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Abstract. We study the long time behavior (homogenization) of a diffusion in random medium with time and space dependent
coefficients. The diffusion coefficient may degenerate. In Stochastic Process. Appl. (2007) (to appear), an invariance principle is
proved for the critical rescaling of the diffusion. Here, we generalize this approach to diffusions whose space-time scaling differs
from the critical one.

Résumé. Nous étudions le comportement asymptotique (homogénéisation) d’une diffusion en milieu aléatoire avec des coeffi-
cients dépendant du temps et de 1’espace, pour laquelle le coefficient de diffusion peut dégénérer. Dans Stochastic Process. Appl.
(2007) (to appear), un principe d’invariance est établi pour le changement d’échelle critique de la diffusion. Ici, une généralisation
de cette approche est proposée pour différents changements d’échelle possibles.

1. Introduction

We aim at studying the long time behavior, as ¢ — 0, of the diffusion process with random coefficients (the parameter
w below stands for this randomness) defined by
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and then at identifying the limit of the solutions of the random parabolic differential equations (PDE)
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with initial condition z ,(x,0) = f(x). o, B are two strictly positive parameters. The coefficients a, b, o, c,d are
stationary ergodic random fields with respect to space and time variables. We shall see that there are different possible
limits depending on « =28, a < 28 or o > 2. More precisely, we suppose that « = 0o and the generator of the
diffusion process could be rewritten in divergence form as
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Here V and H are also stationary random fields and H is antisymmetric. Assumptions will be stated rigorously in the
next section. We will prove that, in probability with respect to w,

lin})zs,w(-xvt)zz(tvx)’ (4)
E—>

where 7 is the solution of a deterministic equation of the type
0:Z(x,t) =trace[AAZ](x,t) + C -V, Z(x,t) + UZ(x, 1) (&)

with initial condition zZ(x,0) = f(x). A, C, U are deterministic coefficients, the so-called effective coefficients, and
depend on the considered case. As in the previous paper [18], we do not assume any non-degeneracy of the diffusion
matrix a (several examples are introduced in [18]).

Roughly speaking, the case @ = 28 corresponds to the critical scaling for the diffusion and space and time variables
have to be homogenized simultaneously. This job was carried out in [18]. In case o < 2, the space variables are
moving faster than the time variable so that the homogenization procedure has to be performed first in space and then
in time, and vice versa in the case o > 2.

Both this paper and [18] follow a series of works on this topic. Let us sum up the methodological approach of this
issue. Briefly, the time dependence of the process brings about a strong time degeneracy of the underlying Dirichlet
form, which satisfies no sector condition, even weak. To face such a degeneracy, analytical methods, more precisely
compactness methods, carried through the homogenization procedure for a uniformly elliptic diffusion matrix a in
periodic media [1,20] or in random media [4]. In [8], critical scaling is considered (¢ =2 and 8 = 1) and an annealed
invariance principle is proved for the diffusion (1) by means of probabilistic tools under the assumptions V =0 and
a = Id. This result is extended in [10] to the case when the stream matrix H satisfies a certain integrability condition of
the spatial energy spectrum instead of boundedness of the coefficients. A quenched version of the invariance principle
is stated in [5] for an arbitrary time and space dependent diffusion coefficient provided that it satisfies a strong uniform
non-degeneracy assumption. The particularity of these works lies in their intensive use of regularity properties of the
heat kernel to deal with the time degeneracy of the Dirichlet form.

In this paper, we additionally consider possibly degenerate diffusion coefficients a. This prevents us from using
both compactness methods (the Poincaré inequality is lacking) and regularity properties of the heat kernel (no uniform
ellipticity or even hypo-ellipticity of the matrix a is assumed). The main tools of the proof are the control of the matrix
a by a time independent one a and a commutativity argument of the unbounded operators associated to a and to the
time evolution.

This article is structured as follows. In Section 2, we introduce notations and present our results. In Section 3, we
set out the main properties of the involved stochastic processes. Section 4 is devoted to constructing the correctors.
We explain how to get round the lack of regularity of the correctors in Section 5 to establish the It6 formula. Then in
Section 6, an ergodic theorem is proved, which allows us to carry through the homogenization procedure (Section 7).
The tightness of X% is studied in Section 8 by means of the Garsia—Rodemich—Rumsey inequality. The limit PDE 5
is identified in Section 9 with the help of the Girsanov transform.

2. Notations, setup and main results
The setup remains the same as in [18]. It is reminded for the reader’s convenience.

Definition 2.1. Let (2,3, 1) be a probability space and {t; »; (t,x) € R x R?} a stochastically continuous group of
measure preserving transformations acting ergodically on §2:

(1) VA€ G, V(t,x) eRxRY, pu(r ¢ A) = u(A),

(2) Ifforany (t,x) e R x R4, T xA= A then u(A)=0or1,

(3) For any measurable function g on (§2,G, u), the function (t,x,w) — g(7; xw) is measurable on (R x RY x
2,BR xR ® G).

In what follows we will use the bold type to denote a function g from £2 into R (or more generally into R", n > 1)
and the unbold type g(¢, x, ) to denote the associated representation mapping (¢, x, w) — g(t; xw). The space of
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square integrable functions on (£2, G, ) is denoted by L?(£2), the usual norm by | - | and the corresponding inner
product by (-, -)2. Then, the operators on L2(£2) defined by T; xg(w) = g(1;,xw) form a strongly continuous group of
unitary maps in L?(§2). Each function g in L>(§2) defines in this way a stationary ergodic random field on R¢*+!. The
group possesses d + 1 generators defined fori =1, ...,d, by

0 0
Dif=—Ty ,.f —o and D, f=—T, of -0,
= 0,xfl(z,x)=0 if=="Tro l(7,6)=0

which are closed and densely defined. Denote by C the dense subset of L?(£2) defined by
C =Span{fxg;fe L?(2),9 € CX(RT™)},  with fxg(w) = / f(z; cw)o(t, x)dt dx,
Rd+!1

where C2° (RI*1) is the set of smooth functions on R¥+! with a compact support. Remark that C ¢ Dom(D;) and
Di(fx¢p)=—fx g—z. This last quantity is also equal to D;f x ¢ if f € Dom(D;).

Consider now measurable functions o, 5, H: 2 — R9*4 and V, ¢, d: 2 — R. Assume that H is antisymmetric.
Define a=¢00* and a = g¢*. The function V does not depend on time, that means V¢ € R, T; oV =V.

Assumption 2.2 (Regularity of the coefficients).

e Assume that Vi, j,k,l=1,...,d, aij,'ﬁ,-j,V, H;;, Da;;, and Dﬁu € Dom(Dy).
e c=¢?V Zi’j D; (e_zvgijfj)for some function £ € L>®(£2; RY).
e Define, fori=1,...,d,

d 1
b; (w) = Z(—Djaij(a)) —a;;D;V(w) + ED/‘H,'/‘((,())),
j=1
) ., (6)
bi(@) =)
j=1

1
2
| B ~
(EDjaij (a)) — a,-ijV(a))>

and assume that the applications (t,x) — b;(t, x, w), (t,x) — c(t,x,w), (t,x) —> o(t,x,w), x = DV (x,w) are
globally Lipschitz (for each fixed w € §2) and the application (t,x) — d(t, x,w) is continuous. Moreover, the
coefficients 0, a,b,0,V, H, ¢, d are bounded by a constant K . (In particular, this ensures existence and uniqueness
of a global solution of SDE (1).)

