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Abstract. Let BT = {BH(t),t € Rﬁ} be an (N, d)-fractional Brownian sheet with index H = (Hy, ..., Hy) € (0, 1)N defined
by BH@) = (BlH(t), R Bf ) (t e R{X), where B | .., B;’ are independent copies of a real-valued fractional Brownian
sheet Bg] . We prove that if d < Z/IZV:1 H [1, then the local times of B are jointly continuous. This verifies a conjecture of Xiao
and Zhang (Probab. Theory Related Fields 124 (2002)).

We also establish sharp local and global Holder conditions for the local times of B These results are applied to study analytic
and geometric properties of the sample paths of BH .

Résumé. Désignons par BH = {BH(t),t € Rﬁ} le (N, d)-drap Brownien fractionnaire de parametre H = (Hy,..., Hy) €
0, )N défini par BHt) = (BlH(t), R Bgl ) (t € Rﬁ), ou BIH, R Bgl sont des copies indépendantes du drap Brownien
fractionnaire a valeurs réelles Bgl . Nous montrons que le temps local de BH est bicontinu lorsque d < Zé\,:l H, 1. Cela résout
une conjecture de Xiao et Zhang (Probab. Theory Related Fields 124 (2002)). Nous obtenons aussi des résultats fins concernant la
régularité Holderienne, locale et globale, du temps local. Ces résultats nous permettent d’étudier certaines propriétés analytiques
et géométriques des trajectoires de BH.

MSC: 60G15; 60G17

Keywords: Fractional Brownian sheet; Liouville fractional Brownian sheet; Fractional Brownian motion; Sectorial local nondeterminism; Local
times; Joint continuity; Holder conditions

1. Introduction

For a given vector H = (Hy, ..., Hy) € (0, )Y, a real-valued fractional Brownian sheet Bgl = {Béq (),te Rf } with
index H is a centered Gaussian random field with covariance function given by

N
E[B (s)B (] = ]_[

(=1

2H, |, 2H 2H N
(s, 1,7 —|sg —t177¢), 5,1 €RY. (1.1)

| =

It follows from (1.1) that B(I)L] (t) =0as. forevery t € EﬂRﬁ , where BRﬁ denotes the boundary of Rﬁ .
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We will make use of the following stochastic integral representation of Bé’ (cf. [2]):

H " v
Bl (1) =xj / f [1 4, e s)W ds). (1.2)
—0o0 —0oQ (=1
where W ={W(s),s € RN } is a standard real-valued Brownian sheet and where, forevery £ =1,..., N,

8, (1o, 50) = ((te — se)+)H5_1/2 — ((—Se)+)H‘_l/2,

In the above, a; = max{a, 0} for all a € R and «,, is the normalization constant given by

1 1 [N 2
K%,:/ / |:l_[gHe(1,s£):| ds.

Note that if Hy, = 1/2 for some £, then we assume that g o, (tey Sey) = 1o, 1] (8¢y), where 1o, 1t is the indicator of
the interval [0, #;,].

Let BIH ey Bf be d independent copies of Bé‘l . Then the Gaussian random field B¥ = {BH(1): t € Ri’} with
values in R? defined by

B ()= (B{'(®t)....,B) 1)), VteRY, (1.3)

is called an (N, d)-fractional Brownian sheet with index H = (Hy, ..., Hy).
Note that if N = 1, then B is a fractional Brownian motion in R¢ with Hurst index Hy €(0,1);if N > 1 and
Hy=-.--= Hy = 1/2, then B is the (N, d)-Brownian sheet. However, when Hj, ..., Hy are not the same, BH

is anisotropic and has the following operator-self-similarity (this can be verified easily using (1.1)): For any N x N
diagonal matrix A = (a;;) witha;; =a; >0 forall 1 <i <N and a;; =0if i # j, we have

N
{BH(At),teRﬁ}i{]‘[affBH(t),zeRﬁ}, (1.4)
j=1

where X £ ¥ means that the two processes have the same finite dimensional distributions. These features of B# make
it a possible model for bone structure [8] and aquifer structure in hydrology [4].

Many authors have studied various properties of fractional Brownian sheets. See, for example, [3,11,21,24,29,33]
and the references therein for further information. This paper is concerned with regularity of the local times of an
(N, d)-fractional Brownian sheet B . After having proved that a necessary and sufficient condition for the existence
of L?(P x Ag4) local times of BY is d < Zévzl Hi(, Xiao and Zhang [33] give a sufficient condition for the joint

continuity of the local times. However, their sufficient condition is not sharp and they have conjectured that B¥ has
jointly continuous local times whenever the condition d < Z?’: 1 Hi{ is satisfied. The main objective of this paper is to
verify this conjecture; see Theorem 3.1. The new ingredients for proving this result is the property of sectorial local
nondeterminism of Bé" established in [29] (see Lemma 3.2) and a similar result for the fractional Liouville sheet
proved in Section 2. The results and techniques developed in this paper are applicable to more general anisotropic
Gaussian random fields with the property of sectorial local nondeterminism; see [32] for further development.

The rest of this paper is organized as follows. In Section 2, we prove some basic results on the fractional Liouville
sheets that will be useful to our arguments. In Section 3, we prove that the sufficient condition for the existence
of L>(P x Ag) local times of B¥ in [33] actually implies the joint continuity of the local times. This verifies their
conjecture in Remark 4.11. Section 4 is on the local and uniform Holder conditions for the local times and their
implications to sample path properties of B . In particular, we derive some results on the Hausdorff measure of the
level sets and on the Chung-type law of the iterated logarithm for the sample function B (¢). The latter improves
Theorem 3 of [3].

We end the Introduction with some notation. Throughout this paper, the underlying parameter space is R or
R_’X =[O0, oo)N. A parameter t € RY is written as t = (t1,...,ty),oras {(c),if ty =--- =ty =c. Forany s,1 € RN
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such that s; <t; (j =1,..., N), we define the closed interval (or rectangle) [s,?] = ]_[i-vzl[s.,-, tj]. We will let A

denote the class of all closed intervals I C (0, oo)N . We always write A,, for Lebesgue’s measure on R, and use (-, -)
and | - | to denote the ordinary scalar product and the Euclidean norm in R™ respectively, no matter the value of the
integer m.

An unspecified positive and finite constant will be denoted by ¢, which may not be the same in each occurrence.
More specific constants in Section i are numbered as ¢, ;, ¢, ,, - . ..

2. Fractional Liouville sheet

One of the main obstacles in studying the local times and other properties of fractional Brownian sheets is their
complicated dependence structure. Unlike the Brownian sheet or fractional Brownian motion, fractional Brownian
sheets have neither the property of independent increments nor the local nondeterminism.

