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Abstract: We consider the regression model with (known) random design.
We investigate the minimax performances of an adaptive wavelet block
thresholding estimator under the L? risk with p > 2 over Besov balls. We
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than the conventional term-by-term estimators (hard, soft,...).
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1. Motivations

In recent years, wavelet thresholding procedures have been widely applied to
the field of nonparametric function estimation. They excel in the areas of spa-
tial adaptivity, computational efficiency and asymptotic optimality. Among the
various thresholding techniques studied in the literature, there are the term-by-
term thresholding (hard, soft, .. .) initially developed by [Donoho and Johnstone
(1995) and the block thresholding (global, BlockShrink, ...) introduced by
Kerkyacharian et all (1996) and [Hall et all (1999).

Several recent works demonstrated that the block thresholding methods can
enjoy better theoretical properties than the conventional term-by-term thresh-
olding methods. This superiority has been proved for various statistical models
via the minimax approach under the L2 risk. See, for instance, [Cai (1999) and
Cavalier and Tsybakoyv (2001]) for the Gaussian sequence model, [Cai_and_Chicken
(2007) for the density estimation, IChickenl (2003) for the regression model with
nonequispaced samples and [Chicken (2007) for the regression model with ran-
dom uniform design.

This paper presents an extension of a result established by |Chicken (2007).
We prove that a generalized version of the BlockShrink construction achieves
better rates of convergence than the conventional term-by-term thresholding
estimators.
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The main contributions of this study concern the two following points :

- The model: we consider the regression model with (known) random design,
not necessarily uniform.

- The statistical approach: we adopt the minimax approach under the L?
risk over Besov balls (regular, sparse and critical zones). The parameter p
can be greater than or equal to 2.

From a technical point of view, the proof is significantly more complicated than
for the uniform design and the case p = 2. We combine a general theorem es-
tablished by [Chesneau (2006, Theorem 4.2) with several probability inequalities
such that the Talagrand inequality and the Borel inequality.

The paper is organized as follows. Section Blintroduces the model, the adopted
minimax approach, the wavelet bases and the considered estimator. Section
presents the main result while Section Hl contains a detailed proof of the main
result.

2. Model, Wavelet bases and Estimator
2.1. The model

We observe n pairs of random variables {(X1,Y1),...,(Xn,Yn)} governed by
the equation:

Y = f(X5) + i, i=1....m (2.1)

where the design variables (X1,...,X,) are i.i.d. with X; € [0, 1], the variables
(#1,...,2n) are i.i.d. Gaussian with mean zero, variance one and are independent
of (X1,...,X,). We denote by ¢ the density of X;. The function f is unknown.
The goal is to estimate f from the observations {(X1,Y1),...,(Xn, Ys)}. Addi-
tional assumptions on the functions f and g will be specified latter (see Theorem
B below).

To estimate f, several adaptive methods have been elaborated (according
to the nature of the design). See, for instance, the transformation method of
Cai and Brown (1998), the model selection method of Barand (2002) and the
kernel method of |Gaiffad (2006).

In this study, we shall consider a particular wavelet thresholding estimator.
For the sake of clarity, let us denote this estimator by fn The performances of
fn will be measured under the global LP risk defined by

R(js £) = E3(Ia - FI) = E ( / 1Fult) - f(t)l”dt) |

Here, p is a real number greater than or equal to 2 and E% is the expectation
with respect to the distribution of the observations {(X1,Y1),...,(Xn,Yn)}
The unknown regression function f is supposed to belong to a wide class of
functions: the Besov balls. Wavelets and Besov balls are presented in the next
subsection.
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2.2. Wavelets and Besov balls

We consider an orthonormal wavelet basis generated by dilation and transla-
tion of a compactly supported ”father” wavelet ¢ and a compactly supported
"mother” wavelet ¥. For the purpose of this paper, we use the periodized wavelet
bases on the unit interval. Let us set

G n(x) = 21/2(272 — k), Vi n(x) = 21292z — k).

And let us denote the periodized wavelets by ¢77 (z) = >y djk(r — 1),
Y% (@) = 2 iep¥ik(r — 1), © € [0,1]. Then, there exists an integer 7 such
that the collection ¢ = {¢? (z), k =0,...,27 = 1; ¥ (x), j =7,...,00, k =
0,...,27 — 1} constitutes an orthonormal basis of L([0,1]). The superscript
"per” will be suppressed from the notations for convenience.