Here is the main assumption of this paper:

Assumption 2.3 (Control of the coefficients).

o 0 does not depend on time (i.e.Vt € R, T,0 = ). As a consequence, the matrix A does not depend on time either.
e H,a, c e Dom(D;) and there exist five positive constants m(> 0), M, cH, Cf, Cg such that, i a.s.,

ma<a<Ma, @)
H| < Cy'a, ID:H| <Cy’a and |D.a| < (33, (3)
where |A| stands for the symmetric positive square root of A, i.e. |A| =V AA*.

For instance, if the matrix a is uniformly elliptic and bounded, & can be chosen as equal to the identity matrix Id
and then (8) < H, D;H and D;a € L*°(£2).
Let us now set out the ergodic properties of this framework:

Assumption 2.4 (Ergodicity). Let us consider the operator S= (1/2)e?Y Zld j=1Di (e_zvﬁ}j D;) with domain C.
From Assumption 2.2, we can consider its Friedrich extension (see [6], Chapter 3, Section 3), which is still denoted
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S. Assume that each function f € Dom(S) satisfying Sf = 0 must be pu almost surely equal to some function that is
invariant under space translations.

The reader is referred to [18] for examples in which Assumptions 2.2, 2.3 and 2.4 are satisfied.
Even if it means adding to V a constant (and this does not change the drift b, see (6)), we assume that
i e 2Vdj = 1. Thus we can define a new probability measure on §2 by

dr (@) =e V@ dp(w).

We now consider a standard d-dimensional Brownian motion defined on a probability space (£2/, F,P) and the
diffusion in random medium given by (1). Under Assumptions 2.2, 2.3 and 2.4, we claim:

Theorem 2.5. The law of the process X converges weakly in p-probability in C ([0, T1; R?) to the law of a Brown-
ian motion with a certain covariance matrix (see (50)).

This result puts us in position to describe the long time behavior of PDE (2):

Theorem 2.6. For any bounded continuous function f : R — R, the solution Ze.w(x, t) of PDE (2) with initial con-
dition z¢ 4, (x,0) = f(x) converges in p-probability towards 7(x,t), where Z is the unique viscosity solution of the
deterministic PDE (5) with initial condition z(x,0) = f(x) (see (49) and (50) for a description of A, C,U). More
precisely, for any (x,t) e R x Ry and § > 0

w({o; |z, ) =206, 2 8}) > 0

as ¢ tends to 0. Furthermore, the coefficients A, C, U only depend on the case o« —28 <0, —28 > 0and o —28 =0.

The reader can refer to [2] for a description of the viscosity solution theory of PDEs.

Remark 2.7. Let us be more explicit about the last statement of Theorem 2.6. Because of the possible degeneracies of
the diffusion matrix a, the coefficients A, C, U are defined by limits involving solutions of parameterized PDEs (see
Section 9). However, the uniformly elliptic setting provides us with exact problems (or PDEs) to compute A, C, U.
The reader is referred to [1], Chapter 2, Section 1, or [16,20] for the periodic case and to [4] for the random case.

To get an idea of the scaling effect, let us focus on the 1-dimensional periodic case. In this setting, the matrix A is
given by (see [20], Proposition 2.2)

A:/ / a(t, x)(Dv(t, x) + 1) dx dr, ©)
t€[0,1] Jx€[0,1]

where the function v solves one of the following problems, depending on the values of the parameters o and 3.
e Case o — 28 < 0: v is the unique solution of the parameter dependent elliptic problem:

—Dy(a(t, x)(Dyv(t,x) + 1)) =0,

v(t,-) is 1-periodic, v(t,x)dx =0, re]0,1].
x€[0,1]

It is readily seen that Dyv(t,x) = C(t)/a(t,x) — 1 where C is a function of t. Since v is x-periodic, fxe

[0’ 1] va(tv
x)dx = 0. Consequently, it comes out that C(t) = (fxe[o 1 al(l—lx) dx)~! so that, from (9), we obtain explicitly the
effective diffusivity

| ~1
A= / </ dx) dr.
10,11 \Jxe[o,17 a(t, x)
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e Case o — 28 > 0: v is the unique solution of the elliptic problem:

—Dy(a(x)(Dyv(x) + 1)) =0,

v is 1-periodic, / v(x)dx =0,
x€[0,1]
where a(x) = fte[o 1 a(t, x)dr. As in the previous case, solving this problem raises no particular difficulty and we get

D,v(x) = C/a(x) — 1 where C is a constant, which exactly matches (fxe[o 1 % dx)~! thanks to the periodicity of v
again. Then formula (9) reads

| -1
IS
vel0.1] Jrego, 1y @, X) dt

Note that, in comparison with the previous case, the role of time and space variables have been, in a way, inverted.
e Case o — 28 = 0: v is the unique solution of the parabolic problem:

D;v(t,x) — Dy (ﬁ(t, x)(DxV(t, x) + 1)) =0,
v is periodic in time and space, ft xe[0.1] v(t,x)drdx =0.

Unfortunately, computations in the critical case o = 2 are trickier and do not enable us to give an explicit formula
for the effective diffusivity.

From now on, in order to avoid heavy notations, the superscript @ of X is omitted when there is no possible
confusion. So we write X¢ instead of X®“. Moreover, except where otherwise stated, the process X¢ starts at time
s =0 (see (1)).

3. Environment as seen from the particle

Let us denote by X* the process driven by the following It6 equation

t t
X = / b(eX 4, X, ) dr + / o (e, X", ) dB,. (10)
0 0
From law uniqueness for solutions of It6 equations with Lipschitz coefficients, the processes
{SﬁXf/Ez,g; t >0} and {X?; ¢ > 0}, which both start from 0, have the same law.
We now focus on the environment as seen from the particle: this is a process on the probability space §2 defined
for each ¢ > 0 by

Vi @) = T 0, g, (1n

where the process X° starts from 0 € R. This section is devoted to proving that it defines a £2-valued Markov process,
which admits 7 as (not necessarily unique) invariant measure. As a consequence, the associated semigroup (see [3]
for a thorough study on semigroups) can be extended to a contraction semigroup on L”(§2), for 1 < p < oo. Let us
additionally mention that, with the help of the It6 formula, the generator of this process is easily identified on C. It
coincides with the operator L 4 £2~% D, where L is defined on C by

2V d
L=— > Di(e*[a+H];Dy). (12)
ij=1

Note that C need not be a core for this operator because of the possible degeneracies of the matrix a.

All these statements are well known in the case of a uniform elliptic diffusion coefficient a for time independent
(see [9,13—15]) or time dependent (see [8,10] and references therein) coefficients. In what follows, we will see that
the degenerate case boils down to the uniform elliptic case by means of vanishing viscosity methods.
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Let us consider a (d + 1)-dimensional Brownian motion B’ independent of B. Up to the end of this section,
the couple (a, X),a e R, X € R? stands for a (d + 1)-dimensional vector and the variables u, v denote (d + 1)-
dimensional vectors. Let us define the (d + 1)-dimensional process X®" as the solution of the following Itd equation

dxf*”:(szﬁ‘“,b—n_lDV(Xl ))dt+(0 0( e )dBt)+n—l/2dBt/_ (13)

From Lemma 3.1 below, the R4+ _valued process X®" admits transition densities p. ,(f, u, v) with respect to the
Lebesgue measure on R?*!. The transition densities satisfy for any 7 > 0 and u, v € R¢+!