To be more specific, we recall that fractional Brownian motion Z% = {Z*(t),t e RV} (0 <« < 1) in R has the
following property of strong local nondeterminism proved by Pitt [25]: For every interval I € RY, there exist positive
constants ¢, ; and rg such that for all # € I and all 0 < r < min(|z|, ro},

Var(Z(t) | Z%(s): s e Ir <|s —t| <rg) > ¢, ,r*. (2.1

This property has played important réles in studying the local times and many other properties of Z%; see [31] and the
references therein for more information. On the other hand, it is known that the Brownian sheet W = {W (¢),t € Rﬁ }
does not have the property of local nondeterminism. In order to see this, we consider the Brownian sheet with N =2
and I = [0, 1]%. For any constant ¢ € (0, 1), let T C I be an interval with side-length ¢. Let ¢ denote the upper-right
vertex of T and let s!, s2, s be other vertices of T. For example, t = (1, 1), sl = (1—e¢, 1),s2 = (1,1 —¢) and
3= (1 —¢,1—¢). Then |t — sj| > ¢ for j =1,2,3. Considering the increment of W over the square 7, we see
that Var(W(t)lW(sl), W (s2), W(s?)) < &2. Hence the Brownian sheet W does not satisfy (2.1) (this also proves that
the fractional Brownian sheet Béq is not locally nondeterministic). This is the main reason why, in most literature,
the methods for studying various properties of the Brownian sheet are different from those for fractional Brownian
motion. The property of independent increments of W has been crucial in studying the local times and self-intersection
local times of W; see [12,27] and [22]. In solving an open problem in [22], Khoshnevisan and Xiao [19] showed
that W satisfies a type of sectorial local nondeterminism and applied this property to study geometric properties of the
Brownian sheet by using methods that are reminiscent to those for fractional Brownian motion; see [18] for further
applications of the sectorial local nondeterminism. Recently, Wu and Xiao [29] have extended several results in [18,
19] to fractional Brownian sheets.

In this paper we continue the above line of research and study the regularity of the local times of fractional Brown-
ian sheets. To overcome the difficulty due to the lack of local nondeterminism of B¥ | we will not only make use of the
sectorial local nondeterministic property of B established in [29] (see Lemma 3.2), but also the analogous properties
of the so-called fractional Liouville sheet.

Given any vector @ = (a1, ..., ay) € (0, 00)", the centered Gaussian random field Xg={Xg@).,te Rﬁ} defined
by
N
Xg(t) :f l_[(tg — s 2w (ds), teRY, (2.2)
0,11 =
is called a fractional Liouville sheet with parameter «. It is easy to see that, when «y, ..., oy are not the same,

Xg = {Xg‘ (t):te Rﬁ_’ } is an anisotropic Gaussian field which has the same operator self-similarity as in (1.4).
For the purpose of this paper, we will only be interested in the case « = H € (0, 1)"V. Tt follows from (1.2) that for
every t € RY,

N
B0 = X0+ [ [T n, e soWds), 2.3)
(—00,t]\[0,7] =1
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and the two processes on the right-hand side of (2.3) are independent. We will show that in studying the regu-
larity properties of the local times of B, the fractional Liouville sheet Xgl plays a crucial role and the second
process in (2.3) can be neglected. More precisely, we will make use of the following property: For all integers n > 2,
b eRf and uy,...,u, € R, we have

Var(Zu,-Bgl(z/)) ZKHzVar<Zqu6q(tj)>. (2.4)

j=1 j=1

Here and in the sequel, Var(£) denotes the variance of the random variable &.
Next we use an argument in [3] to provide a useful decomposition for X(‘)L’ (#). Let ¢ > 0 be fixed. For every
t €[, 00)N, we decompose the rectangle [0, ¢] into the following disjoint union of sub-rectangles:

N
[0.1=10.]" U J Re(t) U A(e. 1), (2.5)
=1

where Ry(t) := Re(e,t) ={r € [0,1]V: 0<r; <eifi # €, <r¢ <t;} and A(e, 1) can be written as a union of
2N — N — 1 sub-rectangles of [0, #]. Denote the integrand in (2.2) by g(¢, r). It follows from (2.5) that for every
t€le,00)",

X = / g(t,r)W(dr)
[0,e]V

gt W(dr) + / g (6. W (dr)

A(e,t)

(1)

N
=X (e, 1) + Z Yo(t) + Z(g, 1). (2.6)
=1

Since {X (e,1),1t € [¢, oo)N}, {Ye(2),t € [, oo)N} (1<f<N)and{Z(e,1),t € [¢, oo)N} are defined by the stochastic
integrals w.r.t. W over disjoint sets, they are independent Gaussian random fields.

The following lemma shows that every process Yy (¢) has the property of strong local nondeterminism along the
£th direction. It will be essential to our proofs.

Lemma 2.1. Let £ €{1,2,...,N}andlet I =[a,b] € A be a fixed interval. For any integer n > 2, th .. " ela,b]
such that

fp<tp <o <1y,
the following inequality for the conditional variance holds:

_1|2H[’

Var(Ye(t") | Ye(t)): 1<j<n—1)=c,, |t} —1] 2.7)

where ¢, , > 0 is a constant depending on ¢, I and H only.
Proof. Working in the Hilbert space setting, the conditional variance in (2.7) is the square of the L?(IP)-distance of

Y¢(¢t") from the subspace generated by Y, (1< Jj <n—1).Hence it is sufficient to show that there exists a constant
c,, suchthatforalla; e R(j=1,....,n—1),

n—1 2
E(Yg(tn) - a;¥; (tj)> > ¢y, |t — P (2.8)
j=1
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However, by splitting R (¢") into two disjoint parts and using the independence, we derive that

n—1 2 2
E(Yg(t”) —Zajyg(rf)> zE(/ g(t",r)W(dr))
j=1 Re(t)\Re (1" 1)

€ t} e N 2H 1
P .. DEEEY n— -
- /0 /t /0 Ul(tk r)? % ar

N I A s 2.9)
This proves (2.8) and hence Lemma 2.1. (]

The following lemma relates the fractional Brownian sheet Bé’ to the independent Gaussian random fields Y,
¢=1,...,N).

Lemma 2.2. Let I = [a, b] € A be a fixed interval. For every integer n > 2, Lt ela,bland uy, ..., u, €R,
we have
n
Var(Zu]BO (') ) 22Var(2u,n tf)> (2.10)
j=1 j=1
Moreover, for every k € {1, ..., N} and positive numbers p1, ..., px > 1 satisfying lezl p[l =1, we have
k n
1 c
7 7 =[1; T R 2.11)

[detCov(B' (t1), ..., By (t™)]V/ P [detCov(Y(t)), ..., Ye(t"))]V/@po)

where detCov(Zy,...,Z,) denotes the determinant of the covariance matrix of the Gaussian random vector

(Z1s. Zn).