For any integer | > 7, a square-integrable function on [0, 1] can be expanded
into a wavelet series

21 oo 291
f(x) = Z L kPrr(z) + Z Z Bj ks k()
k=0 =l k=0

where o = [} f(2);x(x)dz and B4 = [y f(2);x(z)da.

For further details about wavelets, see Meyer (1990) and |(Cohen et all (1993).
Since ¥ is compactly supported, the following property of concentration holds:

for any m > 0, any j > 7 and any = € [0, 1], there exists a constant C' > 0

satisfying

27 -1
S yal@)™ < c2ims, (2.2)
k=0

Now, let us define the main sets of function considered in our statistical
approach. Let M € (0,00), s € (0,00), ® € [1,00] and r € [1,00]. Let us set
Br-1k = ar k. We say that a function f belongs to the Besov balls B; (M)
if and only if there exists a constant M* > 0 such that the associated wavelet
coeflicients satisfy

oo 201 r
Z [2](s+1/2—1/7r)[z |ﬁj)k|ﬂ']l/ﬂ']’l‘ < M*,
j=r—1 k=0

with the usual modification if ¢ = co. We work with the Besov balls because
of their exceptional expressive power. For a particular choice of parameters s,
7 and r, they contain the Holder and Sobolev balls (see, for instance, Meyer
(1990)).
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2.3. The estimator

We are now in the position to describe the main estimator of the study. It is a IL?
version of the BlockShrink estimator developed by ICal (2002) for the Gaussian
sequence model.

Let p € [2,00), d € (0,00) and L be the integer L = |(logn)?/?| where the
square brackets denote the floor function. Let j; and jo be the integers defined
by

J1 = [(p/2)log,(logn)], j2 = [(1/2)log, (n/logn)].

For any j € {j1,...,j2}, let us set A; = {1,...,27L7'} and, for any K € A;,
Bjx=1{ke{0,...,27 —1}: (K-1)L<k<KL-1}.
We define the (P version of the) BlockShrink estimator by

2711

fu@) =" agubin@+ > Y > Bj,kl{z;j,@dn—uz}%,k(fv)a (2.3)
k=0

j=j1 K€A; keB; Kk

R R 1/p

where b; g = [L_l DkeB; x |ﬁj7k|p} and

G =0Tt Yig(Xo) T on(Xa),  Bw=nTt ) Yig(Xa) T n(X0). (2.4)
=1 =1

This estimator was first defined in this L? form by [Picard and Tribounley (2000)
for general statistical models.

Comments:

- The sets A; and B; i are chosen such that Ugea,Bj x = {0,...,27 — 1},
Bjx NBjx =0 for any K # K’ with K, K' € Aj, and |Bj x| = L =
[(log n)?/?].

- It is easy to show that &;; and Bj,k are unbiased estimators of «; ; and
Bj.k, the wavelet coeflicients of f. Moreover, they satisfy several probability
inequalities which will be at the heart of the proof of the main result.
Further details concerning these inequalities are given in Section El

- The considered BlockShrink estimator is adaptive since it does not depend
on the smoothness of the unknown function f. However, it depends on
the norm parameter p. An open question is : can we construct a block
thresholding procedure that is adaptive to the LL? risk for all p ?

3. Main result

Theorem Bl below determines the rates of convergence achieved by the Block-
Shrink estimator under the IL? risk over Besov balls.
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Theorem 3.1. Let us consider the regression model with random design (Z1).
Suppose that :

o the unknown regression function f is bounded from above, i.e. || flcc < M’,
where M’ > 0 denotes a known constant.
o the density g of X1 is known and bounded from above and below.

Let us consider the BlockShrink estimator fn defined by (Z3) with a large enough
threshold constant d. Let p € [2,00[. Then there exists a constant C > 0 such
that, for any 7 € [1,00], r € [1,00], s € (1/m 4+ 1/2,00) and n large enough, we
have .

sw B} (IIfa— fI2) < Cin,

B3 (M)

where

n=1P (logn)®1PLir>=) when € >0,
Pn =
(logn/n)®2P(logn) P~/ + e=0}  when € <0,

with a; = s/(2s+1), ag = (s—1/7+1/p)/(2(s—1/7)+1) and € = 7s+271(7—p).