1 Clv—u — (26721, 0)2 C lv—u— (e2$=%,0)|?
C@in exp| — ; < Pen(t,u,v) < NESTY) exp| — ol (14)

for some constant C > 0 that only depends on K, d, n. In particular, we can now easily adapt the proof in [9], Section
2.3, and prove that the £2-valued process ¥, (w) = Txenw, X &1 starting from 0 at time ¢ = 0, is a Markov process
whose generator coincides on C with

2V

e
2

i,j

n,s

d
Z e V[a+H+n"'1d],;D;) + @n)"' D} + ¥~ Dy, (15)

and admits 7 as invariant measure.

It now remains to let the parameter n go to co. For this purpose, define the subspace C(£2) of L>°(£2) as follows:
f € L°°(£2) belongs to C(£2) if and only if it is bounded and for p almost every w € £2, the function (¢, x) € R x
RY f(z; xw) is continuous on R x R4, Let C(£2) denote the closure of C(£2) in L (£2) with respect to the usual
L°°(£2)-norm. For each function f € C(£2), let us then define

P0)(@) = Eo[f(z,25 -, 5] = E[f(Y} (@))].

Obviously, P, is continuous with respect to the L°°(£2)-norm. Lemma 3.2 below ensures that P,(C(£2)) C C(£2).
Then, from the Markov property of the R?*!-valued process (¢2/~r, Yf) and (18), it is readily seen that P(P;f) =
Py (f) so that the family (P;);cr, defines a semigroup on C(£2).

Let us now consider a function f € C(§2) and fix w € £2. From the Lipschitz property of the coefficients and the
continuity of (¢, x) € R x R? > (7, ,w), classical arguments of SDE theory imply that Eo[f(txf,na))] converges to
Eo [f(tezﬁ,a z,Yf“’)] as n goes to co. Together with the boundedness of f, this ensures that n(Eo[f(rth,na))]) converges
to n(IEo[f(rgz,g,al,YIsw)]) as n tends to 0o. As n(Eo[f(tth‘nw)]) = 7 (f), it comes out n(Eo[f(rszﬁ,a[’yfw)]) =n(f).
Hence 7 is invariant for the semigroup (P;)ser, , which now clearly extends to a contraction semigroup on L”(£2, )
for 1 < p <oo.

Lemma 3.1. The transition densities with respect to the Lebesgue measure of the process X" satisfy (14).

Proof. Let us define a new (d + 1)-dimensional process
dX0" = (0,6 —n"'DV(XP", 0)) dt + (0,0 (X", w) dBy) +n~/2dB]. (16)

We point out that its generator on C2(R?*!) can be rewritten in divergence form as

d

_ 2V
Lo = (67) Yo eV [a+H+n"'T],0))

i,j=0

(with the convention a;o = ag; = H;o = Hp; = 0). From [12], this process admits transition densities with respect to
the Lebesgue measure satisfying

I Cly—xI>\ _~ __C ly —x? 7
Ct<d+])/zexp - t _Pa,n(l,xs)’)_wexp - Ct ( )
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for some constant C > 0 that only depends on n, K, d.

Let us now suppose that all the involved coefficients in (13) or (16) are smooth. For a Cg (]Rd +1) function f (of class

2 with bounded derivatives up to order 2), it is well-known that the mappings (t,x) € R x Rl 1 E, [ f (f )
and (t,x) e R x Rt 5 |, ([ f(X7™)] are at least of class CL2(R x R4ty (see [7]) and are respectively classical
solutions of the PDEs 0,u = L&y and oru = LNy + 2P~ *9ou with 1n1t1a1 conditions u(O ) = f. Then, it is readily
seen that the difference between these functions (¢, x) — E;[ f (X ] — E, 26« xO[ f (X ")] is a classical solution
of the PDE 0;u = Loy + g2« dou with initial condition u(0, -) = 0. Thus, from the comparison theorem (see [17],
Theorems 2.4 and 3.1, for a probabilistic proof of this fact) the functions coincide on R4+1. With density arguments,
we establish E, [ f (X, Sy =K, 2- ay,l fX; X ’™] for each continuous bounded function f. The lemma then follows
from (17).

If the coefficients in (13) or (16) are not smooth, the situation easily comes down to the previous case with the help
of a regularization procedure. Details are however left to the reader. (]

Lemma 3.2. For each fixed w € §2 and (s, x) € R x RY, the process t € Ry > (¢7%(t +5), e Px —|— X&I’T/‘Ea’x/gﬁw),

starting from X;’Ts/gm"‘/sB =0, and the process t € Ry > (e7%(t +5), e PX[), starting from X5“ = x, have the
same law. As a consequence, for each fixed t € Ry and f € C(82), the function P;(f) belongs to the space C(§2), and
P (T2-ay ) = Ex[ f (¥ +5), X1y, 0)]. (18)

Proof. For the sake of clarity and without loss of generality, let us drop the parameter ¢ by choosing ¢ = 1. Fix
(s,x) € R x R, It suffices to check that the process (s + 7, x + Xrs ¥, X?""w starting from 0 € R¥ at time 7 = 0,
and the process (7 + 5, X%,,), X2, starting from x € R? at time ¢ = 0 (that is X = x), satisfy the same It6 equation,
and therefore have the same law by virtue of law uniqueness for solutions of Itd’s equations. As a consequence, for
f € C(£2), the function

(s, x) > EB[f(Y; (15,00)) | = Ex [ £ (1 + 5. X4y, 0)]

is continuous from the continuity of f and the Lipschitz properties of the coefficients b and o . (]

4. Resolvent equation

Let us now investigate, for each A > 0, the resolvent equation (u,, is the unknown)
iy, — (L+6Dpu; =h (19)

for a function h € L?(£2) and a function 6 = 6 (%) of the parameter A. Note that the operator L. 4+ 6 D; has not been
rigorously defined yet but a complete description of all the involved operators and the meaning of “solution of (19)”
are given thereafter. Actually, because of both time and space degeneracies, the generator of the process Y¢ does not
possess enough regularity to work on in a quite general way. However, for a suitable right-hand side h, the function u;,
inherits some regularity properties that allow us to carry through the study of (19). This argument will be the guiding
line of this section.

The following study is carried out for a quite general strictly positive function 6 of the parameter A. However,
this result will only be used in Section 7 with 6 = (1) = A =%/ Roughly speaking, this function measures the
difference of speed rates between the time and space variations.