Proof. The inequality (2.10) follows directly from (2.4), (2.6) and the independence of ¥, ({ =1, ..., N). To prove
(2.11), we note that for any positive definite n x n matrix I,

det(IM)]'/? 1
et = o~ Lvreax =1. 2.12)
R® (2]'[)”/2 2
It follows from (2.10), (2.12) and the generalized Holder inequality (see, e.g., [15], p. 140) that

1
[detCov(BL (t1), ..., B (1))]1/2

n

= m[ﬂ exp[—%Var(Zungf(ﬂ))}dul - -du,

j=1
1 n
(Zn)n/z A;{n exp[—cZVar(Zu]Yg t/)):|du1 - -du,
=1 =1
1 k n 4 1/pe
=< W Kl_ll{/Rn exp[—cVar(Zlqug(H)>:| duy -- -dun}
= j=
< 1—[ i .
- e [detCov(Y(tD), ..., Y, (t"))]1/Cro (2.13)

This yields (2.11) and the lemma is proved. ([
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3. Joint continuity of the local times

We start by briefly recalling some aspects of the theory of local times. For excellent surveys on local times of random
and deterministic vector fields, we refer to [13] and [10].

Let X () be a Borel vector field on RY with values in R?. For any Borel set T € R", the occupation measure of
X on T is defined as the following measure on R?:

Hy (o) =)LN{t eT: X(1) 60}.

If ., is absolutely continuous with respect to A4, we say that X () has local times on T, and define its local times,
L(e, T), as the Radon-Nikodym derivative of ., with respect to A4, i.e.,

d
R ), VxeR?

L(x,T)= By

In the above, x is the so-called space variable, and T is the time variable of the local times. Sometimes, we write
L(x,t) in place of L(x, [0, #]). Note that if X has local times on T then for every Borel set S € T, L(x, S) also exists.

By standard martingale and monotone class arguments, one can deduce that the local times have a version, still
denoted by L(x, T'), such that it is a kernel in the following sense:

(i) For each fixed S € B(T), where B(T) is the family of Borel subsets of T, the function x — L(x, S) is Borel
measurable in x € R?.
(i1) For every x € R4, L(x, -) is Borel measure on B(T).

Moreover, L(x, T) satisfies the following occupation density formula: For every Borel set T € RY, and for every
measurable function f:R? — R,

/f(xa))dr:/ f)L(x,T)dx. 3.1)
T R4

See Theorems 6.3 and 6.4 in [13].

Suppose we fix a rectangle I = ]_[lN: 1lai, a; + h;]in A. Then, whenever we can choose a version of the local time,
still denoted by L (x, 1_[1N=1 [a;, a; +t;]), such that it is a continuous function of (x,t{,...,ty) € RY x ]_[11-\,:1[0, hil, X
is said to have a jointly continuous local time on I. When a local time is jointly continuous, L(x, e) can be extended
to be a finite Borel measure supported on the level set

x'woni={tel: x()=x}; 3.2)

see [1] for details. In other words, local times often act as a natural measure on the level sets of X. As such, they are
useful in studying the various fractal properties of level sets and inverse images of the vector field X. In this regard,
we refer to [6,12,27] and [30].

Berman [5-7] developed Fourier analytic methods for studying the existence and regularity of the local times of
Gaussian processes. His methods were extended by Pitt [25] and Geman and Horowitz [13] to Gaussian random fields.
Let X ={X(?),t € RN } be a Gaussian random field with values in R4, It follows from (25.5) and (25.7) in [13] (see
also [14,25]) thatfor all x, y € R4, T € A and all integers n > 1,

nl _ —nd o S J
E[L(x,T)"] = 2n) /n/RndeXp< 1Z<u/,x)>

j=1

x Eexp (iZ(uj, X(tj))) du dr (3.3)

Jj=1
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and for all even integers n > 2,

—nd 71(14! i(MjJ’)
E[(L(x,T) = L(y,T))"] = @m)~ //Rd l:[ ]

x Eexp( > fud, x(ﬂ'))) dadr, (3.4)

j=1

where = (u',...,u"), 7= (t',...,1"), and each u/ € R, 1/ € T C (0,00)". In the coordinate notation we then
write u/ = (u{ ey ufi). These identities are also very useful for studying the local times of infinitely divisible random
fields as well; see [10,12] and [20].

Xiao and Zhang [33] have proved that if d < Zé\/:] Hié, then for all intervals I € A, B has local times

{L(x,I),x € RY }on I and L(-, 1) € L*(P x Ag). In the following, we prove that under the same condition, the
local time has a version that is jointly continuous in both space and time variables.

Theorem 3.1. Let B = {BH(1),1 Rﬁ} be a fractional Brownian sheet in R? with index H = (Hy, ..., Hy) €
0,HN. Ifd < Z?j:l H%’ then for all intervals I € A, B has a jointly continuous local time on I almost surely.

To prove Theorem 3.1 we will, similar to [12,30,33], first use the Fourier analytic arguments to derive estimates on
the moments of the local times (see Lemmas 3.7 and 3.10) and then apply a multiparameter version of Kolmogorov
continuity theorem (cf. [17]). The new ingredients in this paper are the “sectorial local nondeterministic” properties
of fractional Brownian sheets proved in [29] and the results on fractional Liouville sheets proved in Section 2.

We will also make use of the following lemmas. Among them, Lemma 3.2 is proved in [29] and Lemma 3.3 is
essentially due to Cuzick and DuPreez [9] (see also [19]).

Lemma 3.2. Let BH {BH(t) t e RN} be a fractional Brownian sheet in R with index H = (Hy, ..., Hy) €
(0, HV. Then for every € > 0, there is a constant Cyy > 0 such that for all integers n > 2, .t e (e, oo)N,
N
Var(BE (i) | B (t7). j #n) = ¢, Y min{[ef — ] 7 0<j<n—1}, (3.5)
=1

wheret?:OforZ:l,...,N.

Lemma 3.3. Let Zy, ..., Z, be mean zero Gaussian variables which are linearly independent, then for any nonneg-
ative Borel function g:R — Ry,

1 n
/ g(vl)exp[—EVar(E ijj>:|dv1~~-dvn
R» N
J=1

@m-be foo V22
= —]€ .
detCov(Zy, ... z2 |5\ 5 v

where 012 = Var(Z1|2Z», ..., Z,) is the conditional variance of Z given Z3, ..., Z,.

The following technical lemma is essential in establishing the moment estimates for the local times L(x, T). Since
it may be of independent interest, we state it in a more general form than is needed in this paper.

Lemma 3.4. For any q € [0, Zévzl H[l), lett €{l,..., N} be the integer such that

T—1 1 T 1

— < — 3.6
DR i 56
=1 =1
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with the convention that 22=1 H%] := 0. Then there exists a positive constant §; < 1 depending on (Hi, ..., Hy) only
such that for every 6 € (0, §;), we can find t real numbers py > 1 (1 < < 1) satisfying the following properties:

T
1 H
=1 oy owve=1,..1, 3.7)
= py pe
and
T T
H H
1-Y " <Hg+c-Y % (3.8)
=1 Pt = He

Furthermore, if we denote oz :=Y ,_, HL( — g > 0, then for any positive number p € (0, g‘—;), there exists an index
loef{l,..., 1} such that

Hloq
Dy

+2Hyp < 1. (3.9)

Remark 3.5. It is important to note that the choice of the numbers py > 1 (1 < € < 1) depends on §. Moreover, it
follows from the proof below that, except for the case of T = 2, we can always take §; = 1.