The rates of convergence presented in Theorem Bl above are minimax except
in the cases {p > 7} N {e¢ > 0} and € = 0 where there is an extra logarithmic
term. They are better than those achieved by the conventional term-by-term
thresholding estimators (hard, soft,...). The main difference is for the case
{m > p} where there is no extra logarithmic term. Let us mention that Theorem
Bl can be proved for p € (1,2) if we consider the BlockShrink estimator ([Z3)
defined with L = Inn. Further details can be found in [Chesneanl (IM) Further

details about the rates of convergence for the regression problem (& I; via the
minimax approach under the IL? risk over Besov balls can be found in

(2007).

As mentioned in the motivations of the paper, Theorem Bl is an extension
of a result proved by IChicked (Im, Theorem 2) for the uniform design, the 1.2
risk and the Hélder balls B, . (M).

Comments on the choice of the thresholding constant d. From a theoretical
point of view, it is difficult to determine the exact minimum value of d such that
fn achieves the rates of convergence exhibited in Theorem Bl In fact, Theorem
B holds for d > p1 where p; refers to the constant of Proposition BTl below.

4. Proof of Theorem B.1]

Thanks to a result proved bym (Im, Theorem 4.2), the proof of Theo-
rem B.Jlis an immediate consequence of Proposition EEJ below. This proposition
shows that the estimators (0 x)r defined by {2 satisfy a standard moments
inequality and a specific concentration inequality.
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Proposition 4.1. Let p > 2. There exist two constants pp > 0 and C > 0
such that, for any j € {j1,...,j42}, K € A; and n large enough, the estimators

(Bjk)x defined by ([ZF) satisfy

- the following moments condition :
E} (IBM - ﬁj,k|2”) <Cn7P, (4.1)

- the following concentration inequality :

Ph L™ D Bk = Biwl 1P > 27 a2 ) <dn7P (4.2)
kEBj Kk

The moments inequality has been proved by IChesneail (2007). The proof of
the concentration inequality [Z2)) combines several concentration inequalities
such that the Talagrand inequality and the Borel inequality. They are recalled
in the two auxiliary lemmas below.

Lemma 4.1 (Talagrand (1994)). Let (V4,...,Vs,) be i.i.d. random vari-
ables and (e1,...,€,) be independent Rademacher variables, also independent
of Vi,...,V,,). Let F be a class of functions uniformly bounded by T. Let
rn : F — R be the operator defined by:

rn(h) =n"" Zh(m — E(h(V1)).

Suppose that

sup Var(h(V1)) < w, E (sup Zeﬁ(%)) <nH.
heF heF =

Then, there exist two absolute constants C; > 0 and Co > 0 such that, for any
t >0, we have:

P (sup rn(h) >t + CQH) < exp (—nCl (t2v_1 /\tT_l)) .
heF

Lemma 4.2 (The Borel inequality (seelAdlen (1990))). Let D be a subset
of R. Let (n¢)iep be a centered Gaussian process. Suppose that

E <sup Wt) <N, sup Var(n) < Q.
teD teD
Then, for any x > 0, we have

P (fgg > T+ N) < exp (—2%/(2Q)) . (4.3)
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We are now in the position to prove Proposition EEIl Here, C' represents a
constant which may be different from one term to the other. We suppose that
n is large enough.

Proof of the Proposition [f.]l By the definiton of Bj,k, we have the following
decomposition R
Bik — Bk = Ajk + Bjk,

where

A=Y FX0)g(X) T i (X0) — Ef (F(X0)g(X0) (X)) (4.4)
=1

n

Bijx=n""Y g(Xi) "n(Xi)zi (4.5)
i=1

By the [,-Minkowski inequality, for any p > 0, we have

L Z 1Bj — BiP1VP > 27 un ™2 | <U+ VY,
keBj ik

where

U = ;} [L’l Z |Aj,k|p]1/p2471un71/2 7
keBj k

V:P? [L_l Z |Bj,k|p]1/p24_lﬂn_l/2
keEBj Kk

Let us investigate separately the upper bounds of &/ and V.
o The upper bound for U. Our goal is to apply the Talagrand inequality
described in Lemma BTl Let us consider the set C, defined by

Cq = {a = (a;r) € Z%; Z lajkl? < 1}
keEBj Kk

and the functions class F defined by

F={h hiw) = f@)g@) " Y azuisn(e), a€Cyh

kGBj,K

By an argument of duality, we have

[ D AP =sup D7 ajrdjn = sup ra(h),
keBj Kk a€Cy keBj k her
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where A;j is defined by ) and r,, denotes the function defined in Lemma
ETl Now, let us evaluate the parameters T, H and v of the Talagrand inequality.