4.1. Setup
In [18], it is proved that the unbounded operators S and D, on L%(£2, 7) (see the definition in Assumption 2.4) have a

common spectral representation. This is due to the time independence of the coefficients a and b. More precisely, we
can find a spectral resolution of the identity E on the Borelian subsets of R} x R such that

—§:/ xE(dx,dy) and —D,:/ iyE(dx,dy).
Ry xR Ry xR
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For any @, ¥ € L?(£2), denote by Ey y the measure E, y = (E@, ¥)2. Let S be the Friedrich extension of the
operator defined on C by (1/2)e?V Zi’j D; (e_2Va,~j Dj). For any ¢, ¥ € C, define

((0’ 'ﬁ)l =—(¢’§'/’)2=f xE(p,l[i(dx’dy)a

4+ X
(@, ¥)1,5=—(9,S9¢)2,

and ||@|1 = (e, q))}/z, leli,s = (e, go)}/z the corresponding seminorms, whose kernels both match the L2(£2)-sub-

space of functions that are invariant under space translations (see Assumption 2.4). By virtue of assumption (7), these

seminorms are equivalent

s

mleli < llelli s < Mol (20)

Let F (respectively H) be the Hilbert space that is the closure of C in L?(£2) with respect to the inner product &
(resp. k) defined on C by

(@, ¥)=(9,¥)2+ (9, V)1 + (D:9, D:¥)>
(resp. k (¢, ¥) = (@, ¥)2 + (@, ¥)1).

Deﬂne the space D as the closure in (L%(2), | - |2) of the subspace D = {(—§)1/2<p; @ € C}. For any ¢ € C, define
@((—S)l/zgo) =0*D,p € (L2(.Q))d. Thanks to the description of the kernel of the semi-norm || - ||1, note that @ is
well defined on D. Furthermore |q)((—S)1/2(p)|% = —2(¢@, S¢);. From (20), @ can be extended to the whole space D
and this extension is a linear isomorphism from ID into a closed subset of (L?(§2))?. Hence, for each function u € H,

we define Vou = <D((—§)1/ 2y) and this stands, in a way, for the gradient of u along the direction o.
For each f € L2(£2) satisfying f]&xR %Ef’f(d.x, dy) < 0o, we define

1
12, = /R LEuidn,dy). 1)
+><

We point out that ||f]|_; < oo if and only if (see [14], for instance, for further details) there exists C € R such that
for any ¢ € C, (f, ¢)2 < C||@||1. For such a function f, ||f||—; also matches the smallest C satisfying this inequality.
Remark that ||f]|_; < oo implies 77 (f) = 0. Denote by H_; the closure of L2(£2) in H* (topological dual of H) with
respect to the norm || - || —1.

Let us now focus on the antisymmetric part H. We have

|(u, Ho)| < (u, HJu)"? (v, H[v)"? < 7, 30) " (v, 30) /2. (22)
The second inequality follows from (8) and the first one is a general fact of linear algebra. We deduce

1
Vo. ¥ €C, (§>(HDX¢,Dxl#)zicfilliﬁlllllwlll- (23)

For any ¢, ¥ €C, let us define
1 ~ ~
(5)<HDX¢, DY) =Tu((=5"%0, (=5)"y). (24)

Note that, if ¢, ¢’ € C and (—g)l/zio = (=5)2¢/, then S(p — ¢') = 0 and, from Assumption 2.4, D¢ = D,¢’, in
such a way that Ty ((—=S5)2¢, (—=S)'29) = Ty ((—S5)2¢’, (—8)/2). Thus Ty is a well-defined antisymmetric
bilinear operator on D x D. From (23), it extends to an antisymmetric continuous bilinear form Ty on D x D.
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Likewise, with the help of Assumption 2.3, we define the continuous bilinear forms T, 9, T,, 0, Ty, A;T,, AsT, on
DxDc L?(82,7) x L*>(£2, ) as follows: Vo, ¥ €C,

<%><an¢, D)2 =Ta((=5)70. (=5)'79).

<%)(D,3Dx(p, D) = 8 Ta (=50, (=3)12),
<%)(DZHDX¢, D)2 =3, Ty (=90, (=5)y),
(%)(Asan(p, D)2 = AT (=520, (~5)2y),

1 ~ ~
<§)(AvHDx(p, DXW)Z = AYTH((—S)1/2(p, (_S)I/Z!#)’

where, for any s € R*, A denotes the L2-continuous difference operator (remind of the definition of 7§ ¢ in Section 2):

Vie L2(2), A ()= Tsof =D
S

(25)
From Assumption 2.3, the norms of the forms A;T, and A;Ty are uniformly bounded with respect to s € R* and the
forms are weakly convergent respectively towards 9, T, and 9, Ty as s — 0.

Now, denote by H the subspace of H_; whose elements satisfy the condition:

AC>0,YVs>0and Vo €C, (h, As9)_11<Cllo|. (26)

For any h € H, the smallest C that satisfies such a condition is denoted |/h||7. Then H is closed for the norm || - || =
-ll—+ 17

Finally, let us now extend the operator L. defined on C by (12). For any A > 0, consider the continuous bilinear
form B; on H x H that coincides on C x C with

Vo, ¥ €C, Bilg, ¥) =@, ¥+ [To + Tul((=0, (=5)'2y).

Thanks to Assumption 2.3 and the antisymmetry of H, this form is clearly coercive. Thus it defines a strongly contin-
uous resolvent operator and consequently, a unique generator L associated to this resolvent operator. More precisely,
@ € H belongs to Dom(L) if and only if By (¢, -) is L?-continuous. In this case, there exists f € L?(£2) such that
By (¢, ) = (f,-)2 and Lg is equal to f — A¢g. It can be proved that this definition is independent of A > 0 (see [11],
Chapter 1, Section 2, for further details). Let us additionally mention that the adjoint operator L* of L in L2(2,7)
can also be described through ;.. Indeed, Dom(L*) = {¢ € H; B, (-, @) is L*(§2)-continuous}. If ¢ € Dom(L*), there
exists f € L2(£2) such that By (-, @) = (f, -)» and L*¢ is equal to f — A¢.

Remark 4.1. For each function ¢ € C C H, the application Lo can be viewed as a function of H_,. Indeed, V{ € C,
(Lo, ¥)2 = —[Ta + Tul(=S)' 29, (=)"/29) < [M + C{'1|@l1 ¥l Hence, the application ¢ — Lo € H_; can
be extended to the whole space H so that, for each function u € H, we can define Lu as an element of H_ even if
u ¢ Dom(L). The same properties hold for ¢ e H+— Sp e H_j and ¢ e Hi— S e H_;.

4.2. Existence of a solution

Let us now investigate the solvability of (19). Let us consider fixed parameters §, 6 > 0 and A > 0 and introduce the
bilinear form Bf 5 on IF x [F that coincides on C x C with

1 )
BY (0. %) = (9. ¥)2 + (5)([a+H]Dx<p, Di¥), —6(Digp, ¥)2 + <E)<Dt<p, Di¥)a. @7
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In what follows, the parameter § is omitted each time that it is equal to 0. So the form Bf’o is simply denoted by Bf.

The main result of this section is Proposition 4.2, whose proof can be found in [18], Proposition 5.4, without
modification (except the value of 8, which does not play a part). Let us however sum up the strategy. As explained
in [18], the difficulty lies in the time degeneracy of the Dirichlet form BY, which satisfies no sector condition (even
weak). To face this degeneracy, we add a viscosity parameter 6 > 0 and consider the form Bf s> which satisfies a weak
sector condition. Thus, with the help of the Lax—Milgram theorem, it defines a resolvent opefator that permits to solve
(uy, 5 is the unknown)

1)
AUy 5 — (L +0Dyuy 5 — <§)DIZU)L,5 =h.