Proof of Lemma 3.4. First we prove (3.7) and (3.8). If (3.6) holds for t = 1, then for all 0 < § < §; := 1, we can take
p1 =1 and both (3.7) and (3.8) hold automatically.

We now prove the cases of T > 2 by induction. Our proof provides a general procedure for constructing a sequence
{pe, 1 <€ <t} of real numbers p, > 1 satisfying (3.7) and (3.8) (there are many possible choices).

Assume that (3.6) holds for t = 2. We distinguish two cases: (i) H] = H, and (ii) H| # H>. In the first case, we
have H]fl <g< 2H171. We choose 1 > 0 such that

(2—-Hiq)Hq

0
<n< Hig—1

(if Hig =1, then 1 > 0 can be arbitrarily chosen) and define

1 1 1 1
—=——— and —=1-——.
p1 Hig+n D2 P1

Then a few lines of calculation verify that p; and p, satisfy (3.7) and (3.8) for all § € (0, 1).
To consider the case (ii) we may and will assume, without loss of generality, that H; < H. Since g < H| ! + H 71,
there exists §» > 0 such that for all § € (0, §7),

H\Hyq(Hy — Hy +8Hy) < (Hy — H)(Hy + Hy — §Hy). (3.10)

For each fixed § € (0, 8,), we define

1 1 1 5 H 1 1
—=————— . ——=— and —=1-——.
pit 1-8 Hgq 1-46 Hy—H P2 p1

Then (3.7) follows from (3.6) and (3.10), and the equality sign in (3.8) holds.
Now we assume that the properties (3.7) and (3.8) hold for t =n € {2,..., N — 1} and consider the case of
T =n + 1. Then we have

n 1 1 n+1 1

e D (3.11)
= He o = He
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Let § € (0, 1) be fixed and we choose 8’ € (0, § A §;,). Then it follows from (3.11) and the induction hypothesis that

there exist n constants pé >1{=2,...,n+ 1) such that
n+1
1 —1/H\)H
Yo =1, wd, Ve=2,....n+1, (.12)
1= Pe Py
and
n+1 n+1
Hi(g —1/H)) 1 Hyii
(1—5’)27, Hypit(qg—— ) +n=)_ ) (3.13)
(=2 Pe Hi = e
To define the constants py, ..., p,+1 With the desired properties, we choose a constant 7 > 0 small so that
Hyq 1
—\1——=—+n) <1, V&=2,...,n+1, (3.14)
Py Hiq
and
1-8)(1+(H Hyg—1
(1—8)(1+ (Hign)/(Hiq )) (3.15)
1-46
This is possible because of (3.12).
Now we define py (1 <€ <n+ 1) by
1 1 1
—=—|1-—=—+n), W=2,...,n+1, (3.16)
|2 ) Hiq
and
! ! (3.17)
p1 Hig
It follows from this definition and (3.14) that
n+1
1 H
Yo—=1 and 241, we=12,..n+1. (3.18)
= pe pe

That is, (3.7) holds for T =n + 1. On the other hand, by some elementary calculation and (3.15) we can verify that

n+1 n+1

H H,
=0 Y =L < Hung+ 4 D=y = (3.19)
=1 Pt o e
That is, (3.8) also holds for T =n + 1. Hence the proof of (3.7) and (3.8) is completed.
Finally we prove (3.9). By (3.7), for every £ € {1, ..., t}, 3e; € (0, 1) such that H“q =1 —¢&¢. Hence,
T q T 1
S g DY a0 320)
o He i Spee o He
Hence there exists Lo e {l,..., v} such that gg, > Hzg *. Note that for every positive number p € (0, 5 T) we have
. Therefore
Hﬁoq
+2Hpyp=1—¢6¢y +2Hgyp <1, (3.21)

Py
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which completes the proof of (3.9). ]

The following inequalities (3.22) and (3.23) with a = 0 are well known; see, e.g., [12]. The case a > 0 makes it
possible for us to apply Lemma 3.4 for proving Lemmas 3.7 and 3.10.

Lemma 3.6. For all integers n > 1, positive numbers a, r,0 < b; < 1 and an arbitrary so € [0, a /2],

n
/ [165 —sj—0dsi - dsy <, )M/ Xim bimlpn =2 by, (322)
a<s|<---<sp,<a+r j=1 '
where c,, > 0 is a constant depending on a and b;’s only. In particular, if bj =« forall j =1, ..., n, then
n
/ H(Sj —sj—1) %dsy---ds, < cgz(n!)“_lr”(l_(l_l/")a). (3.23)
a

SsiSeSsisatr

Proof. For simplicity, we only give the proof of (3.23) here. The proof of (3.22) is almost identical, and thus omitted.
By integrating the integral in (3.23) in the order of ds;,, ds,—1, ..., ds1, and by using a change of variable in each step
to construct Beta functions, we derive

n

/ H(sj—sjfl)_“ds1-~dsn
assi<-<si<atr ;|

1 Te-o)[l(—a)]2 [ (n—1)(1-a) —a
=T o TOro_Dd—a) J, (a+r—s1) (s1 —s0) ¥ dsy. (3.24)

The inequality (3.23) follows from (3.24) and the Stirling’s formula. U

In the rest of this section, we assume that d < Z?’zl HLZ and I € A is a fixed interval. For convenience, we further
assume in the rest of this paper that

O<H <---<Hy<l (3.25)

We proceed to establish the moment estimates for the local times L (x, 7)) which will be useful for proving the joint
continuity of local times.

Lemma 3.7. Let B = {BH(1),1 ¢ Rﬁ} be a fractional Brownian sheet in R with index H = (H\, ..., Hy). If for
some integer T € {1, ..., N} we have
—1 1 T 1
— <d —, 3.26
TR NI 420

then there exists a positive and finite constant c, , depending on N,d, H and I only, such that for all intervals
T =la,a+ (r)] C I with edge-lengthr € (0, 1), all x € R4 and all integersn > 1,

E[L(x, T)"] <, (a)N~Fepnbe, (3.27)

where B =N —t — Hed + Y ,_, H; /H,.
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Remark 3.8. As we mentioned earlier, the local time L(x, ®) may be extended as a random Borel measure supported
on the level set I'y = {t € (0, oo)V: BH (1) = x}. Hence the moment estimate (3.27) contains a lot of information
about the fractal properties of I'y. By Theorem 5 of [3], the Hausdorff dimension of the level set is given by

. . ‘. Hy
dimy [y = min N_k_de_'_ZF’lika , (3.28)
— Iy

and the minimum is achieved by B = N — v — Hed + Y ;_, H;/H¢, where t satisfies (3.26). It is important to
note that (3.27) is sharp and can be applied to strengthen the Hausdorff dimension result (3.28). We believe that the
function @1 (r) = rPr(loglog 1/r)N=Pr is an exact Hausdorff measure function for I'y, and we will give a proof for the
lower bound of the ¢1-Hausdorff measure of I’y in Section 4. However, since the upper bound part relies on different
methods, we will have to deal with it elsewhere.