First of all, notice that, for p > 2 (and, a fortiori, g =1+ (p —1)"! < 2), an
elementary inequality of [, norm gives

sup[ Y Jagul*]V? < sup[ Y fagl? < 1.

2€Cq keB; k 2€Cq keB; k

— The value of T'. Let h be a function in F. By the Cauchy-Schwarz inequality,
the assumptions of boundedness of f and g and the property of concentration
&32), for any = € [0,1], we find

@) < [F@lg@) Y] [iw@)P) Y sup[ D Jagel’]?
kEBj Kk a€Cq keBy ke
< A lolll/gliscl D7 Tbin(@)?M? < €272,
kGBj,K

Hence T = C27/2.
— The value of H. The [,-Holder inequality and the Holder inequality imply

supz Z ajreif (Xi)g(Xi) ™ u(X;)

acCqy i=1 k€B; i

1/p
< wpl Xl | Y B (IZezf ey
@€Cq LeB; x keB; x
1/p
< | > E} (lZelf k(X ) : (4.6)
kEB; K
Since (e1,...,€,) are independent Rademacher variables, also independent of

X = (X1,...,X,), the Khintchine inequality yields

E”<|Zezf (X >|>
E} (E |Zezf s z->|p|X>>

CE} (IZIf )I?lg( i)|_2|¢j,k(Xi)|2|p/2> =CL (4.7)

IN

Now, let us consider the i.i.d. random variables (Nq,..., N,) defined by

Ni = |£(X)Plg(Xa)| 2[5 (X5))2, i=1,....n.
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An elementary inequality of convexity implies I < 2P/2=1(I; + I,) where

( Z (N; — E7(N1) )|p/2> I = nP/PE}(N)P/2,
i=1

Let us analyze the upper bounds for I; and I, in turn.
— The upper bound for I;. The Rosenthal inequality applied to (Ny,..., Ny,)
and the Cauchy-Schwartz inequality imply

< O (nEHIN?) + (EF(IN )Y

For any m > 1, j € {j1,...,72} and k € {0,...,29 — 1}, the assumptions of
boundedness of f and g give

1
/0 @) P g(@)] 2 iy () [P

EF (V™)

N

1
B 22 [ @) Pde < 020D < cnm,
0

Therefore I; < CnP/2,
— The upper bound for I. Since E?(Nl) < C, we have I, < CnP/2,
Combining the obtained upper bounds for I; and I, we find

I <C(I + L) < CnP/2, (4.8)
Putting ([EH), @) and X)) together, we see that

supz Z ag,kﬁzf ( i)71¢j,k(Xi) SC[ Z I]l/pgcnl/QLl/p'

a€Cq 3 keB; k keB; k

Hence H = Cn~Y/2LV/P,
— The value of v. By the assumptions of boundedness of f and g and the
orthonormality of ¢, we obtain

sup Var(h(Xy))
heF

IN

SupEf FXDPIgX)2] D agrtir(X))

a€Cq kEBj Kk

IN

A2 01 gl sup B | > > ag ka0 g(X0) " by (X1)thj 00 (X1)

a€Cq keB; i k'€B; k
1
= Csup Z Z a]7ka]7k// ¥ k(X)) 5 (x)dx
9€Ca B, i W EB; K 0

= Csup Y laul*<C

acCyq keB; k
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Hence v = C.

Now, let us notice that, for any j € {ji1,...,j2}, we have n2/ < n2iz <
2n3/2(log n) ~*/?. Since (logn)1/2 < LY/P < 21/P(logn)"/? for t = 8~ pLl/Pp=1/2,
we have

(vt AT ) >C (uz(logn/n) A pn/ (logn/(an))) > Cu®(logn/n).

So, for p large enough and t = 8 'y L'/Pn=1/2  the Talagrand inequality yields

U = PrL D> |Al1VP =4 un 2

kEB]‘,K
< PRIEL™ D AP =8 un P o2
kEB]‘,K
< P} (sup rn(h) > t+ 02H>
heF
< exp (—nCl (t2v_1 A tT‘l)) < exp (—nC;ﬂ(log n/n)) <n7P,

We obtain the desired upper bound for U.

o The upper bound for V. Here, we apply the Borel inequality described in
Lemma Let us consider the set C; defined by

Cq = {a = (a;r) € Z%; Z lajkl? < 1}

kEBj,K

and the process Z(a) defined by

Z(a): Z achB‘)k,

keB; Kk

where Bj i, is defined by [H). Let us notice that, conditionally on X = (X1,..., X,,),
Z(a) is a centered Gaussian process. Moreover, by an argument of duality, we

have
sup Z(a) = sup Z a; kBjr = Z |Bj_’k|p]l/p.
a€Cq @€Cq e B, keB; x

Now, let us investigate separately the upper bounds for E’ (sup,¢¢, Z(a)|X) and
SDaec, Vart (Z(a)|X).