It then remains to let the parameter § tend to 0. For this purpose, we have to establish estimates for the family
(|Druy 5l2)s as 6 goes to 0. This can be done when the right-hand side h is regular enough with respect to the time
variable by using Assumption 2.3. Thus we state

Proposition 4.2. Suppose that h € L?(£2) N Dom(D;) and d € H. Then, for any fixed 6 > 0 and % > 0, there exists
a unique solution uy, € F of the equation Au), — Lu;, — 6Dy, = h + d, in the sense that Yo € T, Bf (uy, @) =
(h, @)2 + (d, @)—1.1. Moreover, Dy, € H and we are provided with the following estimates, which only involve the
constants m, C5, Cf of Assumption 2.3 (in particular, they depend neither on X nor on ),

h2  |ld]*>
A3 +mluff < —2 + L (28a)
A m
D,h|? d||? h? d)*
A Dyuy |3 + m|| Dywy |3 < | ; 2 +2”n|1|T +2(C% +Cf)2(% + T‘) /mZ. (28b)

In the case d € L*(2), then u;, € Dom(L).
Finally, uy, is the strong limit in H as § goes to 0 of the sequence (U, )y s, where uy_s is the unique solution of the
equation: Vg € F, BY (w5, 9) = (h, 9)2 + (d, @) 1,1, and the family (Dyw;, 5) is bounded in L*($2).

4.3. Control of the solution

We now aim at determining the asymptotic behavior, as A goes to 0, of the solution u; (in the sense of Proposition
4.2) of the equation

i — (L46D)ul =b;. (29)

Since A is no more fixed, & = 6 (1) is not fixed either. More precisely, we are interested in two specific behaviors of the
function 6 = 6(A). We will focus on both possibilities lim; o6 (1) = 0 and lim_,o 6 (1) = 400, which respectively
correspond to a small and big time/space evolution ratio. In both cases, we will show that )L|ui |§ — 0 and that (V"ua) A
converges in (L2(.Q))d as A goes to 0.

Proposition 4.3. Let (by);.~0 be a family of functions in H_; N L>(£2) which is strongly convergent in H_; to bg
and which is bounded in 'H (see definition (26)). Suppose either limy_,00(A) = 0 or lim, 00 (A) = +o00. Then the
solution v, € F of the equation Auy — Lu, — 0 D;u, = by, (in the sense of Proposition 4.2) satisfies:

o there exists 1 € D such that (—ASJ)l/2

° )»|uk|% — 0as A goes to 0.

u), —> nasigoesto0inD,

The limit n € D does not depend on the function 0 but only on its limit as A goes to 0.

The first step of the proof consists in investigating the case when the operator L is replaced by S in (29). This
situation is more convenient because of the common spectral decomposition of S and D;.
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Proposition 4.4. Suppose either limy 060 (L) =0 or limy_.0 0 (L) = +o00. Let (b)) >0 be a family of functions in H_
that is strongly convergent to bo in H_y. Let (V))r>0 be a family of functions in ¥ that solves the equation (for any
A > 0) Avy — Svy — 0 D;v) =b,_in the following sense,

VoeF, AWy, @)+ (Vi,0)1 —0(D:v,,0)2= (b, ). (30)

Then there exists n € D such that )»|VA|% — 0 and |(—§)1/2V)L — |2 — 0 as A goes to 0. The limit n € D does not
depend on the function 6 but only on its limit as ) goes to 0.

Proof. In what follows, the parameter ) of 6 (L) is sometimes omitted when there is no possible confusion, but keep
in mind that 6 does depend on ). From Lemmas 5.10 and 5.11 in [18], we can assume that, for any A > O, b)}ve
Lz(.Q) N Dom(D;) N H_; and converges to by € H_;. From Proposition 4.2, we can suppose that v, € Dom(S).
Remind that —S = fR+XRxE(dx, dy) and —D; = fR+XR iyE(dx, dy). Choosing ¢ =v;, in (30), we have

AVaL3 + IVall? = (b, va)2 < Cllvalli < C, 31

1/2

where C = sup, ¢ [|b,||—1. Thus we can find y € D and a subsequence, still denoted by (v;),, such that ((—§) Vi)

converges weakly in L2(£2) to .
Now we claim sup, _ g AV, [|l—1 < 0o and sup, . |0 D;vy|—1 < oo.

|(Ava, 9)2] = ‘/ A +x +i0y) 7! dEbA,(,,(dx,dy)‘
R+XR

)»2 1/2 1/2
=< dEw, b (dx,dy)) (/ xdE,, (dx,dy))
(fum« X[+ 207 4 02y7] I

1/2
< SHP(/ x "1 dEp, 1, (dx, dY)> el
A>0 \JR{ xR

=sup ||byll-1llell-
>0

Since OD;v), = \Av, — gvA — b, and ||§VA||_1 < |Ivalli (cf. Remark 4.1), then D,v, € H_; and
sup; ~o 10D, v, || -1 < co. So there exists a bounded family (Fj)x~00 of continuous linear forms on D C L%(£2)
such that VA > 0, Vg € C, FA((—S)l/zq)) = 0(A)(Dyvy, @)2. Moreover, from (31), (Av; ), converges to 0 in L%(£2) so
that, Yo € C

F;.((=9)'29) = (vi. 02+ ((=5)v1. (=9)'?0), — (b3 ) 1.1
— (1.(=9)"¢), — (bo. )11

as A goes to 0. So (F; ), -0 is weakly convergent in ID* (topological dual of D) to a limit denoted by Fy as A goes to 0.
We now aim at proving Fo(5) = 0. For A, i > 0, using the antisymmetry of the operator D; we obtain

(32)

o)

Fi.((=)2v,) = 00.)(Diva, )2 = =0 () (DyVyi, vi)2 = ~500

F.((=9)'?v;). (33)

If lim) ¢ 0 () = 0, we pass to the limit as A goes to 0 and we deduce Fo((—g)l/zvu) = 0. It just remains to pass to

the limit as o goes to 0 and it comes out Fy(n) = 0. Otherwise, if lim) .06 (A) = 400, we first pass to the limit as u
goes to 0, then as A goes to 0, and we also obtain Fo(n) = 0.
Let us now establish the limit equation, which connects Fy, 5 and by. From (32), for any ¢ € C

(1. (=9)'%¢), — Fo((=8)""2) = (bo. @) _1.1. (34)

This limit equation permits us to investigate uniqueness of the weak limit and, as a bypass, the last statement of
Proposition 4.4. Indeed, let @ and 6’ be two functions having the same limit, say lim; 06 (A) = limy .6’ (1) = 0 (the
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case lim; ¢ 0(1) = lim; 00’ (X) = +oo is quite similar). Consider the two families of associated solutions (v;);
and (V;\) » of Eq. (30), and two possible weak limits h and " of respectively two subsequences of (vy); and (V;\)A
Define the corresponding linear forms (F; ), and (F ), as well as their limits Fg and F’ as described above. Then (34)
provides us with the following equality:

V(=)' eD, (n—1,(=S)"%¢)=[Fo—F]((=S)"¢). (35)

As we proceeded for (33), we can establish

/2y o) 12
Fu((8)"2v,) = — g Fu((9)2w).
Now we pass to the limit as X goes to O along the first subsequence and then as p goes to 0 along the second
subsequence. We obtain Fo(n") = 0. Reversing the roles of A and w, we also establish Fj,() = 0. Choose now