Proof of Lemma 3.7. For later use, we will start with an arbitrary closed interval T = ]—[évz1 lag,ap +re] S 1. 1t
follows from (3.3) and the fact that BH ... .B 51 are independent copies of Bé{ that for all integers n > 1,

E[L(x,T)"] <(2n)~ "df H{/ exp|:—lVar<ZukBo tf))}dUk}d?, (3.29)

where U, = (u}c, R u’,:) e R". Fix k=1, ...,d and denote the inner integral in (3.29) by Ji. Then by Lemma 2.2,
we have

N n
i < / exp[—%xﬁz ZVar(Z u,{Yg(tj))] dUy
R =1 j=1
1 T n ) '
< /n exp|:—§ic[;2 ZVar(Z u,’cYg (t’)>:| dUy. (3.30)

=1 j=1

Since (3.26) holds, we apply Lemma 3.4 with § =n~! and g = d to obtain T positive numbers py,..., p; > 1
satisfying (3.7) and (3.8).
Applying the generalized Holder inequality ([15], p. 140) to the last integral in (3.30), we derive that

L e ) M

j=1
T

= [][detCov(ve(eh). ... ve(e"))] 7/, (3.31)

(=1

where the last equality follows from (2.12). Hence it follows from (3.29) and (3.31) that

E[L(x, T)"] f ]_[ [detCov(Ye (i), ..., Ye(1"))] /" di. (3.32)
T}’l
To evaluate the integral in (3.32), we will first integrate [dtl} e dtg’] for £ =1,..., 1. To this end, we will make
use of the following fact about multivariate normal distributions: For any Gaussian random vector (Z1, ..., Z,),
n
detCov(Zy, ..., Z,) = Var(Zy) 1_[ Var(Z;|Zy,...,Zj_1). (3.33)

j=2
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By the above fact and Lemma 2.1, we can derive that for every £ € {1,...,7} and for all t!,...." e T =
H?:] [ag, a¢ + r¢] satisfying

ag <17V <@ < <™ <y 4y (3.34)
for some permutation 7y of {1, ..., N}, we have
n . .
detCov(Ye(r')..... Ye(i")) = & TT (7 — 17V =), (3.35)
j=1
where téw O._ (recall the decomposition (2.6)). We have chosen ¢ < %min{ag, 1 < ¢ < N} so that Lemma 3.6 is

applicable.
It follows from (3.34) and (3.35) that

detCov(Yy(t'), ..., Ye(t dt; ---dt
| eicon(ri(e). v
[ag,ag+re]"

n

1
< c"/ I1 : : de) - ar?
= 1 l t
o azstf“”g--st;’“”)ga@m P (térm) _ t;’l(} ))Hed/pz
< CZ7(ng)Hed/per(l—(l—1/n)sz/pz). (3.36)

In the above, the last inequality follows from (3.23).
Combining (3.32), (3.36) and continuing to integrate [dte1 e dtlf‘] fore =t+1,..., N, we obtain

T N
]E[L()C, T)n] < C;’ls(n!)zz::l Hed/pe l_lrzl(l—(l—l/n)sz/Pé) . l_[ V;’gl- (337)
=1 l=1+1
Now we consider the special case when T = [a, a + (r)], i.e. r =--- =ry = r. Equations (3.37) and (3.8) with

8§ =n""and g = d together yield
E[L(x, T)"] <, (n) X Hed/pepn(N—(—n"") X0, Hed/ pe)
< Cglo(m)N—ﬁ,rnm_ (3.38)
This proves (3.27). O

Remark 3.9. In the proof of Lemma 3.7, if we apply the generalized Holder inequality to the first integral in (3.30)
with N positive numbers p1, ..., py defined by

N Hy
pFZE, ¢=1,...,N,
i=1

then the above proof leading to (3.37) shows that the following inequality

E[L(x,T)"] <! (a)N" oy (1)) (3.39)

holds for every interval T C I, where v = d/(z/ﬂvzl H[l) € (0, 1). We will apply this inequality in the proof of
Theorem 3.1.

Lemma 3.7 implies that for all n > 1, L(x,T) € L”(Rd) a.s. (see [13], p. 42). Our next lemma estimates the
moments of the increments of L(x, T) in x.
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Lemma 3.10. Assume (3.26) holds for some t € {1, ..., N}. Then there exists a constant Cy1ps depending on N,d, H
and I only, such that for all hypercubes T =[a,a+ (r)] C 1, x,y € RY with |x — y| <1, all even integers n > 1 and
ally € (0,1 A g—;),

E[(L(x, T) _ L(y, T))n] < C;l lz(n!)N—,Br"r(l-'rHr)y |)C _ y|n]’rn(ﬁr—Hr)’). (340)
Proof. Lety € (0,1 A g—;) be a constant. Note that by the elementary inequalities

\ei“ — 1] <2" )’ forallu eR (3.41)

and |u + v|¥ < |u]” + |v|", we see that for all u', ..., u" x,y e RY,

n . . i . i
l—[ |e—i(u1,x> — e iul.y) | < 2U=yn lx — y|nyZ/ 1_[ |uij
j=1 =

v (3.42)

where the summation Z' is taken over all the sequences (k1, ..., k,) € {1,...,d}".
It follows from (3.4) and (3.42) that for every even integer n > 2,

E[(L(x, T) - L(y, T))"]

< @u U —
n n
x Z// / I1 |“kmm|yEeXP(—iZ(uj, BH(tf))) dud
n JRnd el s
= C;l.m lx — y|nyZ/ ,/Tn dr
" 1 n 1/n
<11 {/ i eXp[_Evar(Z<“j’ B”(”)))} dﬁ} , (3.43)
m=1 Rnrd

j=1
where the last inequality follows from the generalized Holder inequality.
Now we fix a vector k = (k1,k2,...,k,) € {1,...,d}" and n points t!...," € T such that tgl,...,tz‘ are all
distinct for every 1 < £ < N (the set of such points has full (nN)-dimensional Lebesgue measure). Let M = M(k, 7, y)
be defined by

n
_ m

Note that BZH (1 < £ < N) are independent copies of B({{. By Lemma 3.2, the random variables B;’ tHa<e<
N, 1< j <n) are linearly independent. Hence Lemma 3.3 gives

[ exp[_éwr@uj, BH(,,)N o

j=1
= (2“:)(”(171)/2 /(L>nyev2/2dv
[detCov(BL (11), ..., B (t"))14/2 Je \ om
' (m)Y 1