— The upper bound for E’ (sup,ec, Z(a)|X). Let us consider the set B, defined
by

B, = {|n_1 > (X)) sk (X0))P = 1] > u} :

i=1
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Let us work on the set Bj, the complementary of B,. By the Jensen in-

equality, the fact that Z(a) | X ~N(O,n230  |g(X)|™ 2|z/1]7 (X;)]?) and the
assumptions of boundedness made on g, we find

£ (mpzoie) < |3 mmemols

keBj k
= Ly ( 7QZ|9 D172 1 (X0 PP
keBj Kk
< Cl/gllol D ( _229 ) by (X [P)P/NP
keEBj Kk
< oY *129 (X = L P
keB;j Kk
< Cn_1/2[ Z (u+1)p/2]1/”SC(u—i—l)l/le/”n_l/Q.
kEBj Kk

Hence N = N(X) = C(p + 1)/2LY/Pp=1/2,
— The upper bound for sup,cc, Var}(Z(a)X). Let us define the set A, by

n

A o= asup( > Y ajrae(n Y g(X0) T k(X (X))

9€Cq }eB; x K EB; K i=1
= Y ) = p
kEBj Kk

Let us work on the set A, the complementary of A,,. Using the assumptions
of boundedness of g, we have

G = sup Z Z aj,kaj,k'(TflZ|9(Xi)|721/)j-,k(Xi)1/)j-,k’(Xi))

a€Cq kGB]‘,K klEBj,K

IN

sup < Z Z Q5 k05 k! < -1 Zg(Xi)_l’t/Jj7k(Xi)¢j)k/ (Xz)>

9€Ca \ keB, k K EB; K i=1

- |aj.,k|2>+suP > el

keB; K 2€Ca kep; x

<C(p+1).
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Since E} (zi2i1) = 1 if i =4’ and E%(z;2i+) = 0 otherwise, we have

sup Vary(Z(a)|X) = sup E’;(|Z(a)|2|X)
ec

a€Cy

= swBF [ Y > ajeajwBiaBiwlX
aGCq kEBj’K k/GB]‘,K

= sup [0 Y > ainain DD 19Xk (Xa) g (Xi B} (zizi0)

a€lq KEB; i k'EB; i i=1i'=1

n

nlsup |0 YT aage (Y 19X TPk (Xa ) (X5))

(ZGCq kGBj,K k'GBj,K =1

= n'G<Cnt(p+1).

Hence Q@ = Q(X) = Cn~*(u+1).
The obtained values of N and @ will allow us to conclude. For any x > 0, we
have

P’ (sup Z(a)>x+C(1+ u)l/le/pn1/2>

a€Cy

= E} <]P’?(Suéo Z(a) >z + C(1+ p) ? L0~ 2IX) (15, + 165))
acCqy

IN

P%(B,) + E} (P?(asgcp Z(a) >z + N(X)|X)> . (4.9)

The Borel inequality described in Lemma implies
E% (]P”;(sgcp Z(a) > x4+ N(X)|X)> <E} (exp(—2?/(2Q(X)))) . (4.10)

Moreover, by definition of A,,, we have
E} (exp (~22/2Q(X))) = E} (exp (~?/(2Q(X))) (L, + L))
< PH(AL) +exp(—na®/(2(p+1))).  (4.11)

Putting the inequalities (E9), (EID) and @IT) together, for x = 81y L/Pp~1/2
and p large enough, we obtain

vV = Py (sup Z(a) > 4_1,uL1/pn_1/2>
a€Cy
< P} (sup Z(a) > 8 ' uLtPnV2 4 O(1 + ,u)l/QLl/pnl/2>
’ a€Cy
< PHAL) +PH(B,) + exp (—O;LQLQ/” (i + 1)) . (4.12)
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Lemma below provides the upper bounds for P%(A,) and P}(B,,).
Lemma 4.3. For p and n large enough, we have
max (P?(A#),P?(Bﬂ)) <n7P

By the inequality TD), the fact that L = [(logn)P/?] and Lemma B3 for
1 large enough, we have

Y <3n7P.