(=S)172¢ =9 — g in (35), this yields

[n—n';=[Fo —F](n ) =0.
In particular, the weak convergence holds for the whole family ((—§) 1/2y,), towards 1. Let us now tackle the strong
convergence of (v;);. Choosing ¢ = v, in (34), passing to the limit a A goes to 0 and using Fo(h) = 0, this yields

. . 30) ..
(h, h)y = 1im (bo, v;)_1,1 = lim (b, v)_11 = Lim [A[v, 13 + [v2113]. (36)
A—0 A—0 A—0

In particular, |h|y =lim,—o[(— S)l/ 2v,|». Thus, the convergence of the norms implies the strong convergence of the
sequence ((— S)l/zvx)k ton in L2(£2). As a bypass, (36) also implies the convergence of ()»|V;L|2),\ to 0. O

Outline of the proof of Proposition 4.3. Let us now briefly explain how to deduce Proposition 4.3 from Propo-
sition 4.4. At first, note that uy, = (A — L — D)™ I(b;). The plan of attack then consists in defining the operator
P, :H— H by P.(b)=(L— S)(A S - D;)~'(b) and in noting that

A—L-D)"'=0-S—D)'1- P17

If || Po|lt—7 < 1, then the operator [I — P, ] is invertible and [I — P! (b;.) converges in H_1. Thus Proposition 4.4
applies. Actually, || Py || < 1 but this norm is finite. An iteration procedure shows that the general situation boils
down to the particular case || P; |- < 1. Rigorous details can be found in [18], Proposition 5.12. ]

5. Ito’s formula

Since the generator of the process Y is not regular enough to work on, we introduce regular approximations through
viscosity methods. This allows us to get rid of the time degeneracy. Let us consider a standard 1-dimensional
Brownian motion {B;; ¢ > 0} that is independent of {B;;¢ > 0} in such a way that {(B;, B;);¢ > 0} is a standard
(d + 1)-dimensional Brownian motion. Let us then define the (d + 1)-dimensional diffusion process X9, starting
from 0, as the solution of the SDE (we still use the convention that (x, X) stand for a (d + 1)-dimensional vector
where x € R and X € RY)

" t
T /0 (20 (T ) dr+<o’ /O U(Yj,5’w)d3r)+(«/53[,o). 37)

The associated diffusion in random medium Y% defined by Y,s"s(a)) = Tgeo® is a £2-valued Markov process,

which admits 7 as invariant measure (similar to Section 3). So it defines a contraction semigroup on Lz(.Q, ).
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The associated (non-symmetric) Dirichlet form is given by (27) (with 68 = £2-) with domain F x F and satis-
fies a weak sector condition (see [11], Chapter 1, Section 2, for the definition). The generator L% is defined on
Dom(L??%) = {u e F; Bfﬁg(u, -) is L2(£2)-continuous} (see [11], Chapter 1, Section 2, for further details). It coincides

on C with L+ 6 D; + (§/ 2)Dt2. Since b and o are globally Lipschitz (Assumption 2.2), classical tools of SDE theory
ensure that

/ ]Eo[ sup |(e*P~7, Yf) —x&° |2] dr — 0 as§ goes to 0, (38)
2 0<t<T

where both diffusions start from 0. The additional time regularity of this setting enables us to apply the It6 formula
for suitable functions in the domain of L, typically functions u;_s given by Proposition 4.2. It remains to make the
parameter § vanish. Technical details are explained in [18].

Theorem 5.1. Let f € L?(82) and a family (wy)s~¢ in F such that:

(1) Yo €F, B) (u;, 9) = (£, )2,

(2) foreach A > 0, there exists a sequence (U, s)s=0 in I that converges in H towards w, . Moreover (0, s)s-o satisfies
BY s(w.5.) = (£, )2,

(3) for each fixed . > 0, (Dsu,,_s)s is bounded in Lz(.Q),

(4) each function w, s has continuous trajectories, that is, for w almost every w € §2, the function (t, x) € R+
uy, 5 (ts x ) is continuous.
Then, choosing (1) = A\ =%/CP) and ) = 2P| P, a.s., the following formula holds

t

t
w2 (Y7) = w6 (Y5) +/ (ePu s — 1) (¥ )dr+/ Voul(Y))dB;,
0

where P is the law of the process Y* starting with initial distribution 7 on §2.

6. Ergodic theorem

We now focus on the ergodic properties of the family of processes (Y?),. Basically, the difficulty lies here in the
difference of evolution rates of the time and space variables. The strategy will consist in establishing an orthogo-
nal decomposition of L?(£2) that allows, in a way, to separate the variables and to exploit separately their ergodic
properties. Concerning the space variables, this is carried through from Assumption 2.4.

Theorem 6.1. Lez f e L1(82). Then

/e
E, 82;3[ f(Y))dr —tn(®)| —> 0 ase goestoO.
0

Proof. Decomposition of the space L*($2). Let us first establish the following orthogonal decomposition of the space
L*(R2)

L*(£2) = Inv & Closure(R),

where R = {Sg; ¢ € Dom(S)} N Dom(D;) and Inv = {f € L2(2); Vx € R?, Ty £ =f}. It is readily seen that Inv and
R are orthogonal and that L2(£2) D Inv & Closure(R).

Conversely, let f € L?(£2) such that VS(p e R, (f, S(p)z = 0. Consider h € L?(£2) N Dom(D;,). Hence Proposi-
tion 4.2 provides us with a family (u;), € FN Dom(S) such that B (u;, @) = (h, @), for any ¢ € F. We emphasize
that the equality

Au; —Su; =h (39)



686 R. Rhodes

also holds in the L? sense, so that §u,\ = Auy, —h € R. From (28a), (Auy); is bounded in L2(£2). Consider a weak limit
h* € L2(£2). Let us prove that Sh* = 0. Let /NS Dom(S) Integrate (39) agamst @, multiply by A, pass to the limit as A
goes to 0 and obtain (h*, S(p)z =0. Since S is self-adjoint, h* € Dom(S) and Sh* = 0. From Assumption 2.4, h* € Inv.
Let us additionally mention that h* is the orthogonal projection of h into Inv. Indeed, integrate (39) against ¢ € Inv,
note that (§u;“ @)2 =0, pass to the limit as A goes to 0 and obtain (h — h*, @), = 0. In particular, (7p ch)* =h* for
x e R4, Returning to our first objective, observe that (f, h), = (f, Au, — ’Svu,\)z = (f, Au,)>. Passing to the limit as A
goes to 0, we obtain (f, h), = (f, h*); for each function h € L2(£2) N Dom(D;). We are now in position to conclude:
for each x € R? and h € L2(§2) N Dom(D;),

(TO,xf, h)2 = (f’ TO,th)Z = (fa (To,th)*)z = (f’ h*)z = (fv h)2
Since L2(£2) N Dom(D;) is dense in L2(§2), we deduce To.xf =f. The decomposition follows.

Particular case. Let us first prove Theorem 6.1 in the case f = f* + §(p, where ¢ € Dom(g), §(p € Dom(Dy) and
f* € Inv. For each A > 0, Proposition 4.2 provides us with a family (f, ), that satisfy (in the sense of Proposition 4.2)

My — LE, —0(A\) D, = So. (40)

Choose now A = ¢2# and 6(1) = A1 =%/A)_ Theorem 5.1 yields

/e t/@zfj

g?P (fgz,s (Yts/gz,s) — £ (a))) =% /(; [Szﬂfgz;s — g(p] (Yra) dr + &% /(; Vot (Yf) dB,,
in such a way that, using the decomposition f = f* 4 §<p,
t/gzﬂ t/e” 1/e2B
g% / f(YS)dr = &% / £ (Tr.ow) dr + 2P / e?Pfas (YE) dr
0 0 0
5 5 t/e2f
+¢ ﬂ(fgzﬁ (Y[g/gzﬁ) —f.25 (a))) — %P /0 Vot (Yrs) dB,.