< 3,14 —
~ [detCov(Bf (tY), ..., BY (t")14/2 0

" exp|:—% Var(Xn:(uj, BH(tj))>] dﬁ} " (3.44)

j=1

(3.45)
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where o2 is the conditional variance of B,f:l (t™) given B (t/) (i # kyy or i = ky, but j # m), and the last inequality
follows from Stirling’s formula.
Combining (3.44) and (3.45) we obtain

s H (3.46)
[detCov(BH ("), ..., B§l @) '
For§=1/nand g =d, let py (( =1,...,7) be the constants as in Lemma 3.4. Observe that, since y € (0, 5
there exists an £g € {1, ..., T} such that
Hyd
Y% L 2H,y <. (3.47)
Py
It follows from (3.46) and Lemma 2.2 that
1
M<c" (3.48)

1Y Y
<c () El[detCov(le),...,Ye(t”))]d/@f’” ,,l;ll Om

The second product in (3.48) will be treated as a “perturbation” factor and will be shown to be small when inte-
grated. For this purpose, we use again the independence of the coordinate processes of B and Lemma 3.2 to derive

oy = Var(B (t™)|B{ (t7), j #m)

m

2H, .
> 317me o — o] [P j #m). (3.49)
For any » points b eT, letny, ..., my be N permutations of {1, 2, ..., n} such that forevery 1 <£ <N,
té'[((l) < IZW(Z) <...< tg({(n). (350)

Then, by (3.49) and (3.50) we have

l_[ o7 = l—[ my ﬂe(m—ll) RS e N
-1 m=1 €318 Ze 1@, )N (1 — 1, )]y
- 1
<
- 7Ty (M) Ty (m—1) g, (m+1) 7y (M)
m=t €3l =1, A, =1y, 1
‘ 1
<c" ]—[ (3.51)
— 73,18 T, (M) e, (m—1) g™ H, ?
me=1 ( 0 _ ZZOO )q[() Y
for some (ql}o, e qg’o) €{0,1,2})" satisfying > _, QZ) =n and qelo = 0. That is, we will only need to consider the

contribution of o, in the £yth direction.
So far we have obtained all the ingredients for bounding the integral in (3.43) and the rest of the proof is quite
similar to the proof of Lemma 3.7. It follows from (3.48) and (3.51) that

T
_ 1
M(k,t,y)dr <c” (n!)V/ | |
T 319 ™, [detCov(Ye(r!), ..., Ye(1))]4/CPo

1

X | | ds. (3.52)
—1 m
m=1 (tnl()(m) thO " ))qonzo)/
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To evaluate the above integral, we will first integrate [dtl} . ~dtg'] forevery £ =1,..., t. Let us first consider £ = {.
By using Lemma 2.1, (3.33), (3.22) and, thanks to (3.47) and the nature of qé’(’), we see that

n

1 1
X _ de} .- de? (3.53)
/[azo,azowzo]” [detCov(Yey (1), ..., Yo (1)1 3P40 ,,[[ (o™ 700 Dy gy 0

50
= ch 20/ ngy ) mgym)

0
2 9=ty =Sty Saggtry

1—[ nzo(m) nzo(m 1)) (Hgod/pgo+qg’(’)Hg0y) dtel .

0 o

1—=(1=1/n)Hy,d/ pe, — H,
Scgzl(n!)Hgod/P£0+HgOyrZO[ (1=1/n)Hyyd/ py,, zo)/]. (3.54)

0
In the above, thO( ) ¢ as in the proof of Lemma 3.7 and the last inequality follows from (3.22).
Meanwhile, recall that, for every £ # o (£ € {1, ..., t}), we have shown in (3.36) that

/ [detCov(Y,(t'), ..., Y, (t”))]*d/(zm) dr}---de}
lag,ac+rel”

SC;’lj(n!)H[d/pgr?(l_(l_l/’l)Héd/PZ)' (355)
Finally, we proceed to integrate [dt[1 ~-dtf]for £ =1 +1,..., N. It follows from the above that

Mk, 7,y)df < " (n!)ZIT:l Hyd/po+Hyyy+y

Tn
[1—(1=1/n)Hq.d/ Hy,v] i N
nit—(— n — —(1—
X Iy, 4/ Pey—HeyV « 1_[ rg[l (1=1/n)Hed/ py] 1_[ r?- (3.56)
0£0, t=1+1
In particular, if r; =--- =ry =r < 1, we combine (3.43) and (3.56) to obtain

E[(L(x, T)— L(y, T))"]

Ix — y|”)’(n!)25 1 Hed [ pet-Hegy+y on(N=(1=1/n) i) Hed/pe—Heyy)
323

< " I’l‘)N ﬂr+(1+Hr))/|x |")/rn(,3r_Hr)/). (357)

3,24 (
The last inequality follows from the fact that Hy, < H; and Lemma 3.4. This finishes the proof of Lemma 3.10. I

Now we are ready to prove Theorem 3.1. It is similar to the proof of Theorem 4.1 in [33] and we include it for the
sake of completeness.

Proof of Theorem 3.1. Let / € A be fixed. For simplicity, we will assume I = [, 1]V for some 7 > 0, say, n = 2¢

(cf. (2.6)). It follows from Lemma 3.10 and the multiparameter version of Kolmogorov’s continuity theorem (cf. [17])

that, for every T € Asuchthat T C I, BH has almost surely a local time L(x, T') that is continuous for all x € R4,
To prove the joint continuity, observe that for all x, y € RY and s, ¢ € I, we have

E[(L(x, [, 51) = Ly n 1)) ] = 2" HE[(L(x. Dnos1) = L. In. 11)"]
+E[(L(x, [n.1]) = L(y.[n,11))"]}- (3.58)

Since the difference L(x,[n,s]) — L(x,[n,t]) can be written as a sum of a finite number (only depends on N) of
terms of the form L(x, T}), where each T; € A is a closed subinterval of I with at least one edge length < |s — 7|, we
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can use Lemma 3.7 and Remark 3.9, to bound the first term in (3.58). On the other hand, the second term in (3.58)
can be dealt with using Lemma 3.10 as above. Consequently, for some y € (0, 1) small, the right-hand side of (3.58)

is bounded by ¢ _(lx — y| + |s — )", where n > 2 is an arbitrary even integer. Therefore the joint continuity of

the local times follows again from the multiparameter version of Kolmogorov’s continuity theorem. This finishes the
proof of Theorem 3.1. ]

We end this section with the following two technical lemmas, which will be useful in the next section.

Lemma 3.11. Under the conditions of Lemma 3.7, there exist positive and finite constants c, ,; and c; ,,, depending
on N,d, H and I only, such that the following hold.