Combining the obtained upper bounds for &/ and V, we achieve the proof of
Proposition E1 O

Proof of Lemma[f-3. Let us investigate the upper bounds for P’} (5,,) and P’} (A,,).

e The upper bound for ]P’;}(BM). First of all, notice that the random variables

([ (XD)IPg(X1) 7 [y (Xn) P9 (X)),

are i.i.d. and, since g is bounded from below, we have
5 (X)Pg(X0) ™ < 1/ gloellb]%27, B} ([0 (X0 Po(x) ™) =1

So, for any j € {j1,...,Ja2}, the Hoeffding inequality implies the existence of a
constant C' > 0 such that

P%(By) < 2exp (—Cnu22_2j) < 2exp (—Cnu22_2j2) < n=Or,
We obtain the desired upper bound by taking p large enough.

e The upper bound for P (Ay). The goal is to apply the Talagrand inequality
described in Lemma BTl Let us consider the set C, defined by

Cq = {a = (a;r) € Z%; Z laj k]! < 1}

kEBj,K

and the functions class F' defined by

Fr=3h h(z)=g@)™ Y. > ajrajptis@)ve(z), acd,

kGB]‘,K k'GBj,K
We have

n

sup [ > D agraie(nTt Y g(X) T k(X (X)) = Y lagsl?

2€Ca \ keB; k K EB; K i=1 kEB;, K

= sup 7, (h),
heF’
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where 7, denotes the function defined in Lemma EZTl Thus, it suffices to deter-
mine the parameters 7', H and v of the Talagrand inequality.

— The value of T. Let h be a function of F'. Using the Holder inequality, the
fact that g is bounded from below and the concentration property [Z2), for any
x € [0,1], we find

@) < 11/glle D lagul® D |wiw(@))? < C2.

]CEB]',K kij,K

Hence T = C27.
— The value of H. The Cauchy-Schwarz inequality implies that

Ef [sup Y ) aa,k%,k'zmg( i) e (Xa) e (X)

9€Ca jeB; ik K EB; K

< sup| Z Z |ajk| la i ]1/2 ..

aGCq kGB K Kk’ GB] K

> > E?(Zw )M (X »wj,k/(Xi)F)
_kEB]‘,K k'€B; Kk i=1
r 41/2

= Z Z E?(Zflg (X )7/}j,k/(Xi)|2> .(4.13)

keBj k k'€B;j i=1

~1/2

3

S

Since (€1,...,€,) are independent Rademacher variables, also independent of
X = (X1,...,X,), the Khintchine inequality and the fact that g is bounded
from below give

(I > eig(X) ™ (X (Xi)l2>

i=1

( <|Z€ )~ in( i)¢j,k'(Xi)|2> |X>

CE} (Z |9(X) 72|k ( i)|2|1/)j,k/(Xi)|2>

ClIL/glZenEF (1850 (X1) Pl (X1)?) - (4.14)

Using the property of concentration ([Z2) and the inequalities EI3)-EId), we

IN

IN
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find

sup > Y ajkagk Zezg( ) s (Xi) e (X0))

9€Ca kB, kK EB Kk
1/2

< C|nE} || Z |95 (X3) [P < COn*/?27.
keBj k

Hence H = C2in=1/2,
— The value of v. Using the fact that g is bounded from below, the Holder
inequality and the property of concentration ([2), we have

sup Var(h(X1)) < sup E} [1gX0)172 DY D ainagumt e (X)) (X))
heF kEB; Kk k'E€B; K
< Cl/glZ supl > asslPPE (| D] [wix(X0)??
a€Cq keB;j Kk keBj k
< C2%,

Hence v = 022,
Now, let us notice that if t = 27!y then

(t2v_1 A tT_l) >C (u22_2j A u2_j) =Cu*2~¥.

For any j € {j1,...,j2}, t = 271y with u large enough, the Talagrand inequality
gives

P (AL)
< P(sup( Z Z ajpajp (n! Zg(Xi)ildjj,k(Xi)‘/)j,k’ (Xi)) — ...
(ZGCq kGB' K k'GBj K =1
> lajkl?) =27 w4 €207 ?) < P(sup ru(h) > t+ CoH)
KeB. heF
5, K
< exp (—nCl (t2v71 A tTﬁl)) < exp (—nC,LLQZ*Qj)
< exp (—nCu22_2j2) <n7P.

This ends the proof of Lemma O
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