Let us now prove that the above right-hand side behaves as its first term as ¢ goes to 0. From Proposition 4.3 (note
that S¢ € H_), we have )\2|f;L|§ + Al ||% — 0 as X goes to 0. Thanks to the Jensen inequality, the invariance of the

measure 7 and Proposition 4.3 (note that §<p e H_,), we deduce
t/e2F

fef

Similarly, E E,[(e% (£ fop(Y /szﬁ) f 28 ()] < 2e*P|f, 2ﬂ|2 and this latter quantity converges to 0 as & goes to 0.

2
Szﬂfgzﬁ 049) dr) ] < t284ﬂ|f82ﬂ|% :)0.

Concerning the martingale part, we just have to estimate its quadratic variations

1/e2p 2 /e )
sl (7 [ vt an ) | =l [ ) | <2

to conclude that it also converges to 0. Thus it remains to study the convergence of the first term. The classical
ergodic theory ensures that £ fot /6 pr (Ty.0w) dr converges in L?(£2, 7r) to a limit function that is invariant under time
translations. Since f* is already invariant under space translations, it is readily seen that this limit function is also
invariant under space translations and consequently constant (see Definition 2.1). Thus it is equal to 7 (f*) = 7 (f).
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General case. Consider now a function f € L!(£2) and denote by | - |1 the L' (£2)-norm. Obviously, we can find a
sequence (f,), C L?(£2) that converges in L'(£2) towards f. Then, using the invariance of the measure 7,

t/gzﬂ
E. gzﬂ/ f(Ye)dr —m(f)‘
0

t/e2
<E, 825/ [f —£,1(Y7) dr
0

/e
+E, 82/3/0 £, (Y))dr — 1 (£)| 4t (®) — 2 (£,) |

t)e2f
<2|f—f,|1 + By ezﬁ/ £,(YE)dr —tr(f,)
0

It just remains to choose n large enough to make the former term in the above right-hand side small and then to choose
& small enough to treat the latter term. This completes the proof. (|

7. Invariance principle

Notations. From now on, fix (1) = 2=/CB) For i e {1,...,d} and A > 0O, Proposition 4.2 provides us with a
solution u}_ € IF N Dom(L) of the equation

Al — Lui —6(0)Dyu =b;,
and with a solution ¢; € F N Dom(L) of the equation
ic, — Le;, —0(L)Dsc; =c.

An integration by parts proves that b, ¢ fulfill the assumptions of Proposition 4.3 (see [18], Lemma 5.14, for the
detailed proof). Thus it makes sense to define &; = limy .o V° ui and k¥ = lim, _, o V?¢,, where both limits are under-
stood in the LZ(Q) sense. Moreover, from Proposition 4.3, A|u,, |§ + Alcy, |% — 0 as A tends to O.

Consider now a bounded continuous function f € C(Rd) and the solution z, ., of Eq. (2). The Feynman-Kac
formula gives a probabilistic representation of z. 4 (cf. [17], Theorem 3.2 and Remark 3.3)

Ze.w(t, x) =E[ f(XF) exp(QF)], (41)

where Qf = fot e Pc+dl(r/e%, X e/ eP, w)dr. As guessed by the reader, the strategy consists in studying the conver-
gence in law of the couple of processes (X?, Q) and then in establishing a uniform integrability argument.

Let us first tackle the convergence in law of the couple (X¢, Qf). Define Ef = fé [c+¢&f d](Y?)dr and remind,
from Section 3, that (X*, Q°) and (8’97,8/82;9, 8ﬂ§?/82ﬁ) have the same law, where both processes X and X°© start
from 0.

Applying Theorem 5.1 to the functions u,2s and ¢,25 yields

. 1,‘/82/S
P X, o0 = Hf + &P / (04 V7uly,)(Y))dB,,
0

. t/azﬂ t/ezﬁ
70, =Gf+82ﬁ/0 d(Yf)dr+eﬁ/0 Vo, (Yf)dB,,
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where
3 t/e%f
Ht8 =g3b / u,p (Yf) dr — 8/31152,8 (Yts/ez»“) + 8/3“525 (w),
0

t/szﬂ) + Sﬁcezﬂ ().

/e
Gf =P / C.28 (Yrg) dr — Sﬁcgz,s (Yg
0
For the sake of clarity, it is worth recalling that PP, denotes the law of the process Y? starting with 7 as initial
distribution and that the measure 7 is invariant for the process Y. Let us now establish that the finite dimensional
distributions of both processes H? and G° converge in [P, -probability to 0. Using the Cauchy—Schwarz inequality
and the invariance of the measure 77, we obtain

E[(H)] <32+ 1) e? lugs 3,

and this latter quantity converges to 0 as ¢ goes to 0. Likewise, E [(Gf)2] converges to 0 as & goes to 0. Then, from

/2B . .- Ce .
Theorem 6.1, the process g2 fo/ ¢ d(Y?)dr converges, at least in probability, to the deterministic process ¢ — ¢ (d).
Finally, we tackle the convergence of the martingale part of the process (& 7‘?/82;; ,eP Ef/szﬂ), which matches

/e
o /0 [0+ V7u',). V7, ] (¥) dB,.

28
Clearly, under P, the difference between this latter process and e fé/ o +EY, k*](Y})dB, vanishes as ¢ goes
to 0 in [P, -quadratic mean. The quadratic variations are easily computed

28
28 [T [@HENOHEN @+ E] e g
0 K*(0'+-E*)* kK r :
Using Theorem 6.1 again, these quadratic variations converge, at least in [P, -probability, towards the deterministic
process t — At, where the nonnegative symmetric matrix A is given by

[ [@+E)NO+EY @ (0 +E()
A‘/Q[ k(0 + £)* (@) Kk (@) ]d”(“’)'

To sum up, the finite dimensional distributions of the process (sﬂff/gz,e , 8’3§f/825) converge in law to the process

O, D)t + ZI/ZB; , where D = r(d) and B’ is a (d + 1)-dimensional Brownian motion. Actually, this convergence

holds in the sense of weak convergence of processes in the space C ([0, T]; R4+1) for each fixed T > 0. Section 8 is
devoted to the proof of this fact.

8. Tightness

We keep the notations of Section 5. To prove the tightness of the underlying stochastic processes, we use Garsia, Ro-
demich and Rumsey inequality (GRR’s inequality) (cf. [19]). More precisely, we follow [14], Section 3. Nevertheless,
the required condition (43) is stronger than the one stated in [18], Section 9, that is g € H_1. But this methods provides
us with a uniform integrability criterion needed in Section 9. Once again, we work on the viscosity approximations
Y49 to avoid facing the time degeneracy of the generator of Y?.