(i) Forall a € I and hypercubes T = [a,a + (r)] C I with edge lengthr € (0,1), x € R? and all integers n > 1,
E[L(x + B (@), T)"] <, (a)NPryPr, (3.59)

where Bz =N — 1t — Hyd + Y ;_, H; /Hy.
(ii) For all a € I and hypercubes T =[a,a + (r)] C I, x,y € R? with |x — y| < 1, all even integers n > 1 and all
ye(0,1A g—; ,

E[(L(x+B"(@),T) = L(y+B" (@), T))"] < ¢l (n)N =Pt HHY |,y pn(Pe=tiey), (3.60)

Proof. For each fixed a € I, we define the Gaussian random field Y = {Y (¢),t € Rf} with values in R? by Y(¢) =
BH (t) — B (a). Tt follows from (3.1) that if B¥ has a local time L(x, S) on any Borel set S, then ¥ also has a local
time f,(x, S) on S and, moreover, L(x + B (a), S) = I:(x, S). With little modification, the proofs of Lemmas 3.7
and 3.10 go through for the Gaussian field Y. Hence we derive that both (3.59) and (3.60) hold. (]

The following lemma is a consequence of Lemma 3.11 and Chebyshev’s inequality. The proof is standard, hence
omitted.

Lemma 3.12. Under the conditions of Lemma 3.7, there exist positive CONStants c; ,;, C; 59, b1 and by > 0 (depending
on N,d, I and H only), such that forallae I, T =[a,a+ (r)] withr € (0,1), x € RY and u > 1 large enough, we
have

]P’{L(x + B (a), T) > clzgrﬂ’uN_’gf} <exp(—biu) 3.61)
and for x,y € RY with |x—y|§1andy€(0,1/\g—; ,
P{|L(x+B"(a),T) — L(y + B" (), T)|

> ¢yl — Y|V P By y N=Bet U HOY Y < exp(—bou). (3.62)

4. Holder conditions for the local times

In this section we investigate the local and uniform asymptotic behavior of the local time L(x,T) at x and the
maximum local time L*(T) = max,ge L(x, T) as diam(7) — 0. The results are then applied to study the sample
path properties of B

4.1. Holder conditions for L(x, e)

By applying Lemma 3.12 (more precisely, (3.61) with a = 0) and the Borel-Cantelli lemma, one can easily derive the
following law of the iterated logarithm for the local time L(x, -): If (3.26) holds for some t € {1, ..., N}, then there
exists a positive constant Cyy such that for every x € Reandr e (0, co)V,

. Lx,U(t,r))
limsuyp ——

4.1
r—0 @1(r) D

= C4,17



Local times of fractional Brownian sheets 743

where U (t, r) is the open ball centered at ¢ with radius r and ¢ (r) = rhr (loglog(1/r)N —Fr 1t would be interesting
to prove the lower bound in (4.1). For such a result for the local times of a one-parameter fractional Brownian motion,
see [23].

It follows from Fubini’s theorem that, with probability one, (4.1) holds for Ay-almost all ¢ € (0, 00)". Now we
prove a stronger version of this result, which is useful in determining the exact Hausdorff measure of the level set.

Theorem 4.1. Assume that d < Zévzl HLZ Let Tt € {1, ..., N} be the integer such that (3.26) holds and let I € A

be a fixed interval. For any fixed x € RY, let L(x, ) be the local time of BY(t) at x which is a random measure
supported on the level set (BH)~1(x). Then there exists a positive and finite constant c,, independent of x such that
with probability 1,

L, UG,
limsup 2 YD) Cor 4.2)
r—0 @1 (l”) '

holds for L(x, -)-almost all t € I, where @\ (r) = rPr (loglog(l/r))N’ﬁf.

Proof. The method of our proof is similar to that of Proposition 4.1 in [30]. For every integer k > 0, we consider the
random measure Lk (x, ) on the Borel subsets C of I defined by

kIBR () — x|?
| (2) x')d[

2
// exp(—ﬁ+<§,BH(t)—x)>d$dt. 4.3)
Rd

Then, by the occupation density formula (3.1) and the continuity of the function y = L(y, C), one can verify that
almost surely Ly (x, C) — L(x, C) as k — oo for every Borel set C C .

For every integer m > 1, denote f,,(¢) = L(x, U(¢t,2™™)). From the proof of Theorem 3.1 we can see that almost
surely the functions f;,(¢) are continuous and bounded. Hence we have almost surely, for all integers m,n > 1,

Li(x,C) = / uk)4/? exp(—
C

JLmoF Lis.an = fim [ [fuO) L cr. @4)

It follows from (4.3), (4.4) and the proof of Proposition 3.1 of [25] that for every positive integer n > 1,

(n+1)d n+l .
E m L(x,dt) = —i ut
[ Lo L. = ( ) [ o [ ( DY ))

n+1
X Eexp(i Z(uj, BH(sj))) du ds, 4.5)

j=1

where t = (u', ..., u"™) e RO+Dd and 5 = (7, 5!, ..., s™). Similar to the proof of (3.27) we have that the right-hand
side of Eq. (4.5) is at most

ds

" 0 L 4.6
4~3/1fu<t,zm>n [detCov (B (t), Bf! (s1), .. BH(s"))]d/Z‘ ) 40

where ¢, , is a positive finite constant depending on N, d, H, and I only.
Let y > 0 be a constant whose value will be determined later. We consider the random set

In(w) = {t €l fu(t) > V<P1(2_m)}.
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Denote by ,, the restriction of the random measure L(x,-) on I, thatis, u,(E) = L(x, E N I) for every Borel set
E C R_IX. Now we take n = [logm ], where |y] denotes the integer part of y. Then by applying (4.6) and Stirling’s
formula, we have

E [;[fm(O]" L(x,dr)
[ye1(2=m)]"
624 (n!)N—ﬁr o—mnfr

Euw(n) <

-2
< e (log By < 4.7)

provided y > 0 is chosen large enough, say, y > ¢, 462 ‘= ¢, ,- This implies that

E(Z Mw(lm)> < 0Q.

m=1
Therefore, with probability 1 for u,, almost all # € I, we have

Lx,U@,27™
limsup 2 VG2 ) _ 4.8)
m—>00 p1(27™) '

Finally, for any r > 0 small enough, there exists an integer m such that 27" < r < 27*! and (4.8) is applicable.
Since ¢ (r) is increasing near r = 0, (4.2) follows from (4.8) and a monotonicity argument. U

Theorem 4.2. Assume that Z,]évz 1 HLZ > d and I € A. Then there exists a positive constant c, s such that for every
d
x € R4,

—1
gol-m((BH) (x)ﬂ]) >c¢,sLx,I) as., (4.9)
where @1-m denotes the ¢1-Hausdorff measure.

Proof. As in the proof of Theorem 4.1 in [30], (4.9) follows from Theorem 4.1 and the upper density theorem of [26].
‘We omit the details. U

4.2. Holder conditions for L*(e)

The following theorem establishes sharp Holder conditions for the maximum local times L*(T) = sup,cpa L(x, T)
of fractional Brownian sheets as diam(7) — 0. Similar results for Brownian motion and some other random fields
have been obtained by several authors. See, for example, [12,16,20,30].

