € M. For m < my,,

2 2
2 _ O 2 _ 0 m m,. m,.

k€eZ " kez

Since ¢ has a compact support,

3 / o272 — k)| < CllgllaoHon,
kez |V THn
and
sup / P27 — k)| < Cllglloo(@™ A Hy).
keZ IHn

Hence, for all m < m,,,

2
o
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Moreover,
02 = U— (VH, 11, ) < 0®/(nH,) < o2 /n.
" n
It is easy to see that o3, < 2(op, +07) and that ., = 0. Hence

2
Vji#me Mo, <ComVi,
n

This implies that

o p a?
Z e UmSC(p)W
meM
g a?
VmGM,Ze ol < Clp )nP/Q

j>m

Since T'($m, +1) = T(s), and since for all f,g € L%([0,1]), |T(f) — T(g)| <
I/ = glloo, We obtain, by the same computations as in the proof of Corollary 1,
that for all m < m,,

sup  |T(sm) =T(s;)| < sup |lsm = $jlloc + [[sm — slloc < C(a, q)L27™.
j>m,jeM m<j<mpy

Let mgo(n) be defined by (5.14). Since we assumed that nL?/o?In(n) > 1,
mo(n) € N. If (nL?/o?In(n )1 (1H20) <1, gmo(n) < 1/H,, and we get
(

Crit?(m*) < C(p) (Crit?(mo(n)) +nP)

» 21 2211
< Cpaq) (LH?& (U nn) +n7P .
n

Cit?(m*) < C(p) (Cxit? (my + 1) +n77)

- ) o)

Also, since T'(sp,, +1) = T(s),

Moreover,

T(sm-) = T(s)| < sup  [T(sme) = T(s;)| < Crit(m”).
jzm*,jeM

The other terms appearing in the upper bound for E(|T(85,) — T(s)|?) given in
Theorem 1 can be controled as in the proof of Corollary 1.
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5.4. Proof of Lemma 1

It follows from the results of Donoho and Liu [13] that
it sup B (T - 7)) = Clo)ed = T HaD))
Tn seHa (L) Vn

where wa(e, T, F) denotes the modulus of continuity of the linear functional T'
over the set F with respect to the L2 norm, namely

wa(e, T, F) = sup {T(f1) = T(fo)l, fo, fr € F, || fr — foll2 < €} .

In order to prove (3.6), we consider the functions fy = 0 and f; defined on [0, 1]
by:

filx) = ppa® for z € [0, Hy),
filx) = pu(2H, —x)* for z € (H,,2H,),
fi(x) = O0forax>2H,

where
pn = ((1+ 200)/(2nH %)) 1/2.

The condition H, > ((1 —|—2a)/(2nL2))1/(1+2a) ensures that p, < L, hence
f1 € Ho(L). One can easily verify that || fi — foll2 = 1/y/n and that T(f1) =
C(a)/v/nH,.

In order to prove (3.7), we consider the functions fy = 0 and f; defined on
[0, 1] by:

filz) = Ly —2)® for z € [0,7n],
fi(x) = O0forz>n,

where 7y, = ((14-2a)/(nL?))"/1+29) Since we have assumed that nL? > 14 2a,
Yn < 1. We have, ||f1 — foll2 = 1/y/n and

Hn 1+«
- (1 - _> |
Tn

T(f1) = L7, Cp
where C,, € [1 — H,,/vn, 1]. The last equality is obtained by Taylor-Lagrange’s

formula. For H,, < %(1+2a)1/(1+2a) (nL2)*1/(1+2a), Hn/")/n < 1/2, which leads
to T(f1) > C(a)L~g, hence (3.7) holds.

L,lera

n

T =ma+a

5.5. Proof of Corollary 3

For all m € M, we set A, = {O, 1,.. .,2m*1}d, and for all A = (k1,...,kq) €

Ay let Iy = [22 B [ (R kL] apq

dr =272 1,
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Then (¢x, A € A,,) is an orthonormal basis of S,,. It is easy to verify that for
all m € M,

o2 = 7 _gmd
n
and that for all (j,m) € M2,
2 o’ md jd

It follows from the definition of x,, and x; ,, that

o p o?
Z € mUm SCWCZ",

meM
P
o
—x: % D
e Tim* gl < ——d,.
Z Jmt = pp/27"
jzm*
Moreover,
Om+ + SUP /Tmr jOme j < Cpen(m”)
Jj<m*
and

|sme (20) — s(xo)[” < C(p) sup  |s;j(x0) — sme (w0)|”
jzm*,jeM

+  C(p)Isa, (o) — s(zo)[" .
Hence, it follows from Theorem 1 that, possibly enlarging C'(e),

oPd,

B (50 (z0) = san)”) < €O (o) 4 0 s o) = sl )

For all m € M,

Smo= Y 2%(/{ s(x)d:c) 1,.

AEA,

This implies that,

smle0) = 3(00) = g [ (o) = ()

where I (z) is the set Iy that contains xo. Hence, if s € Ho (L),

[$m (z0) — s(xo)| < L27™.

() = [T ((ﬂ—)] |

Let
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Since m1(n) € M, as soon as n/ In(n) > 29t2¢ =2 and L2 < n°¢ In(n),

n

pd di%
CritP(m*) < Crit?’(my(n)) < C(p, a, d, o) LF+2= (M> .

Hence, for n large enough,

po

E (|§m($0) — S(:po)|p) < C(p, a,d, U)L% (111(71)) dt2a '

n

This concludes the proof of Corollary 3.
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