From [14], Theorem 3.2, for a given function g € L°°(£2), the function

t
I, w) = ]E|:exp(/ g(Yf"S)dr>:|
0
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belongs to Dom(L#?%) and satisfies 9, 1" (g) = L&°I"(g) + gI"(g) with initial condition I"(g)(0, ) = 1. Then [14],
Proposition 3.3, ensures that

I (@)1, )5 < exp(2Sp(L>? +g)), (42)

where Sp(L&? + g) = SUp|g,=1 (@, [L&% + g]@), and the sup is taken over ¢ € Dom(L#®) C F. Thus, for any o > 0,
by the invariance of the measure 7, we have

1/e2p
B [exp(aeﬂ // 26 2(r7) drﬂ N /_;2 I (aePg) (et =), ) dm

< |l (eefg) (e =), )],

< exp((t — $)Sp(s L + asPg)).

It just remains to give a bound for Sp(e ~2#L&% + ag~#g) and we want it to be independent of § and . Suppose now
that

VoeC, lph=1 = (28¢%2<Causlol (43)

for some constant C43) > 0. For any ¢ € [F with |p|, =1,

8
([e7PL + as~Pglo, 9), < —e P mlloll} + as (g, ¢%), — <5>|D,¢|§

< —Pm|ol? +asPCuzllolh
22
o C(43)
- 4dm

Let us additionally assume that, for each fixed w, the mapping (¢, x) — g(, x, w) is globally Lipschitz. From (38),
we can then pass to the limit as § goes to O in the inequality

1) (t — s)ozzC2
E, |:exp (aeﬂ / g(v:?) dr)i| < exp<7(43))
S/€2ﬁ dm

and get the bound

t/e2F (t — $)a2C?
E, |:exp (aaﬁ / g(Y?) dr)i| < exp<7(43)). (44)
5628 4m

Let us now state GRR’s inequality, whose proof can be found in [19] or [14], Proposition 3.1:
Proposition 8.1 (Garsia—Rodemich—Rumsey’s inequality). Let p and ¥ be strictly increasing continuous functions

on [0, +o0[ satisfying p(0) = ¥ (0) =0 and lim;_, o, ¥ (1) = 4+00. For given T > 0 and f € C([0, T1; RY), suppose
that there exists a finite B such that;

/ f ('g(t)_g(s)|>dsdt53<oo. (45)
p(lt —s|)

Then, forall0 <s <t <T,

B t—s . 4_B
lg() —g(s)] <8 A v 2 dp(u). (46)
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Choose now ¥ (1) =e' — 1, =1 (1) = In(1 + 1) and p(r) = /1. As explained in [14], Section 3, (46) provides us
with the following estimate of the continuity modulus:

sup |g(t) — g(s)| < 8v/8In(8~ [m( ff ('g(t)t_g(|)l>dsdr>+6] (47)
[t—s]|<8 — S

0<s<t<T

Choosing g(t) = &# f 1/e? g(Y #)dr, taking the expectation E; and using Jensen’s inequality, we obtain
Ex [ sup
lt—s|<é

1/e%
Eﬂ/ g(Ys)dr ]
0<s<t<T

s5/e2p
6 [1/5 2 dr]
<8\/_1n |:ln< f / 7,I:exp( NS )]dsdt)+6].

Gathering (44) with the above estimate, we finally obtain the desired continuity modulus estimate

1/e2f
En[ sup e—ﬂ/ g(Yf)dr:|§CT\/§1n(8_1) (48)
|t—s]<8 s5/e2
0<s<t<T

for some positive constant C7. Note that both functions b and ¢ satisfy (43). Indeed, for any ¢ € C (the case g=b is
similar)

2 2V —2V~ 2 ~ 2
(c,(p )2 = Z(e Di( G,Jf]) @ )2=_Z(Uijfj’Di(‘p ))2
i,j i,j
=2 (pf;, i Dig)2 < 4llfll L) |02 011
i,j
In particular, (48) holds for g =b and g = c. Note that, from the boundedness of d and o, the Burkholder—Davis—

B - 28 (/€% qoye B /e oye :
Gundy and the Kolmogorov criterion, the tightness of the processes & fo d(Y?)drand e fo o (Y?)dB, raises
no particular difficulty. As a consequence, the tightness of the processes 8573625 and 8'3@?/625 is proved.

9. Girsanov’s transform and limit equation

To determine the limit of z. ,(f,x) (see (41)), we now aim at applying the convergence in law of the couple
(sﬁXt/Ez,s,a Qt/gz,s) to the function g(xy,...,x44+1) = f(x1,...,xg)e**! for some continuous bounded func-

tion f € Cp(RY;R). This requires a uniform integrability argument, which is derived from (44), applied with
g = c¢. Since d is bounded, the random variable exp(ezﬁ f t/e* d(Yf) dr) is bounded too. So the random vari-
able f(efX p /szﬁ)exp(sﬂ Qt /e26) is uniformly integrable and thus converges in 7-probability (cf. Section 7) to

Eolg((0, D)t +A'*

composition in blocs of A and A
— — —1/2 —1/2
— Ay | A —1/2 A" ’ @A)
A | Ax A" | @
By the Girsanov transform, we can define a new probability PoncC ([0, T]; RI*1) as follows

dP 12 —1/2\ pr 7. L
Vi <T, d—P}_t:exp<(A2] Azz)Bz_AZZE ;

B})]. We now aim at finding a PDE that characterizes this limit. Let us consider the R? x R-de-




On homogenization of space-time dependent and degenerate random flows 11 691

. . . = x5 —1/2 —1/2 . .
where F; denotes the natural filtration of the Brownian motion. Under P, B; = B} — (Alé , A2£ )*t is a Brownian

motion. Let us now rewrite Eo[g((0, D)t + A /*B})] in terms of B
Eo[¢((0, D)t +A"*B))]
=E[f (A1) A1) B)) exp(Dt + (A5, A)") B)
=B (AN A B+ (Al A+ AL AL exp D1+ 2] )|
=E[f((A A1) B +Cr)le’,

where

C=/ (0 +£&)kdr and U=/ ('C*'C +d) dr. (49)
Q o\ 2

. . - —1/2—1/2, =~
We point out that the quadratic variations of (AI{ Alé ) B; are equal to

A=Ay :/ﬂ(a+§*)(a+§*)*dn. (50)

Hence there exists a standard d-dimensional Brownian motion B, such that

—1/2

Eo[g((0, D)t + A "B))] =Eo[ f(Ct + AY?B,)eV"].

To sum up, we identified the limit in 7w probability of
26.0(0.0) = Eo[ f (X ) exp(Q5)] = Eo[ f ("X, ji26) exp(e” 0 20 ]

as Eo[ f(Ct + A/2B)el"].
Let us now to determine this limit when the starting point is not 0 but x € R?:

EL7 () exp(0F)]  FTEE B+ X, exp(0, )

in law with respect to p

Eo[ f(x + X7“) exp(07)]
T prob Eo[f(x+Ct+A]/2§,)eU’].

—_—
e—0

To complete the proof of Theorem 2.6, it just remains to explain why the coefficients A, C, U only depend on the
3casesa — 28 <0, —28 >0o0ra — 28 =0. Since & and k only depend on the case « — 28 <0, — 28 > 0 and
o — 2B = 0 (see Proposition 4.3 for the first two cases and [18] for the last one), the same property holds for A, C
and U, which can be expressed in terms of & and k (see (49) and (50)). As a consequence, this completes the proof of
Theorem 2.6.
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