Theorem 4.3. Let BY = {BH(I), te RQ_’} be a fractional Brownian sheet in RY with index H = (Hj, ..., Hy). We
assume that there exists T € {1,..., N} such that Hy = --- = H, and Hid < t. Then, there exist positive constants
C, and c, ; such that for every s € I,

L*([s = (r),s +(n)])

lirrn:(l)lp V= (joglogr—1)d = Chg G- (4.10)
and

. L*([s — (r), s + (r)]

hI:lng)?e? PN=Hid(logr—Tymd =1 &> @1

For proving Theorem 4.3, we will make use of the following lemma, which is a consequence of Lemma 2.1 in [28]
and Lemma 8 in [3].
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Lemma 4.4. Let B = (B (1)1 ¢ Rﬁ} be a fractional Brownian sheet in R¢ with index H = (H, ..., Hy) and let
I € A be fixed. Then there exist positive constants c, ; and c, , such that for all s € I, T = [s, s + (h)] with h € (0, 1)
and all u > c4,8hHl, we have

2
P Bt — BH ()| >ul < L 4.12
gl =80 e] <o~ ) w22

Proof of Theorem 4.3. As in [12,20,30], the proof of Theorem 4.3 is based on Lemma 3.12 and a chaining argument.
Hence we will only sketch a proof of (4.10), indicating the necessary modifications.

Let g(r) = rN _H'd(log log r_l)Hld for r > 0 small enough. In order to prove (4.10) it is sufficient to show that for
every s € [,

as., (4.13)

where C, =[s,s + (27")] forn > 1.
We divide the proof of (4.13) into four steps.
(a) Pick u =271 /2¢, 4logn in Lemma 4.4, we have

IP{ sup |BY (1) — B (s)| = 27" [ac, logn} <exp(—2logn) =n~2. (4.14)

teC,

Hence the Borel-Cantelli lemma implies that a.s. 3n| = n|(w) such that

sup |B (1) — B (s)| <27 [2¢, logn, foralln>n. (4.15)

teC,

(b) Let 6, =271 (loglog 2my=U+HD for all n > 1, and define

Gn={xeR%: |x| <27 [2¢, logn with x = 6, p for some p € Z“}.

Then, at least when 7 is large enough, the cardinality of G,, satisfies
8G, < c,,,(logn) >+, (4.16)

It follows from (3.61) that for any constant ¢ > 0 and integer n large enough,

IED{ max L(x + B (s), C,) = cHldg(zf")} <, ,,(logn) 2 THId, b, 4.17)

xeG,

(Note that 8; = N — Hid under the assumptions of Theorem 4.3.) By choosing ¢ = 2bl_1 in (4.17) we see that the
right-hand side of (4.17) is summable. Hence, the Borel-Cantelli lemma implies that almost surely 3ny = n,(w) such
that

max L(x + BH(s), Cn) < (Zbl_l)Hldg(Z_"), for all n > ny. (4.18)

xeG,
(c) Given integers n, k > 1 and x € G, we define

k
Fnk.x)={yeR" y=x+6,> ;27 6;€{0, 1} for1 < j <k{.
j=1

A pair of points y;, yp € F(n, k, x) is said to be linked if y; — y; = 0,2 for some ¢ € {0, 1}d. We choose y > 0
small such that (3.62) in Lemma 3.12 holds, and then choose § > 0 such that §(H1d + (1 + H;)y) < y. Consider the
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event B, defined by

B,= G AL+ B (), Ca) = L(y2+ B (5), Cn) |

x€G, k=1y1,y2

> p—n(N—Hid—Hyy) )H1d+(1+H1)V}

Iyi = y21” (c2** logn : (4.19)

where | J Yoy signifies the union over all the linked pairs y;, y», and where ¢ > 0 is a constant whose value will be
chosen later.
Note that H; = Hj, by (3.62) we derive that for n large enough,

o0
P{B,} < ¢, ,;(logn)*HH04 3 "2+ Dk exp(—chy 2% log )
k=1

< ¢, 4 (logn)THDdy=cby (4.20)

In the above the last inequality follows from the fact

o0
22<d+])k exp(—x2%%) <e™, V¥x > 0 large enough.
k=1

Hence, by choosing ¢ = 2b;, "in (4.19), the Borel-Cantelli lemma implies that almost surely, B, occurs only finitely
many times.

(d) Fix an integer n together with some y € R? that satisfies |y| < 27"/ /2¢,,logn, we can represent y in the
form y = limy_, o yr With

k
=x+60,) ;277 “.21)
j=1
where yo =x € G, and ¢; € {0, l}d forj=1,...,k.

Since the local time L is jointly continuous, by expansion (4.21) and the triangular inequality, we see that on the
event B,

|L(y + B (5), Cy) — L(x + B (5), C,)|

<YL+ B (5). Cu) = L(ye—1 + B (5). C)|
k=1

o
< Zz—n(N—Hld—Hly)lyk _ yk_l|y(2b2—125k 1Ogn)Hld+(1+Hl)V
k=1

<c,,58(27"). (4.22)

We combine (4.18) and (4.22) to get that for n large enough,

sup L(x+ B"(s),Cy) <, s8(27"). (4.23)
|x| <2~ /2¢, 4 logn
That is
sup L(x,Cp) <c, ,8(27"). (4.24)

|x—BH (s)|<2—"H) /2¢, o Togn
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Since L*(C,) = sup{L(x, C,): x € BH(C,)}, (4.13) follows from (4.24). This proves Theorem 4.3. O

The Holder conditions for the local times of fractional Brownian sheets are closely related to the irregularity of the
sample path of B (¢). To end this paper, we apply Theorem 4.3 to derive results about the degree of oscillation of the
sample paths of B (r), which greatly improves Theorem 3 of [3].

Theorem 4.5. Let B = (BH (1), € Rﬁ} be an (N, d)-fractional Brownian sheet and let I € A be a fixed interval.
Then there exists a constant c, ;; > 0 such that for every s € I,

|B" (1) — B (5)]

liminf .S. 4.25
1;11_)1(1)1 te?/Lg),r) ri (loglog rh—H = Car 43 ¢ )
and
BH (1) — BH
liminfinf sup M a.s. (4.26)

>c
r—0 el ey(s.y 1 (logr=1H)—H 417

In particular, the sample function BY (t) is almost surely nowhere differentiable in (0, c0)N .

Proof. It is sufficient to prove the results for d = 1. Note that H; < 1, Theorem 4.3 is always applicable for d = 1
with T = 1. For any interval Q € A, we have

v (Q) = /_Loc, 0)dx < L*(Q) x sup |BL (u) — BY (). @27)
B (0) u,veQ

By taking Q = U (s, r) we see that (4.25) follows immediately from (4.27) and (4.10). Similarly, (4.26) follows from
(4.27) and (4.11). O
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